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Abstract

Eliminating poor scaling of variables of minimized functions is a pressing issue in solving
high-dimensional minimization problems where it is impossible to use methods that change
the metric of the space with full-scale metric matrices. In this paper, we propose an iterative
method for scaling variables using a diagonal metric matrix and apply it to the gradient
minimization method and the conjugate gradient method. In conjugate gradient methods,
for quadratic functions, the descent directions are orthogonal to the previous gradient
differences. In the proposed method, the transformation of diagonal metric matrices is
based on the noted property. For the gradient method with a diagonal metric matrix, an
estimate for the convergence rate on strongly convex functions with a Lipschitz gradient
was obtained. A computational experiment was conducted, and the presented methods
were compared with the Hestenes–Stiefel conjugate gradient method. On the given set of
test functions, the gradient method with scaling is comparable in convergence rate to the
Hestenes–Stiefel conjugate gradient method, while the conjugate gradient method with
scaling matrices significantly outperforms the Hestenes–Stiefel conjugate gradient method.
The obtained results confirm the acceleration properties of scaling methods in the case of
poor scaling of the variables of the function being minimized. This allows us to conclude
that the studied methods can be used alongside conjugate gradient methods to solve
smooth, high-dimensional optimization problems with a high degree of conditionality.

Keywords: minimization method; variables scaling; minimization methods; metric matrix

1. Introduction
Problems in different application areas can be represented as optimization problems

of some objective function, for instance, load balancing and scheduling [1–3], energy
management [4], machine learning and deep learning [5–7].

In this paper, we consider a problem of minimizing a convex differentiable function f (x),
x ∈ Rn, where Rn is a finite-dimensional Euclidean space and n is the problem dimension.

Many nature-inspired derivative-free optimizers are weak in optimizing functions
with high conditioning [8,9]. To solve a problem with a high degree of conditionality,
minimization methods with a change in the space metric are used: Newton’s method
(NM) [10], quasi-Newton methods (QNM) [10,11], and relaxation subgradient methods
(RSM) using metric matrices [12]. The efforts of many researchers have been directed
towards modifying these methods. For instance, in Ref. [13], the symmetric rank-1 quasi-
Newton method was accelerated with Nesterov’s gradient. Sampled versions of the quasi-
Newton method were considered in [14,15]. Authors in [16] presented a stochastic quasi-
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Newton method. A greedy version of QNM is considered in [17]. An online whitening
approach operating in the black-box optimization paradigm was proposed in [8]. To reduce
the conditionality of the problem, the authors transform the objective function with high
conditioning into another function that is easier to model by surrogates.

A feature of quasi-Newton and subgradient methods is their acceleration properties,
proven theoretically [11,12,18]. However, in high-dimensional minimization problems,
these methods are inapplicable due to the requirement to store the metric matrices.

In many cases, ill-conditioning of a minimization problem may be caused by poor
scaling of variables, which can be eliminated by using diagonal metric matrices. In this
regard, the development of methods for scaling variables in the form of diagonal metric
matrices seems relevant. Such methods for scaling variables can be used in both the gradient
method and the conjugate gradient method. Note that the conjugate gradient method itself
is an effective tool for solving ill-conditioned high-dimensional problems [10,19].

In the global optimization literature, there is also an approach that mitigates the
negative effects of scaling and conditioning through algorithmic design. In particular,
the paper [20] proposes a homogeneity-oriented approach and shows how algorithmic
behavior under scaling is closely linked to robustness with respect to ill-conditioning, and
formalizes strong homogeneity as a desirable property.

In Ref. [18], an iterative process of transforming the metric matrices, proposed for
heuristic reasons in [21] to organize the relaxation subgradient method, is used in smooth
optimization problems to accelerate the convergence rate of the gradient method and the
conjugate gradient method. In the RSM, a descent direction is constructed using machine
learning tools that forms an obtuse angle with all subgradients in the neighborhood of
the current minimum. Minimization along such a direction allows one to go beyond this
neighborhood. In Ref. [18], it is shown that the problem of finding the descent direction for
the r-algorithm [21] is solved by an iterative method similar to the iterative least squares
method (ILS). As a result, we obtain various RSMs with a change in the space metric, where
one special case reproduces the well-known r-algorithm. In contrast to quasi-Newton
methods, approximating the characteristics of second derivative matrices, the RSMs rely on
the properties of the level surface topology structure and, similarly to conjugate gradient
methods, generate conjugate descent directions in the quadratic case [18]. As shown in
Ref. [18], the ILS metric matrix has the property of partial orthogonalization of the descent
vectors to the directions of the difference of adjacent gradients. In the quadratic case, the
use of the ILS metric allows one to increase the degree of conjugacy of the descent vectors
and thereby increase the convergence rate of the minimization method. In [18], it is proved
that the gradient method in the ILS metric on strongly convex functions with a Lipschitz
gradient converges linearly and has acceleration properties qualitatively similar to those of
the Newton method. In the case of smooth functions, the formulas for transforming the
descent vectors of the subgradient method can be replaced by the Hestenes–Stiefel CGM
formulas. The combination of the transformation by the ILS metric with the Hestenes–
Stiefel CGM allows us to obtain a method with finite convergence on quadratic functions.

Unlike conjugate gradient methods, the metric matrices in [18] produce partial orthog-
onalization of the descent vectors to the gradient differences. The main contribution of this
paper is the idea of preserving partial orthogonalization to gradient differences in the form
of a metric matrix, which is implemented using diagonal metric matrices and applied in
the gradient method and the Hestenes–Stiefel conjugate gradient method.

In this paper, we use methods from [18], which utilize a full-scale metric matrix
transformation process. Based on this transformation, we derive a method for transforming
the diagonal scaling matrix of variables. For the gradient method with diagonal matrix
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transformation, we obtain an estimate for the convergence rate on strongly convex functions
with a Lipschitz gradient.

A numerical study and comparison of the proposed methods with the Hestenes–
Stiefel conjugate gradient method were conducted using a series of tests. It was found that
the gradient method with scaling significantly outperforms the classical steepest descent
method and is comparable in convergence rate to the Hestenes–Stiefel conjugate gradient
method. The conjugate gradient method with scaling matrices significantly outperforms
both gradient methods with scaling and the Hestenes–Stiefel conjugate gradient method in
convergence rate.

These results indicate that the proposed methods can be useful in the presence of
poorly scaled variables. In this case, the degree of conditionality of the problem can be
reduced by using methods with scaling metric matrices.

The rest of the paper is organized as follows. In Section 2, the idea of a gradient
minimization algorithm with variable scaling is described. In Section 3, the convergence
rate of the gradient minimization method with a diagonal matrix for variable scaling is
investigated. In Sections 4 and 5, a gradient-based algorithm with scaling metric matrices
and a conjugate gradient method with scaling metric matrices were implemented. In
Section 6, a numerical experiment was conducted, and its results were discussed. Section 7
concludes the work.

2. Gradient Minimization Algorithm with Variable Scaling
In Ref. [18], the gradient method and the conjugate gradient method use metric

matrices to accelerate the convergence rate. Unlike the conjugate gradient methods, the
metric matrices in this case produce a partial orthogonalization of the descent vectors to the
gradient differences. These methods are theoretically justified and have proven effective in
solving ill-conditioned test minimization problems.

Minimization method with space dilation in the direction of subgradients difference
(r-algorithm) [21] for the case of smooth functions has the following form:

xk+1 = xk − γksk, sk = Hkgk, γk = argmin
γ

f (xk − γsk), k = 0, 1, 2, . . . (1)

Hk+1 = Hk − (1 − 1
α2 )

HkykyT
k HT

k
(yk, Hkyk)

, α > 1, H0 = I, yk = gk − gk+1. (2)

Here, the initial point x0 is given; sk is the descent direction; α is the space dilation
parameter; n is the problem dimension; and xk, sk, gk, yk ∈ Rn, Hk ∈ Rn×n, gk = ∇ f (xk).

In Ref. [18], the acceleration properties inherent in the algorithm, consisting of
Equations (1) and (2), on strongly convex functions with a Lipschitz gradient are sub-
stantiated. A transformation of the space metric (2) is used to accelerate the conjugate
gradient method. In the transformation of the matrices of metric (2), unlike quasi-Newton
methods, the properties of the quadratic model of the function being minimized are not
directly used. Nevertheless, representations based on the conjugacy of descent vectors are
indirectly utilized.

For large dimensions, Method (1), (2) is inapplicable due to the need to store the matrix
H. In this paper, we present algorithms similar to (1), (2) that use diagonal matrices, the
transformation of which is carried out similarly to (2), but only for the diagonal elements of
the matrices. Such algorithms require a vector of dimension n to store the matrix elements.
To justify the proposed algorithm, we use a theoretical analysis of its convergence and an
experimental analysis on tests, confirming its accelerating convergence properties.
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We form an algorithm similar to the method (1), (2) but with a diagonal matrix H. We
will assume that the non-diagonal elements of the matrices are zero, and only the diagonal
elements are subject to transformations. We denote

β = 1 − α−2, 1 > β ≥ 0. (3)

To denote the transformation of a diagonal matrix H, we will use the operators
H(H, y, β). Then, transformation (2) for diagonal matrices will take the form:

Hk+1 = H(Hk, yk, β), 1 > β ≥ 0, H0 = I, yk = gk − gk+1.

The transformation Formula (2) for the diagonal elements of the matrix H, taking into
account (3), can be represented as follows:

H(H, y, β)i,i = Hi,i − β

(
Hi,iyi)

2

(y, Hy)
, i = 0, 1, 2, . . . , n. (4)

Here and below, the scalar product with a diagonal matrix is (y, Hy) = ∑n
i=1 Hi,iy2

i .
In (4), only the diagonal elements of the matrix are transformed.

3. On the Convergence Rate of the Gradient Minimization Method with a
Diagonal Matrix for Variables Scaling

We form a gradient minimization algorithm with diagonal scaling based on the matrix
transformation (4):

xk+1 = xk − γksk, sk = Hkgk, γk = argmin
γ

f (xk − γsk), k = 0, 1, 2, . . . ,

Hk+1 = H(Hk, yk, β), 1 > β ≥ 0, H0 > 0, yk = gk − gk+1. (5)

H(H, y, β)i,i = Hi,i − β

(
Hi,iyi)

2

(y, Hy)
, i = 0, 1, 2, . . . , n.

Let us study the convergence rate of the algorithm with diagonal scaling (1),(5),(4).
Here and below, we assume that the matrices used are diagonal.

In the justification part, we omit the iteration index k, assuming that y = g− g+, where
g is the gradient vector at the current minimum point, and g+ is the gradient vector at a
point obtained as a result of minimization along the direction s = Hg.

Denote inverse matrix transformation operator for H(H, y, β) as A(A, y, β) =
(
H(H, y, β))−1

assuming A = H−1. Inverting (4), we obtain:

A(A, y, β)i,i =

(
Hi,i − β

(
Hi,iyi)

2

(y, Hy)

)−1

, i = 0, 1, 2, . . . , n.

Taking into account the equality for diagonal matrices Ai,i = 1/Hi,i, transform
the latter:

A(A, y, β)i,i =
1

1
Ai,i

− β
(yi/Ai,i)2

(y,Hy)

=
Ai,i

1 − β
y2

i /Ai,i

∑n
j=1 y2

j /Aj,j

=
Ai,i

1 − βzi.
(6)

According to (6), the following relations are valid for zi:
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0 ≤ zi =
y2

i
Ai,i(y, Hy)

=

y2
i

Ai,i

∑n
j=1

y2
j

Aj,j

≤ 1, ∑n
i=1 zi = 1. (7)

Theorem 1. Let Ak > 0, matrix Ak+1 is obtained as a result of the transformation (6) of the process
(1),(5),(4). Then, Ak+! > 0 and

SpAk+1 ≤ SpAk

(
1 +

β(yk, yk)

(1 − β)(gk, gk)

)
, (8)

detAk+1 ≥(1 + β)detAk. (9)

Proof of Theorem 1. Based on (7), (5), and (6), it follows that the matrix elements as a
result of the transformation (6) can only increase, which proves the non-degeneracy of the
matrix Ak+! > 0.

To transform expression (6), we need an inequality that is valid for 1 > β ≥ 0 and
1 ≥ zi ≥ 0. (

1 − βzi)
−1 ≤ 1 + ziβ/(1 − β). (10)

Inequality (10) holds for zi = 0. Given the condition 1 ≥ zi > 0, we transform (10):

1 ≤ (1 + ziβ/(1 − β))(1 − βzi) = 1 + zi(β/(1 − β)− β)− z2
i β2/(1 − β)

From this follows the inequality:

0 ≤ (1/(1 − β)− 1)− ziβ/(1 − β) = (1 − zi)β/(1 − β).

The latter, taking into account the restrictions 1 > β ≥ 0 and 1 ≥ zi > 0, proves (10).
We transform equality (6), taking into account (10):

A(A, y, β)i,i =
Ai,i

1 − βzi
≤ Ai,i

(
1 +

β

1 − β
zi

)
= Ai,i

(
1 +

βy2
i

(1 − β)(y, Hy)

)
. (11)

Due to the exact one-dimensional descent along the direction s = Hg, the gradient at
the new point will be orthogonal to the descent direction (s, g+) = (Hg, g+) = 0. From
this follows the inequality:

(Hy, y) = (Hg, g) +
(

Hg+, g+
)
− 2
(

Hg, g+
)
≥ (Hg, g).

Denote A+ = A(A, y, β). We use the last inequality in (11). As a result, we obtain
the estimate:

A+
i,i = A(A, y, β)i,i ≤ Ai,i

(
1 +

βy2
i

(1 − β)(g, Hg)

)
.

Based on this inequality, we obtain inequalities for the matrix trace Sp(A+):

Sp(A+) ≤ Sp(A) +
β(y, y)

(1 − β)(g, Hg)
= Sp(A)

(
1 +

β(y, y)
(1 − β)(g, Hg)Sp(A)

)
. (12)

Denote by M a maximal eigenvalue of matrix A. Transform the expression in the
denominator of (12), taking into account the inequality Sp(A) ≥ M:

(g, Hg)Sp(A) =
(

g, A−1g
)

Sp(A) ≥ (g, g)Sp(A)/M ≥ (g, g).
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Based on (12), taking into account the last inequality, we obtain the estimate:

Sp(A+) ≤ Sp(A)

(
1 +

β(y, y)
(1 − β)(g, Hg)Sp(A)

)
≤ Sp(A)

(
1 +

β

(1 − β)

(y, y)
(g, g)

)
.

The last inequality proves (8). According to (11), we write and transform the expression
for the determinant of the matrix A+:

det(A+) = ∏n
i=1

Ai,i

1 − βzi
= det(A)∏n

i=1
1

1 − βzi
≥ det(A)∏n

i=1(1 + βzi ).

From here and (7) we obtain:

det(A+) ≥ det(A)∏n
i=1(1 + βzi ) ≥ det(A)(1 + β),

which proves (9). □

Let us determine the conditions under which the convergence rate of algorithm
(1),(5),(4) is estimated.

Condition 1. We will assume that the function f(x), x ∈ Rn, is minimized, differentiable, and
strongly convex on Rn, i.e., there exists such ρ that ∀x,y ∈ Rn and α ∈ [0,1] the inequality holds

f (αx + (1 − α)y) ≤ α f (x) + (1 − α) f (y)− α(1 − α)ρ∥x − y∥2/2,

And its gradient g(x) = ∇ f (x) satisfies the Lipshitz condition:

∥g(x)− g(y)∥ ≤ L∥x − y∥ ∀x, y ∈ Rn, L > 0.

Denote by x* a minimum point of a function f(x), f ∗ = f (x∗), fk = f (xk) and gk =

g(xk) = ∇ f (xk). The iteration of the gradient-consistent method for exact one-dimensional
descent has the form:

xk+1 = xk − βksk, βk = argmin
β≥0

f (xk − βsk), (sk, gk) > 0, k = 0, 1, 2, . . . , (13)

where the initial point x0 is set.
The following theorem shows that the presence of gradient changes as a result of

iterations of the method (13) with exact one-dimensional descent leads to a decrease in the
function value.

Theorem 2 ([11,12]). Let f(x) satisfy Condition 1. Then, for the sequence {fk}, k = 0,1,2,. . . given
by (13), the following estimate takes place:

fk+1 − f ∗ ≤ ( f0 − f ∗)exp

[
− ρ2

L2 ∑k
i=0

∥yi∥2

∥gi∥2

]
, (14)

where yi = gi+1 − gi.

Theorem 3. Let f(x) satisfy Condition 1. Then, for the sequence {fk}, k = 0, 1, 2,. . ., given by (1)
and (4) with a bounded initial matrix A0 = H−1

0 ,

m0 ≤ (A0z, z)/(z, z) ≤ M0, ∀z ∈ Rn, ||z||> 0, (15)
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the following estimate takes place:

fk+1 − f ∗ ≤ ( f0 − f ∗)exp
{
−ρ2(k + 1)

L2n

[
(1 − β) ln(1 + β)

β
+

n(1 − β) ln(m0/M0)

(k + 1)β

]}
. (16)

Proof of Theorem 3. Based on the relation between the arithmetic mean and the geometric
mean of the matrix A > 0 eigenvalues, we obtain:

Sp(A)/n ≥ [det(A)]1/n.

From here, using (8) and (9), we obtain:

Sp(A0)

n

k

∏
i=0

[
1 +

β

(1 − β)

∥yi∥2

∥g(xi)∥2

]
≥ Sp(Ak+1)

n
≥ (det(Ak+1))

1/n = [(1 + β)k+1det(A0)]
1/n.

The last relation based on inequality 1 + p ≤ exp(p) we transform to:

Sp(A0)

n
exp

[
β

(1 − β)

k

∑
i=0

∥yi∥2

∥g(xi)∥2

]
≥ (1 + β)(k+1)/n(det(A0))

1/n.

Taking into account the constraints (15), we transform the last inequality:

M0exp

[
β

(1 − β)∑
k
i=0

∥yi∥2

∥g(xi)∥2

]
≥ m0(1 + β)(k+1)/n.

Taking the logarithm of the latter, we find:[
β

(1 − β)

k

∑
i=0

∥yi∥2

∥g(xi)∥2

]
≥ (k + 1) ln(1 + β)

n
+ ln(

m0

M0
).

From this follows the inequality:

k

∑
i=0

∥yi∥2

∥g(xi)∥2 ≥ (k + 1)(1 − β) ln(1 + β)

nβ
+

(1 − β) ln(m0/M0)

β
,

which, together with the estimate (14) of Theorem 1, proves (16). □

4. Gradient-Based Minimization Algorithm with Scaling Metric Matrices
We use the presented variable scaling matrices to organize gradient methods. The

matrix Hk is diagonal, with zero non-diagonal elements. Components will be added to the
algorithms to eliminate infinite decreases in the matrix diagonal elements, as well as to
eliminate variants of their significant differences.

The gradient algorithm (1),(5),(4) with the transformation of matrix H according to
Formula (4) has the following form (Algorithm 1).
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Algorithm 1 (HG, Gradient method with H-scaling)

1. Set the initial point x0, g0 = ∇ f (x0), initial diagonal matrix H0 and parameters
ε ∈

[
10−2 − 10−9] and β ∈ [0.001 − 0.9].

2. For k = 0, 1, 2, . . . do
2.1 Find a new minimum approximation:

xk+1 = xk − γksk, sk = Hkgk, γk = argmin
γ

f (xk − γsk),

2.2 Perform a metric matrix transformation:

Hi,i,k = Hi,i,k/ max
1≤j≤n

Hj,j,k, i = 0, 1, 2, . . . , n, (17)

Hi,i,k = max{Hi,i,k, ε
}

, i = 0, 1, 2, . . . , n, (18)

gk+1 = ∇ f (xk+1), yk = gk − gk+1,

Hk+1 = H(Hk, yk, β). (19)

2.3 If the stopping criterion is met, then stop.

Transformation (17) of the HG algorithm is designed to prevent excessive matrix
decrease. According to the formulas of transformation (4), changing the overall scale of the
matrix does not affect the proportions between the diagonal elements of the matrix obtained
as a result of transformation (19). That is, multiplying the matrix H by the number does not
affect these proportions. On the other hand, due to the exact one-dimensional descent, the
scale of the matrix H also does not affect the iteration at Step 2.1. Thus, transformation (17)
does not affect the results of the algorithm.

Transformation (18) eliminates the possibility of matrix degeneracy. After transfor-
mation (17), the maximum matrix element is equal to one. The value in (18) defines the
minimum value of the matrix elements. In (19), the (4) transformation of the metric matrix
is performed.

The presented algorithm can be viewed as a gradient method with metric scaling
matrices. We will numerically study the convergence properties of the HG algorithm on
smooth functions and show that the use of metric scaling matrices imparts acceleration
properties to the gradient method. In this regard, we use these metric transformations in
the conjugate gradient method.

5. Conjugate Gradient Method with Scaling Metric Matrices
Scaling transformations for the gradient method can be useful in other methods. In this

paper, we will consider the use of metric transformations in the conjugate gradient method.
The Hestenes–Stiefel conjugate gradient method has the form [19]:

xk+1 = xk − γksk, γk = argmin
γ

f (xk − γsk), k = 0, 1, 2, . . . , (20)

sk = gk −
(gk, yk)

(sk, yk)
sk, yk = gk − gk+1. (21)
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In Ref. [18], the Hestenes–Stiefel method is proposed using the transformation of the
space metric with full-scale matrices (2):

s0 = g0, sk+1 = Hkgk+1 −
(Hkgk+1, yk)

(sk, yk)
sk, yk = gk+1 − gk, (22)

H0 = I, Hk+1 = Hk − (1 − 1
α2 )

HkykyT
k HT

k
(yk, Hkyk)

, α > 1. (23)

Algorithm (20),(22),(23) uses the full matrix H (2). As shown in [18], method
(20),(22),(23) has the properties of the conjugate gradient method, and the ILS metric
matrix has the property of partially orthogonalizing the descent vectors to the directions of
the difference of adjacent gradients. In the conjugate gradient method, the descent vector is
orthogonalized to the direction of the gradient difference at each iteration. In the quadratic
case, using the ILS metric allows one to increase the degree of conjugacy of the descent
vectors and thereby accelerate the convergence rate of the minimization method.

We use the scheme of method (20),(22),(23) to organize the algorithm with diagonal
scaling (4):

Hk+1 = H(Hk, yk, β), 1 > β ≥ 0. (24)

In the method (20),(22),(24), the diagonal matrix H is used. Detailed implementation
of the method (20),(22),(24) is presented in Algorithm 2 below.

Algorithm 2 (HHS, Hestenes–Stiefel method with H-scaling)

1. Set the initial point x0, g0 = ∇ f (x0), initial diagonal matrix H0 > 0, s0 = H0g0 and
parameters ε ∈

[
10−2 − 10−9] and β ∈ [0.001 − 0.9].

2. For k = 0, 1, 2, . . . do
2.1 Find a new minimum approximation:

xk+1 = xk − γksk, γk = argmin
γ

f (xk − γsk),

2.2 Compute a new descent direction

gk+1 = ∇ f (xk+1), yk = gk − gk+1,

sk+1 = Hkgk+1 −
(Hk gk+1,yk)

(sk ,yk)
sk.

2.3 Perform a metric matrix transformation:

Hi,i,k = Hi,i,k/ max
1≤j≤n

Hj,j,k, i = 0, 1, 2, . . . , n,

Hi,i,k = max{Hi,i,k, ε
}

, i = 0, 1, 2, . . . , n,

Hk+1 = H(Hk, yk, β).

2.4 If the stopping criterion is met, then stop.

Transformation (22) is performed at Step 2.2. Transformation (17) of the HG algorithm
is intended to eliminate excessive decrease of the matrix. Transformation (18) eliminates
the possible occurrence of matrix degeneracy by replacing excessively small values of the
elements. In (19), transformation (4) of the metric matrix is performed.
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6. Numerical Results and Discussion
To identify the capabilities of the presented algorithms for solving problems of mini-

mizing smooth functions and to test the effectiveness of the presented methods, a numerical
study was conducted. The methods are compared with the Hestenes–Stiefel conjugate
gradient method.

All methods used in the study utilized the one-dimensional search, where the gradient
and function value are used simultaneously as information for organizing the method. This
is particularly advantageous in conditions where the costs of computing the gradient and
function are comparable.

We will denote:
HG—Gradient method with H-scaling (1),(5),(4) (HG algorithm);
HHS—Hestenes–Stiefel method with H-scaling (20),(22),(24) (HHS algorithm);
HS—Hestenes–Stiefel method (20) and (21);
GR—Gradient method.
In the HG and HHS methods, full-scale metric matrices are absent, which allows one

to use them in solving high-dimensional problems. One of the most successful methods for
solving high-dimensional problems with a high degree of conditionality is the conjugate
gradient method. Therefore, when testing the proposed methods, we also use the Hestenes–
Stiefel conjugate gradient method (HS) as a benchmark.

The set of functions under testing includes a quadratic function with a known con-
dition number. Since we know the function’s condition number, we can estimate its
complexity for minimization. Also, based on the results of minimizing the quadratic func-
tion, we obtain information about the method’s behavior in a certain neighborhood of the
current minimization point of the real function, where its quadratic representation is valid.

Another important point is the ability to specify the same degree of conditioning
regardless of the problem dimension. Theoretical studies indicate that, with the same
degree of conditioning, gradient methods should have approximately equal iteration costs.
The parameters of non-quadratic functions also allow one to control the condition number.

The tests included functions with both straight and curved ravines. With curved
ravines, the eigenvectors of the second derivative matrix change as we approach the
minimum, leading to outdated metric matrices and a decrease in the convergence rate.
Further successful progress requires retuning the method parameters. Using such functions,
we will observe the method’s response to the variability of the quadratic representation of
the function as we approach the minimum.

We also included as a test a non-quadratic function whose isosurface topology matches
that of a quadratic function. In this case, it is of interest to study the stability of the
convergence rate for the pointed methods regarding the quadratic properties of the function.

One of the test problems reflects the variability of scaling by variables when approach-
ing an extremum. In this case, there is an active change in the isosurface topology due to
changes in scales along the coordinate axes. Finally, the last of the test functions includes
ravines, where one side of the ravine has an exponential change, and the other side has a
linear change.

6.1. Quadratic Function

We used the following function as a quadratic one:

fQ(x, [amax]) =
1
2

n

∑
i=1

ai x2
i , ai = a max

i − 1
n − 1 .

Starting point was x0 = 100(n − i + 1), i = 1, 2, . . ., n. Stopping criterion was
f (xk)− f ∗ ≤ 10−10, where f ∗ is the optimal function value. Eigenvalues ai of this func-
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tion have the boundaries λmin = 1 and λmax = amax. Sensitivity analysis of the algorithms
depending on the learning rate parameter β is presented in Tables A1 and A2. According to
the results, a higher convergence rate (smaller number of iterations) is ensured by a higher
degree of learning rate, that is, by larger β values. The results indicate an acceleration
of the convergence rate when using diagonal matrices in the algorithms for any value of
β compared to the HS method, which resulted in 702 iterations and 1405 gradient and
function calculations for amax = 104 and 6438 iterations and 15,238 gradient and function
calculations for amax = 106. In addition, increasing the degree of function degeneracy allows
one to see the effects of accelerating convergence due to the use of scaling matrices in the
conjugate gradient method.

Tables A3 and A4 show the results of minimization for HG, HHS, HS, and GR algo-
rithms with β = 0.9. The results indicate an acceleration of the convergence rate when
using diagonal matrices in the algorithms. In Table A4, the GR method failed to solve the
problem. Here, the results indicate an acceleration of the convergence rate when using
diagonal matrices in the algorithms, and the advantages of the presented methods over the
Hestenes–Stiefel conjugate gradient method become obvious.

6.2. Function with Ellipsoidal Ravine

The following function has a multidimensional ellipsoidal ravine. Minimization occurs
when moving along this ravine to the minimum point:

fE(x, [amax,bmax]) = (1 − x1)
2 + a max

(
1 − ∑n

i=1 x2
i /bi

)2
, bi = b max

i−1
n−1 , (25)

The stopping criterion was f − f ∗ ≤ 10−4. This function has two complexity levels: a
curved ravine and a function with a degree greater than quadratic. At its minimum, the
function is degenerate. For each type of experiment, we took a different starting point.

Table A5 shows the results of the sensitivity analysis of the algorithms depending on
the learning rate parameter β for the fE function (n = 1000). According to the results, a
higher convergence rate is ensured by a higher degree of learning rate for the HG algorithm.
For the HHS algorithm, the optimal β value is 0.5. The results indicate an acceleration
of the convergence rate when using diagonal matrices in the algorithms for almost any
value of β compared to the HS method, which resulted in 1195 iterations and 3078 gradient
and function calculations. Table A6 shows the results of minimization for HG, HHS, HS,
and GR algorithms with a value of β = 0.9. The results indicate an acceleration of the
convergence rate when using diagonal matrices in the algorithms. The advantages of the
presented methods over the Hestenes–Stiefel conjugate gradient method are revealed.

6.3. Function with Multidimensional Ellipsoidal Ravine and Non-Degenerate Minimum Point

The following function also has a multidimensional ellipsoidal ravine, and the mini-
mization occurs when moving along a curvilinear ravine to a minimum point:

fEX(x, [amax, bmax]) = (1 − x1)
2 + amax

(
1 −

n

∑
i=1

x2
i / bi

)2

+
1
2

n

∑
i=2

x2
i / bi, bi = b max

i − 1
n − 1 .

The stopping criterion was f − f ∗ ≤ 10−10. Due to the additional quadratic term in
fEX, the minimum point ceases to be degenerate. This allows the gradient method to find
the minimum of the function with higher accuracy compared to the function fE. Table A7
shows the results of fEX function minimization (n = 1000) for different values of learning
rate parameter β. According to the Table A7 results, a convergence rate is approximately
the same for β ∈ [0.2–0.9]. The results indicate an acceleration of the convergence rate
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when using diagonal matrices in the algorithms for any value of β compared to HS method,
which resulted in 32,294 iterations and 80,326 gradient and function calculations.

Table A8 shows the results of minimization for HG, HHS, HS and GR algorithms with
value of β = 0.9, where the advantages of the presented methods over the Hestenes–Stiefel
conjugate gradient method are revealed.

6.4. Non-Quadratic Function

The following function has topological similarity of level surfaces to a quadratic function.

fQ̂2(x, [amax]) =
(
∑n

i=1 aix2
i

)2
, ai = a max

i−1
n−1 .

The stopping criterion was f − f ∗ ≤ 10−10. The starting point was x0 = (1, 1, . . . , 1).
Table A9 shows the results of the fQˆ2 function minimization (n = 1000) for different

values of the learning rate parameter β. According to the results, a higher convergence
rate is ensured by β = 0.4 for the HG algorithm and by β = 0.8 for the HHS algorithm. The
results indicate an acceleration of the convergence rate when using diagonal matrices in the
algorithms for any value of β compared to the HS method, which resulted in 490 iterations
and 1000 gradient and function calculations. Here, the advantages of the presented methods
compared to the Hestenes–Stiefel conjugate gradient method become obvious.

The results in Table A10 for β = 0.9 indicate an acceleration of the convergence rate
when using diagonal matrices in the algorithms. The advantages of the presented methods
over the Hestenes–Stiefel conjugate gradient method are revealed.

The next experiment (Tables A11 and A12) was performed for a higher condition number.
According to the Table A11 results, a higher convergence rate is ensured by β = 0.5 for

the HG algorithm and by β = 0.8 for the HHS algorithm. The results indicate an acceleration
of the convergence rate when using diagonal matrices in the algorithms for any value of
β compared to the HS method, which resulted in 4746 iterations and 10,617 gradient and
function calculations. Table A12 shows the results of minimization for HG, HHS, HS, and
GR algorithms with a value of β = 0.9. The GR method failed to solve the problem. The
advantages of the presented methods over the Hestenes–Stiefel conjugate gradient method
are revealed.

6.5. Function with Scalable Variables

The next function used additional variables ci to change the scales ai for each variable.

fabc(x, [a max,bmax]) =
1
2∑n

i=1 aicix2
i , ai = a max

i−1
n−1 ,

ci =
b max

bi

(
x2

i
1 + x2

i

)
+ bi

(
1 −

x2
i

1 + x2
i

)
, bi = b max

i−1
n−1 .

This function near the extremum will have the form:

fabc(x, [amax, bmax]) ≈ 1
2

n

∑
i=1

ai bi x2
i .

Far from the extremum, we obtain a function in which the coefficients are used in
reverse order.

fabc(x, [amax, bmax]) ≈ 1
2

n

∑
i=1

ai
bmax

bi
x2

i .
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Changes in the scales of the coefficients ci according to the presented limiting variants
of the function can be represented by the following transition:

ai
bmax

bi
−→ ai bi.

It follows that the first coefficient decreases by a factor of b max, and the last coefficient
increases by a factor of b max. The starting point was x0 = (100, 100, . . . , 100). The stopping
criterion was f − f ∗ ≤ 10−10.

Table A13 shows the results of the fQˆ2 function minimization (n = 1000) for different
values of the learning rate parameter β. A higher convergence rate here is ensured by
β = 0.9 for the HG algorithm and by β = 0.2 for the HHS algorithm. The results indicate
an acceleration of the convergence rate when using diagonal matrices in the algorithms
for any value of β compared to the HS method, which resulted in 30,602 iterations and
71,454 gradient and function calculations. Table A14 shows the results of minimization for
HG, HHS, HS, and GR algorithms with a value of β = 0.9. Presented methods outperform
the Hestenes–Stiefel conjugate gradient method.

6.6. Raydan1 Function

An offset has been introduced into the Raydan1 function to obtain a new function
with a zero minimum value.

fR(x, [amax]) = ∑n
i=1

ai
10

(exp(xi)− xi − 1), ai = a max
i−1
n−1 .

The starting point was x0
i = 3 ∗ (n − i + 1)/n, i = 1, 2, . . . , n, the stopping criterion

was f − f ∗ ≤ 10−10.
In this function, the ravine banks vary significantly in steepness. The behav-

ior of the gradient-based step-adaptive method under these conditions is of interest.
Tables A15 and A16 present the results of minimizing the function for various degrees
of the isosurfaces’ elongation. The results indicate an acceleration of the convergence rate
when using diagonal matrices in the algorithms. The advantages of the presented methods
over the Hestenes–Stiefel conjugate gradient method are revealed.

For clarity, we present a histogram of the convergence rate of the HG, HHS, and HS
methods for different n values and for all test functions (Figures 1–3).

To summarize, the following conclusions can be drawn.

1. On considered test functions, the gradient method with scaling (HG) significantly
outperforms the standard steepest descent method and is as fast as the Hestens–Stiefel
conjugate gradient method in convergence. These results confirm the acceleration
properties of scaling methods.

2. The conjugate gradient method with scaling matrices (HHS) significantly outper-
forms the HG method on the problems with increasing conditionality, confirming the
additional acceleration properties of the conjugate gradient method.

3. The conjugate gradient method with scaling matrices (HHS), despite losing the prop-
erty of constructing conjugate vectors on quadratic functions, significantly outper-
forms the Hestens-Stiefel conjugate gradient method on some tests, confirming the
additional acceleration properties of the conjugate gradient method.
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Figure 1. Convergence rate of the HG, HHS, and HS methods for n = 100 for all test functions on a
logarithmic scale.
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Figure 2. Convergence rate of the HG, HHS, and HS methods for n = 1000 for all test functions on a
logarithmic scale.
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Figure 3. Convergence rate of the HG, HHS, and HS methods for n = 10,000 for all test functions on a
logarithmic scale.

These results indicate that the proposed methods can be useful under conditions of
poor variable scaling. In this case, the problem conditioning can be reduced by using
methods with scaling matrices of the HG and HHS metrics.

Nevertheless, in general, a situation is possible where the variables are well scaled, and
the causality is high. In this case, the presented methods may not lead to faster convergence,
and conjugate gradient methods with scaling will be weaker than the classical conjugate
gradient method, since when scaling, they lose the property of constructing conjugate
directions on quadratic functions.

7. Conclusions
The conditionality of the minimization problem determines the spread of the isosur-

faces’ elongation in different directions, which in turn determines the complexity of the
problem solution. In minimization practice, it is often possible to reduce the elongation
of the isosurfaces through some linear coordinate transformation, thereby increasing the
convergence rate of the gradient method used in the new coordinate system. A method
for obtaining such a coordinate transformation, which allows for the acceleration of the
gradient method and the conjugate gradient method, is proposed in [18]. In this paper, the
idea from [18] for organizing an accelerating coordinate transformation is implemented
in the form of diagonal scaling matrices. Iterative methods for scaling variables with
diagonal metric matrices are proposed and used in the gradient minimization method and
the conjugate gradient method. The main idea behind organizing matrix transformations is
to implement partial orthogonalization of the descent directions to the previous differences
of adjacent gradients, which is literally implemented in conjugate gradient methods for
quadratic functions. As a result, a gradient method with a metric change and a diago-
nal scaling matrix of variables was obtained. This transformation was used to develop
the conjugate gradient method. For the gradient method with a diagonal metric matrix,
an estimate of the convergence rate was obtained on strongly convex functions with a
Lipschitz gradient.

A computational experiment was conducted, and the presented methods were com-
pared with the Hestenes–Stiefel conjugate gradient method. On the given set of test
functions, the gradient method with scaling is comparable in convergence rate to the
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Hestenes–Stiefel conjugate gradient method, while the conjugate gradient method with a
scaling matrix significantly outperforms the Hestenes–Stiefel conjugate gradient method.
The obtained results confirm the acceleration properties of scaling methods in the case of
poor scaling of the variables of the function being minimized. This allows us to conclude
that it is possible to use the methods under study along with conjugate gradient methods to
solve smooth, high-dimensional optimization problems with a high degree of conditionality,
especially in non-quadratic settings.

This study relies heavily on an exact one-dimensional line search; the behavior of the
proposed method under an inexact line search is a subject of our future studies, along with
comparing the proposed methods against simple diagonal preconditioners.
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Appendix A

Table A1. Number of iterations for the function fQ(x,[amax = 104]), n = 1000, for different values of
matrix learning rate parameter β.

β

HG HHS

Number of Iterations Number of Gradient and
Function Calculations Number of Iterations Number of Gradient and

Function Calculations

0.1 561 1687 389 1004
0.2 465 1436 367 950
0.3 428 1431 356 917
0.4 408 1430 333 861
0.5 385 1470 327 846
0.6 382 1403 312 815
0.7 367 1347 286 753
0.8 361 1359 333 815
0.9 357 1345 332 810

Table A2. Number of iterations for the function fQ(x,[amax = 106]), n = 1000, for different values of
matrix learning rate parameter β.

β

HG HHS

Number of Iterations Number of Gradient and
Function Calculations Number of Iterations Number of Gradient and

Function Calculations

0.1 3288 17,364 415 1112
0.2 2149 12,128 415 1048
0.3 1646 9727 411 1030
0.4 1350 8203 383 970
0.5 1152 7265 376 953
0.6 1006 6407 360 917
0.7 894 5728 378 947
0.8 816 5312 343 873
0.9 753 4955 363 909
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Table A3. Number of iterations for the function fQ(x,[amax = 104]), for different values of problem
dimension n, β = 0.9.

n

HG HHS HS GR

Number of
Iterations

Number of
Gradient

and Function
Calculations

Number of
Iterations

Number of
Gradient

and Function
Calculations

Number of
Iterations

Number of
Gradient

and Function
Calculations

Number of
Iterations

Number of
Gradient

and Function
Calculations

100 204 421 187 424 296 594 59,683 149,086
1000 357 1345 332 810 702 1405 63,258 158,032

10,000 637 2647 666 1353 810 1624 67,428 179,954

Table A4. Number of iterations for the function fQ(x,[amax = 106]), for different values of problem
dimension n, β = 0.9.

n

HG HHS HS GR

Number of
Iterations

Number of
Gradient

and Function
Calculations

Number of
Iterations

Number of
Gradient

and Function
Calculations

Number of
Iterations

Number of
Gradient

and Function
Calculations

Number of
Iterations

Number of
Gradient

and Function
Calculations

100 315 1101 240 536 1660 3950 - -
1000 753 4955 363 909 6438 15,238 - -

10,000 3605 25,833 463 1574 8127 17,456 - -

Table A5. Number of iterations for the function fE(x,[amax = 102, bmax = 103]), n = 1000, for different
values of matrix learning rate parameter β. Starting point x0

1 = −1, x0
i = i, i = 2,3,. . .n.

β

HG HHS

Number of Iterations Number of Gradient and
Function Calculations Number of Iterations Number of Gradient and

Function Calculations

0.1 7942 19,370 241 766
0.2 220 701 228 727
0.3 230 733 245 782
0.4 220 707 258 820
0.5 215 697 209 679
0.6 221 703 256 815
0.7 216 695 242 778
0.8 217 704 257 820
0.9 212 687 276 880

Table A6. Number of iterations for the function fE(x,[amax = 102, bmax = 103]), for different values of
problem dimension n, β = 0.9. Starting point x0

i = −1/(nbi)1/2, i = 1, 2, . . . n.

n

HG HHS HS GR

Number of
Iterations

Number of
Gradient

and Function
Calculations

Number of
Iterations

Number of
Gradient

and Function
Calculations

Number of
Iterations

Number of
Gradient

and Function
Calculations

Number of
Iterations

Number of
Gradient

and Function
Calculations

100 1710 5387 99 282 2704 6607 510,137 1,276,967
1000 2024 6021 230 605 4895 11,804 352,274 882,316

10,000 2950 7708 436 1156 5418 13,174 307,850 771,223
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Table A7. Number of iterations for the function fEX(x,[amax = 102, bmax = 103]), n = 1000, for different
values of matrix learning rate parameter β. Starting point x0

1 = −1, x0
i = i, i = 2, 3, . . . n.

β

HG HHS

Number of Iterations Number of Gradient and
Function Calculations Number of Iterations Number of Gradient and

Function Calculations

0.1 401 1071 279 843
0.2 321 988 291 908
0.3 320 985 255 812
0.4 323 1001 306 954
0.5 319 994 285 906
0.6 322 980 284 905
0.7 315 968 279 884
0.8 316 974 277 882
0.9 319 972 288 918

Table A8. Number of iterations for the function fEX(x,[amax = 102, bmax = 103]), for different values of
problem dimension n, β = 0.9. Starting point x0

i = −1/(nbi)1/2, i = 1, 2, . . . n.

n

HG HHS HS GR

Number of
Iterations

Number of
Gradient

and Function
Calculations

Number of
Iterations

Number of
Gradient

and Function
Calculations

Number of
Iterations

Number of
Gradient

and Function
Calculations

Number of
Iterations

Number of
Gradient

and Function
Calculations

100 3804 9412 65 171 15,490 38,053 1,093,797 2,734,641
1000 1599 4018 59 164 29,296 72,678 207,683 519,438

10,000 1578 4017 54 154 11,544 28,213 213,188 533,209

Table A9. Number of iterations for the function fQˆ2(x,[amax = 104]), n = 1000, for different values of
matrix learning rate parameter β.

β

HG HHS

Number of Iterations Number of Gradient and
Function Calculations Number of Iterations Number of Gradient and

Function Calculations

0.1 151 456 259 781
0.2 135 408 237 715
0.3 128 387 240 724
0.4 127 384 245 739
0.5 207 624 231 697
0.6 202 609 189 571
0.7 194 585 222 670
0.8 186 561 161 487
0.9 179 540 167 505

Table A10. Number of iterations for the function fQˆ2(x,[amax = 104]), for different values of problem
dimension n, β = 0.9.

n

HG HHS HS GR

Number of
Iterations

Number of
Gradient

and Function
Calculations

Number of
Iterations

Number of
Gradient

and Function
Calculations

Number of
Iterations

Number of
Gradient

and Function
Calculations

Number of
Iterations

Number of
Gradient

and Function
Calculations

100 111 338 119 362 529 1079 29,151 63,299
1000 179 540 167 505 490 1000 33,581 71,995

10,000 181 546 302 911 547 1114 10,000 33,007
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Table A11. Number of iterations for the function fQˆ2(x,[amax = 106]), n = 1000, for different values of
matrix learning rate parameter β.

β

HG HHS

Number of Iterations Number of Gradient and
Function Calculations Number of Iterations Number of Gradient and

Function Calculations

0.1 174 525 322 971
0.2 150 453 297 896
0.3 137 414 280 845
0.4 130 393 209 632
0.5 127 384 192 576
0.6 240 723 186 558
0.7 227 684 180 545
0.8 216 651 170 514
0.9 207 624 193 583

Table A12. Number of iterations for the function fQˆ2(x,[amax = 106]), for different values of problem
dimension n, β = 0.9.

n

HG HHS HS GR

Number of
Iterations

Number of
Gradient

and Function
Calculations

Number of
Iterations

Number of
Gradient

and Function
Calculations

Number of
Iterations

Number of
Gradient

and Function
Calculations

Number of
Iterations

Number of
Gradient

and Function
Calculations

100 131 398 110 329 3856 9185 - -
1000 207 624 193 583 4746 10,617 - -

10,000 202 609 297 895 5402 10,822 - -

Table A13. Number of iterations for the function fabc(x,[amax = 104, bmax = 103]), n = 1000, for different
values of matrix learning rate parameter β.

β

HG HHS

Number of Iterations Number of Gradient and
Function Calculations Number of Iterations Number of Gradient and

Function Calculations

0.1 27,629 68,511 1224 2804
0.2 15,118 37,430 404 890
0.3 10,118 25,159 1300 2992
0.4 7919 19,613 2403 5637
0.5 6457 15,868 2714 6331
0.6 5313 13,040 1771 4102
0.7 4791 11,745 1479 3393
0.8 4129 10,124 2072 4720
0.9 3700 9079 2123 4744

Table A14. Number of iterations for the function fabc(x,[amax = 104, bmax = 103]), for different values of
problem dimension n, β = 0.9.

n

HG HHS HS GR

Number of
Iterations

Number of
Gradient

and Function
Calculations

Number of
Iterations

Number of
Gradient

and Function
Calculations

Number of
Iterations

Number of
Gradient

and Function
Calculations

Number of
Iterations

Number of
Gradient

and Function
Calculations

100 409 995 440 969 24,005 58,476 - -
1000 3700 9079 2123 4744 30,602 71,454 - -

10,000 20,822 50,115 4173 9968 48,022 105,163 - -
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Table A15. Number of iterations for the function fR(x,[amax = 104]), for different values of problem
dimension n, β = 0.9.

n

HG HHS HS GR

Number of
Iterations

Number of
Gradient

and Function
Calculations

Number of
Iterations

Number of
Gradient

and Function
Calculations

Number of
Iterations

Number of
Gradient

and Function
Calculations

Number of
Iterations

Number of
Gradient

and Function
Calculations

100 140 286 35 78 443 960
1000 333 699 88 193 520 1051

10,000 1535 3088 205 443 577 1184

Table A16. Number of iterations for the function fR(x,[amax = 105]), for different values of problem
dimension n, β = 0.9.

n

HG HHS HS GR

Number of
Iterations

Number of
Gradient

and Function
Calculations

Number of
Iterations

Number of
Gradient

and Function
Calculations

Number of
Iterations

Number of
Gradient

and Function
Calculations

Number of
Iterations

Number of
Gradient

and Function
Calculations

100 181 375 36 81 1395 2995
1000 339 756 90 197 1615 3236

10,000 1498 3352 210 457 1793 3610
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