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Abstract

Inverse problems have numerous important applications in science, engineering, medicine,
and other disciplines. In this study, we present a numerical solution for a one-dimensional
parabolic inverse problem with energy overspecification at a fixed spatial point, using the
radial basis function (RBF) method. The collocation matrix arising in RBF-based approaches
is typically highly ill-conditioned, and the method’s performance is strongly influenced by
the choice of the radial basis function and its shape parameter. Unlike previous studies that
focused primarily on Gaussian radial basis functions, this work investigates and compares
the performance of three RBF types—Gaussian (GRBF), Multiquadrics (MQRBF), and In-
verse Multiquadrics (IMQRBEF). By transforming the inverse problem into an equivalent
direct problem, we apply the RBF collocation method in both space and time. Numerical
experiments on two test problems with known analytical solutions are conducted to evalu-
ate the approximation error, optimal shape parameters, and matrix conditioning. Results
indicate that both MQRBF and IMQRBF generally provide better accuracy than GRBE.
Furthermore, IMQRBF enhances numerical stability due to its lower condition number,
making it a more robust choice for solving ill-posed inverse problems where both stability
and accuracy are critical.

Keywords: radial basis function method; parabolic inverse problem; energy overspecification;
optimal shape parameter

1. Introduction

Inverse problems arise frequently in science and engineering when we aim to de-
termine unknown causes based on observed effects. Among them, inverse parabolic
problems are of significant importance due to their applications in heat conduction, diffu-
sion processes, financial mathematics, and biomedical imaging. A common challenge in
such problems is the reconstruction of a time-dependent source term from boundary or
integral observations.

In this study, we address the inverse problem of determining the unknown function
p(t) in a one-dimensional parabolic partial differential equation:

dw Fw

FIT Osxs<1

+p(H)w+ @(x,t), 0<t<T, (1)
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subject to the initial condition:

w(x,0)=f(x), 0<x<1, ()
boundary conditions:

w(0,t) =go(t), 0<t<T, 3)

w(l,t)=q), 0<t<T, 4)
and overspecified energy measurement at:

w(x*,t)=E(t), 0<t<T. (5)

Here, f, g0, 1, ¢, and E are known functions, whereas w and p(t) are the unknowns to
be determined. Equations (1)—(4) describe a heat transfer process with a time-dependent
source term p(t), while Equation (5) corresponds to a measurement of temperature at a
fixed point x* in space over time.

The overspecification Condition (5) plays a crucial role in the formulation of the
inverse problem. In the system defined by Equations (1)—(4), both the solution w(x, t) and
the time-dependent source term p(t) are unknown. However, the initial and boundary
conditions alone do not provide sufficient information to uniquely determine p(t), making
the problem underdetermined. To ensure well-posedness and enable a stable numerical
solution, an additional condition is required. The overspecification condition, (5) provides a
supplementary constraint at a fixed interior point x*, allowing for the unique reconstruction
of p(t). Without this condition, the inverse problem lacks uniqueness and may become ill-
posed. This approach is standard in inverse source identification problems (see, e.g., [1,2]).

This model has diverse applications. For example, in chemical diffusion, w may
represent the chemical concentration and E(t) the total mass. In heat conduction, w
corresponds to temperature and E(t) to internal energy, and Equation (1) can be used to
describe a heat transfer problem with a source parameter.

Analytical solutions to this problem can be derived using various techniques, such as
He’s variational iteration method [3,4]. For existence and uniqueness results related to this
inverse problem, see [5,6].

Numerical solutions to this inverse problem (Equations (1)—(5)) and its variants have
previously been studied using methods such as finite difference and finite element tech-
niques. Finite difference methods provide solutions only at mesh points and are difficult to
apply in non-smooth or irregular domains. Finite element methods become computation-
ally expensive and complex as the dimensionality of the problem increases.

As a result, meshless methods have gained increasing attention in the recent literature,
including the Galerkin method, Chebyshev polynomial approaches [7], and the radial basis
function (RBF) method [8,9].

The main advantages of the RBF-based collocation method used in this study include
its meshless nature, which eliminates the need for domain discretization and simplifies
implementation for complex geometries. Additionally, RBF methods are known for their
high approximation accuracy, even with scattered nodes, and offer flexibility in handling
both direct and inverse problems. These features make the method particularly suitable
for solving inverse parabolic PDEs, where accurate reconstruction of time-dependent
source terms is critical. The superiority of RBFs over classical finite difference methods
in solving inverse parabolic problems has been established in prior work. In particular,
Dehghan and Tatari [8] demonstrated that RBF methods yield higher accuracy, better
stability, and improved convergence properties compared to finite difference techniques
under similar problem settings. As our current study builds on and extends these RBF
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approaches through comparative RBF analysis and shape parameter optimization, we do
not duplicate those finite difference comparisons here but refer the reader to Dehghan and
Tatari [8] for detalils.

In RBF methods, the shape parameter controls the spread or flatness of the basis func-
tions. Its value directly influences interpolation accuracy and the conditioning of the resulting
linear system. An inappropriate choice of shape parameter can lead to underfitting (overly
smooth) or overfitting (overly peaked), and often causes severe ill-conditioning of the collo-
cation matrix—especially in inverse problems, which are inherently ill-posed. In practical
applications—such as heat conduction, pollution monitoring, and medical imaging—even
small data perturbations can cause large deviations in the solution. Therefore, selecting an
optimal shape parameter is crucial to ensure reliable and stable reconstructions.

Previous studies have applied RBF methods to parabolic inverse problems. For exam-
ple, ref. [8] employed Gaussian RBFs to estimate a time-dependent source parameter in a
one-dimensional parabolic equation. However, their approach was limited to a single RBF
type and did not examine how the shape parameter affects numerical accuracy or stability.
More recently, ref. [7] introduced a polynomial-based approach to a two-dimensional in-
verse diffusion problem; however, their work neither incorporated RBFs nor investigated
shape parameter optimization.

Despite the promising results of RBF methods in inverse parabolic problems, several
key gaps remain in the literature. First, there is a lack of comparative studies evaluating the
performance of different RBFs under varying discretization levels and shape parameter
settings. Second, the influence of the shape parameter on both accuracy and numerical
stability is often not explored in depth. Third, condition number analysis of the resulting
collocation matrices—critical for assessing numerical robustness—is seldom addressed.
This study aims to systematically address these gaps.

In this paper, we study the inverse source problem using radial basis functions
and address these issues by evaluating the performance of three RBF types—Gaussian
(GRBF), Multiquadrics (MQRBEF), and Inverse Multiquadrics (IMQRBF)—in solving a one-
dimensional parabolic inverse problem with energy overspecification. By reformulating the
inverse problem into an equivalent direct problem via substitution, we apply the RBF collo-
cation method in both space and time to obtain numerical approximations. The accuracy
of the method is assessed using two test problems with known analytical solutions, and a
comparative analysis is performed to determine optimal shape parameters for each RBF.

Furthermore, we examine the condition number of the collocation matrix associated
with each RBF type to assess numerical stability. Our results indicate that both MQRBF and
IMQRBEF generally outperform the GRBF in terms of accuracy and conditioning. This work
provides practical guidance for selecting appropriate RBF types and shape parameters,
thereby improving the reliability and performance of RBF-based approaches for inverse
parabolic problems.

2. Materials and Methods
2.1. Radial Basis Functions (RBF) Method

RBFs can be used to interpolate scattered data points, generating a smooth surface or
function (Figure 1); common choices for RBFs are listed in Table 1.
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Table 1. Some common choices for RBFs.

Function Name Mathematical Definition
Cubic o(r) =13
Gaussian (GRBF) ¢(r) = exp(—r?/2c*), ¢>0
Hardy Multiquadric (MQRBF) p(r) = Vr2 +c2
Inverse Multiquadric (IMQRBF) P(r) = (V12 +c2)~1
Inverse Quadratic (IQ) P(r) = (r* + )1
Thin plate spline ¢(r) = r?In(r)
Cubic Radial Function , Thin Plate Spline } Gaussian
8
8
2
4 0.5
]
2
0
0 0
o 05 1 15 2 0 05 1 15 2 o 05 1 15 2
o(r) = @fr) =r-In(r) o(r) = exp (—r~/2¢7)
Inverse Multiquadratic Multiquadric Inverse Quadratic
1 25 1
08
0.8 2
0s \
06 15
04
0.4 1 02
o 05 1 15 2 o 05 1 15 2 o 05 1 15 2
d(r) = (r? + )12 H(r) = V2 + 2 o(r) = (r? + )

Figure 1. Radial basis functions (RBFs) plotted with shape parameter ¢ = 1. Gaussian, multiquadric,
and inverse multiquadric RBFs exhibit different decay and smoothness behaviors. Polynomial-based
functions like cubic and thin plate spline do not depend on c. The choice of RBF affects interpolation
accuracy and numerical stability.

Typically, r represents the Euclidean distance between a fixed center x* € RY and a
point x € Rd, ie.,
r=|lx —x*2.

Thus, an RBF is a function of this distance.

The shape parameter c controls the spread of the RBFs and significantly influences
the performance of the method. The convergence, stability, and accuracy of RBF methods
strongly depend on both the shape parameter and the choice of radial basis function.

Taking the interpolating RBF approximation as:

N
F(x) = )_ Aigpi(x) (6)
=

where ¢;(x) = ¢(||x — x;||) and A; are unknown scalars for i = 1,..., N, we obtain the
following linear system:

o([lxr —x1l)  @(lxr —x2ll) - ¢l —xnl) | [ M fi
([lxa—x1l) @l —x2ll) - ¢(llx2—xnl) | | A2 f2

ol —xl) ¢y —xl) - o(ly—xwl)) [Av] L



Algorithms 2025, 18, 539

5o0f 27

or more compactly,
AL = f. (8)

The matrix A, known as the collocation matrix, is positive definite and hence non-singular
(invertible). Solving this linear system provides the interpolation coefficients.

However, the collocation matrix is often severely ill-conditioned, and the performance
and accuracy of the RBF method depend significantly on the chosen RBF and its shape
parameter. A poor choice of shape parameter can result in large numerical errors or
instability. Therefore, selecting an optimal shape parameter is critical to maintaining
accuracy while avoiding ill-conditioning.

2.2. 1D Parabolic Inverse Problem with Energy Overspecification

We consider the one-dimensional parabolic inverse problem described in Equations (1)—(5).
Using the transformation:

r(t) = exp( /Ot p(s)ds) )

and
u(x,t) =r(Hw(x,t), (10)

the above inverse problem can be transformed into the following equivalent direct problem:
up =ty +r(H)e(x,t), 0<x<1, 0<t<T, (11)

with the initial condition:

u(x,0)=f(x), 0<x<1, (12)

and boundary conditions:
u(0,t) =r(t)go(t), 0<t<T, (13)
u(1,t) =r(H)g1(t), 0<t<T. (14)

If E(t) # 0, then r(t) is obtained from the overspecification condition as:

r(t) = . (15)

Note that the source parameter p(t) is eliminated, and the problem defined by
Equations (11)—(15) can now be treated as a direct problem.

To solve this direct problem, we apply the RBF method for both spatial and temporal
discretization. The solution to the problem (11)-(14) is sought in the form:

i=1

M
ﬁ(x, t) = 2 )‘i(Pi(xf t) ’ (16)

where ¢;(x,t) = ¢(||(x,t) — (x;,t;)]|), and A; are the unknown coefficients to be deter-
mined fori =1,..., M. The collocation technique is used to determine the coefficients A;,
i=1,...,M.

As the first step, we discretize the problem domain. Let
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and define the collocation set as
QO=01UQUO3UQQy,
where:
O ={(xtn), 0<x;<1, t,=0, i=1,...,.M, n=1,...,N}, (17)
02:{(xi/tl’l)/ xi:O/ O<t7‘l§T/ i:]'/"‘/M’ n= ""’N}' (18)
O3 = {(xj,tn), %=1, 0<t,<T, i=1,....M, n=1,...,N}, (19)
Qq ={(x;,tn), 0<x<1, 0<t,<T, i=1,....M, n=1,...,N}. (20)

Figure 2 and Table 2 summarizes the regions and corresponding conditions in the dis-
cretized space—time domain.

Table 2. Description of subregions and applied conditions in the RBF collocation method.

Region Condition Applied Description
04 u(x,0) = f(x) Initial condition for all x at f = 0
0, u(0,t) = r(t)go(t) Left boundary conditionatx =0, > 0
Q3 u(l,t) =r(t)gi(t) Right boundary conditionatx =1,¢ >0
Oy U = Uyx +1(H)@(x, 1) Governing PDE applied in the interior domain
x* € (0,1) u(x*,t) =r(t)E(t) Energy overspecification condition at internal point x*

t

Interior collocation points
80 <t e e o o o o S1 (t )

[ ] [ ] [ ] .A. °
[ ] [ ] [ ] [ ] [ ] °
L] L] L] ] ] [

* f(x)

Spatial domain

X

Figure 2. Space—time grid illustrating the application of conditions in the RBF collocation method.
The red edges denote boundary conditions, the bottom edge represents the initial condition, and the
green dot marks the interior point x* where the energy measurement is specified.

By discretizing the reformulated direct problem using the RBF method, the following
linear system of equations is obtained:

M
Pi(xi tu)Ai = f(xi),  (xitn) € O, (21)
i1
M
Y [E(tn)pi(xis tn) — di(x* tn)g0(tn)]Ai = 0, (xi,tn) € Oa, (22)
i1
M
Z (E(tn)@i(xi, tn) — pi(x", t0)g1(tn)]Ai =0, (xi,t0) € O3, (23)

_— (pi(x*,tn)go(xi, tn) A=0, (xi,tn) ey. (24)
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Solving this linear system yields the approximate solution to the transformed problem (11)—(14).
Using Equation (15), the approximation of r(t) is computed as:

#ty = At (25)

- _di(xt)
w(x,t) = 0 (26)
and the approximate value of p(t) is then obtained by:
()
P(t) - 7(t) : (27)

The radial basis approximation in the spatial domain, for each fixed time ¢, is given by:

M
u(x, t) = ZAi(t)Gbi(x —x). (28)

Il
MR

Substituting this into Equation (11), we obtain:

M

M
YA gi(x —x;) = Y (0o (x — x7) +r(t)p(x, 1) . (29)
i=1

i=1

For numerical computation, Equation (29) is discretized using a simple one-step forward
difference in time, resulting in:

M M M M . * oy
Y A1)l =) = A0 = 3) + 8¢ A4 (3 =) + = Al(f;"&f)(x xl)qo(x,tn)] - (30)

By substituting each x; for x, we obtain the following iterative system of equations:

M
u(Xp, tyg1) = 2 Ai(tns1) ¢(xx — x;)
y . £, ) 9L — ) o
:Z;/\i(tn)‘l’(xk—xi)+At<41Ai(tn)¢//(xk—xi)+ i=1 lg(tn) ! (p(xk,tn)>.

Once u(xy, t,) is computed, we can evaluate the approximations for:
*  7(ty) using Equation (25);
*  w(xy, ty) using Equation (26);
*  p(tn) using Equation (27).
Let M be the number of collocation nodes in the spatial domain, and N = T /At be the
number of time steps, where At is the time increment.

Then, the solution to the inverse problem (11)—(15) can be approximated using
Algorithm 1 [9].

3. Results
3.1. Test Problem—1

We present a test example to evaluate the effectiveness of the radial basis function
method for solving inverse parabolic partial differential equations [3]. This problem is
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selected because its analytical solution is known, enabling direct comparison and validation
of the numerical method.

We consider the inverse problem defined by Equations (1)—(5) with the following
test data:

f(x) = cos(mx) + sin(7x), (32a)

g0(t) = exp(~#2), (32b)

g1(t) = —exp(—#), (320)

p(x,t) = (7‘[2 —(t+ 1)2) exp(—tz) (cos(mtx) 4 sin(7mx)), (32d)

E(t) = ﬁexp(—ﬂ) . (32e)

Let the internal measurement location be x* = 0.25. Then, the exact solution is:

w(x, t) = exp(—t2> (cos(mx) + sin(7mx)), (33)

p(t) =1+¢%. (34)

3.1.1. Recovering Source Control Parameter

We compute the numerical solution using the GRBEF. The spatial step sizes used
are Ax = 1/5,1/10,1/20, and the corresponding time step is set as At = (Ax/4)2. Let
xx = kAx and t, = nAt; function values are sampled at these nodes.

Figures 3-5 show the exact and approximated source parameter p(t), the numerical
solution p(t), and the absolute error |p(t) — p(t)|. These results are obtained using the
GRBF with shape parameter ¢ = 10Ax, for different values of Ax.

(a) Exact vs Approximate p(t) (b) Absolute Error

2.2

Exact
Approximate

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
t t
Figure 3. (a) Exact vs approximated source function p(t), and (b) absolute error |p(t) — p(¢)| using
GRBF with Ax = 1/5 and ¢ = 10Ax. The initial error is high and increases linearly with ¢, indicating
acceptable convergence behavior.
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20 (a) Exact vs Approximate p(t) 4 X 10¢  (b) Absolute Error
Exact
2 Approximate 35¢
3 L
25
- 5
5 5 2
15}
1 -
i 0.5 A.J\
0.8 - - - - 0 - - - -
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

t t

Figure 4. (a) Exact and approximated source function p(t), and (b) absolute error |p(t) — p(t)| using
the GRBF with refined grid (Ax = 1/10) and shape parameter ¢ = 10Ax. The error magnitude is
reduced compared to coarser discretization (Figure 3), demonstrating the benefit of mesh refinement
for accuracy.

”s (a) Exact vs Approximate p(t) 5 X 107 (b) Absolute error
Exact
ol Approximate

p(t)

0 0.5 1 0 0.5 1

t t
Figure 5. (a) Exact and approximated source function p(t), and (b) absolute error |p(t) — p(t)] for
Test Problem 1 using the GRBF with step size Ax = 21—0 and shape parameter ¢ = 10Ax. The error
remains small throughout the interval, with a generally increasing trend.

From Figures 3-5, we observe that, except for the initial peak error—which arises due
to inaccuracies in approximating the derivative of r(t)—the approximation error increases
approximately linearly as time progresses. As shown in Line 19 of Algorithm 1, a central
difference is used at interior points, while at t = 0, the derivative is set to 7' (¢;) (Line 23) to
maintain stability without introducing a less accurate one-sided approximation.
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Algorithm 1 RBF collocation method for 1D inverse parabolic problem

1:

I o T e T e S e N S G o S S Y
PN DTN

19:

20:

21:
22:

Input: Initial condition f(x); boundary data go(t), g1(t); energy data E(t); source term
¢(x, t); shape parameter c; step sizes Ax, At; final time T

: Output: Approximate solution @(x, t); source parameter p(t)
. Initialize tg = 0, r(tp) =1

: Compute u(xy, to) = f(xy)

: Solve for coefficients: A(ty) = ®Lii(ty)

forn =0to N —1do
Compute #(xy, t,+1) via forward Euler:
U(Xp, ty1) = U(xg, tn) + AL A (En) " (xx — xi) +F(tn) @ (xk, tn)]
Update coefficients: A(t,,1) = @ 1i(t, 1)
Evaluate at overspecified point: u(x*, t,11) = Y; Ai(tp11)p(x™ — x;)
Compute 7(t,11) = u(x*, ty11)/E(tys1)
Apply boundary conditions:
(0, tys1) = 7(tns1)80(tns1)
u(1,tyi1) = 7(tny1)81(tns1)
Recompute A(#,41) accordingly

: end for
: forn =0to N do

Recover w(x, t,) = t(x,ty)/7(ty)
7(t1’1+1) _7(’51171)
2At

Approximate 7 (t,) ~

Compute p(t,) = —

end for
Handle endpoints:
7(tg) =7 (1), 7(T) =7 (T — At)

Figures 6-8 show the approximation of the source control parameter p(t), the cor-

responding numerical solution p(t), and the error using the MQRBF. These results are
obtained with shape parameter ¢ = 10Ax and step sizes Ax =1/5,1/10,1/20.

p(t)

(a) Exact vs Approximate p(t) (b) Absolute Error

2 0.03
Exact
Approximate
8 0.025
1.6
0.02
14 g
]
0.015
1.2
0.01
1
0.8 * * * * 0.005 * * * *
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

t t

Figure 6. (a) Comparison of the exact and approximated source function p(t) and (b) the absolute

error |p(t) — p(t)| for Test Problem 1 using the MQRBE. Results are computed with step size Ax = 1/5
and shape parameter ¢ = 10Ax. The MQRBF yields lower error than the GRBF (Figure 3), with stable
performance across the time interval.
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20 (a) Exact vs Approximate p(t) «102  (b) Absolute Error

Exact
Approximate

p(t)

Error

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
t t

Figure 7. (a) Exact and approximated source function p(t) and (b) the absolute error |p(t) — p(t)]

using MQRBEF for Ax = 1/10 and shape parameter c = 10Ax. The error decreases significantly

compared to coarser grids, confirming improved resolution and accuracy with finer discretization.

20 (a) Exact vs Approximate p(t) g 10¢  (b) Absolute Error
Exact
2 Approximate
0.8
06
- 5
s i
047
0.2 ¢
0.8 - - - - 0 - - -
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

t t
Figure 8. (a) Approximated source function p(t) and (b) the absolute error |p(t) — f(t)| using the
MOQRBEF with fine resolution Ax = 1/20 and shape parameter ¢ = 10Ax. The results show excellent

agreement with the exact solution and minimal error, indicating strong stability and convergence of
the MQRBF at fine scales.

We observe from Figures 6-8 that the error increases with larger spatial step
sizes, indicating that finer spatial discretization improves stability and accuracy for
MQRBF approximations.

Figures 9-11 show the source control parameter p(t), its approximated solution p(t),

and the corresponding error using the IMQRBEF with shape parameter ¢ = 10Ax and step
sizes Ax =1/5,1/10,1/20.
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(a) Exact vs Approximate p(t)

(b) Absolute Error

2 0.035
Exact
Approximate
1.8
0.03
1.6
0.025
e 5
=14 5
0.02
1.2
0.015
1
0.8 * * * * 0.01 * * * *
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

t t

Figure 9. (a) Comparison of the exact and approximated source function p(t) and (b) the absolute error
|p(t) — p(t)| for Test Problem 1 using the IMQRBF with Ax = 1/5 and shape parameter ¢ = 10Ax.
The IMQRBF produces accurate results with reasonable error levels across the time interval.

20 (a) Exact vs Approximate p(t) 4 X 10¢  (b) Absolute Error
Exact
2 Approximate

p(t)

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
t t

Figure 10. (a) Exact and approximated source function p(t) and (b) the absolute error |p(t) — p(t)]

using the IMQRBF with Ax = 1/10 and ¢ = 10Ax. The results exhibit improved accuracy compared
to coarser grids.

20 (a) Exact vs Approximate p(t) «102  (b) Absolute Error

1.5

Exact
Approximate

Error

0.5 \

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
t t
Figure 11. (a) Approximation of the source function p(t) and (b) absolute error |p(t) — p(t)| using
the IMQRBEF for Ax = 1/20 and ¢ = 10Ax. The numerical solution shows strong convergence toward
the exact solution, with error remaining small.
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As observed in Figures 9-11, the approximation error exhibits behavior similar to that
obtained using the GRBF and MQRBE.

3.1.2. Comparison of Different Radial Basis Functions

Figures 12-14 compare the approximated source function p(t) and the corresponding
absolute error |p(t) — p(t)| using the GRBE, MQRBF, and IMQRBEF. All simulations are
performed with shape parameter ¢ = 10Ax and spatial steps Ax =1/5,1/10,1/20.

a) Value of p(t b) Absolute Error
20 (@) p(t) 0.05 (b)
Exact GREF [
2 GRBF MQRBF
MQRBF 0.04 IMQRBF
18 IMQRBF
g g
G G
i ] —
2 e
> i
0.8 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
t t
Figure 12. (a) Comparison of the approximated source function p(t) and (b) absolute error
|p(t) — p(t)| using GRBE, MQRBF, and IMQRBF with Ax = 1/5 and ¢ = 10Ax. MQRBF yields
the lowest error, demonstrating strong performance at coarse resolution.
From Figure 12, it is evident that the MQRBF outperforms both the GRBF and MQRBF
at this resolution.
) (a) Value of p(t) 4 X 1072 (b) Absolute Error
Exact GRBF /
2 GRBF MQRBF
MQRBF IMQRBF
18 IMQRBF
g g
G B
o —
= 2
= i
0.8
0 0.2 0.4 0.6 0.8 1 1

Figure 13. (a) Approximated source function p(t) and (b) absolute error |p(t) — p(t)| for Test Problem
1 using three different RBFs with Ax = 1/10 and ¢ = 10Ax. MQRBF outperforms others, providing
the most stable and accurate results.
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Figure 14. (a) Approximated source function p(t) and (b) absolute error |p(t) — p(t)| with resolution
Ax = 1/20. MQRBEF consistently produces the smallest errors, confirming its effectiveness for high-
resolution computations.

Aside from minor fluctuations due to numerical discretization, Figures 12-14 indicate
that the MQRBF outperforms both the GRBF and IMQRBEF as a suitable choice for step sizes
Ax=1/5,Ax =1/10,and Ax = 1/20.

3.1.3. Error in Reconstructing the Function w(x, t)

Figures 15-17 plot the corresponding error function |w(x,t) — @(x, t)| using GRBE,
MORBF, and IMQRBF with shape parameter ¢ = 10Ax and spatial step sizes
Ax =1/5,1/10,1/20, respectively.

(a) GRBF 1o (b) MQRBF 104

-3
<10 %104

©

@

Error of w(x,t)
Error of w(xt)
-0 - o w - o

- N ow s oo e o~
N

(c) IMQRBF 10t

%10
15 10

Error of w(x.t)

Figure 15. Approximation error |w(x,t) — @(x, t)| using (a) GRBE, (b) MQRBE, and (c) IMQRBF for
Test Problem 1 with spatial step size Ax = 1/5 and shape parameter c = 10Ax. Among the three,
MOQRBF yields the lowest error across the domain, showing its robustness at moderate resolution.
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Figure 16. Approximation error |w(x,t) — @(x, t)| for Test Problem 1 using (a) GRBE, (b) MQRBE,
and (c¢) IMQRBF with spatial step size Ax = 11—0. The GRBEF yields relatively small but fluctuating
errors across the domain, while the MQRBF achieves smoother and more stable performance.
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Figure 17. Absolute error |w(x, t) — @(x, t)| computed using (a) GRBF, (b) MQRBF, and (c) IMQRBF
for Test Problem 1 at high resolution (Ax = 1/20) with shape parameter ¢ = 10Ax. MQRBEF yields the
most accurate and smoothest error profile, confirming its superior performance for finely discretized
inverse parabolic problems.



Algorithms 2025, 18, 539

16 of 27

It is clear from Figures 15-17 that MQRBF outperforms the other two choices of
RBFs—namely, the GBRF and IMQRBFs—in terms of accuracy.

The observed differences in reconstruction accuracy among GRBF, MQRBF, and
IMQRBEF stem from their distinct functional forms and decay rates, as shown in Figure 18.
While GRBEF is highly localized and IMQRBF offers smooth decay, MQRBF provides a
favorable balance between flexibility and stability. Its unbounded growth allows for better
feature capture without excessive sensitivity to the shape parameter, contributing to its
superior accuracy and robustness in reconstruction.
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Figure 18. Comparison of GRBF, MQRBEF, and IMQRBF radial basis functions for different shape
parameters (a) c = 0.5, (b) c = 1.0, and (c) ¢ = 2.0.
3.1.4. Optimal Choice of Shape Parameter

Tables 3-5 present the maximum error norm E® and the E? error norm for the ap-
proximation error in w(x,t), computed using GRBF, MQRBE, and IMQRBEF for various
shape parameter values ¢ = 0.2,0.5,1, 1.5, 2, 2.5, 3, 3.5, 4.0, 5.0 and spatial step sizes
Ax =1/5,1/10, 1/20.

The maximum error norm is defined as:

E® = max|w(x;, t;) — @(x;, t;)|, for

The E2 error norm is defined as:

2 1 M ~ 2
E® = M2|w(xi/ti)_w(xi/ti)| :
i
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Table 3. Maximum error norm E® and E? error norm for the approximation of w(x,t) using
GRBF with shape parameter values ¢ = 0.2,0.5,1, 1.5, 2, 2.5, 3, 3.5, 4, 5 and spatial step sizes
Ax = %, %, %. The lowest error for GRBF occurs near ¢ = 1, but stability deteriorates for both
smaller and larger c, especially at fine resolution. (The minimum error for each column is highlighted

in bold).
1 1 1
Shape Parameter > 10 L
E*® Error E? Error E*® Error E? Error E*® Error E? Error
0.2 7.48 x 1072 1.27 x 10° 496 x 1073 222 x 107! 1.51 x 10~ 293 x 107>
0.5 1.40 x 1073 3.34 x 1072 3.57 x 10~° 1.92 x 1074 456 x 107 2.71 x 103
1.0 1.00 x 10~4 2.60 x 103 490 x 106 8.59 x 10~ 5.03 x 1073 6.89 x 1072
1.5 8.00 x 10~* 1.52 x 1072 2.93 x 10! 2.56 x 102 1.42 x 1072 3.09 x 1071
2.0 1.10 x 1073 229 x 1072 1.22 x 10! 0.51 x 102 1.71 x 10° 2.46 x 10°
2.5 1.20 x 1073 2.69 x 1072 2.86 x 101 1.62 x 102 2.77 x 10 1.64 x 102
3.0 1.30 x 1073 2.92 x 1072 1.09 x 102 3.58 x 102 7.33 x 1072 391 x 100
35 1.36 x 1073 3.06 x 1072 2.63 x 101 1.41 x 102 5.10 x 10? 1.89 x 102
4.0 1.40 x 1073 3.14 x 1072 6.76 x 101 3.07 x 102 8.20 x 10° 6.05 x 10!
5.0 1.56 x 1073 329 x 102 1.75 x 102 4.71 x 102 1.58 x 10! 3.19 x 102

Table 4. Maximum error norm E® and E? error norm for the approximation of w(x,t) using
MOQORBEF with shape parameter values ¢ = 0.2, 0.5, 1, 1.5, 2, 2.5, 3, 3.5, 4, 5 and spatial step sizes
Ax = %, 11—0, 21—0. For the MQRBE, the lowest errors occur near shape parameter ¢ = 2, particularly for
the medium resolution Ax = %. The method shows good numerical performance over a broader
range of ¢ values compared to GRBF. (The minimum error for each column is highlighted in bold).

1 1 1
Shape Parameter > 10 20
E® Error E2 Error E® Error E2 Error E® Error E2 Error

0.2 2.67 x 1072 6.02 x 1071 8.01 x 1073 3.36 x 107! 1.07 x 1073 1.06 x 1071
0.5 1.45 x 1072 344 x 107! 1.41 x 1073 8.64 x 1072 1.78 x 1073 2.74 x 1073
1.0 6.93 x 1073 1.20 x 1071 820 x 107° 3.73 x 1073 2.79 x 107> 8.46 x 104
15 223 %1073 3.87 x 1072 474 x 107 314 x10°* 5.45 x 102 1.87 x 103
2.0 6.23 x 10* 1.48 x 1072 1.78 x 10~° 9.30 x 10 6.81 x 1071 6.60 x 102
25 401 x 1074 9.54 x 1073 3.73 x 1075 6.54 x 10~ 7.58 x 107> 3.47 x 1073
3.0 7.89 x 10~* 1.31 x 1072 8.13 x 10~* 1.55 x 1072 8.18 x 101 6.11 x 102
35 1.01 x 1073 1.72 x 1072 227 x 1074 461 %1073 1.42 x 10! 1.09 x 102
4.0 1.14 x 1073 2.06 x 1072 221 x 1074 484 %1073 2.39 x 1073 8.54 x 1072
5.0 1.28 x 1073 251 x 1072 3.05 %1073 5.42 x 1072 2.01 x 102 4.86 x 102

Table 5. Maximum error norm E* and E? error norm for the approximation of w(x, t) using IMQRBF
for shape parameter values ¢ = 0.2,0.5,1,1.5,2,2.5,3,3.5,4,5 and spatial step sizes Ax = %, 11—0, 21—0.
The IMQRBF demonstrates strong numerical stability across all tested shape parameters and reso-
lutions. Optimal performance is consistently achieved near ¢ = 2.5. (The minimum error for each
column is highlighted in bold).

1 1 1
Shape Parameter > 10 2l
E® Error E? Error E® Error E? Error E® Error E? Error

0.2 8.34 x 1072 1.37 x 10° 3.58 x 1072 1.51 x 10° 522 x 1073 6.22 x 1071
0.5 1.31 x 1072 3.11x 107! 229 x 1073 9.79 x 102 457 x 107> 451 %1073
1.0 516 x 1073 1.28 x 1071 1.68 x 1074 9.43 x 1073 341 %1073 123 x 1073
1.5 3.09 x 1073 521 x 1072 6.51 x 107° 292 x 1074 2.83x 1073 7.38 x 1072
2.0 1.25 x 1073 2.30 x 1072 1.85 x 10~ 123 x 1074 1.84 x 102 9.05 x 102
2.5 449 x 1074 1.05 x 1072 1.09 x 10~° 435 %1073 1.79 x 107> 8.72 x 104
3.0 3.10 x 104 7.10 x 1073 8.83 x 10! 3.03 x 102 2.39 x 101 3.23 x 102
35 6.40 x 10~* 1.06 x 1072 2.94 x 101 8.59 x 101 3.26 x 101 4.00 x 102
4.0 8.51 x 10~* 1.47 x 1072 1.19 x 10~4 218 x 1073 3.02x 1074 1.23 x 1072
5.0 1.09 x 1073 2.08 x 1072 1.37 x 1074 3.49 x 1073 1.34 x 1072 343 x 107!

Our results for the GRBF can be compared with those in Table 2 of the work by Limin
Ma and Zongmin Wu [9], where a similar parabolic inverse problem was solved using the
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RBF method. Under comparable settings (e.g., spatial step size Ax = 1/10), both have
similar error orders.

3.2. Test Problem 2
Consider the problem defined by Equations (1)—(5) with the following data [10]:

_ 1. 2
flx) = ) sin(x) exp(—x ), (35a)
o(t) =0, (35b)
L. 3_p2
() = —3 sin(1) exp(—t —t°— 1), (35¢)
p(x,t) = exp(—t3  — xz) (t sin(x) — 2sin(x) — 2x cos(x) 4 2x2 sin(x)), (35d)
— Lan(l pop !
E(t) = 2s1n<2) exp< P —t 4), (35e)
and let x* = 0.5. The exact solution is given by:
_ 1y pp 2
w(x,t) = 5 sin(x) exp( Pt —x ), (36)
p(t) = —3t> —1. (37)

3.2.1. Comparison of Different Radial Basis Functions

Figures 19-21 plot the approximated source control parameter p(t) using GRBF,
MOQRBF, and IMQRBF, along with the corresponding error function, for shape param-
eter ¢ = 10Ax and spatial step sizes Ax =1/5, 1/10, 1/20.

From Figures 19-21, it is observed that the error remains nearly constant throughout
the domain, except near the endpoints. Furthermore, while the MQRBF yields the lowest
error for the step size Ax = 1/5, the IMQRBF proves to be the most accurate method for
finer step sizes Ax = 1/10 and Ax = 1/20.

a) Exact vs Approximate p(t b) Absolute Error
05 (a) pp pit) 0016 (b)
GRBF GRBF [|
MQRBF | | 0.014 F MQRBF |4
A IMQRBF IMQRBF

0.012

e
2

0.008

p(t)
Error of pit)

0.006

0.004

0.002

4 . . L . 0 . . L .
0 0.2 04 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figure 19. (a) Comparison of the approximated source function §(t) and (b) the absolute error
|p(t) — p(t)] for Test Problem 2 using GRBE, MQRBF and IMQRBF at coarse resolution Ax = 1/5
with shape parameter ¢ = 10Ax. MQRBF performs better at this resolution.
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Figure 20. (a) Approximated source function p(t) and (b) absolute error |p(t) — p(t)| for Test Problem
2 using the three RBFs at medium resolution Ax = 1/10. The IMQRBF shows the lowest overall error,
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demonstrating its increased accuracy and robustness at finer discretization levels.
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Figure 21. (a) Comparison of source control parameter approximation p(t) and (b) the absolute error
|p(t) — p(t)| for Test Problem 2 using GRBE, MQRBF, and IMQRBF with fine resolution Ax = 1/20.
IMQRBF provides the most accurate and stable approximation, exhibiting significantly reduced error
across the entire time domain.

3.2.2. Comparative Analysis of the Solution w(x,t) Using Various RBFs

Figures 22-24 plot the approximation error |w(x,t) — @(x, t)| using GRBF, MQRBF,
and IMQRBF with shape parameter ¢ = 10Ax and spatial step sizes Ax = 1/5, 1/10, 1/20.

As the spatial resolution is refined from Ax = % to %, similar trends persist across
all cases. GRBF yields the lowest error magnitudes but suffers from strong fluctuations,
reducing its reliability. MQRBF offers a good balance between accuracy and stability, while
IMQRBEF provides the most consistent and robust performance, with steadily improving
accuracy under mesh refinement.
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Figure 22. Absolute error |w(x,t) — @(x,t)| for Test Problem 2 using (a) GRBF, (b) MQRBE,
and (c) IMQRBEF at coarse resolution Ax = 1/5 and shape parameter ¢ = 10Ax. All three methods
yield similar error magnitudes, with MQRBEF slightly outperforming the others near the boundaries.
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Figure 23. Error in the numerical solution @(x, t) for Test Problem 2 using (a) GRBF, (b) MQRBF,
and (c) IMQRBF at Ax = 11—0. Although GRBF yields the lowest error magnitudes, its strong fluctu-
ations reduce reliability. MQRBF and IMQRBF offer smoother, more stable errors, with IMQRBF
showing the most consistent performance in the interior region.
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Figure 24. Error in the numerical solution @(x, t) for Test Problem 2 using (a) GRBF, (b) MQRBE,
and (c) IMQRBF at Ax = %. The results show similar behavior to the Ax = % case: although GRBF
yields the lowest error magnitudes, its strong fluctuations reduce reliability. MQRBF and IMQRBEF

provide smoother, more stable errors, with MQRBF maintaining the most consistent accuracy in the
interior region.

3.2.3. Optimal Choice of Shape Parameter

Tables 6-8 list the maximum error norm E® and the E? error norm for the approxima-
tion error in w(x, t), computed using GRBF, MQRBEF, and IMQRBF for shape parameter
valuesc =0.2,0.5, 1, 1.5, 2, 2.5, 3, 3.5, 4.0, 5.0 and spatial step sizes Ax = 1/5,1/10, 1/20
for Test Problem 2.

From Tables 6-8, it can be observed that the optimal shape parameters, based on
both the E® and E? error norms, are ¢ = 1 for GRBE, ¢ = 2 for MQRBF, and ¢ = 2 or 2.5
for IMQRBE.

Figure 25 illustrates how the shape parameter c influences the approximation error for
the GRBE, MQRBEF, and IMQRBEF across three spatial resolutions.

For GRBE, the error decreases toward ¢ = 1, then increases rapidly due to ill-
conditioning. GRBF is highly sensitive to shape parameter tuning and becomes unstable at
fine resolutions.

MQRBF shows more consistent behavior across shape parameters and is the most
robust among the three, achieving optimal accuracy around ¢ = 2.

IMQRBF maintains low error across all ¢ values and grid resolutions, with best perfor-
mance for ¢ = 2.
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Table 6. Maximum error norm E® and E? error norm using GRBF for Test problem 2. The lowest

error for GRBF occurs near ¢ = 1, but stability deteriorates for both smaller and larger c, especially at

fine resolution. (The minimum error for each column is highlighted in bold).

Ax = % Ax = % Ax = %
Shape Parameter

E® Error E2 Error E® Error E? Error E® Error E? Error
0.2 57 %x 1073 9.94 x 1072 54 x 1074 2.3 x 1072 1.69 x 10* 2.76 x 10*
0.5 19 x 1074 2.80 x 1073 7.8 x 1078 3.5x10°° 6.26 x 10! 3.41 x 102
1.0 5.9 x 105 9.00 x 10~* 5.3 x 108 1.4 x 10~ 4.67 x 10~7 3.23 x 1075
1.5 1.7 x 1074 2.50 x 1073 3.5 x 10° 4.0 x 10! 2.95 % 1073 1.78 x 107!
2.0 22 x 1074 3.20 x 1073 6.8 x 10° 2.8 x 10! 448 x 1073 2.50 x 101
25 25x10°* 3.70 x 1073 1.3 x 109 1.0 x 10! 2.32 x 10! 8.72 x 10!
3.0 2.6 x10~* 3.90 x 1073 8.0 x 10° 2.9 x 10! 6.61 x 100 4.29 x 10!
35 2.7 x 1074 4.05x 1073 1.7 x 100 6.7 x 109 3.74 x 100 3.10 x 10?
4.0 28 x 1074 414 x 1073 1.3 x 109 5.2 x 100 7.20 x 100 4.98 x 101
5.0 2.8 x 1074 422 x 1073 1.6 x 10! 4.3 x 10! 2.15 x 100 4.01 x 10!

Table 7. Maximum error norm E® and E? error norm using MQRBF for shape parameter values
¢c=0.2,051,15,2,25,3,35,4,5 and Ax = %, %, 21—0. The lowest error for occurs near ¢ = 2. (The
minimum error for each column is highlighted in bold).

Ax = % Ax % Ax = %
Shape Parameter

E® Error E? Error E® Error E? Error E® Error E? Error
0.2 518 x 1073 7.79 x 1072 1.33 x 1073 475 % 102 1.44 x 10~* 1.38 x 1072
0.5 742 x107* 1.11 x 1072 426 x 107° 1.59 x 1073 1.65 x 10~7 1.55 x 10~°
1.0 223 x 107 3.24 x 1073 468 x 107 1.68 x 104 3.61 x 101 1.19 x 102
1.5 1.65 x 10~% 244 x 1073 2.30 x 107 9.34 x 107° 1.00 x 10! 1.41 x 102
2.0 401x107° 6.03x107* 6.03x 108 2.02x 10 471 x 1074 1.84 x 1072
25 523 x107° 7.75x 1074 5.29 x 107 2.01 x 10~ 2.56 x 100 433 x 10!
3.0 1.15 x 10~* 1.71 x 1073 8.72 x 107° 1.79 x 104 3.76 x 1071 2.02 x 10°
3.5 157 x 10~* 2.35x 1073 9.48 x 10 2.70 x 1074 1.06 x 10! 471 x 10!
4.0 1.87 x 10~* 2.80 x 1073 1.37 x 10~* 219 x 1073 1.33 x 104 8.96 x 1073
5.0 224 x 1074 3.36 x 1073 2.66 x 1074 5.74 x 1073 9.38 x 1071 2.03 x 10!

Table 8. Maximum error norm E® and E? error norm using IMQRBEF for shape parameter values
c=202,05,1,15,2,25,3,35,4,5and Ax = %, %, %. The lowest error for IMQRBF occurs near ¢ = 2.

(The minimum error for each column is highlighted in bold).

Ax = % Ax = 1l0 Ax = %
Shape Parameter

E® Error E? Error E*® Error E? Error E* Error E? Error
0.2 8.76 x 1073 1.38 x 107! 3.61 x 1073 1.28 x 107! 5.70 x 1074 546 x 1072
0.5 310 x 1073 443 x 1072 396 x 1074 1.38 x 102 5.75 x 10© 541 x 1074
1.0 290 x 1074 430 x 1073 1.26 x 107° 464 x 107° 2.73 x 109 7.37 x 102
1.5 1.04 x 10~* 1.50 x 1073 5.66 x 107 220 x 107> 435 % 1078 2.83 x 107°
2.0 810 x 10~° 1.19 x 1073 8.93 x 10—° 3.38 X 107 2.39 X 108 1.46 X 10~°
2.5 5.83 X 10—° 1.13 x 104 6.98 x 1078 219 x 1070 7.71 x 10~8 6.05 x 10~
3.0 6.00 x 10> 8.80 x 1074 2.69 x 101 1.81 x 102 8.56 x 1071 2.22 x 10*
35 1.10 x 10~* 1.63 x 1073 2.10 x 109 1.33 x 10! 2.50 x 109 5.15 x 10?
4.0 1.47 x 10~* 218 x 1073 9.24 x 10~° 223 x 104 3.76 x 10~° 217 x 1073
5.0 1.96 x 10~% 292 x 1073 563 x 107> 1.49 x 1073 2.04 x 1073 411 x 102
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Figure 25. Comparison of shape parameter sensitivity for GRBF, MQRBF, and IMQRBE. Each panel
shows the variation in the maximum error E® and L? error E? with shape parameter c for three
spatial resolutions. GRBF performs best near ¢ = 1, while both MQRBF and IMQRBF achieve
optimal accuracy and stability around ¢ = 2, with IMQRBF showing the most robust behavior
across resolutions.

3.2.4. CPU Time Analysis

Simulations were performed using MATLAB R2019a on a Windows 11 Pro laptop
with an Intel Core i5-1135G7 CPU and 16 GB RAM. CPU times were measured using tic
and toc.

Figure 26 and Table 9 show the variation in CPU time for the three RBF methods—
GRBF, MQRBE, and IMQRBF—applied to the two test problems over a range of spatial step
sizes Ax € [0.1,0.9].
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Figure 26. CPU time vs. Ax for three RBF methods applied to (a) Problem 1 and (b) Problem 2.

For both problems, CPU time increases significantly as the spatial grid is refined (i.e.,
as Ax approaches 0.1), which is consistent with the growth in computational cost due to
larger system sizes. For Ax > 0.2, CPU time stabilizes with minimal variation, indicating
that matrix operations dominate primarily at finer resolutions. This suggests that the
computational effort is less sensitive to the choice of RBF when the grid is relatively coarse.

At Ax = 0.1, the GRBF method exhibits a pronounced peak in CPU time—particularly
for Problem 1—suggesting possible ill-conditioning of the interpolation matrix due to
closely spaced nodes.

Overall, the MQRBF and IMQRBF methods demonstrate better scalability and ro-
bustness across the full range of Ax, while GRBF becomes inefficient and unstable at fine
discretizations. The trends are consistent across both test problems, though slight variations
in cost are observed depending on the problem structure.

Table 9. Measured CPU time (in seconds) for each RBF method, test problem, and spatial step size Ax.

RBF Problem Ax=0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
GREF Problem 1 0.0123 0.0013 0.0009 0.0009 0.0007 0.0005 0.0005 0.0005 0.0005
Problem2  0.0052 0.0013 0.0009 0.0012 0.0006 0.0006 0.0006 0.0006 0.0005
MOQRBE Problem 1 0.0044 0.0014 0.0008 0.0009 0.0006 0.0007 0.0005 0.0005 0.0005
Problem2  0.0034 0.0014 0.0009 0.0009 0.0007 0.0008 0.0006 0.0006 0.0006
IMQRBF Problem 1 0.0047 0.0014 0.0008 0.0008 0.0006 0.0006 0.0005 0.0005 0.0006
Problem2  0.0032 0.0014 0.0009 0.0009 0.0007 0.0007 0.0007 0.0006 0.0006

3.3. Condition Numbers (keo)

The condition number of a matrix A is defined as
ks(A) = ||Alls - ||A7|ls, wheres =1, 2, co.

Table 10 and Figure 27 show the condition numbers ko, of the collocation matrix corre-
sponding to the GRBF, MQRBE, and IMQRBEFs for spatial step sizes Ax = 1/5, 1/10, 1/20.
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Table 10. Condition numbers of the collocation matrix for different RBFs at spatial step sizes
Ax = %, 11—0, 21—0. The final column shows the relative increase in condition number between Ax = %

and Ax 50
RBF Ax=1 Ax = g5 Ax = % Relative Increase
GRBF 1.59 x 101 4.24 x 107 2.25 x 1018 1.42 x 107
MQRBF 6.78 x 108 1.53 x 1012 5.49 x 1014 8.11 x 10°
IMQRBF 9.28 x 107 9.31 x 1010 1.37 x 1013 1.47 x 10°

The condition numbers increase rapidly as the spatial resolution is refined. GRBF
exhibits the most severe growth in ill-conditioning — by more than seven orders of magni-
tude between Ax = % and Ax = 21—0. Although the MQRBF and IMQRBF also experience
increases, the rate is significantly lower, particularly for IMOQRBE. These results confirm that
IMQRBEF offers the best numerical stability across grid refinements, while GRBF becomes
impractical without preconditioning or regularization at finer meshes.
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Figure 27. Log-log plot of the condition number of the collocation matrix versus the spatial step size
Ax for GRBF, MQRBF, and IMQRBE. As the resolution increases (i.e., Ax decreases), the condition
number grows significantly—most severely for the GRBE. The IMQRBF exhibits the slowest growth
in ill-conditioning, indicating superior numerical stability.

Overall, IMQRBEF is the most reliable RBF choice for inverse parabolic problems when
shape parameter optimization is challenging or computationally constrained. And Table 11
summarizes the results.

Table 11. Comparison of RBF types across different spatial resolutions for both test problems. Optimal
shape parameters are based on lowest E, error.

RBF Type Optimal ¢ Best Resolution Stability (Condition Number) Performance Rank
GRBF 1.0 Ax =1/5 Poor at fine grid Moderate
MQRBF 2.0 Ax=1/10 Moderate Good
IMQRBF 2.0 Ax=1/20 Excellent Best

4. Discussion

The numerical results in Section 3 validate the effectiveness of the RBF collocation
method for inverse parabolic problems using two test cases with known analytical solutions.
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All three RBF types—GRBF, MQRBF, and IMQRBF—were evaluated in terms of accuracy,
stability, and sensitivity to the shape parameter.

For both problems, MQRBF and IMQRBF consistently outperformed GRBE, partic-
ularly at finer spatial resolutions. While MQRBF provided the highest overall accuracy,
IMQRBF demonstrated superior stability and smoother error profiles, especially when
Ax = 1/20. These outcomes can be attributed to their respective functional structures:
MQRBF balances flexibility with numerical robustness, whereas IMQRBF’s decay charac-
teristics enhance conditioning.

The shape parameter ¢ plays a central role in performance. As shown in Tables 6-8,
optimal choices vary by RBF type—typically ¢ = 1 for GRBEF, and ¢ = 2 to 2.5 for MQRBF
and IMQRBEF. Deviating from these optimal values leads to significant degradation in
accuracy or matrix conditioning.

Condition number analysis further confirmed the limitations of GRBF, which suffers
from rapid ill-conditioning under grid refinement. In contrast, MQRBF and IMQRBF
maintained lower condition numbers across spatial step sizes, reinforcing their suitability
for inverse problems where stability is crucial.

Overall, the results emphasize the need for careful selection of RBF type and shape
parameter to ensure accuracy and stability in practical implementations.

5. Conclusions

This study presented a comparative evaluation of three radial basis functions—GRBE,
MOQRBF, and IMQRBF—for solving one-dimensional inverse parabolic problems with
overspecified energy conditions. A transformation to an equivalent direct problem enabled
the use of an RBF-based collocation method in both space and time.

The numerical experiments demonstrated that MQRBF and IMQRBF offer superior
accuracy and stability compared to GRBF, with MQRBF generally achieving the lowest
error norms and IMQRBEF exhibiting the most stable performance under mesh refinement.
The influence of the shape parameter was systematically investigated, and condition
number analysis highlighted the trade-off between accuracy and numerical stability.

These findings offer practical guidance for applying RBF methods to inverse prob-
lems and address key gaps in the literature by comparing multiple RBF types, analyzing
parameter sensitivity, and evaluating matrix conditioning.

Although the study used test problems with known solutions for validation, many
real-world inverse problems involve partial or noisy observations and lack analytic expres-
sions. Extending this framework to handle such scenarios remains a critical direction for
future research.

Potential avenues include adaptive shape parameter strategies, extensions to multi-
dimensional problems, and robustness testing under noisy data. While higher-dimensional
applications are feasible, they introduce challenges such as increased computational cost,
severe ill-conditioning, and complex domain handling. Nonetheless, prior work—e.g.,
Ma and Wu [9]—demonstrates the scalability of RBF-based approaches when combined
with suitable stabilization and implementation techniques. Continued exploration of these
aspects will support the broader applicability of RBF collocation methods to real-world
inverse problems.
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