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Abstract: This study explores the existence and Mittag—Leffler stability of solutions for
fuzzy fractional systems that include Caputo derivatives and ordinary derivatives with
non-local conditions using the Schauder fixed-point theorem. Following this, we employ
the Laplace transform method and numerical techniques to create iterative methods for
obtaining exact and approximate solutions.
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1. Introduction

In the study of differential equations with uncertainty, it is essential to model approxi-
mate or imprecise quantities. Fuzzy numbers provide a natural and powerful framework
for capturing such uncertainties. Before introducing the fractional differential system, we
briefly define the space of fuzzy numbers R, which will serve as the ambient space for
our solutions.

1.1. Definition of Fuzzy Numbers R
A fuzzy number is a fuzzy subset ¢ : R — [0, 1] satisfying the following properties:

1. Normality: There exists zg € R such that ¢(zp) = 1.
Convexity: Forall x,y € Rand A € [0,1],

¢(Ax+ (1= A)y) > min{g(x), p(y)}.

3. Upper Semi-Continuity: The function ¢ is upper semi-continuous on R.
4. Compact Support: The support of ¢,

supp(¢) := {x € R: ¢(x) > 0},

is a compact subset of R.

The collection of all fuzzy numbers on R is denoted by Rr. For each ¢ € R, the r-level
set (also called the r-cut) is defined for each r € (0,1] as

[p]; :={x e R:p(x) >r}.
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Each r-level set is a closed interval:

o) = lo. 9,

where ¢ , ¢, : [0,1] — R are the lower and upper endpoints, respectively, satisfying
the following:

* ¢ isabounded, non-decreasing, left-continuous function;
* @, isabounded, non-increasing, left-continuous function;
* ¢ <@ forallre[01]

Fractional differential problems in fuzzy spaces were studied by Agarwal et al. [1], who
presented a concept for solving fractional differential equations, which is associated with
uncertainty, by considering the Hukuhara difference and the fractional Riemann-Liouville
derivative. The authors in [2,3] discussed interval-valued functions and considered exis-
tence and uniqueness for

#DYP(&) = 1(& ¢(8)),

with initial conditions (ICs)

lim &7'p(2) = o,

¢—0+
where ¢ € C([0, ], Rp) N L1([0,#],Rp), 0 < | < 1,5 D}, is the fractional derivative of order I,
v :[0,t] = R and y € C([0, t], Rp). Alikhani and Bahrami in [4] studied

$E) = 1@+ s [ €~ (a0, (To)E)E

where0 <1 <1, €]=(0,T], 71 € C(J],Rg), 72 € C(J] X Rp X Rp, Ry) and

(1)@ = [ yi& 20z,

where y is continuous, and they established the existence of a solution for the following
problem, which involves a Riemann-Liouville derivative of order 0 </ < 1:

=Dpp(¢) = 7(8,¢(0), (T9)(2)),
with (IC)
Jim £9(2) = ¢

Numerical solutions for interval-valued fractional equations was considered in [5].
Also, for solving fuzzy fractional equations with Laplace transforms we can refer [6,7],
Mfadel et al., in [8], studied the Mittag-Leffler stability for the problem

4)(0) = 4)0/

where ¢ € | = [0, +0c0], 7 : ] x Rp — Ry is a fuzzy continuous function in ¢ and locally
Lipschitz in ¢, and $D}), is the Caputo fractional derivative of ¢(&) of order 0 < I < 1.
Agarwal et al. [9] extended the Schauder fixed-point theorem to semilinear Banach

{%DM(@) = (& (),

spaces and considered the existence of solutions to fuzzy FDEs under H-differentiability.
Long et al., in [10], established existence results for the following non-local fuzzy frac-
tional system:
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cuD'$(2) = 1(& 9(8), 9(2)),

caD'W(8) = 12(E, ¢(2), ¥(§))-

For further results concerning fuzzy sets, numbers, calculus, and interval calculus,
we refer the reader to [11-13], for fuzzy partial differential equations and fuzzy fractional
partial differential equations [14-16], for numerical methods in fuzzy integration and
numerical solutions of fuzzy differential equations [17-19], and for real applications of
fractional calculus [20-23].

Motivated by these works, we study the following fractional system:

caD'9(8) = (G 9(8), ¥(2) +¢'(2),

1)
cuD'(8) = 12(8,¢(2), 9(8)) +¢'(5),
with non-local conditions
$(0) ®Ljer, ;O (9(&)) @ £ 11" (E))
= Yjer, 4 O (9(&) @ BI57'9(E))),
2)

P(0) @ Tier, B © (9(&) ® RLI'9(E)))
=Yier B © (&) © BEIG9(E)),

where Ry is the real fuzzy space and the following apply:

(1) ¢, ¢ :[0,1] — Ry are two fuzzy differentiable functions.

(2) The functions 1,72 : | X R x R — R arein L!(], Ry).

(3) Ej and E; are disjoint sets and their union is {1,--- ,n}, and F;, F, are disjoint sets
and their union is {1,- - - ,n}.

4 0<g1<gm<--<f<L

(5) 0<vcj,ﬁj€Rforj€{1,~~~,n}and

Z oc]ﬁ]l- - Z ocj(f;- >0,

j€E2 jEEl

) 1
Y Bigi— ) Bigi >0,
jeR jeh

such that

c=(1+Y ajgl)(1+§}‘1) -y aj%(ucj‘l))‘l,

JEEL JEE2

1= T by 4470 - T b4

jeh

are positive real numbers. We also study the stability of the mentioned system in the
sense of Mittag—Leffler, with the condition

(P(O) = ¢o,

#(0) = ¢o.
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1.2. Mittag—Leffler Function, Laplace Transform, and Adomian Decomposition Method

The Mittag—Leffler function, originally introduced as a generalization of the exponen-
tial function, plays a fundamental role in the theory of fractional differential equations. It is

typically defined as
00 k

z
Eq(2) :kgm, x>0,zeC,
where I'(-) denotes the classical Gamma function. The Mittag—Leffler function naturally
appears in the solutions of fractional-order differential and integral equations, providing
an explicit representation of memory and hereditary properties inherent in such models.
Recent studies have extended and applied the Mittag-Leffler framework to various con-
texts, including new fractional operators [24], Ulam-Hyers-Mittag-Leffler stability [25],
multivariate solutions [26], improved discrete kernels [27], and numerical methods such as
the Mittag-Leffler—Galerkin approach [28].

The fuzzy Laplace transform extends the classical Laplace transform to fuzzy-valued
functions. Let f : [0,00) — Rf be a fuzzy-valued function. The fuzzy Laplace transform of
f, denoted by L[f](s), is defined by

LA = [ f

Concurrently, fuzzy Laplace transform methods have been increasingly employed to solve
fuzzy fractional differential equations [29,30], and specially, the second model market
equilibrium in fractional fuzzy economic systems, process medical imaging data [31], and
establish foundational techniques for fuzzy differential problems [32]. These contributions
underline the relevance and growing importance of operational methods in analyzing
and approximating fuzzy fractional systems, providing the context and motivation for the
present study.

The Adomian Decomposition Method (ADM) is a well-known analytical approach
for solving linear and nonlinear differential equations. In the fuzzy setting, ADM has been
extended to handle fuzzy fractional differential equations, providing a powerful technique
that avoids discretization and linearization. Nelson [33] applied ADM to Hilfer-type fuzzy
fractional differential equations, demonstrating its effectiveness in handling generalized
fractional models. Saeed and Pachpatte introduced a modified fuzzy ADM for solving time-
fuzzy fractional partial differential equations with initial and boundary conditions [34],
and further expanded its usage to a broader class of fuzzy fractional PDEs in [35]. These
studies underline the robustness and flexibility of ADM in the analysis of fuzzy fractional
systems, supporting its use in our own framework.

Finally, for a review of Caputo’s fractional derivative estimation and its application in
solving the problem of solute transport in rivers, we refer to [36,37] respectively.

1.3. Achievements of the Article

The main target of this paper is to investigate the existence and Mittag—Leffler sta-
bility of solutions for fuzzy fractional differential systems with non-local conditions. One
of the key advantages of our approach is the use of the Schauder fixed-point theorem
combined with operational techniques, which allows us to handle the fuzzy fractional
setting rigorously. Furthermore, we develop an iterative numerical scheme alongside the
Laplace transform to obtain approximate solutions. These results contribute both to the
theoretical analysis and practical computation of fuzzy fractional models with memory
effects and uncertainty.
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2. Preliminaries

In this section, we give some basic definitions and results about fuzzy numbers as
well as fractional derivatives and integrals which are needed in the article.

Definition 1. Let R be the set of real numbers and C = {(Z, Pcz) iz € R} be the fuzzy set on
R where ¢y € [0,1], that is,
¢c R —[0,1]

z — ¢c(z).

Definition 2. A fuzzy set C with its (membership) function ¢ : R — [0,1] is a fuzzy number if it
is normal (there exists zg € R, such that ¢(zg) = 1), fuzzy convex, or upper semi-continuous, and
the closure of its r-level [¢p]o = i.e., {x € R: ¢(z) > 0} is a compact set. The space of all real fuzzy
numbers is denoted by Ry.

Remark 1 ([11]). For any ¢ € Ry, we have the lower and upper functions Qr,@ that satisfy

4)7 = [?/ &r]/

for any r € [0,1], where functions ¢ ,¢, : [0,1] — R are bounded (non-decreasing and non-
increasing, respectively), with a left continuous function in (0,1] and a right continuous function at
0. Also, we have ﬂ <¢,.

Definition 3. The fuzzy metric de : Rp x Rp — R (J{0} is defined by

des (@, 9) = sup max{[g, =, |, 1§, — ;I } = sup du((pr],[r]),

0<r<1 0<r<1

where dyy is the classical Hausdorff distance between real intervals.

Proposition 1 ([11]). Suppose that ¢, 1, 1,0 € Ry and A € R. Then, we have the following results:

(1) deo(¢pO,n609) <du(P,n)+ deo(p,8), and the H-differences ¢ © 1,11 © 9 exist.
(2) deo(@ DY, DY) < deo(, 1) +doo (P, 9).

(3) do(A@P,AOYP) = |A|des(, ).

4) deo(@® 1, @) < deo(d, ).

Definition 4. Let {o € |, h € R such that {o+h € Jand f € C(],Rp). If there exists
f'(&0) € Ry such that

£/(E) = lim = @ £ (G0 + ) €, f(E0)),

then we say that f is gH-differentiable at &y. Let C'(J,Rf) be the space of continuously ¢H-
differentiable functions on J.

Suppose that f € C(]J,Rg) is gH-differentiable at & € ], [f(&)]a = [fa (&), fi (E )]
forall 0 < o <1, ¢ € ]J. Then, we say that f is (i)-gH differentiable at &g if [f'(Co)]a

[(fa)'(Z0), (fa")'(G0)], forall a € [0,1].

Remark 2. The space C' (], Rf) denotes the set of fuzzy-valued functions on | that are continuous
and generalized-Hukuhara-differentiable, with continuous derivatives in the fuzzy sense. Equipped
with the metric deo defined in Definition 3, the space C' (], Rp) is a complete metric space, ensuring
the applicability of fixed-point theorems and other analytical tools.
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Definition 5.

(1) The subset C of Ry is compact-supported if there is a compact set U € R such that U consists
of all sets [¢p]o, where ¢ € C.
(2)  The subset C of Ry is level-equicontinuous in ro € [0,1] if, for all r € [0, 1], we have

lim dir (), [p)) =0,

where ¢ € C is a fuzzy-valued function.
(3)  The continuous function vy : [a,b] x Rp — Ry is compact if, for every a < ¢,b < d and
C € Ry (Cis bounded), the set «y([c,d] x C) is relatively compact in Ry.

Lemma 1 ([9]). Let C be a compact-supported subset of Ry. Then, C is relatively compact if and
only if C is level-equicontinuous on [0, 1].

Let us denote the space of all continuous fuzzy-valued functions by C([a, b], Rp) and
the space of all non-empty, closed, bounded, and convex subset of C([a, b], Ry) by G.

Theorem 1 ([9]). Let X be a non-empty, closed, convex, bounded subset of C([a, b], Ry), and let
T : X — X be a continuous compact mapping. Then, there exists at least one point x* € X with
T(x*) = x*.

Definition 6. Let A > 0. On the space C([a,b],Rp), we define the supremum metric
Hy(¢,§) = supze;(deo(¢(E), ¢(C)) and also define the weight metric

y(9.9) = sup{e P de(9(2), @)}

Definition 7. Let ¢ € (0,1] and let Hy(¢,¢) = max{ 0,0](¢, P) H[al ¢, ) }
note X = (C([a,b],Rp),C([a,b],Rp)) and let T : X x X — RZ be T((¢,9), (¢, @))
(Ho (9, 9), Ho (¢, 9))-

Proposition 2 ([14]). The metric spaces (C(J,Rg), Hy), (C(J,Rr), Hj), (C(J,Rg), Hy), and
(X, p) are complete.
Definition 8 ([11]).
(1) Letl € (0,1], ¢ € C(J,Rp) and [¢p()], = [fr(cf),%((,‘)], r € [0,1]. The Riemann—
Liouville fuzzy fractional integral is defined as
1 ¢
B9 = 5y © | (€ =2 0 p(a)dz, T la ],

and for the r-level of RLT, . (), we have

10491 = 101 9, ()£ 10, 9,(2)], S €,
where [9]; = [, ).
(2) Letl€10,1)and ¢ € C'([a,b],Ry). The formula for the Caputo fractional gH-derivative of

order | is

caD'p(8) =f- I ().

Remark 3. Throughout this paper, the subscript F in operators such as RLpI{ L and D% indicates
that the integration or differentiation is performed in the fuzzy-valued sense, based on the general-
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ized Hukuhara difference. When we refer to gy-differentiability, we mean generalized Hukuhara
differentiability, which extends the classical derivative concept to fuzzy-valued functions.

Definition 9. Let «y(x) be fuzzy continuous and assume that v(z) ® e=%* € L1(]0, +o0), R).
Then, the Laplace transform of vy is defined as

Ly} = [ ) oe s,

and according to the classical Laplace transform, we have

[E{r(2)}r = [, ()] 17, (2)]],

where

17, (2)]r = f;* v(z) © e =dz and, [17,(2)]; = [, 7(z) © e d.

Theorem 2 ([7]). Let ' (z) be fuzzy integrable on [0, +c0); then, we have

L{7(2)} =soL[r(z)] ©7(0).

Proposition 3 ([8]). For the Caputo fractional derivative, we have
{eDb7(0) | = S {1(s)} - Zs’ iy

If0 < I < 1, then we have L{gHD0+fy(§)} = s'E{y(s)} — s'~19(0); for the convolution of
two fuzzy functions vy, and 7y, we have the formula

L (@ +1@) =L [ 1) 01 -2z} ~ L@} oL@}

and for the Mittag—Leffler function in two parameters (61,6,) € C, we have

—+00

, 6 )
N z! _ st 6, L
L{Ecez 19,6, o, (—AG )} {]g T(91j+92)} A Re(s) > |A%1].

3. The Non-Local Problem for Fractional Differential Systems

In this section, we investigate the existence of a solution for systems (1) and (2).

Remark 4. We denote the following for simplicity in writing in our calculations:

2 n

2d &
SRR P A s (P

P69 = i © [ €2 019, )

Gh(¢p) = (Y caj @ Lilml(g,p) © Y ca; @ im](9,9)),

j€Ey JEEY

Gi(p, ) = (Y dB; 0 Fi[val (9. p) & Y dB; © I% [v2] (¢, ).

]GFQ ]€F1
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Lemma 2. Assume that ¢, € C'([a,b], Ry) are solutions of systems (1) and (2). Then, (¢, )
satisfy the following system provided that ¢, are (i) - ¢H differentiable on [a,b], and

@) ® F'1519(@) = SE-Glg. ) © Flnl(g,v),
(4)
(@) & B () = HGRey) @ Elnl(e ).

Proof. If ¢ € C'([a.b], Ry) is (i)-gH differentiable, then by taking the integral operator
gLI(l)Jr on both sides of the equation gCHDlgb(ff) =72(&,¢(&),¥(Z)) + ¢'(&), we have

[ @z = B (@00, 9(0) +9'(@),

which is equal to

0(0) © 90) = i@ (€2 oo,y © mo [(E- gk

and 5 @fo (& —2)71® ¢ (z)dz is equal to

ﬁ o [[E—2)" 0¢f(2)dz = [ﬁ o@E-2) " op)f o ’F%l)l [ 20,

— 8 h0) & B9
r(l) F ‘
Thus,
o(0) = ?i?}ma-w & Elnl(p,9) © BE9(@). ©)

Then,forgjj:1-~~n,0<§1 <@H < - < ¢y <1, wehave

o(&) = 4’<(0))<1+§l Y & Bl o B, ®)

and substituting (6) into the first equation of (1), we have

)& Y 4o 1+f;l D @ *nle.¥)
JEEY
= Yooy 1+¢l Y @ Filnl(e,p)-
JEEr
Since 1
1+ Ea]r() (1+¢7h Zajr (1+¢7 >0
j€E;
we have
1+ (1+&h & (1+ 6
JEZE: D(]r(l) ]QZE: ]1" )) ( )
= Y 4 0lMml@¢) e ) a0 Fnlgy),
jEEL JEE2
and also
=c( Y ;0 F[nl@¢)© Y 40 Fnl(¢,9) = G, ). ?)

j€E1 jGEz
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Combining (5) and (7), we obtain the first equation in system (4). A similar argument
results in the other equation in system (4). O

Lemma 3 ([10]). Suppose that y1,v2 € C([a, b] X Rp x Rp, Ry) satisfy the following conditions:

i b1deo(§(8),0) + b1Deo(v(8),0) +d1, 0 < & < G,
deo(711(8,9(8), ¥(2)),0)) <
Cldoo((:b(g)/o) + lew(lP(g),O) + er Cn < C < 1/

and

i b11deo(¢(8),0) + b11deo(1p(),0) +d11, 0 < & < &y
doo(712(8,9(8), ¥(5)),0)) < ,
c11deo(9(£),0) + E11deo ((£),0) + do1, En <E <1

where by, by, by, D11, ¢1, €1, €11, €11, d1, do, d11, and dpy are positive real numbers satisfying the condition

| det(N)| > 0,
where ;
1 1-— (b1A1 + Cl) —blAl —
N = . L.
[(l+1)\ —byBi—c1n 11— (b1yBi+¢11)

Remark 5 ([10]). If 1 satisfies Lemma 3, then we have

deo (1 [11](¢, 9),0) < r(l)[blH[o,gn]@(C)/@) +biHpg,) (¥(¢),0) +di],

I+1

n

Z; a;([byHyg g, (9(8),0) + b1 Hyg e, (¥(5),0) + di]).

Ao (Ga(9),0) < ¢

Remark 6. We define a vector-valued integral operator T = (Ty, Tp) by

To(, 9)(8) = ﬁ(l +E NG, ) ® Elnlpp) © RIe(@),

Ta(g, ) () = rzl)u NG (g p) @ Flnlep) © BIp(@).

Note: A fixed point of T is a solution of systems (1) and (2).

Lemma 4. If Lemma 3 holds, then

- 1 ~ - ~
Hpz, (Ti(¢,9),0) < 1“(lAJil)((bl + E)H[o,g,l] (¢(8),0) + b1H|g 1 (9(¢),0) +4d1)),

i i A L 3
Hi, 1(Ti(¢, 9),0) < r(lii1)(blH[o,gﬂ](qf’(é)/o) + b1Ho ¢, (9(8),0) +d1)

1

(e = DHig, 1) (#(£), 0) + exFige, y ((2),0) + o) 574y

hold for all (¢, ¢) € C([a, b], Rp).
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Proof. If 0 < ¢ < &, then from Remark 5, we have

deo(T1(¢,9)(2), 0(2))

=deo(Gh (9, 9) ® F[m](9 ) © R 19(2),0(2))

= r(11+1) (ﬁ(l +¢7h) i aj +1)(b1Hpz,1(9(8),0)

+51H[o,g,,](¢((3),0)+d1)+H[og]( L e(2),0(2))

1 2c & )
SrEn v PIARLLIACOR

+b1Hp g, (9(t),0) +d1) + ﬁH[og”] (¢(8),0(8))

_ r(l’i 0 (b1Hpz,1(9(5),0) + biHyg g, (¥(5),0) +d1) + l"(ll) Hioz, (#(2),0(2))

- r(lA (b + Ai1>H[o,¢,,]<¢<é>,0> +b1Hjoz,) (9(£),0) + 1), 0(2)).

Taking the supremum on the last inequality when ¢ € [0, §,|, we obtain the first inequality
as desired. Now, for ¢ € [&;,, 1], we have

deo(T1 (9, 9)(),0(2))
=dw(Gy (9, 9) @ E[12l(¢,9) © £, 9(2),0(2))
< deo((Y e © I'im(¢,9) © Y caj © I [71](¢, )

JEE2 jEE;

® Einlgy) o £ 179(2),08))
<c2a (I£)(9, %), 0) + deo (15 [11](9, ), 0)

+ % /E(C —2) oo (71 (2, ¢(2), ¥(2)),0(z))dz + F(ll— 5 /;(C ) (¢(2), 0)dz

<a Z (T blH[O &) (@(2),0) + b1Hpe, (¥(8),0) +di])

T 1 1) [b1Hjo .z, (#(£), 0) + b1 Hpo g, ((8), 0) + d1)0(8)

+ % /5(5 — 27 e1deo (¢(2),0) + E1deo (¥(2),0) 4 dp]dz

n

ﬁ /;(C —2)""2do (¢(2),0)dz

= TAi 1y (1Hiog,) (#(8),0) + hiHigg, (¥(2),0) +41) + (e1 Hig, 1) (9(), 0)

+

_ I _ -1
+aHg, (00),0) + o) FrEk - E28 L 00),0)
I

Aq ~ ~ ~
= m(blH[ogy,](‘P(g) ,0) +biHpg, (9(2),0) +d1) + ((e1 — m)Hm ((¢),0)

_ !
T &1 Hig, (9(2),0) + dp) £ )

I(I+1)
< ﬁ(bl 0] (#(8),0) + Br Hyg g, ($(2),0) + dy)
+ ((e1 =D Hig, 11 (¢(5),0) + &1 He, 1 (¥(8), 0) + d2) i i 5

Multiplying both sides of the last inequality by e~*¢ and then taking supremum over
¢ € [&n, 1], we obtain the second inequality. [
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Lemma 5 ([10]). Suppose 1 : [0,1] x X — Ry is compact, where X is a non-empty, closed,
convex, and totally bounded subset of X (here, X is defined in Definition 7). Then, we have
the following:

(1) Ti(X) C C([a,b], Ry) is equicontinuous;

2)  Ti(X)(E) is level-equicontinuous on [0, 1].

Theorem 3. Suppose y1, 2 are compact and Lemma 3 holds. Then, the system (1)—(2) has
a solution.

Proof. According to Lemma 4, we have

Hioz,) (Ta(0,),0) < 125 (0 + ) Hio (90, 0) + B Hio, (#(),0) +dh),

Hig, 1) (T (¢, ),0) < F(lAi 1)(51H[ogn](¢(§)/6) + b1Hjz, (9(2),0) + d1)
H(er =D,y (9(8),0) + g,y (9(0),0) +2) 77y
Then,
Hg, (Ti(¢,9),0)

= max{H[O,gn] (T1 (¢, v), C)), H[gn,g] (Ta(¢, ¥), 0)}

< r(llﬂ) (b1Ay 41 +c1 — 1)Hg, (¢,0) + r(llﬂ) ((b1A1 + &) Hg, (1,0) +d1 Ay + da)

= F(ll+1) (b1 A1 + 1) He, (¢,0) + (111) (1A + &1)He, (v, 0) +d1 A1+ dp),

and also
~ 1 ~
Hz, (T2, ),0) < TO+1) (b11By + c11)Hg, (¢,0)
1 - ~
b1 B ¢11)H, d11B1 +dx);
+ Ti+1) ((b11By + ¢11)Hg, (¥,0) + d11By +da1);
therefore, we have
He, (Ti(¢,¢),0) Hg,(¢,0) 1 Ardy +d>
<
=M N RSy ' ®
Hg, (T2 (¢, ), 0) Heg, (,0) Bydy1 +dn
where )
_ 1 bi1A1+ bi1A1+ &
F(l + 1) b11B1 + 11 EllBl + 711 !
and from Lemma 3, the matrix N = - — M is invertible and its inverse (== 1 — M)~

T(+1)
has non-negative elements. Therefore, there exists p1, p2 > 0 such that

( 1 I M) -1 1 d1A1+d; < P1 )
r(l+1) [(I+1) \d11B1 +dn P2

and this is equal to

4 1 d1A1 +d 1 p1
M + < : 9
(Pz) r(l+1) (dllBl +do L(I+1)\p2 ®)

T(+1)
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Set X = {(¢,) € X : He, (,0) < Ry, Hy, (1,0) < pa}. From (35), (36), we have
T(¢,p) € X. We note that for every z € Ti(X), there exists (¢,¢) € X such that
z(&) = Th(p, ¢) (&) for all ¢ € [a, b]. Then,

2@ = (X caj 0 Fi[nl(p,p) © Y car O i [y1](¢, ) & Eml(¢p) © RELT9(E)]o,

JEE jEE;

= (Y ca; o [5[n] (g 9)]oS Y ca; © 5[] (¢, 9)]o) & [IE[vil(e,9)]o © [REIT o(E)]o-

j€J2 j€h

Since f([a,b] x X) is relatively compact and 71 ([a,b] x X) is compact-supported and level-
equicontinuous on [0, 1], there exists a compact set U C R, such that [y1 (&, ¢(¢), ¢(&))]o C U
forall (¢,¢,9) € [a,b] x X, and

(€00 € 135 (X ([ (€~ 2 d2) n 2, p(2) w2

()&,
o (L w~(/§j(é'—z)l‘1dz)[ (z.¢(2), 9 (2)]o)
r(n e o T PE
@Fgl)( /O (62 a9, 9 © r(lll)( /0 "6 - 220 ()]
¢ 1
© T LM~ B et e PR

and since [¢(z)]o is compact, there is a compact set Uy C R such that [z({)]o C Uy, Vz C T1(X).
This proves that T;(X)(¢) is compact-supported. From Lemma 5 and also the Ascoli-Arzela
theorem, we have that T;(X) is relative compact. We can apply a similar argument for
T»(X). Thus, the operator T(X) = (T1(X), Tr(X)) is relatively compact on X. Next, let

(Pm, Pm), (¢, ) € X and let (¢, Pm) — (¢,9) in X. Now,
oo (Ta (P, Ym), (), T (¢, ) (E))
= rEZ)(H’?l )deo (G (@, ), G (@, ) + doo (I [11) (P, ), I [11] (¢, 9)),

so Tj is continuous. We can apply a similar argument for T so that, as a result, T is
continuous. Finally, using Theorem 1, we deduce that there is a point (¢*,1*) in X such that
T(¢p*, ") = (¢*, ¢*). This point is the solution of (1)—(2), and so, the proof is complete. [

4. Stability Result for the Fractional System

Definition 10 ([8]). Suppose that (¢, ) is a solution of systems (1)—(3). Then, the solution (¢, )
is Mittag—Leffler-stable if

deo(9(€),0) < (m(0)Ep(=2g"))",
deo((2),0) < (m (o) Ep(=Ag"))",

where0 < p <1,A >0,b > 0,m(0) =0, and m(¢) > 0,m(¢) > 0and m(¢p), m(y) are locally
Lipschitz on ¢, with Lipschitz constant mg. Motivated by [8], we present our stability result.

Theorem 4. Let v(&, ¢(G), P(C)) : [0,+00) X Ry x Ry — R be a continuously differentiable
function with (&, $(&), Y(&)) as a locally Lipschitz function with respect to ¢ and 1, such that

Y(EP(E), P(£)) +¢'(2) < cd¥ (9(£),0),
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c1d% o (9(2),0) < y(, (&), p(E)) — EZ(CAP(C)AP(C)),
or
Doy (7(E9(8),¥(8)) < —c3dLu(9(2),0),
where

28 9(0), $(@) = & Ey(~28) * max{9(0), ()},

2

and also assume the same conditions for . Here, { > 0,0 <1 < 1,and c1,¢co,c3,a,b > 0. Then,
the solution of (1)—(3) is Mittag—Leffler-stable.

Proof. From the above, we have

euDo: (7(E,0(2), $(2))) < %;3(7(6,47(5)/1/](6)) +¢/(2)).

Then, we can find (&) > 0, such that

s D04 (7(E,¢(2), ¥(2))) +h(E) = _723(7(6,47(6)1 $(2)) +9'(2))-
Taking the Laplace transform on both sides of the above equation, we have

AE{NE P(), (@)} — 27 (1(0,9(0),(0))) + E{1(E)}
= L@@ p@)} + L @),

and it follows that

=1(4(0,¢(0), p(0))) — E{h S (oF, 500
L (& 00, p(0)} = 0O #O)) ~ L)} + 6 (1A(6)) — 9(0))

4 S
Z—I—C2

Now, by taking the inverse Laplace transform on both sides of the last equation, we have

2

V(& D), 9(@) = Ei(—2")7(0,$(0), 9(0)) + (—h(2) + ggb(c)) « (EE (Z2),

2

Y& 9(E), 9(&)) - %C“’Ez,z(%fé’) *(C)
- El<‘c—§3¢’>v<o,¢<o>,v<o>> —h(E) % (E B (=2,

2

Since (&) and E;;(72¢) are positive functions and z(, ¢(2), 9(€)) > & Ey(728) + (),
then we have

16 #(0),9(E) — 22 9(2), $(8) < E(—22)7(0,9(0),9(0).

Using the conditions on ¢, we have

10(9(2),0) < (1O PO “Csaryys

C1 (55)
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Also, using the same argument, we have

deo (9(2),0) < YOO O p (=€) 1

1 %)

Since (¢, (&), ¥(E)) is locally Lipschitz with respect to ¢,9, we conclude that
7(0,4(0
€1

(
m(y) = 1000040) 44 5 Lipschitz constant with respect to ¢(0), ¥(0), and m(0) = 0.

This implies the stability of our system. [

5. Application of Laplace Transforms to Solve Fractional
Differential Systems

In this section, we consider systems (1)—-(3) using the Laplace transform. Suppose the
r-level of ¢, ¢ are [¢p], = [gr,@] and [¢], = [%,%]. Now, we write the system and its initial
condition with respect to its r-level, and we have

{;HDI 9.(0),8,)] = &9, ©),.(©) +¢ (©),116,),8,©) +F,©),

<D (6),5,(&)] = 1a(t,9, (), 9 () + ¥ (), 72(E 8,0, F,) + )],

and

{ 9,(0),8,(0)] = g0, do,,

[¥,(0),%,(0)] = [wo,, ¥o,],

which are equivalent to the systems

{ cuD'$ (&) = 11(8¢,(8),¢,(8) +¢/,(2),

cuD'Y () = 12(8,9,(0), 9 () + ¢ (8),

with the conditions

and

{gHDl<Pr(C) =71(8,9,(8), $,(8)) + ¢/, (2),

cuD'.(8) = 12(8,4,(0). 9,(2)) + ¥, (2),

with conditions

{¢,<0> = $o,,
$,(0) = Yo,

Solving these systems using the Laplace transform and then applying the stacking lemma,
we have the integral solution of problem (4).

Example 1. Consider the system
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with conditions

$(0) =1,

P(0) =1.
Suppose the r-level of ¢,y are [¢], = [¢ , ¢,] and [¢], = [ ,,]. Then, we have the systems

cyDip (&) =1, (&) +¢' (2),
D () =’ (2),
with conditions
¢.0)=1,
. (0) =1,

and

with conditions

Er 0)=1,
and note that our initial conditions do not have uncertain parts. We only solve the first system.
The solution of the second system is similar. Applying the Laplace transform, we have

t{snDie, @} —t{v,@} +1{e @},
e{eypiy () =2{y @}
Set L{ﬂ(g)} = F(z) and £{v,(&)} = Fx(z), and then we have

s2F(z) —z7 ¢ (0) = Fa(z) + zF1 (z) — ¢ (0),

—r

-1

s1h(z) — 27 ¢ (0) = zFy(2) — ¢ (0),
and multiplying the equations in the above system by 21 and then applying the initial condition,

we have , .
zF)(z) =1 = F(z) + z2F (z) — 22,

Nf—=

zh(z)—1= Z%Fz(z) —z2.

Solving the system, we obtain

Fi(z) = ﬁfz:)l' R =,



Algorithms 2025, 18, 264

16 of 25

and finally, using the inverse Laplace transform, we have

9 (2) = —e¢<1—erf<—¢5>>+z+5+z\/§, ¢

where erf(—+/¢)) is the error function:

,\[ 5
erf(—+/2)) = 7/0 f e Pds

In the same, way we have

$,(8) = —e* (1 —erf(—\/T)) +2+§+2\/§, $.(5) = 1.

Note: This transformation is mostly used when the coefficients of the unknown
functions are constant.

6. Adomian Decomposition Method for Solving Fuzzy
Fractional Equations

R

Consider systems (1)—(3). By taking FLIg on both sides of the system, we have

{47(6) = ¢(0) &% [{71(8,9(2), 9 (2) ORI/ (@),
(10)
$(§) = $(0) &% [172(8, ¢(3), (&) O Iy ().
Suppose that [¢], = [ﬂ,@} and ], = [fr,ﬁr] ; so, for the lower functions, we have
{ ¢ () = o+ Hv3(8,9,(8),9,(8),9,(8), 9,(8)) +RE 109/ (2),
(11)
$.(2) = 9o +5 Kra(E (0,9 (2),6,(0),,(2) +7- Ly (@),
with conditions
@ = ?o’
(12)
$(0) = Yy
and for the upper functions, we have
{ $,(8) = Po +RE 33(E, 9, (6, ¢ (8),8,(2), $,(8) +RL 13§ (2),
(13)
$,(8) =0 +R 1§74(8, ¢ (2), 9 (), 6,(0), (&) +RE {$,(2),
with conditions -
{4><0> = o
o (14)
$(0) = 9q.

In the ADM method, we suppose that ¢ and i are infinite series of differentiable
functions ¢, and ¥, such that

o(6r) = +2(";@,1(@,0, 96 = i)"’"(g’”’
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+o00 o o +oo o
= ;)(Pn(gr 1’), lp(é’r 1’) = Zolpn(grr)f
and substituting these series in (11) and (13), we have
—+00
L ¢,(6r) = g0+ s (@, Z¢ (&), Z¢ Z% &), an &)
n=0
+RE ] X_:Of;(é,r),
and
400 400 +00 +oo oo
Zo Y (&) =0 +F I7a(E, ZO ¢ (&), ZO p (C1), Zocpn(c,r), Zown(c, r)
+o0
+RET Y ¢ (&)
n=0

Suppose that 3 and <4 are nonlinear functions and that we can express them in the
following forms:

13(8, 98, 7), $(&7), (8, 7), ¥(E,7))
Fi(G, (8, 7)) + F2(S, (8, 7)) E3(C, (8, 7)) + Fa(E, 9(C, 7)),

and

14(8 98, 7), 9(E,7), 9(E,7), $(E,7))
= G1(8, ¢(8, 1) + Ga(E, 9(E,7))) + G3(, 9(8, 7)) + GalE, (&, 7))-

Additionally, suppose that for the function F;, we set F; = Z;f:b Cq,n; and Cq,; (called the

“coefficients of the Adomian polynomials”) is determined by the following formula:

1[d” !

Cin= sl & 2 8, aco

and the coefficients that specify the nonlinear functions F,, F3, Fs, G, Gy, G3, and Gy are
C21,C31,Cam » Cs,m , Com » C7,n, and Cg,,, which are calculated in the same way. Now,
substituting 3 and 74 in the above and using the Adomian coefficients, we have

+o0
Y. 9,.,@n)=p+"" 1] 2 (Crn +Com +Cam +Cam ) +RE 1] 2 ¢ (&),
n=0 n=0

and

+oo
Z ng,l (gl 7’) = @+RL Ig Z (C5/'rl +C6/7’l +C7,n +C817Z RL Iq Z l/)
n=0 n=0

We see from the initial conditions that ¢ O(Q‘ )=¢oand ¢ O(C ) = o; so, by equaling terms
with the same index, we have

¢1’l+l (g r) RL Iq(clzn +C2/Tl +C3/7’l +C4/}"l ) +RL Ig(i) (C r)



Algorithms 2025, 18, 264

18 of 25

and
ffl-’rl (g 7’) RL Iq(CSITl +C6/Yl +C7ﬂ’l +C811’l ) RL Igf;(gl r)/

for all n € NU {0}. By the same argument, for upper functions, we have

¢7’l+1 (g 7’) =RL Iq(clzn +C2/7’l ‘|’C3/n +C4/1’l ) RL Iga;(é‘/ 7’),

and
lpn+] (g T) RL Iq(CSITL +C6/7’l +C711’l +C8/1’l ) +RL Igﬁ;(gl 7’),

and by obtaining the unknown coefficients and summing up to n steps, the n-th approxi-
mate answer is also obtained. If the functions 3 and 74 are linear, we suppose that

138, 98, 7), 9 (& 1), 98, 7), 9(E,7))
= a1(5)P(8,7) + b1()P(E,r) + c1(E)P(E, ) + i (E)P(E, 1),

and

148 98, 7), $(E7), 9(E,7), ¥(E,7))
= a2(8)¢(&,7) + b2A8)P(E,7) + 2(E)Y(E,7) + da(E) (S, 7).

Substituting the series with ¢ and ¢ using 3 and 14, and finally, equaling terms with the
same index, we have the following:

¢, (&) =13 (a1(Q)(E,7) + bi(E)P(E, 1)+ cr(E)P(E,r) + dr () P(E, 1) +RFI3¢) (7).

and

¥, @) =R L (2(8)e(E, 1)+ 02(8)P(E, 1) +c2(E)P(E,7) + d28)P(E, 1)) +1 Iy (&,7),

and for the upper functions, we have

Pui1 (&) =R (@1 ()& ) +b1(©)P(E,7) + 1 (Q)p(E,r) +di(©)p(E, 7)) +7 16, (E.7),

and

B (&) =R I (@2(8)p(E,7) + 02(8)P(E,7) + 2(O)p(E,7) + da(O)P(E, 7)) +RE 179, (E,7),

foralln € NU {0}.
Example 2. Consider the following system:

€Dy 2p(E) = ¢(&) BY(&) @ ¢ (8),

€D2p() = p(&) S (&) @ ¢'(€),

with initial conditions

9y Folr = [r—1,1—1],

[EO/¢O]T = [7 -1,1- 7’],

and note that this system does not contain nonlinear functions -1 and 7y, so all the Adomian coeffi-

cients are zero. Now, we write this system as two systems with lower and upper functions, and then

we take RL I 1 of both systems and use the ADM method to obtain the following iterative systems:
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{ ¢ @&n =R L@ @+ @0+ e, En),

¥ @) =R (6r) = 9,8 ) + ¢ (6 7)),

with (IC)
{4)0(@/7.) =Tr—= 1/

Y, (Gr)=r—1,
and the system

{<Pn+1(§, r) =R 1@, (8, 7) + 9, (E) + G(E 7)),

P (&) =RE (@, (&) — ¢, (&7) + (7)),

with (IC) _
{‘Po(gﬂ”) =1-r,

Po(Cr) =1—r.

Puttingn = 0,1- - -, solving both systems, and finally, summing all functions, we have

4 1
P )=y r)=r—1+ ﬁ(r— D¢+ (4(r—1)¢+2(r—1))

32 3 16
%(”— 1)¢2 + ﬁ(r_ 1)¢2)
(:2

+(16(1’—1)E+8(r—1)(2§+1))+~~~,

N|—

+(

and

4 1
(1= + 4=z +2(1 1)
32 3 16

m(l —7)57 + ﬁ(l )¢
+ (16(1 —r)%2 +8(1—r)(28+1))+---.

o) =G r)=1—1+

Nj—

+(

)

Example 3. Consider the system
{%Dé/zsb(é‘) = (HVE-Da¢@),

cDY2p(E) = 202 (@) d Y (),

where ¢(&) > 0, with initial conditions

$(0) =0,
¥(0) =c=(0,1,15),

where c is a triangular fuzzy number. In this system, there is a nonlinear expression ¢ (&), so
Adomian polynomials are used. Like the previous example, we have lower and upper systems

as follows:
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9 (&) =R By (@),

9, (Er) = —FLEAET) + 9 (Er),

with (IC) 1
9,(Er) =R I (ZVE 1),
§ (&) =1 +RL I (),
and
(anrl (g 7’) =RL Iz(l)n(g/r)/
wn—&-l (ér 1’) = *RLIO% Bn (gl 1’) ‘|‘¢;(§, 1’),
with (IC)

Fol&r) =R IF (VT 1),

P (&, 1) = 15— 05r +RL 10% (&2),

where Ay (&, 1) and B, (,r) are the Adomian polynomials for functions Efl(@‘,r) and ﬁ({;’, r),
respectively. Next, puttingn = 0,1 - -, solving both systems, and finally, summing all functions,
we have

¢<¢,r>:¢<¢,r>=<c—jggémj%g;_1)+1+0+0+...:§,
and
¥(G r)—r+(15\f &)+ (- 151\6/E§3+§52_3n1\6f§§)
+(—§é‘ + (7 +i)3fﬁg§_(i+2)g)+(( 7_7) \F
v+ Seopr e
and
(&) = (1.5-05r) + (1513#33) + (_151\6/553 " ggz B 3711\6ﬁ &)
+(—§§2+(7+8)3\4F %—(%+2)§)+(( 7_74;)3‘}3
F11 4+ ZE - (3 ) eh)

Note that while summing, each term is simplified by the previous one, so after some steps, all terms
will be removed and we only have the constant phrase r and 1.5 — 0.5 for ¢ and ¢, respectively.
Also, the Adomian coefficients for the function N(¢) = ¢? are as follows:

Ao(&,7) = Bo(&,r) = 93(E, 7).

A1(g, 1) = B1(&,r) = 2¢0(E,7)p1(E,7),

A2(§,r) = Ba(G,r) =290(&,m)2(G7) + 97 (E7),

As(G,r) = B3(G,7) = 2¢0(8,7)3(C,7) +2¢1(8, )2 (E,7),
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7. Numerical Methods to Solve Fuzzy Fractional Equations

In this section, we present two methods to solve (1)-(3) numerically. First, we par-
tition the closed interval [0,1] with N points 0 = &y < & < {2+ < ¢y = 1, where
Cn = n% +¢o,n = 0---N. Then, we rewrite the system as

gHDZ¢(€n+1) =7 (€n+lr ¢n+1(€)/ ¢(§n+1)) D ¢/(€n+1)f
(15)

;HDZ4’(§n+1) = 72(6}14—1/ ¢(€n+l)r lp(gn-&-l)) D lp,(én+l)-

To estimate ¢'(¢,) and ¢’ (&), we use the forward finite difference formula

(P,(Cn) ~ (P(gnJrl)h@(P(gn), n=0---N—1

1,’)/(611) ~ ¢(€n+l)h@ lp(é")[ n=0---N— 1’
where h = % Then, we write lower and upper systems by using the r-level of ¢ and ¢
as follows:
‘D'p(Gny1,7) = ’Y3(Cn+1/£(§n+1/7)/£((34+1/7),$(Cn+1,7’)/¢(§n+1/7))
+NA(¢(Gns1,7) = §(En, 7)),
CDZE(CH+LT) = 74(€n+1rf(€n+1rr)f£(€n+1rr)f@(gn-i-l/r)lﬁ(‘:n-&-lrr))
+N-(P(Cnr1,7) = 9(Cns 7)),
and

CDZ@(gnJrl/ 7’) = 73(§n+1/ (P(gwrl/ 1’), lP(§n+1, r)/@(énﬂr I’), ¢(§n+1, 7’))

FN(P(Ens1,7) = 9(Gn, 7)),

CDl@(éiﬂrl/ I’) = 74<§n+1/ ¢(€n+1r I’), 1P(§n+1/ 1’), a(gnJrlr 7’), ¢(§n+1, I’))

+N. (¢(€n+1, 7’) - l/)(g‘ﬂ/ 7’))

Next, we use the finite difference method for the Caputo derivative, and the formula
is as follows [37]:

r(hzi[z) $(Cnt1,7) = ¢(Cn,7))
+r(’§fl) (G D =D @G-y r) = ¢(Eair), n 21 6

Dp(Epir,7) =
(¢(81) — ¢(Go)), n=0

which is valid for both upper and lower functions; for more details about the finite difference
formula, we refer the reader to [37]. Next, substitute (16) in the above systems and we have
two iterative systems subject to 1(¢,,+1) and u(&, ). Finally, solving these systems gives us
a numerical approximate for (15).

For our second method, we apply the following estimate to °D'¢(¢,,1,7), which is
valid for both upper and lower functions (for more details, see [36]):

DP(Erinr) ~ frr—p? Con) (G =)' 7)

We now give a numerical example.
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Example 4. Consider the following system:
yDy*9(8) = (F=vE-1) @ ¢'(©),

D) =F o) oy (@),

where ¢(&) > 0, and the initial conditions

$(0) = c = (0,1,1.5) ¢'(0) =0.

(1) Using the finite difference of Formula (16), we have the following iterative systems for both

lower and upper functions:

¢(§n+1/7’) = Cnr1

B (21

1

:‘\»—l

2-1

and

a(gnj@r I’) =7

T

}
.1

forn=0,--- ,N—1

(2) Using the estimate for the Caputo derivative, we also have the following systems:

and

fOTTlZO,'~~,N—1.

+rhz )] ( (P(én/r) "’):7:1((] + 1) ]17 )(?(67’1*]4’1/ ) _f(gnfj/r)))f

£(§n+1/7’) = lh—l (- +1 +$2(§n+1r r)+ =

+ ity (G ) + T (G DY = D @1, 7) = $(Ea o)),

(2 /G +1+ 252

s (9 ) + T (G DT = D @G, ) — BEnmsi ),

P(En1,m) = 1= ( giﬂ + P (G, ) + L)

+ ity (— 9 (&) + T 1<< 1y- L Y@ er ) = PG ),

P(@ni1,r) = h(fiy — 2 +1) + ¢(Gu7),

P(Enrr, 1) = h(~E2+ (@) + (1),

$(Eni1r) = h(gig — 22 +1) + 3G ),

w(gnJrlr 1’) = h(_gr% + ?2 (é?l/ 1’)) + @(én/ 7’),

As shown in Table 1, the Finite Difference Method converges to the exact solution as N
increases. Meanwhile, the Caputo Derivative Method achieves machine-precision accuracy even for

small N, as demonstrated in Table 2.



Algorithms 2025, 18, 264

23 of 25

References

Table 1. Convergence of the Finite Difference Method for ¢(1) and ¢ (1) at ¢ = 1. The exact solutions
are ¢(¢) = ¢and Y(¢) =r1.

Finite Difference Method

N Estimate for ¢ (1) Estimate for (1)

10 1.206168310 0.4436465165 + r

50 1.016466996 0.02520916477 + r
100 1.005738026 0.008464752889 + r
1000 1.000178662 0.0002556471280 +
2000 1.000062538 0.00008970896566 + r

Table 2. Accuracy of the Caputo Derivative Method for ¢(1) and (1). The exact solutions are
¢(5) =Cand (&) =r.

Caputo Derivative Method

N Estimate for ¢ (1) Estimate for (1)

5 0.9999999998 6.000000000 x 10~ 11 4 r
10 0.9999999999 2.000000000 x 10~ 4
15 1.000000000 2.207333333 x 10710 4 ¢
20 1.000000000 r

25 1.000000000 r

8. Conclusions and Future Works

In this paper, we considered the existence of a solution and the Mittag-Leffler stability
for a fuzzy fractional system. Then, we presented analytical, approximate, and numerical
methods to solve these kinds of systems. In particular, we applied the Laplace transform as
an analytical method and applied the Adomian’s approximation method, which enables
us to cover a wide range of nonlinear systems in comparison with the Laplace method.
Concerning numerical methods, we presented the finite difference method, which is very
stable and gives a good approximation for a high number of points, and the Caputo
derivative approximation method, which enables us to give a more accurate approximation
for a much smaller number of points. For future work, we hope to examine systems and
fractional equations with partial derivatives.
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