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Abstract: In the present study, we focus on circulant graphs, C,(S), with set of vertices
{O, 1,...,n— 1} and in which two distinct vertices i and j are adjacent if and only if
li—jln € S, where S is a generating set. Despite their regularity, there are currently no
established formulas to accurately determine the distance and the diameter of circulant
graphs. In light of this context, we present in this paper a novel approach, which relies
on a simple algorithm, capable of yielding formulas for the distance and the diameter of
circulant graphs without implementing any graph.
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1. Introduction

Givenn > 5,D = {1,2,...,[ 5]}, and a generating set S C D, the circulant graph
Cu(S) has {0,1,...,n — 1} as a vertex set and in which two distinct vertices i and j are
adjacent if and only if |i — j|, € S, where |x|, = min(|x|,n — |x|) is the circular distance
modulo n. We can use Cy({s1,5s2,...,5¢}), or simply Cy(sq1,52,...,5¢), to denote the cir-
culant graph on n vertices, with respect to the connection set S = {s1,sy, ..., s}, where
1<s1<sp<... <5, < L%J

Remark that C,, (1) is the cycle Cy,, while Cy, (D) is the complete graph Kj,. For example,
the circulant graphs Cp4(4,8) and Cy4(1, 8) are illustrated in Figure 1.

Figure 1. Cp4(4,8) and Cyy(1,8).

The diameter of circulant graphs has been the subject of various investigations, with
both theoretical and algorithmic contributions. Marklof and Strombergsson [1] analyzed the
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asymptotic behavior of diameters in random circulant graphs, showing they scale as n!/ for
2k-regular graphs. Lewis [2] explored the degree-diameter problem for circulant graphs of
degrees 10 and 11, while Bevan et al. [3] proposed constructions for large circulant graphs
with fixed diameter and arbitrary degree. Previous studies have produced theoretical
bounds, both upper and lower, (see [4,5]). In terms of algorithms, Wong and Coppersmith
were pioneers in presenting the problem and suggested a heuristic algorithm to tackle
it [6]. Moreover, Zerovnik and Pisanski delved into this topic and devised an algorithm to
calculate the diameter of Cy (1, s) with a runtime complexity of O(log(n)) [7].

Our primary goal isn’t just to develop an algorithm for computing the diameter
for a given circulant graph. Instead, we aim to derive a new algorithm that calculates
the diameter without the need to implement the graph itself, optimizing both space and
time efficiency. Another key objective is for this new algorithm to provide theoretical
formulas for the distance and diameter of any circulant graph. This is crucial, as having
such formulas significantly contributes to several key areas, including graph labeling and
packing coloring. Moreover, they enhance the traceability of circulant graphs and provide
precise formulas for their upper traceable numbers. Other parameters that depend on the
diameter can also have their formulas determined.

However, this undertaking comes with significant challenges. Despite the regular
structure and vertex-transitivity of circulant graphs, even a slight alteration, like changing
the graph’s order, completely transforms the graph, affecting the values of distance and
diameter. This complexity highlights the intricate nature of analyzing circulant graphs and
emphasizes the difficulties in deriving theoretical formulas for their distance and diameter.

Boesch and Tindell demonstrated in [8] that circulant graphs with different generating
sets can still be isomorphic, indicating that it is unnecessary to study the diameter of all
circulant graphs individually. Moreover, the cardinality of S inversely affects the diameter
of the circulant graph C,(S): a larger cardinality of S results in a smaller diameter. For
instance, C, (D) is isomorphic to the complete graph K, with an order of n and a diameter
of 1. If S = D\ X, where | X| = 1 or | X| = 2, then diam(C,(S)) = 2 [9]. Therefore, it is both
challenging and crucial to study circulant graphs with generators S of smaller cardinality,
for instance |S| = 2. However, for any circulant graph C,(S) with generator S = {s1,s,}
satisfying gcd(n,s1) = 1 or ged(n,s3) = 1, C,(S) is isomorphic to C, (1, s) (see Theorem 1).
Hence, our focus in this paper is on the connection set S = {1,s}, where s is an integer
satisfying2 < s < [ Z].

Theorem 1. Let n > 6 and let 2 < s1 < sy < | 5] such that gcd(n,s1) = 1or ged(n,sp) = 1.
Therefore, Cy(s1,52) is isomorphic to C,(1,s), where s.s; = s, (mod n) or s.s;y = n— s
(mod n).

Proof. Without loss of generality, we assume that gcd(n,s1) = 1 (the same reasoning
applies when gcd(n,sy) = 1). Let V(Cy(1,s)) = {0,1,...,n — 1}. We define the following
permutation:

c:V(Cy(1,5)) — {0,1,...,n—1}

i— 0o(i) =is; (mod n)

By construction, ¢ is surjective. Let7,j € V(Cy,(1,s)) such that o(i) = o(j). So, i.s7 = j.51
(mod n). Which means that (i — j)s; =0 (mod n). Since gcd(n,s1) = 1and s; # 0, we get
i —j = 0. Thus, i = j. Consequently, ¢ is bijective.

Since Cy(1,s) and Cy(s1,52) are vertex-transitive graphs, it suffices to verify that for
avertexi # 0, (0,i) € E(Cy(1,s)) if and only if (0,0(i)) € Cy(s1,52). Recall that in this
proof, all calculations are done modulo n. Leti € V(Cy,(1,s)). If (0,i) € E(Cu(1,s)) then
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liln € {1,s}. |iln = 1 means thati = 1 ori = n — 1. Moreover, c(1) =s;and o(n — 1) =
(n—1).sy = —s; (mod n). Therefore, (0,0(i)) € E(Cu(s1,52)). If |i|, = s theni = s or
i=mn—s.Thus, o(s) =s.s1 = s, (mod n).So, 0(s) € S. Also,c(n—s) = (n—s).s1 = —s
(mod n),i.e.,c(n —s) € S. Therefore, if |i|, = s then (0,0(i)) € E(Cy(s1,52))-

Conversely, if (0,0(i)) € E(Cu(s1,52))) then, |o(i)|n € {s1,s2}. |o(i)|n = s; means
that o(i) = s; orn —o(i) = s1. So,i.s71 = sy orn —i.s; = s1. Since gcd(n,s1) =1,i=1=
(mod n) or —i =1 = (mod n). Thus,i = 1 ori =n —1. Hence, (0,i) € E(Cy(1,5)). If
|o(i)]n = s, then o (i) = sp or n — o (i) = sp. S0, i.57 = sp or n — i.s1 = sp. Thus, i.s7 = 5.51
or —i.s; = s.s1. Since gcd(n,s1) =1,i =s = (mod n) or —i =s = (mod n). Therefore,
i=s= (modn)ori=n—s= (modn). Hence, (0,i) € E(Cy(1,s)). Consequently,
Cyu(s1,s2) is isomorphic to Cy(1,s). O

Subsequently, we will focus only on the following problem.
Problem 1. Given n,s, determine diam(Cy(1,s)).

To solve this problem, we develop a new algorithm in this paper that calculates the
diameter of circulant graphs C, (1, s) without implementing any graph. This innovative
method, which aids in finding distances within a circulant graph, enables us to derive
exact formulas for the diameter of C,,(1,s) across a wide range of n and s combinations.
(See Table 1, where n = As+v, A = ||, n = v (mod s),s = ay+b,a = L%j,s =b

(mod 7), po = |42, p1 = |G |y = | PRGN |y o | bl | )

(y+ b)(a)t A +1),and e = min{max{py, p3}, max{po, p2} })-

Table 1. Exact formulas for the diameter of circulant graphs Cy,(1,s).

Diameter of C,(1,s)

vy=0 :L)\Jrs 1J[4]
i —7+1
sodd = [3]+ 5! —min([3], [=F)
neven - : -
seven = [+ 57 ify <2[532],
L%J +% otherwise.
A>y s odd :[%W‘F%—mm(ﬁﬂ] T 7“})
rodd (214552 ifyefls—1},
seven =93]+ 4 i3y <2[4] -1,
(%1 + ’YT_l otherwise.
A<yandb <aA+1 _{ml 1fp1=‘p2andp4zl(m0d2), "
e otherwise.

Allnand s

< min(max(|2] + 10— [2)s =2, (|2 + D)s —n—1), |22], [ ] + [5])

2. Definitions and Notations

To develop our new algorithm, it is necessary to define new notions and techniques,
which is the purpose of this section.

Proposition 1 ([8]). The circulant graph C,(s1,s2, ..., sk) is connected if and only if
ged(n,s1,82,...,8¢) = 1.

Remark that in Figure 1, the graph Cp4(1, 8) is connected, while the graph Cp4(4, 8) is
not connected.
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Proposition 2 ([8]). All connected circulants are Hamiltonian.

Definition 1. A walk is a sequence within a graph that consists of vertices and edges, where both
edges and vertices can be revisited. A path, however, is a type of walk where no edges or vertices
are repeated.

Definition 2. In C,(1,s), a path from a vertex i to another vertex j is denoted as P(i, ) and is
represented as the pair (xa™, Bc™), where:

*  The symbol a (or c) indicates that P(i, j) traverses outer (or inner) edges.
*  « (or B) denotes the number of outer (or inner) edges.
e The symbol + (or —) indicates that P(i, j) follows the clockwise (or counterclockwise) direction.

Remark 1. Let i and j be two vertices of C,(1,s). The path P(i, j) connecting these vertices can be
realized in several ways:

1. The notation P(i,) = (aa™, Bc™) represents a path where P(i, j) moves along a outer edges
either in the clockwise (+) or counterclockwise (—) direction, before continuing through p
inner edges either in the clockwise (+) or counterclockwise (—) direction.

2. The notation P(i,j) = (Bc*,aa™) represents a path where P(i, ) traverses B inner edges in
the clockwise () or counterclockwise (—) direction before proceeding through w outer edges
in the clockwise (+) or counterclockwise (—) direction.

3. The notation P(i,j) = (xa™,0) represents a path where P(i, j) exclusively traverses a outer
edges in the clockwise (+) or counterclockwise (—) direction.

4. The notation P(i,j) = (0, Bc™) represents a path where P(i, ) exclusively traverses B inner
edges in the clockwise (4 ) or counterclockwise (—) direction.

Notation 1. Let i and j be two vertices of C,(1,s).

1. Anouter (or inner) edge connecting the vertices i and j and following the clockwise (+) or
counterclockwise (—) direction is represented as i o jlori s j), respectively.

2. The length of the path P(i, j) is denoted by £(P(i,)), the number of outer edges in P(i, ) is
represented by £,(P(i, ])), and the number of inner edges in P(i, j) is denoted by £.(P(i,f)).
Thus, £(P(i,)) = £a(P(i,])) + £c(P(i, ]))-

Example 1. Let us focus on the graph Cyo(1,4) presented in Figure 2.

Figure 2. The circulant graph Cyo(1,4).

If we choose an arbitrary vertex within the graph, such as vertex 6, there will exist multiple
paths from vertex 0 to vertex 6. For illustrative purposes, we provide several of these paths in
Table 2.
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Table 2. Examples of paths leading from the vertex 0 to the vertex 6 in C1¢(1,4).
P(0,6) Representation of P(0,6)  £,(P(0,6)) £.(P(0,6)) £(P(0,6))
= (2a7",1ct) 0" 1 st 2" 6 2 1 3
= (207,2cT) 00 9ant 8amt 2 ant g 2 2 4
= (0,4ct) 0~ 4t 8 amT 2T 6 0 4 4
=(0,1c7) 0~ 6 0 1 1

Definition 3. Let i,j € V(Cy(1,s)). Let P(i,j) and Q(7',}") be two paths in Cy(1,s). P(i,})
is equivalent to Q(i',]"), denoted P(i,j) ~ Q(i',j"), if and only if £(P(i,j)) = £(Q(7,]")),
L(P(i,7)) = (Q(',]), €c(P(i,j)) = £.(Q(i',j)), and that P(i,j) and Q(i’,]") take the

same direction.

Example 2. In Example 1, P(6,9) = (1a—,1c™") is equivalent to P(0,3) = (1a~,1c™) because
L(P(6,9)) = £(P(0,3)) = 2, £,(P(6,9)) = £,(P(0,3)) = 1, £:(P(6,9)) = £.(P(0,3)) =1,
and that P(6,9) and P(0,3) take the same direction.

Lemma 1. Consider two vertices i and j belonging to the vertex set V(Cy(1,s)) of the circulant
graph C,(1,s). Let P(i,j) and Q(i, j) be two distinct paths within C,(1,s). The relation denoted
by = is an equivalence relation defined on the set of paths in C,(1,s).

Proof. The proof is immediate. [

Observations

*  Letusrecall that since circulants belong to the family of Cayley graphs, any undirected
circulant graph is vertex-transitive. Consequently, for any pair of vertices i and j within
Cy(S), their distance, denoted as d(i, j), can be equivalently expressed as d(0, z), where

j—1, ifi <j,
z=1{/ J
n—i+j, otherwise.

*  Since circulants are vertex-transitive and symmetric, the maximum distance among all
pairs of vertices in C,;(1, s) must occur for vertices i such that 1 <i < |2 ]. However,
d(0,1) = d(0,n — 1) = 1. Thus, we have diam(Cy(1,5)) = max{d(0,i) : 2 <i < [5]}.

Henceforth, in this work, we specifically focus on paths leading from vertex 0 to
another vertex i in C,(1,s), denoted as P(7). The distance of P(i) is represented as d(i).

Example 3. Consider the graph Cyo(1,4) depicted in Figure 2. Here, we provide examples of some
equivalent paths in C1o(1,4):

e P(6,9) = (la",1c") is equivalent to P(3) = (la—,1c™);

e P(6,2) =(0,1c™) is equivalent to P(6) = (0,1c™);

Lemma 2. For any vertex i in C,(1,s), there exists a path that connects vertex 0 to i, following
a sequence of traversing all its outer edges before proceeding to its inner edges, or conversely,
traversing all its inner edges before entering its outer edges.

Proof. Let i be a vertex of C,(1,s). Without loss of generality, suppose that WV is an
arbitrary walk in C,(1,s) leading from vertex 0 to vertex i by traversing aa™, fa~, yc™
and Ac—, of length /()W) = a + B+ v+ A. In such a case, there exists a path P(i) in



Algorithms 2025, 18, 261

6 of 20

Cu(1,s) that traverses all its outer edges before entering its inner edges, or vice versa, as
represented below.

)e™) if a>pand v>A,
)e™) if a<pand y<A,
A=)cT) if a>pand y<A,
)e) if a<pand v>A

((

. ((
P(i) =

(i) (

((

Thus,

( )+ ( ) if a>pgand y>A,
B—a)+(A—7) if a<pand y<A,
(a=p)+(A—17) if a>pand y<A,
( )+ ( ) if a<pand y> A

It is evident that ¢(P(i)) < £(W). Therefore, for all vertices i € V(Cy(1,s)) in the
graph C,(1,s), there exists a path leading from vertex 0 to vertex i by traversing all its outer
edges before entering its inner edges, or vice versa.

Assume now that P’(i) is an arbitrary path in C, (1, s) leading from vertex 0 to vertex i
by traversing a’a®, f'a~, 4'ct and A'c”. In the same manner, it can be proven that there
exists a path P(i) equivalent to P’(i) leading from vertex 0 to vertex i by traversing all its
outer edges before entering its inner edges, or vice versa. [

Example 4. Let us consider the graph C1y(1,4) presented in Figure 2. Without loss of generality,
let W be an arbitrary walk in C1o(1,4) leading from vertex 0 to vertex 6, with YV taking the edges
lat,1a™,2c*, and 3c™. The representation of W is as follows:

T 1w 5T 9T §ant 4 0T 6.

0~
By Lemma 2, there exists a path P(6) leading from vertex O to vertex 6, defined as P(6) =
((1—1)a™,(3—2)c™) = (0,1c™). We observe that £(P(6)) = 1, which is less than {(W) = 7.
Thus, for vertex 6, there exists a path P(6) that traverses all its outer edges before entering its inner
edges.
In the same graph of Example 1, P3(6) is an arbitrary path in C19(1,4) leading from vertex 0
to vertex 6, by taking the edges 1a™,1a~ and 4c™. The representation of P3(6) is as follows:

0 s 1 st 5 an 9t 3t 2 T g
There exists the path Py(6), from Example 1, leading from vertex O to vertex 6, defined as Py(6) =
(1 —1)at,4ct) = (0,4c™). We observe that £(Py(6)) = 4, which is less than £(P5(6)) = 6.
Thus, for vertex 6, there exists a path Py(6) that traverses all its outer edges before entering its
inner edges.

Notation 2. Let i be a vertex of C,(1,s), and let t be an integer. We denote the integers q, qi, 4i, 1,
r¢, and 73 as follows:

e i=r (mods)andq:=[L],

e tn+i=r; (mods) and g := "],

e tn—i=7 (mods) and g := =]
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Remark 2.

e InCy(1,s), the inner edges form gcd(n,s) cycles of length gcd(n o

e We remark that by Proposition 2, if gcd(n,s) = 1, then C,(1,s) is Hamiltonian. Thereby, the
inner edges form one cycle of length n.

e Letibeawvertex of Cy(1,s). If gcd(n,s) = 1, then the number of inner edges in P(i) cannot
exceed n — 1. Thus, the number of inner edges is bounded as follows: 1 < §; < n—1and
1<gq <n-—1. Thus, % < L%j < n—landt”T’i < L%J < n — 1. Therefore,
1<t<s.

*  Otherwise, if gcd(n,s) # 1 then the number of inner edges is bounded as follows: 1 < §; <
gcd?n,s) and1 < gq; < Therefore, 1 < t <

n
gcd(ns)” gcd(n s)*

3. Algorithm Computing the Diameter of Circulant Graphs

Our objective is to establish formulas that yield precise values for the diameter of
Cx(1,s) across all potential combinations of 7 and s. Given that the diameter represents the
greatest distance between any pair of vertices, and the distance corresponds to the shortest
path, we have thoroughly examined the characteristics of paths in C, (1, s). Consequently,
we have discovered the existence of numerous equivalent paths leading from vertex 0 to
another vertex i within Cy,(1,s). Our approach revolves around identifying and character-
izing this equivalent class of paths in C, (1, s), which allows us to derive the exact values
for the diameter of the graph.

Lemma 3. Let t be an integer such that 1 < t < m
exists a class of pairwise non-equivalent paths C = {P'(i), P?(i), PV (i), P>*(i), P3* (i), P*! (i)}
such that

o PYi) = (ra*t,qct) of length £1(i) = r +q.
)

. For every vertex i of C,(1,s), there

o P2(i)=((s—r)a",(qg+1)ct) of length (?(i) = 1+s—r+q.

o PV(i) = (ria*,qic™) of length £V (i) = r; + qs.

o P2(i)= ((s—r)a, (g +1)ct) of length €24 (i) =1+ — 1t +qs.
e P¥(i)= (fta’,qtc’) of length (34 (i) = 7 + g;.

o PH(i)= ((s—F)at, (G +1)c7) of length (4 (i) =1+ — 7t + .

Proof. Let i be a vertex of C;(1,s) and ¢ be an integer such that1 <t < m'
By the definition of r, we have i = gs + r. In this case, we consider the path P(i)

+ + + + + +
a a s 25 sl L sC

represented as follows 0 8 T 2 st

r+gs = i. We have P! (i) = (rat,qc*) and, (' (i) = r +q.
Remark that i can be also written as i = (g + 1)s + (r — s). We consider, in this case,
the path P(i) represented as follows 0 ~»% 1 — 1~ 1 —2 =0 .o 1 — (5 —7) ~°
—(5=1) 45~ n—(5—1) 425 = i m—(s—1)+(g+D)s =n—+i(=i
mod 1). We have P2(i) = ((s —r)a—, (g +1)c*) and, £2(i) = 1+s—r +gq.

By the definition of g;, we have tn +i = q;s + r;. In this case, we consider the path

P(i) represented as follows 0 N N N VN A T A VN A T, T RVl

o ri b qis = tn+i (=i mod n). We have P> (i) = (ra*, gict) and, €44 (i) = r¢ + g1
Remark that i can be written as tn +i = (q; + 1)s + (¢ — s). In this case, we consider

the path P(i) represented as follows 0~ 71— 1 ~»8 11— 2 s oo a1 — (5 — 1)~
= (s—11) 45~ n—(s—r1) 425w o n—(s—r)+ (g +1)s = (t+1)n+i(=
i mod n). We have P*!(i) = ((s — r1)a”, (g: +1)c*) and, (24 (i) = 1 +5s — 11 + q¢.

By the definition of §;, we have tn —i = §;s + 7;. In this case, we consider the path
a (PR, U N C _F— 5 €

P(i) represented as follows 0 ~»* n —1 ~~

¢ —F—gis = —tn+i (=i mod n). We have P> (i) = (Fia~,gic™)

—Ff
_ft_ZS ~sC e
and, (34 (i) = 7 + g;.
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Remark that i can be written as tn —i = (§: + 1)s + (7t —s). We consider, in this
case, the path P(i) represented as follows 0~ 1 ~=8" 2 s ... anl’ (5 —5) ~mC
—(Fr—8)—s ~¢ —(Fr—5)—25 ~¢ v —(Fr—s)—(t+1)s = —tn+i(=i
mod 1). We have P* (i) = ((s — #)a™, (§: +1)c") and, ¢4 (i) =1 +s—F +q;. O

Remark 3. In certain instances where specific values of n and s are considered, the set C may
include certain walks. In such cases, these walks will be equivalent to other paths within C but
possess smaller lengths.

Proposition 3. Each path present within the class C forms an equivalence class.

Proof. Let i be a vertex of Cy(1,s), and let t be an integer satisfying 1 < ¢ < The

(n s)’
set of paths P comprises the following six equivalence classes:

. [Pl(')] = {P(i) € P: P'(i)  P(i)};

« [PP(0)] ={P() e P: P2(i) = P(i) };

o [PV@)]=A{P (1)67’ PU(i) ~ P(i)};
o [P¥(i)] = {P(i) € P: P>(i) = P(i) };
o [PE)]=A{P (1)67’ P (i) ~ P(i)};
o [P¥(i)] ={P(i) € P: P¥(i) = P(i)}.

In fact, without loss of generality, assuming that W is an arbitrary walk in C,(1,s)
leading from vertex 0 to vertex i, we can apply Lemma 2 to establish the existence of a path
Q(i) that traverses all its outer edges before entering its inner edges, or vice versa. Let us
assume, without loss of generality, that Q(i) = (xa®, Bc™). In this case, there exists a path
P(i) € C that satisfies the following conditions: ¢(P(i)) = ¢(Q(i)), £a(P(i)) = ¢a(Q(i)),
C:(P(i)) = £:(Q(i)), and both P(i) and Q(i) take the same direction. In other words, there
exists P(i) € C such that P(i) ~ Q(i). O

Example 5. Consider the graph C1o(1,4) presented in Figure 2. Without loss of generality, let
W be an arbitrary walk in C19(1,4) leading from vertex O to vertex 6, with W taking the edges
la™,1a,2ct, and 3c~. The walk W is represented as follows:

0o 1 s 5 anCT 9 an 8 ant 4an 0t 6.

By Lemma 2, there exists a path Q(6) such that Q(6) = ((1—1)a™,(3—2)c™) = (0,1c™). We
note that £(Q(6)) = 1, which is smaller than £(W) = 7. Moreover, by Lemma 3, for t = 1, we
haven —i =10 — 6 = 4 = s. Thus, P>'(6) = (0,1c ™). Hence, Q(6) ~ P31(6). Consequently,

Q(6) € [P¥!(6)].

As per the definition, the distance corresponds to the shortest path. The following
result provides the distance between vertex 0 and any vertex i in C,(1,s).

Lemma 4. Let t be an integer such that 1 < t < ( 5 Foralli € V(Cp(1,s)),
(i) = min (£ (1), C(0), €4(3), (24 (0), 634 (i), 044 (7).

The algorithm for computing the diameter of C,(1,s) can be outlined as follows
(Algorithm 1):
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Algorithm 1 Diameter of C,(1,s)
Input: n and s
Step 1: Compute ged(n, s)
Step2: Forie€ {2,...,[5]}and1 <t <

S
Zcd(ns)” compute

d(i) = min(£1(i), £2(i), £ (i), 024 (i), 634 (i), €% (i)

Output: diam(C,(1,s)) = 2<n'1<a[X”J d(i).
SIS |y

Remark 4. Algorithm 1 allows us to calculate the diameter without implementing any graph.
Unlike classic methods that require the implementation of a graph, our algorithm only requires
two integers, n and s, to provide the diameter of the circulant graph C,,(1,s). This significantly
optimizes space. Another important point is that classic diameter calculation algorithms simply
yield a numerical value, whereas our algorithm provides exact formulas for the diameter of the
circulant graph Cy, (1, s) for any n and s.

In the upcoming section, we present exact formulas for the diameter of C,,(1,s) for
almost all values of n and s, which have been established and computed using techniques
applied in Algorithm 1.

4. Diameter Formulas for Circulant Graphs

Throughout this section, we assume thatn > 5and 2 < s < L%J We express n as
n = As 4 v, where 7 is an integer satisfying the condition 0 < ¢ <s.

Theorem 2 ([4]). Ifn = As, diam(Cy(1,5)) = [255=L].

As we delve into proving the upcoming results, we consider two cases: when A >
and when A < <. We first address the scenario where A > v. Given that we have already
discussed, in Theorem 2, the case where y equals 0, our focus now shifts to situations where
A > 7 > 0. Within this context, we explore the parity of the integers n and s across four
scenarios: when both 7 and s are even, when both are odd, when 7 is even and s is odd, and
when 7 is odd and s is even. Before delving into this, we introduce the following lemma,
which will aid in proving the subsequent results.

Lemma 5. Let i be a vertex of Cy(1,s). Let d and k be two integers such that | 5] < k < n. If for
each vertex i < k, either (1 (i) < d, fz(i) <d, 63'1(1') <d,or 64'1(1') < d, then d(i) < d for all
vertices i of Cy(1,s).

Proof. Let i € V(Cy(1,5)) and let d,k € N such that 5] < k < n. We discuss the
following cases:

Case 1. El(i) <dfori<k

According to Lemma 4, we find that d(i) = min(¢'(i), £2(i), (¥ (i), 024 (i), 03 (i),
¢4(i)). Hence, d(i) < ¢'(i) < d for i < k. However, considering that | 4| < k < n, we can
see that d(i) < d fori < |%|. Additionally, we have ¢1(i) = r+ | {] = r+ LWJ =
31 (n — i), which implies that similarly, by Lemma 4, d(n —i) < 31 (n —i) < dfori < | %],
ie,d(i) < dfori> [5]. Consequently, d(i) < d for all vertices i of C;,(1,s).

Case 2. (?(i) < dfori < k

Utilizing Lemma 4, we derive that d(i) < 62(1') < dfori < k. However, given that
5] < k < n, we note that d(i) < d fori < |5]. We continue in the same manner as



Algorithms 2025, 18, 261

10 of 20

we did in the previous case, noting that this time, we have (2(i) = 1+s—r+ LéJ =
T4s—r+ 2200 = pbl(y — i),

We estabhsh the rest of the cases using the same approach as in Case 1, with the
distinction being that in these instances (> (i) = ¢! (n — i) and ¢*!(i) = (>(n —i). O

4.1. Diameter of C,(1,s) When n Is Even and s Is Odd

Lemma 6. When n is even and s is odd,

diam(Cu(1,9)) < [5]+ 5% —min([ 71, =112

1)-
Proof. Let us denote M as the minimum value between [1] and [-3*1], and let i repre-
sent a vertex of C,(1,s). According to Lemma 4, we find that d(i) < min(¢31(i), ¢41(i)),
where (¥1(i) = 7 + || and ¢#1(i) = 1+s— 7 + [%]. It is worth noting that if
1 < 51 then m1n(€31( ), 41 (i) = £31(i); otherwise, min(€31( ), 41 (i) = £41(i).

Forl < (4] + M)s, we find that (>1(i) < 7, + [4] — Mand (41(i) < 1+s—F +

4] - M. Ifr < 41 then d(i) < 531( i) < [4] + 5t — M; otherwise, d(i) < ¢*(i) <
47+ — Therefore, i) < [41+$ - M forz < (3] + M)s. By Lemma 5, if
1<(13 j +M)s < n,thend(i) < [4]+ % — M for all vertices i of C,,(1, s). Consequently,

we will have diam(Cy(1,5)) < [4] + S — M, which is the desired outcome. Hence, the
remaining task is to prove that 2 < (|4 | + M)s < n, a proof that will be presented in the
following claim.

Claim1. % < ([4]+M)s<n.

Proof. It is worth noting that if 7 is even (or odd), given that # is even and s is odd,
we conclude that A is also even (or odd). Also, if v < %, then M = [%} ; otherwise,
M= [#] . Therefore, we will consider the following two cases:

Casel. v < %

In this case, we have

(A2 + X5, if ¢ is odd
([3)+M)s=(l5]+[3D)s =1 2 y 2
(§+§) if 7y is even
= (%0)s.
Thus,
o % (A;7 )S _ Asty _ Astys _ v(1-s) <0

2 T =7

o ()s—n= (50— (As+ ) =
1

Case 2. v > %

In this case,

(A Y42 o
s, ifyisodd
(14)+M)s = (13] + [=F1)s f RN
(5+ )s, if v is even
(/\ 5—7y l)S.

Hence,
n Ats—y+1 As+y As+s2—ys+s _ (y—s)+(ys—s2) 2
¢ — (1 )s =1 - ) = > <0. (s < s9)

2
N ()H—s “/-i—l) (/H-s;y-&-l)s _ ()\S + 7) _ s(s—)x—'y%-i—(s—z'y) < 0.

—n =
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(We have v > Serl so 2y —s > 1. Thus, s — 27 < 0. On the other hand, since A > 7
and 7y > strl,then/\ > SH . Thus,s — A < & 1 . Moreover, we have —y < =5~ 1 Hence,
s—A—y< Sl =L <0) O

L

Lemma 7. Suppose n is even and s is odd. There is a vertex i in C,(1,s) such that,

s+1 7+1

()—[1+ ([H 1)-

Proof. Letd = [4]+ 1 —min([%], [©2]). Let R = {1,2,...,5 — 1} be the set of all
the possible values of . This set can be partitioned into: Ry = {2m —1:1<m< [%j 1,

={2m:1<m< [*P|},Rs={s—2m+2:2<m < []},and Ry = {s —2m +1:
1<m< [%1 }. Note that R3 = Ry = @ when s < 5. Moreover, R = R; U R, U R3 U Ry.
In fact, when 7 is odd (i.e., v € {R1,R3}), we have R = {1,3,5,...,2L%J —1} and
Ry = {s—2[52] +2,...,s —2}. It is easy to verify that, when s is odd, we obtain
2[83] —1+2 = s —2[571] + 2. Similarly, when 7 is even, we have 2|3 | +2 =

s—2[2] + 1.
Casel.y € Ry
il if o < 5t
Since 1 is odd, min([}], [*=}]) = min(§},=§2) = 2 T V= 2
—5— otherwise.

However, v = 2m — 1, where 1 < m < [$32|. Thus, if s = 1 (mod 4), then v < &t
Otherwise, if s = 3 (mod 4), then ¢ < 551, Hence, min(2}2, =142) — 7+1.Moreover,/'\
isodd and A > o > 1. Thus, A > 3. Therefore, wheny € Ry, d = )‘H + % — 77“ +1.

Casell.y =1

i — Afs i — A1 s+l

In this case, d = #5°. Let i = #5=s + %= be a vertex of C;(1,s). We have,
o (MNi)= (i) = A1 + = =4

Let1 <t <
then,
o (Vi) =t(A+1)+ 25+ 5 >
o i) =t(A-1)+27 + 5 >4

Ift+5H > de,t > 551 hentn—i—iz(t)t—l—%—l—)\’)s—i—’y’where)\’21,7’ >0
and t + 551 = Vs + 4.

o M) =tA4+ 2 N 49" > A+ > 4+ M So, oM (i) > 514 AL Thus,

(i) > d;

o Mi)=1+s—9 +tA+ 2571+ A > tA + A 4 1. Thus, 4(i) > d;

Wehavetn —i = ((t—1)A+ 242 )s+t — S Ift — SEL < 0, thentn —i = ((t—1)A +

A)s 4 55,

sedlns) beaninteger. We have tn +i = (tA+ 250 s+t+ SFL T+ 5L < s

N Lo
. Eifﬁ(z.)—(t—l)(/\qu)JrEJrZZ?+?12d,
o ) =(t-1A-1)+A > Al >y
IfO<t—H <sie, t > thentn —i= ((t— 1)/\+)‘+1)s+t
o Oy =(t- )A+A“+t7iz — 1A+ 24 >t+“So,€3f()>d
A+l

> (t—1)A + AL + 1. Thus, ¢4(i) > d.
23) =d.

||N

(t
o Mi)y=1+4s—(t—FH+(t-1DA+
Thus, by Lemma 4, we have d(i) = ¢! (i
Case1.2. v >3
If s = 5 then, we have v =3, A > 5,and d = 231 + 1. Leti = (2L + 1)s be a vertex
of Cy(1,s). By a simple calculation of the lengths 61( i) to £*!(i) represented in Lemma 3,
and by applying Lemma 4, we obtain d(i) = ¢! (i) =

)
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Ifs >5then, v > 3,A >5,andd = %—I—% 7“ .Leti = ’\Hs—i—'y“—kerl
be a vertex of C,(1,s). Since s > 5and 7 < 5, we obtaln 7“ + SH < s. Note that
7771 -1>- A’H + 2 because y > 3. By a simple calculation of the lengths 01(i) to €4 (i)
represented in Lemma 3, and by applying Lemma 4, we obtain d(i) = ¢?(i) = d.

Case2. 7y € Ry

; s+1
lf ’)/ S 5

Since v is even, min = 7+1 =min(%, &1 =
([ L= = (2I 2 7“ otherwise.

Moreover, v = 2m where 1 < m < | £ Thus, for s odd, we obtain ¢ < # Hence,

ux‘+
w l_

s+3

A
5+

wehavey >2,A>4,s>3,andd = i
3+
2

Case 2.1. v = #

In this case, d = 2 + 3 T Leti= 2s + 4 1 be a vertex of C,,(1,s). Note that since s > 7,
weobtains —7 > J. Bya snnple calculatlon of the lengths él( ) to ¢4!(i) represented in
Lemma 3, and by applymg Lemma 4, we obtain d(i) = ¢(i) =

Case 2.2. v < %

Ifs=3,theny=2,A1>4,andd = 4 + 1. Leti = (4 + 1)s be a vertex of C,(1,s). By
a simple calculation of the lengths El( i) to £4!(i) represented in Lemma 3, and by applying
Lemma 4, we obtain d(i) = ¢1(i) =

Ifs>3,theny >2,A 24,andd: %—i—%—%.Leti: %S—l—%-k%beavertexof
Cu(1,s). Since s > 3and v < &5, we have £ + } < s. Note that 7 —1 > —7 + 1 because
v > 2. By a simple calculatlon of the lengths i ) to ¢*!(i) represented in Lemma 3, and
by applying Lemma 4, we obtain d(i) = ¢2(i) = d.

Case 3. v € R3

In this case, v = s —2m + 2 where 2 < m < [£71]. If s = 1 (mod 4), then 7 >
£33 Otherwise, if s = 3 (mod 4), then 7 > 3. Since 7 is odd and 7 > *}!, we get
min([%], [S_AZ/'H]) = mm('y';l, . ZH) = S_'H'Z . Therefore, v > 3, A > 5,s > 7 (when
s <5R3=0),andd = AL 4 41 == 7+2 Leti = (A1 — =12)s 1 541 pe a vertex
Cu(1,s). By a simple calculatlon of the lengths (1(i) to £4!(i) represented in Lemma 3, and

by applying Lemma 4, we obtain d(i) = ¢1(i) = ?(i) = d.

Case4. v € Ry
Here, we have v = s —2m + 1 where 1 < m < [$2]. If s = 1 (mod 4), then y > 37,
Otherwise, if s = 3 (mod 4), then v > 55° Moreover, since 1y is even and v > 51, we

have min([ 31, [&=37) = mm(7 = ZH) = *2*1 Therefore, 7 >4, A > 6,5 > 7 (when
s <5R3=0),andd = 4+ — =2 Teti = (2 — =T 1 1)s + 551 be a vertex
Cu(1,s). By a simple calculatlon of the lengths 01(i) to £*!(i) represented in Lemma 3, and

by applying Lemma 4, we obtain d(i) = ' (i) =d. O

Thus, the following theorem follows from Lemmas 6 and 7.

Theorem 3. When n is even and s is odd,

diam(C(1,5)) =[] + 5+ —min([ 3, [*=700)

4.2. Diameter of C,(1,s) When Both n and s Are Even

Lemma 8. When both n and s are even,

s=r < 2[s=2 /
diam(C(1,5)) < 7 Fr s
_'_

3 otherwise.
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Proof. Since both 1 and s are even, 7 is also even regardless of whether A is even or odd.
Let i represent a vertex of Cy,(1,s).

Case 1. y < 2[572]

According to Lemma 4, we find that d(i) < min(¢31(i), ¢*1(i)), where ¢31(i) =
1+ [ fand 41(i) = 14+s—7 + L%J It is worth noting that if 7/ < 5, then
min(¢31(i), (41(i)) = (>1(i); otherwise, if 71 > 5 + 1, then min(¢>1(7), (41(i)) = E‘“(').
Fori < (LEJ + ¥)s, we find that (31(i) <7 + [ } Tand M41(i) <1+s—7 + [ 1-

Ifry <35 then d( ) <G < [31+5-% otherw1se, if 71 > 541, then d(i )

4130 < [ 1+ 5 — . Therefore, d(i) < (2] +5—Ffori<(|4]+3% )s. By Lemma 5, if

1<(13)+3% )s<n,thend()_ 31+5 -1

we will have diam(Cy(1,5)) < [4]+5 — %, which is the desired outcome. Hence, the
< (3] + 3)s < n, aproof that will be presented in the

7 for all vertices i of Cn(l,s). Consequently,

remaining task is to prove that 5
following claim.

Claim2. 4 < ([4]+})s<n

Proof. If A is even, then,

- (34 =1 dym e <

(3 +)s —n = Aotas2As72y S(%é)fzw <0.(y<As07—A<0)
Otherwise, if A is odd, then,

° (/\71 + ’Y) = /\sfer'ystZ/\sz'y _ s('yf/\)zfsfly <0.(y<Asoy—A<0)
° n (/\ 1 + ) Asty  As—s+ys ’y+527'ys <0.

2 2 2
(Assume that y +s— s > 0,i.e.,s(1 — ) + v > 0, which implies that s(y — 1) < 7.
Thus, s <54 . Contradiction with the fact thats > 7. Hence, vy +s5s— s < 0) O

Case 2. v > 2[%]

Fori < ([4] + 3)s, we have ¢!(i) < [4] + . Therefore, according to Lemma 4,
we find that d(i) < ¢1(i) < L%j + J. Moreover, as per the previous claim, we showed
that 2 < ([4] + 3)s < n, thus, by Lemma 5, d(i) < | 4| + } for all vertices i of Cy(1,s).
Consequently, diam(Cy(1,5)) < 4]+ 3. O

Lemma 9. Suppose that both n and s are even. There is a vertex i in C,(1,s) such that,

T+50 if v <2052,
1+7 otherwise.

(31450 if y <252,
131+ % otherwise.

In this case, v is even and s > 4 because if s = 2, then v = 0 (see Theorem 2).

Casel. v < 2[%]

Case 1.1. A is even

In this case, ¥ > 2,A > 4,5 > 4,and d = % A48 2 .Leti = (% )s—|— 5 be a vertex of
Cn(1,s). Table 3 represents a simple calculation of the lengths ¢!(i) to ¢*!(i) provided in

Proof. Letd =

Lemma 3.
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Table 3. Values of ¢1(i), ¢2(i), (V' (i), ...,

~
i
L
—
-
N2

() =2t =d
(i) =5+52+1 >d
A 5= if t §<
(i), 24 (i) o A A > d
§+T+1 1ft’)/+§ZS.

245 if ty—$ <0,

B (i) >4+ 50 if 0<ty—5<s, >d
A+ 41 ity —§ >
>4 450 if ty—$<0,

o4 (i) >54+5Y+1 if0<ty—§<s, >d
>4+ 42 if ty—5 >

Thus, by Lemma 4, we have d(i) = ¢! (i) = d.

Case 1.2. A is odd

Ify=2then, A > 3,s > 4,andd = %—i—%.Leti = %S—O—%—l—lbeavertex
of Cy(1,s). Note that since s > 4, we have 5 +1 < s. By a simple calculation of the
lengths ¢! (i) to ¢*!(i) represented in Lemma 3, and by applying Lemma 4, we obtain
d(i) = ¢2(i) = d.

Ify>4then, A >5,5s>6,and d = %—F%.Leti: %S—O—%—l—%—i—lbeavertex
of Cy(1,s). Sinces >4 and v < [52], wehave J + § +1 <s. Notethat  —2> -7 +1
because y > 4. By a simple calculation of the lengths ¢ (i) to ¢**(i) represented in Lemma 3,
and by applying Lemma 4, we obtain d(i) = ¢2(i) = d.

Case 2. y > 2[572]

If Aiseven, theny >2, A >4,s >4,andd = % + % Leti = 7 be a vertex of C;,(1,s).
Note that since s > 1, we have s — 7 > Z. By a simple calculation of the lengths ¢!(i) to
(4! (i) represented in Lemma 3, and by applying Lemma 4, we obtain d(i) = ¢!(i) = d.

If Ais odd then, ¥y >2,A > 3,5 >4,and d = %—F%.Leti = %s—k%beavertex
of Cy(1,5). Since s > 1y, we have s — 7 > 7. Similarly, by applying Lemma 4, we obtain
d(i)=0'(i)=d. O

Thus, the following theorem follows from Lemmas 8 and 9.

Theorem 4. When both n and s are even,

A s— i < o[s=2
diam(Cy(1,5)) = (21+ 2 if vy<2[ 1 1,
L%J + % otherwise.

4.3. Diameter of C,(1,s) When Both n and s Are Odd
Theorem 5. When both n and s are odd,

diam(C,(1,5)) = [%1 + Serl -

min([ 751, 22 1E2),

Proof. Let us denote M as the minimum value between [711] and [*1%2], and let i
represent a vertex of C,(1,s). We prove, by the same method as in Lemma 6, that for
i < (L%J + M)s, d(i) < [%] + 21 — M. Then we prove, similarly as in Claim 1, that
|4] < ([4] + M)s < n. Hence, by applying Lemma 5, we find that d(i) < [%] +l-M

for all vertices i in Cy(1,5). Hence, diam(Cy(1,5)) < [4] + L — min([ 23], [S_ZH} ).
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Letd = [4] + 5 — min([ 7], [53427). Let R = {1,2,...,s — 1} be the set of all

the possible values of . This set can be partitioned into: Ry = {2m —1:1 <m < [$3]},
={2m-2:2<m <[]} Ry ={s-2m+2:2 < m < [*2]}, and Ry =

{s—2m+3:2<m < (%] }. Moreover, R = R U Ry U R3 U Ry. In fact, when v is odd (i.e.,
v € {Ry,R3}), wehave Ry = {1,3,5,...,2[ 83| —1}and Ry = {s —2[*2] +2,...,s —2}.
It is easy to verify that, when s is odd, we obtain 2| 52 | —1+2 = s — 2[571] + 2. Similarly,
when 7 is even, we have 2[ 2] —24+2 =5 —2[51] + 3.

Casel. vy € Ry
R R

Since 7 is odd, min([ 2117, [£3#2]) = min(2EL, =42) = sfw

N

otherwise.

However, we have 7 = 2m — 1 where 1 < m < [*2|. Thus, ifs = 1 (mod 4), then

v < 5. Otherwise, if s = 3 (mod 4), then 7y < Tl Hence, min( 22, =712 ZH) =1

Moreover, wehavey > 1, A > 2,s > 3,and d = + % — 7;1. Leti = (7 —1)s +
sy %H be a vertex of Cy(1,s). Since v < 3%, we have 5! + LH < s. Note that

VTH 1>— 7“ + 1because y > 1. Table 4 represents a 51mple calculat1on of the lengths

01(i) to £ (i) prov1ded in Lemma 3.

Table 4. Values of ¢1(i), ¢2(i), £V (i), ..., (4 (i).

1(; _ A -1 +1
() =ty 51 >d
H 1 +1
2 (i) =45+ 51 -1 =
1 1, s
glt()th() > %_F%_% 1ft7+%+%<5' >d
oot it
A 1 +1 +1 —1
gSt()géIt() > 7_’_%_% if t _WT ST<S' >d
I N L P
Thus, by Lemma 4, we have d(i) = ¢%(i) = d.
Case 2. v € Ry
rt2 if oy < st
Since 1 is even, min([ 1317, [£=1727) = min(2%f2, &=02) = { 2 r="7

s—y+3 +3
5 if y > 552,

However, we have v = 2m — 2 where 2 < m < [$2]. Thus, if s = 1 (mod 4), then
v < 42, Otherwise, if s = 3 (mod 4), then v < 4!, Hence, mm(’y;l, st2y = xil
Mer_svH if = 532,
Therefore, ¥y > 2,A > 3,5 > 3,and d = A Sil y+22 o
i ni R B e o

Case 2.1. 7 = 53

In this case, d = 241 + 571, Leti = 215+ 7! be a vertex of Cs(1,s). Note that
s— 51 >571 Bya 51mple calculahon of the lengths 61( /) to ¢4 (i) represented in Lemma 3,
and by applymg Lemma 4, we obtain d(i) = ¢ (i) = d.

Case2.2. v < #

Ifs =3, theny =2,A >3,and d = 2f1. Leti = 215 be a vertex of C4(1,s). By a
simple calculation of the lengths ¢1(i) to £+ t( /) represented in Lemma 3, and by applying
Lemma 4, we obtain d(i) = ¢1(i) = d.

Ifs >3, theny >2,A>3,andd = AH—O—M—'VTH Leti = %s—l—%—i—%ﬂ
be a vertex of C,(1,s). Since s > 3and v < 5, we get 551 + LH < s. Note that
VTH > = 7+2 +2and —15= 2> AHZ + 1 because vy > 2. By a 51mple calculation of the
lengths El( ) to £44(i) represented in Lemma 3, and by applying Lemma 4, we obtain
d(i) = (i) = d

Case 3.y € R3
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In this case, ¥ > 3,A > 4,5 > 3,andd = %—k% = 7+2 .Leti = (% - = g+2)5+ %
be a vertex of C,(1,s). By a simple calculation of the lengths (1(i) to £*! (i) represented in
Lemma 3, and by applying Lemma 4, we obtain d(i) = ¢1(i) = (2(i) = d.

Cased. vy € Ry

Wehavey >4,A>5,5s>3,andd = %—1—% = 7+3 .Leti = (%— = 7Jr?’)s—f—
=1 be a vertex of Cy(1,s). By a simple calculation of the lengths ¢1(i) to £+ (i) represented
in Lemma 3, and by applying Lemma 4, we obtain d(i) = ¢! (i) = ¢?(i) = d.

Hence for all y € R, there exists a vertex i of C,(1, ) such that, d(i) = [4§] + &L — M.
Consequently, diam(Cy(1,5)) = [4] + =1 — min([21], [£=1427). O

4.4. Diameter of C,(1,s) When n Is Odd and s Is Even

Lemma 10. When n is odd and s is even,

[51+5%  fre{ls-1},
diam(Ca(1,5) < q [5]+ 57 if3<y<2[§]-1,
47+ 12 otherwise.

Proof. Since n is odd and s is even, 7 is odd regardless of whether A is even or odd. Let
i€ V(Cu(1,s)).

Casel.y € {1,s—1}

Fori < (|4] +1)s, we find that 31(i) < 71+ [4] —1and *'(i)) < 1+s—7 +
[4] — 1. According to Lemma 4, if 7 < §, then d(i) < (31(i) < [4] + 32; otherwise,
if 71 > 5+ 1, thend(i) < ¢*1(i) < [4] + 32. Therefore, we find that d(i) < [4] + 52
fori < ([4] +1)s. By Lemma 5, if [ 2] < (|4 +1)s < n, then d(i) < [4] + 552 for all
vertices i of Cy(1,s). Consequently, we will have diam(C,(1,s)) < f%] + 252 which is the
desired outcome. Hence, the remaining task is to prove that [ 2] < (|4 | +1)s < n, a proof
that will be presented in the following claim.

Claim3. 2| < ([3]+1)s<n

Proof. If A is even, then,
o 13- (G HDs<E- (B Ds< AT - AR <R <o
. (% +1)s—n= AS+2S_22AS_27 = 5(2_?_27 <0.(A>2even,s02—A <0)
Otherwise, if A is odd, then,
© B s S g - (gt 1)s < AT - AR < R <,
. (% +1)s—n= AS*HZS{MS*M = 5(172)727 <0.(A>2even,sol —A < 0)
O

Case2.3<ry<2( 1-1
Fori < ([4]+ 2 1 )s, we find that (31(i) < 7 ()‘1—7771and£4f1(i) <14s5—

f+ 4] — 52 Accordmg to Lemma 4, if 71 < 2, then d(i) < B16) < [4] + =1,
otherwise, if 71 > 5 + 1, then d(i) < (*'(i) < [4] + 1. Therefore, we find that

d(i) < [4] + =3 forz < ([4]+ 1)s. By Lemma 5, if [ 2] < ([4] + Z;1)s < n, then
we will have dzam(Cn(l,s)) < | 4] + = Hence, the remaining task is to prove that
n

2] < ([41+ 2% 1\s < n, a proof that will be presented in the following claim.

Claim4. [ 2] < ([4]+ ZL)s < n.

Proof. If A is even, then,
-G < g -+ s < B <o
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o (A4 lys—p=0M g
Otherwise, if A is odd, then,

© 13- (s i (s < M <o

o (MY)s—n =022 g,

O

Case3. 5 <y <s—1

Fori < ([4] 4+ 22)s, we have £1(i) < [4] + Z;*. Therefore, according to Lemma 4,
we find that d(i) < ¢1(i) < [4] + %71 Moreover, as per the previous claim, we showed
that [2] < ([4]+ 22)s < n, thus, by Lemma 5, d(i) < [4] + 232 for all vertices i of
Cnu(1,5). Consequently, diam(Cy(1,5)) < [4]+ 22, O

Lemma 11. Suppose that n is odd and s is even. There is a vertex i in C,(1,s) such that

[%—‘4—% lf’YE{l,S—l},
di) =< 4]+ F3<y <23 -1,
A7+ 12 otherwise.

(4] + 552 if y e {1,s—1},

Proof. Letd = ¢ 4] +# if 3<y<2[8] -1,

47+ 22 otherwise.
Casel.y € {1,s—1}
Ify=1then, A >2,5s >4 andd = [§] + 552. Leti = ([%} —1)s + 5 be a vertex of
Cn(1,s). Table 5 represents a simple calculation of the lengths ¢!(i) to £*!(i) provided in
Lemma 3.

Table 5. Values of £1(i), £2(i), £14(i), ..., £¥(i).

(i) =[31+%2 =
(i) =[31+3 > d
A s—2 : s
A +52 ift+5<s,

ORIO NS HE RS A I > d
’V§—|+T 1ft+§ZS.

21 +52 ift-$§ <0,

034 (i) > (ipré ! 2f§ >d

[51+5% if0<t—-35<s.
) >[41+552 if t—35 <0, -
>[4]+52 if0<t—§<s. -

Thus, by Lemma 4, we have d(i) = ¢!(i) = d.

Ify=s—1thenA >s,s>4,andd = [4] + 552. Leti = ([4] — 1)s + § be a vertex
of Cy(1,s). By a simple calculation of the lengths ¢! (i) to £4!(i) represented in Lemma 3,
and by applying Lemma 4, we obtain d(i) = ¢! (i) = d.

Case 2.3 < v gzm -1

If Aiseven, then A > 4,5 > 4,andd = 4 +§ — 57 Leti = (4 — 5 )s + 5§ + 1be
a vertex of C;(1,s). Note that since s > 4, we have § + 1 < s. By a simple calculation of
the lengths ¢! (i) to £*!(i) represented in Lemma 3, and by applying Lemma 4, we obtain
d(i) = 2(i) = d.

If Aisodd then,y > 3,A > 5,5 > 4,andd = %Jr%f%_l.Leti = %snLVT_lJr%Jr
1be a vertex of C;(1,s). Note that since y < [5] — 1and s > 4, we get 77_1 +5+1<s.
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a simple calculation of the lengths £1( i) to £4!(i) represented in Lemma 3, and by applying
Lemma 4, we obtain d(i) = ¢2(i) =
Case3.2[{| <y <s—1

Wehavey >3, A >4,s > 4,andd = [)‘] 77 Leti = [%15+WT_1beavertex

of Cy(1,s). Note that since s > <y, we have s — %1 VTH By a simple calculation of

>
the lengths ¢! (i) to ¢*!(i) represented in Lemma 3, and by applying Lemma 4, we obtain
d(i) = ¢'(i) = d. This completes the proof. [J

Thus, the following theorem follows from Lemmas 10 and 11.

Theorem 6. When n is odd and s is even,

A+ frefls-1),
diam(Ca(1,5)) = { 4]+ 55 if3<y<2[§] -1,

47+ 12 otherwise.
Next, we discuss the case when ¢ # 0and A < 7.

4.5. Diameter of Cy(1,s) When A < vy

Theorem 7 ([4]). Let s = ay+Db,a = LSJ and s = b (mod 7). Define py = LAZﬁJ,
|~’)/ b+( ll+1 )L+1J P2 L’Y+b+(£l 1) )L+1J p3 Lb+a2/\+1j,and Py = (’}’+b)(ﬂ/\—)\+ 1)

Let e= mm{max{pl, p3t, max{po, pa}}.- If A < yand b < al +1,, then

pi—1 ifpr=prandpys=1 (mod 2),
e otherwise.

diam(Cy(1,s)) = {

For the remaining values of n and s, although our algorithm yields an exact value
for the diameter of C,(1,s), it does not provide a general explicit formula. To address this
limitation, we proceed to present upper bounds on the diameter of C, (1, s) for all possible
values of n and s in the upcoming section.

5. Upper Bound for the Diameter of Circulant Graphs
In 1990, Du et al. [10] gave the following upper bound on the diameter of C,(1,s):

diam(Cy(1,5)) < max{[%J +1n— ngs —z,qgj +1)s—n—1}. (1)

Another upper bound was given by Gobel and Neutel [11]:

n+2

diam(Cp(1,5)) < diam(Cy(1,2)) = | n

J. 2)
Next, we present our upper bound on the diameter of C,(1,s) for n and s.

Theorem 8. Forall n and s,

diam(Cy(1,s)) < L




Algorithms 2025, 18, 261 19 of 20

Proof. Ifi < | 4], then (1(i) < r+ [ 2} | and ¢2(i
d(i) < min(¢1(i), 2(i)), then d(i) < [ 12| 43
151, and min(¢1(i), 22(i)) = £1() < [$]+ [L2]. 1 r > [35], then min(£1(i), 2(i)) =
2l) < 1+s =31+ [ < 131+ (). Thus, for i < 13),d() < 1] +T3).
Consequently, we conclude that diam(Cy(1,5)) < |*2 |+ [5]. O

<1l+s—r+ Llsijj Since, by Lemma 4,
. In fact, min(£1(i), ¢2(i)) = £1(i) if r <

NI =

1]
By combining (1), (2), and (3), we obtain the following result.
Theorem 9. Forall nand s,
. . n n n
diam(Cy(1,s)) < min(max{ LEJ +1,n— LEJS -2, ng +1)s —n—1},

22 By,

6. Conclusions

In this paper, we have proposed a new algorithm for computing the diameter of
circulant graphs of the form C,(1,s) without requiring the construction of the graph itself.
This approach significantly improves both space and time efficiency, making it a practical
tool for analyzing large graphs. By leveraging the structure of circulant graphs and focusing
on the case where S = {1, s}, we derived exact formulas for distances and diameters that
not only deepen our understanding of the metric properties of circulant graphs but also
have important implications for related areas such as graph labeling, packing coloring, and
the computation of traceable numbers. The proposed algorithm lays the groundwork for
further exploration of efficient distance computation in more complex circulant structures
and offers a new perspective on the combinatorial analysis of these graphs.
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