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Abstract: In this paper, we propose an incremental-type subgradient scheme for solving
a nonsmooth convex—concave minimax optimization problem in the setting of Euclidean
spaces. We investigate convergence results by deriving an upper bound for the absolute
value of the difference between the function value of the averaged iterates and the saddle
value, provided that the step size is a constant. By assuming that the step-size sequence is
diminishing, we prove the convergences of both the averaged sequence of function values
and the sequence of function values of averaged iterates to the saddle value. Finally, we
also show some numerical examples for illustrating the obtained theoretical result.

Keywords: delay; incremental method; minimax problem; saddle point; subgradient
method

1. Introduction

In this work, we focus on developing an iterative method for solving a finite-sum
nonsmooth convex—concave minimax optimization problem in a decentralized setting:

m

minmax Y F(u,v), 1
ucX vey i l( ) ( )

where the component coupling function F; : R x R" — R foreachi = 1,...,mis a
convex—concave function and the constrained sets X C R” and J C R’ are compact
convex sets. The convex—concave optimization problem (1) has been extensively studied,
with numerous methods proposed in the literature. It arises in various areas of convex
optimization. In addition, it has been widely applied in multiple fields, namely, generative
adversarial networks (GANSs) [1,2], adversarial robust learning [3], classification [4—6], and
image processing [7,8].

When m = 1, the gradient descent-ascent method, a well-known approach introduced
by Arrow, Hurwicz, and Uzawa [9], is commonly used to solve the problem in the smooth
case. Furthermore, for cases where the coupling function is not necessarily smooth, Nedi¢
and Ozdaglar [10] proposed the subgradient method, which uses subgradient computation
in the place of gradient computation. Since the coupling objective function is a convex—
concave real-valued function, the existence of subgradients for both variables is guaranteed.
A common difficulty with gradient or subgradient methods for convex optimization is that
while subgradients exist, they are often hard to compute. To address this issue, the concept
of delay techniques for calculating subgradients was introduced [11-14]. Specifically, the
next iteration can be updated using information from stale iterates rather than computing
the subgradient in the current iterate, which saves computational runtime. Recently,
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Arunrat and Nimana [15] proposed a method based on the subgradient method, together
with the delayed technique to give more strategies in order to calculate the subgradient for
solving problem (1) when m = 1. In this approach, the iterates are updated simultaneously
using delayed subgradients at stale iterates of their respective variables, combined with the
current iterates of the other variable. The method is referred to as the delayed subgradient
method and can be explicitly formulated as follows: For a current iterate (ulk|, v[k]) €
X x Y(k > 0), compute

alk+1] := Py [ulk] = yVuF(ulk - 7, v[K])],

and
vlk+1] := Py [v[K + 7V F(ulk], vik - )],

where VF(u[k — 7], v[k]) is a subgradient of F with respect to u at a stale iterate u[k — 7;
VyF(ulk], vk — py]) is a subgradient of F with respect to v at a stale iterate v[k — j;]; and
Py and Py, are metric projections on & and ), respectively. In some situations, the objective
functions can be expressed as a finite sum or within a stochastic setting. Focusing on each
coordinate individually rather than on the entire function can often yield better results.
Several methods were also developed to address this type of convex—concave optimization
problem [16-20].

On the other hand, many authors are interested in studying convex minimization
problems where the objective function is expressed as a finite sum. This problem is known
as the additive convex optimization problem. Specifically, let m > 1; foralli =1,...,m, let
F; : R" — R be a convex function and let X C R" be a nonempty closed and convex set.
The additive convex optimization problem is defined as follows:

m
minimize ) F;(u)

i=1
subject tou € X.

In 2001, Nedi¢ and Bertsekas proposed the so-called incremental subgradient meth-
ods [21,22] to address this problem. At each iteration, the solution is updated based on the
subgradient of a single component of the objective function. The method is essentially struc-
tured as follows: u[k] € X is the vector obtained after k cycles, and the vector u[k +1] € X
is updated by initializing with uj [k] := u[k], where we compute

u; [k := Py (ui [K] — “Yk?Fi(ui[k]))/
and generate ufk + 1] € X after one more cycle of m steps as
alk + 1] = w1 K],

where VF;(u;[k]) is a subgradient of F; at u;[k], and 7, is a positive step size. These
components can be selected either cyclically or randomly at each step. These methods
are well suited for large-scale problems, as they reduce the memory and computational
requirements compared with batch methods. Furthermore, this approach eliminates the
need for a central user to collect all the data from each component. We notice that the delay
technique has not yet been applied to the incremental subgradient method for solving
problem (1).
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In this work, we propose the incremental delayed subgradient method for solving the
decentralized nonsmooth convex—concave minimax problem (1). This approach updates
the next iterates incrementally by incorporating delayed subgradients from past iterates
of their respective variables while using the current iterates of the other variable. We
provide a detailed characterization of the fundamental relations required to analyze the
behavior of the generated sequences. Furthermore, we establish convergence results for
both constant and diminishing step-size sequences. Finally, we present numerical examples
to demonstrate the effectiveness of the proposed method.

The following sections are structured as follows: In Section 2, we review essential
concepts and important results related to convex—concave coupling functions and the
min-max optimization problem. Section 3 introduces the incremental delayed subgradient
method, outlines the assumptions, and provides relevant discussions. In addition, this
section includes an analysis of the convergence properties of the proposed method. Section 4
presents numerical experiments on simple convex—concave functions to demonstrate the
effectiveness of the proposed method. Finally, the concluding section summarizes our
findings and provides closing remarks.

2. Preliminaries

In this section, we recall some definitions and useful facts used in this work. We denote
the symbols R as the set of real numbers and Ny as the set of nonnegative integers. Let
u = (x1,x,.. . xp)and v = (y1,Y2,...,Yp) in RP; the inner products of u and v, denoted
by (u,v), is defined by (u,v) := Y_I' | x;y;. Moreover, the norm of u, denoted by |[|u], is
defined by ||u|| := y/(u, u). If X' is a bounded set in R?, then we denote the diameter of X
by Dy :=sup{|lu—v| :uve X}

Let ¥ C RP and Y C R" be nonempty sets and F : X x ) —+ R be a function. We say
that F is a convex—concave function if the function F(-,v) : ¥ — Ris a convex function for
each fixed v € ), that is,

Flax+ (1 —a)y,v) <aF(x,v)+ (1 —a)F(y,v) forallx,y € X anda € (0,1),
and F(u,-) : ) — R is a concave function for each fixed u € X, that is,
F(u,aw+ (1 —a)z) > aF(u,w)+ (1 —a)F(u,z) forallw,z€ Yanda € (0,1).

A vector pair (u*,v*) € X x Y is said to be a saddle point of F on X x Y (with respect
to minimizing in u and maximizing in v) if

F(u*,v) < F(u*,v*) < F(u,v"), forallue X,ve).

We call the value F* := F(u*,v*) the saddle value. Note that if X and ) are nonempty
closed bounded convex sets and F : X x ) — R is a convex—concave function, then F has
a saddle point on X' x Y (see [23], Corollary 37.6.2).

Let f : R” — R be a function and let u € R”. A vector Vf(u) € R? is called a
subgradient of f at u if

f(v) > (Vf(u),v—u) + f(u) forallv € RF.
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We denote the set of all subgradients of f at u by df(u) and refer to it as the subdifferential of
f. The function f is called subdifferentiable at u € R if 0f (u) # @. Note thatif f : R — R
is a convex function and u € R, then f is subdifferentiable at u. If f : R” — R is a concave
function, a vector Vf(u) € R is called a supergradient of f at u if

f(v) < (Vf(u),v—u)+ f(u) forallve RP.

The set of all supergradients of f at u is denoted by df(u) and is called the superdifferential
of f. For simplicity, we also refer to them as the subgradient and subdifferential sets.
Furthermore, we note that df (u) = —9(—f)(u). Moreover, since — f is a convex function,
we also have that f is subdifferentiable at u.

Let F : RP x R" — R be a convex—concave function. Following the above definition of
a subgradient for a convex function, we extend this concept to define the subgradients of a
convex—concave function as follows. And, for a fixed v € R” and u € R?, we call a vector
VuF(H,v) € R? a subgradient of the convex function F(-,v) with respect to u at the point
u if

(VuF(@,v), o' — ) + F(®,v) < F(u',v),  forallu' € R”.

And for a fixed u € R” and let ¥ € R”, we call a vector VyF(u,¥) € R" a subgradient of
the concave function F(u, -) with respect to v at the point V if

(VyE(w,v),v = V) + F(u,v) > F(u,v'), forall v € R".
Let X C R? be a nonempty subset and u € RP. If there is a point v € X such that
[u—v[| < [lu—zl,

forall z € &, then v is said to be a metric projection of u onto X and we usually symbolize
it by writing Py (u). Note that if X C R? is a nonempty closed convex set, then for each
u € R?, there exists a unique metric projection Py (u).

3. Incremental Delayed Subgradient Method

In this section, we present the incremental delayed subgradient method (in short,
IDSM), which is the main algorithm of this work. After that, we state the technical lemmata
that is used in the convergence results.

To begin with, we need the following delay bound assumption.

Assumption 1. The delay sequences {Tl-k}fzo, { yi-‘},;"’zo C Ny are bounded, that is, there exists a
non-negative integer Tmax such that

Ogrlk,yi-‘g'rmax, forall k>0 and i=1,...,m.

We are in a position to present the incremental delayed subgradient method in
Algorithm 1 as follows.



Algorithms 2025, 18, 126

50f22

Algorithm 1 Incremental Delayed Subgradient Method (in short, IDSM)

Initialization : Given the step-size sequence {};>, C (0,00) of real numbers, choose
initial points u[0], u[—1], ..., u[—Tmax] € X and v[0], v[—1],..., v[—Tmax] € Y arbitrarily.

Iterative Step: For an iterate (u[k], v[k]) € X x ) (k > 0), starting with

up[k] :=ufk] and vq[k] := v[Kk].

Foreachi =1,...,m, compute
w1 K] := Py [wilk] = % VuFi(ulk - 7], vK])],

and
viaa[k] = Py [vilk] + %V Fy(ulk], vik = ),

where VyF;(ulk — tf], v[k]) is a subgradient of F; with respect to u at stale iterate u[k — 7],

and VF;(ulk], v[k — pk]) is a subgradient of F; with respect to v at stale iterate v[k — p¥].

Compute
ulk +1] := w1 [k] and vk + 1] := vy, 1[k].

Update k := k+ 1.

To make the analysis of the convergence results of the Algorithm 1 more straightfor-
ward, we assume throughout this work that

u[O] = u[_l] == u[_Tmax} and V[O] = V[—l] == V[_Tmax]-

Remark 1. If the number m = 1, the proposed IDSM reduces to the method proposed by Arunrat
and Nimana [15]. Furthermore, if, additionally, the delays have vanished, that is Tmax = 0, the
IDSM is the subgradient method proposed by Nedi¢ and Ozdaglar [10].

3.1. Technical Lemmata

The boundedness assumption of the constraint sets & and ), along with the fact that
the subgradient of a real-valued convex function is uniformly bounded over any bounded
subset, leads to the boundedness property as the following lemma.

Lemma 1. There is a real constant B > 0 such that forall (u,v) € X x Yand foralli=1,...,m,
max{ || VuFi(w,v)ll, | VvF(wv)]|} < B.

Next, we focus on characterizing the fundamental repeated relations of the iterative
sequences ufk] and v[k] and points u € X and v € ), respectively, which are utilized in
the next steps of the convergence results. For the simplicity of the notation, we denote the
following:

s

Il
—

F(u,v):=) F(u,v) forall (u,v) € RP x R".

Lemma 2. Let {ulk|}{2, and {v[k]};2, be sequences generated by the IDSM, and a € (0,1) be a
real number. The following statements are true:
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(i)  Forallu € X and for all integers k > 0,

'Yﬂ m
Julk+1] —uf? < |u[k]—u|2+(2n§2+vk )Dulﬂ — wilK]?
i=1

+8B292 " + 27,(F(u, v[K]) — F(u[K], v[K]))
oG+ 1) 3, k=41 -k
£

(i) Forall v € Y and for all integers k > 0,

Yk
Ivle+1] = vl* < vk = vI*+ (55 k2+'7k_1)22||v1+1 [k] — vi[K] ||
i=

+8B%9¢ "m® + 27 (F(ulk], v[k]) — F(ulk], v))

ot (o 1) ) IVl =+ 1) = vk
£

Proof. We present only the proof of (i). Since the proof of (ii) trivially follows the line of
reasoning of the proof of (i) by replacing the convexity by the concavity of F;(u, -) for all
u € X, we omit it here.
Letu € X and k > 0 be given. For every i = 1 to m, by using the definition of u[k + 1]
and the property of metric projection, we note that
0 < (w[k] — wilk] + % VuFi(ulk — 7], v[K]), u — w1 [k])
= (uia K = wilk],u — uia [K]) + 1 (VuFi(ulk — 7, v[K]), u — uk — 1)

+7e(VaF(ulk — 7], v[K]), ulk — 7] — ;1 [K]). ()

Let us arrange the terms on the right-hand side of the inequality above. Now, the first
term can be arranged as

1 1 1
(wip1[k] = wik], u —wiq [k]) = §||ui[k] —ul* - §Hui+1[k] —u;[K]||* - §||ui+1 (k] —ul|*. 3)
Since Vo F;(ulk — ¥], v[k]) is the subgradient of a convex function F;(-, v[k]) at ulk — 7],
we obtain that the second term can be bounded as

Ye(VuFi(ulk = 7], vIK]), u —ulk = f]) < 9(Fi(u, v[k]) — F(ulk — 7], v[K]). 4
Regarding the last term in the inequality above, we begin by noting that
(VuF(ulk — ¥, v[k]), ulk — tf] — w1 [K]) = (VuE(ulk — ], v[k]), ulk — t5] — u[k +1])
+H(VuFi(ulk - 7f], v[K]), ulk + 1] — w4 [K]). ®)
By using the facts that the constant 2 € (0,1) and the number m > 1, we note that

1 2

0 < H 1 VaFi(ulk— ) vik) — ovd (ulk— of] — ulk+1)

22| VuF;(ulk — 7, v[K])|? = 7 (VuEi(ulk — 7, v[K]), ulk — 7] — ulk +1])

[k — 7] — ulk+1][%,

which implies that
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1 (VaFi(ulk = ], v[K]), ulk = of] —ulk +1]) < m?9 7| VuF(ulk - ], v[k)|?

[k — 7] — u[k+1]||%. 6)

Using the same technique for deriving (6), we also have

1 (VaFi(ulk — ], v[K]), ulk + 1] —wia[k]) - < m’rf I VuFi(ulk — 7], v[K]) 1>

k+1 —w k% @)

Thus, by applying the obtained inequalities (6) and (7), inequality (5) becomes

T(VuF (ulk =7, vK), ulk =) —upa ) < 2mPo2 0| VuF (ulk — 75, viK) |2

[k — 7] — ulk+1]|?

[k +1] — u; 1 [K] ||~ ®)

By applying inequalities (3), (4) and (8) in inequality (2), we obtain

0 < Slhulk —ulP ~ 2ol — wlkI? — 3l - ul?
e(FiC,v[k) = Fiulk = o8] vIk)) + 20292 i alk — ), vIK) 2

1

k=] — ulk 12+ k4 1] — g K2

- %nu,[k] 2= 2 a6~ wi kP~ 2wz (K - u)?
i, V) — F(ulk], vIkD) + (B (ulk], v[k) — Ealk — 2, k)

. a
+2m2 2|V F(ulk — 70, vk 2 4+ 2 ufk — 7] — ulk + 1]|2

[k +1] = uia [k

©)

Now, we apply the subgradient inequality for a convex function F;(-, v[k]) at u[k] and
u[k + 1] to obtain

Ye(Fi(ulk], v[K]) — F(ulk = 7f],v[K])) = 7e(Fi(ulk],v[k]) - Pz(u[k+1] v[k]))
+7x(Fi(ulk + 1], v[k]) — F(ulk — 7], v[K]))
Ye(VuFi(ulk], v [k]),u[k]*u[kﬂb
+ 7 (VuFi(ulk + 1], v[k]), u[k + 1] — u[k — 7). (10)

IN

Using the same technique to derive inequality (6), we can obtain the following inequalities:

Ye(VuFi(ulk], v[k]), ulk] —ulk+1]) < mP*93 (| VuFi(ulk], v[k])|J*
Tk
4m?

+o 5 llulk] —ulk+ 1], (11)

and
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Te(VuFi(ulk+ 1], v[K]), ulk + 1] —ulk = 7f]) < w3 VuF(ulk + 1], v[K]) >

Ve wlk 1 1] — ulk — ). 12)

* 4m?

From inequalities (11) and (12), along with (10), it follows that inequality (9) becomes

0 < Slwlk ~ w2~ Jluir - wlkI? — 3l - ul?
+p(Fw, vIK]) — (], VIKD) + o Vi alk], vk

7 pp
+4nf2 [ulk] —ulk + 1]|* + m?92 || VuFi(ulk + 1], v[k]) ||

7 pppe
+4n’1‘2 ulk + 1] — ulk — )12 + 2m292 || Vo Fi(ulk — 7], v[k]) |2

Vi k 2, Nk 2
bl = 78] = w11+ L alk+1) = w2

and it is organized as
=l <l =l + (1) usa ]~ wi)?
+27(Fi(w, v[K]) — Fy(ulk], v[K]) + 29 m? (|| VuF;(ulk], v[k]) ||
HIVuF(ulk+ 1], v[k) |12 +2( VuFi (ulk — 7], v[k])|?)

T T
+ =L Jlulk+ 1) — u[K]||* + m*§||u[k+ 1] — ulk — ]|

2m?
Yk 2
ol ulk 1] — w4
,Ya
S e R [T ECIE

+27x(Fi(w, v[K]) — F(ulk], v[k])) +8B>;"m? + 27752 lulk +1] — k]|

90 i
+;§||u[k +1] —ulk— 7> + ﬁ\lu[ﬂ 1] — i [K] )], (13)

where the constant B is the bound of the subgradients given in Lemma 1. We observe that
the term ||u[k + 1] — u[k — 7¥]||? in inequality (13) above can be written as

o . 112
Lulk—j+1] —ulk—
i+ 1] —ulk =P = (02 L]
=0 T+l
o
< (fF+D) Y llufk—j+1] —ulk— ]|
j=0
Tmax )
< (Tmax+1) Y [lufk—j+1] —ufk—f]|*

j=0
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Thus, using this inequality in (13), we have
2 2 Tk 2
[wipa (k] —ul[® < [luk] —u]® + 2 1 (w1 [k] — w; k]|
+27¢(Fi(w,v[K]) — Fi(u[k], v[k])) + 8B*y¢~"m?
,)/ﬂ
[k+1] — u[k]||* + ﬁ [ulk + 1] — i [K] |

r)/z Tmax ) I

+- 3 (Tmax +1) Y llulk —j+1] —ulk—j]|I* (14)
j=0

Now, we investigate the terms ||u[k + 1] — u[k]||? and |Ju[k + 1] — u;,1[K]||? in inequality

(14) as follows. By using the convexity of || - ||, we note that
. 2
lulk +1] —ulk]|* = Z uj i [k] — u;[K])
of ¢ wn K -l [ :
= |y <mY Jus k] - wlkl>
i=1 i=1
With the same technique as above, the term |[u[k + 1] — u; 1 [k]||? is bounded as
. 2
lulk +1) —wia KI? = | Y (ujalk] —wjlk])
j=it1
2
_ (i i (wjz1[K] —u [k])
& m—i
j=i+1

< Y gl = kP = Y e 6 — w1

Therefore, by applying inequalities (15) and (16) in inequality (14), we obtain that

sl = wl? < uld] =l + (5 ~1) Jusa 6 - wikP

+zvk<F-< VIK) — Fi(ulk], v[K)) + 8B202"ni®

e
Z||uz+1 il +3 o Z||uz+1 (k] — w; k] ||
'YZ Tmax . 12
+ 5 (Tmax +1) ) JJulk —j+1] —ulk—f]|
j=0

= |wlk] —u|®*+ (2352 - 1) [ g1 [k] — wi K] |[?

+27(F;(u, v[k]) — Fi(ulk], v[k])) + 8By ~"m?

z),ll Tmax . )
+m7];(Tmax + 1) Z Hu[k_] + 1] - u[k _]]Hz
j=0

1 & 2
o Yl k] — K]
i-1

(15)

(16)

(17)
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By adding inequality (17) over i = 1,...,m, we obtain

Y il —ul? < im[k]—unu(”@ )inum[k]—ui[k]nz

i=1 2m
127, Y (i, vIK]) — Ex(ulk], v[K])) + 8B22nd
i=1

z m m 5
+— m = l:1Hu1+1 —u; k]”
:), M Tmax 2
‘|‘m (Tmax+1 ZZH“ _]+1]_u[ _]Hl
i=1 j=0
and then
2 2 - 2
fult 1) =ul? <l = ul (o <1) 3 k] - wlk]
=1
+27¢(F(u,v[k]) — F(u[k], v[k])) 4+ 8B*y;"m’
,)/IZ Tmax M
“l‘m (Tmax +1) ZZ k—j+1] —ulk— ]]Hz
Y s K] — wilK],
i=1
implying that
2 2 Y = 2
Pk + 1= ul? < fule] =l + o+ 0 =1) 1 ] = wlel
i=1
+27(F(u, v[k]) — F(u[k], v[K])) +8B>y;~"m’
r),ﬂ Tmax ) )
+Ek(Tmax+1) Y llufk—j+1] —ufk—j]|%,
j=0

as desired. [

3.2. Bounds for Constant Step Size

Before proposing the lemma below, we define the notations in the case of a constant
step size, where we write the averaged iterates U[N| and V[N] as

1 Y 1 ¥
Y ulk] and VI[N]:= Y vik], forall N > 0.

u[N] := e

The proof of the following lemma can be carried out in the same manner as the proof
of Lemma 4.2 in [15] by using Lemma 2 with v = .

Lemma 3. Let {u[k]}}> , and {v[k]}}> ; be sequences generated by the IDSM, and a € (0,1) bea

1/a
. 1 .
real number. Suppose that the step-size constant y € (O, (W) ) . The following

statements are true:

(i)  Forallu € X and for all integers N > 0,

1
(N+1)

N
kgop(u[k],v[k]) — F(u,v[N]) < 2 (NT1) +4B*mlytma. (18)
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_J[ufo] — G[NJ|[* + [[v[0] — v*|>

(ii) Forall v € Y and for all integers N > 0,

1 ¢ _vlo] = v

gop(u[k],v[k]) — F(a[N],v) > 29(N+1)

AB?mBA1—e, 19
(N+1)k Y (19)

Next, we determine the upper bound for the minimax gap of the averaged iterates
u[N] and V[N] by using the obtained results in Lemma 3 as follows:

Theorem 2. Let {u[k]}}> ; and {v[k]}3>, be sequences generated by the IDSM, and a € (0,1) be
1/a
; 1
a real number. Suppose that the step-size constant v € <O, (W) > . Then, for all

N > 0and any saddle point (u*,v*) € X x ), we have

[0] — w*|? + [|v[o] — v*?

< E(§ " ¥ o <||11 2,3, 1-a
0 < F(u[N],v*) — F(u*,V[N]) < 27 (N+1) + 8B“m’y
Proof. Let u = u* and v = v* in inequalities (18) and (19), respectively. For each N > 0,
we have
1 - [u[0] —u*|]? 2 31—
_ * < 0 - 0 a
N1 kEZOF(u[k],V[k]) F(u*,v[N]) < 2y (N 1) +4B*m>y1 7,
and
= 1 & [v[0] — v*|? 2,3, 1-
o P i B | B ll‘
F(u[N],v*) NT1) kEZOF(u[k],V[k]) S T NE) + 4B my

Therefore, by combining these two inequalities, we can conclude that

<~ * o [u[0] — u*||* + [|v[0] — v*||? 2,3, 1-a
<F —F < B
0 < F(a[N}v*) — F(u', 9[N]) < PR MY st
The proof is completed. O

Furthermore, we can derive the upper bound for the difference in the function values
of the averaged iterates F(u[N], V[N]) and the saddle value F* as the following theorem.

Theorem 3. Let {u[k]}3> , and {v[k]}3>, be sequences generated by the IDSM, and a € (0,1) be

1/a
; 1
a real number. Suppose that the step-size constant v € | 0, (WT‘WH)Q> ) . Then, for all

2m

N > 0 and any saddle point (u*,v*) € X x ), we have

—8B%m3y1™" < F(d[N],V[N]) — F(u*,v*)

29(N+1)
[u[0] — u*||> + [[v[0] — V[N]|>
<
- 29(N +1)
+8B%m3y 14, (20)

Proof. For any N > 0, we set u = u* and v = v* in (18) and (19), respectively, where we
have that

1 N MO &

432 3, 1-a 21
_27<N+1)+ mey Y, (21)
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and N
1 = [v[0] —v*|]? 2,3, 1—
———— Y F(ulk],v[k]) = F N> L _4B “, 22
1) o POk VIR — FGINDv) > = D — 4y 22)
Since U[N] € X and V[N]| € Y for all N > 0, the saddle-point relation implies that
F(u*,¥[N]) < F(u*,v"),
and
F(u*,v*) < F(u[N],v").
We invoke these two results with inequalities (21) and (22), respectively, which are
1 ¢ [uf0] — u*|? -
F(ulk], v[k]) — F(u*,v*) < 1 —_L 1 4R34l 1 2
and N
1 [v[0] —v*|? 2 3, 1-
F(u*,v') — ————— ) F(ulk],v[k]) < ———— +4B e, 24
() =y o P VIR < DRI 4t 1)
Now, by combining inequalities (23) and (24), we obtain
V[0 = v*II* 4 n2 3 14 1 -
1 e’ N | I < - _
[u[0] — u*|? 2,3, 1-a
= + 4B . 2
S (N1 TR @)

_J[u[o] —a[NJ|? + |Iv[o] - v*|* _

In addition, by using u = Uy and v = Vy in (18) and (19), respectively, we derive that

N T 2
(N1+ 1) ,;)F(“[k]"’[k]) — F(u[N],v[N]) < W +4B%m3y1 7,
and
1 ¢ SRS m||v[0] — ¥[N]||2 ) s 1
N kgop(u[k],v[k]) — F(4[N],V[N]) > — (N T) e

Next, we combine the two obtained relations and multiply by —1 on both sides of the
inequality to obtain that

[[uf0] —@[N][? —a P 1 Y
27 (N T 1) —4B?m3yl Tt < F(u[N],v[N])—(N+1)I;)F(u[k},v[k])
< WHB%%”. (26)

Finally, we sum up inequalities (25) and (26) to obtain

2y(N+1) 8Bm’y! ™" < F(u[N],V[N]) - F(u",v")

[u[0] — u*[* + [[v[0] — [N]?
29(N+1)
+8B2m3,)/17u’

IN

which completes the proof. [
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By noticing the proving lines of Theorem 3, we can derive the complexity upper bound
of the IDSM as the following remark.

Remark 2. Let (u*,v*) € X x Y be a saddle point of problem (1) and N > 0. According to (25),
we have

0] —w* P+ 0] = VP s 1 1 ¢ IR
[uf0] —u* |2+ V0] = v*[* 0 5 14
< (N +1) +4B*m’y 7,
which yields the upper bound on the average of function values 7(]\]:-1) Y o F(ulk], v[k]) for the
saddle value F* as
Ly [lo] — w[? + V0]~ VP e a1
- _ * k < a'
ey L Fel i) B | < T R s agty

Notice that by choosing a small step size 7y so that the term '~ is small allows for a small error
level, as required. To obtain an e-optimal solution to problem (1), we now want to know how many
iterations N are required. Now, let € > 0 be so that

Note that finding the nonnegative integer N for which

[u[0] — u* ]|+ [|v[0] — v*|?

+4B2m3 1—a < 8,
2y(N+1) ro=

is achieved in the same manner as

[[u[0] — w*||2 + ||v[o] — v*[*

1.
2y (e — 4B2m31-1)

N>

Let us fix a length {0,1, ..., N'}. By putting the positive real number a > 0.5 and committing

7 for some constant e €

over this length, we may choose the constant step size v = W

1/a
1
(O, (2;12+1+(Tma>‘+1)2> ) SO thﬂt

[u[0] — u*||* + [[v[0] — v*||?

4B2 3, 1—a
2y(N+1) ATy
~ u[0] —u*||? + [|v[0] — v*||* | 4B2m3ele
o 2¢(N + 1)1-(1/2(1-a)) (N +1)172
[u0] — w2+ v[0] = v*I2 | o 31 1
< .
- < 2¢ +4B e (N+1)17(1/2(1—a))
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<landa < 1—a, we have (2 + (Tmax + 1)2)_(1_”)/’Z <1

1 _ 1
CH(Tmax+ 1)) 7 (Rax+2Tmax+3)1/7

. 1
Since we know that P =Y

Now, by particularly putting e = we obtain the above

constant bound:

[w[0] — w*[|* 4 [|v[0] — v*[?
2¢
(Jluf0] = u*[* + [|v[0] = v*[|*) (Thax + 2Tmax + 3)1/*
2
+4B%m3 (T2 + 2Tmax +3) (17972
(luf0] — u*[* + [|v[0] = v*[|*) (Thax + 2Tmax + 3)1/*
2

+4B%mBel e

IN

+4B%m3.

Therefore, we obtain the complexity upper bound within a fixed length {0,1, ..., N} and a constant
a € (0,0.5)as

1 N
| (N+1) I;)F(“[k],V[k}) _ F(u*,v")

(HU[O] - u*H2 + ||V[0] _V*HZ)(Trznax + 2Tmax +3)l/a - 1
( 2 A N asaa)

<

3.3. Convergences of Function Values

For notation simplicity, we write the averaged iterates u[N| and V[N] as

_ Z]I(\]:o 'qu[k]
Z}Ic\]:o Yk

_ Z}IC\]:() Yivk]

N , forall N > 0.
Zk:() Yk

u[N]: and V[N]:

Lemma 4. Let {ulk]}> , and {v[k]}}> ; be sequences generated by the IDSM, and a € (0,1) be

1/a
-si 00 N SR j
a real number. Suppose that the step-size sequence {7y}, C <0, (2;2+1+(TMXH)2> ) is

non-increasing.
(i)  Forall x € X and for all integers N > 0,

alo vieF (ulk], v[K])
Z}I(\Izo Tk

— F(w,v[N]) <

< DEY + 8B%m3 Z,I(\IZO 'y,%*” ‘

27
27N vk &7

(ii) Forally € Y and for all integers N > 0,

Yalo 7eF (ulk], v[K])
Z]Z(\]:(] Tk

— F(@[N],v) >

—D3, — 8B2m3 Yo 17

28
> 5 (28)

Proof. (i) Let x € X be given. Taking into account Lemma 2 (i), we note that for all k > 0,

27, (F(ulkl, v[k]) — F(u,v[K])) <

lulk] = ul? — Jufk +1] - u]?

,)/ﬂ m
+( k +vz—1)Znuiﬂ[kJ—ui[k]nz
i=1

2m?

a Tmax
2K (e 1) ) [k =+ 1] = ulk = /]|
j=0
+8B%yy "m.
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For a fixed integer N > 0, by summing this relation over k from 0 to N, we obtain

N N
2 w(F(ulkl, v[K]) = F(u,v[K])) < [[ul0] —ul® — [u[N +1] —u|® +8B%m> }_ 7"

k=0
+Z( 2+n_gzymﬂ]—mﬂmﬁ
i=1
y(mat ) zkaﬁm k—j+1]—ulk—j)|P. (29)

j=

For the last term of the above inequality, the non-increasing property of the step-size
sequence {7 };>, implies that

N Tmax Tmax N—J

I{Z%)Z(j)vil\ﬂ[k—ﬁll—u[k—ﬂl\z = L X viyllulk+1] - ui)?
=0 /=

=0k
Tmax N—j

= 2 Y viyllulk+1] —ulk]?

j=0 k=0
Tmax N—j

)y Z%<||uk+1 — ulk]|?

j=0 k=0

Tmax N

Y Y rklulk+1] - ulk]|?

=0 k=0

IN

IN

N
= (Tmax +1) ) 2¢llufk +1] — ufk]|?

N m
< m(Tmax +1) Z%‘iZIIum[k] _ui[k]”Z- (30)
By applying this obtained inequality in inequality (29), we have

N
zkz Y (F(ulk], v[k]) — F(u, v[k]))
=0

N
[u0] — ul* — [[u[N +1] —u® + 8B*m> ) ;™"

<
k=0
. 2
+ Z (2 5T - 1) Y i (k] — wilK]
i=1
N m 5
(Tmax + 1) - 7 ) l[wiea k] — wilK]|
N
< uf0] —ul?+8B*m> Y 47

k=0

+z( ‘Mk1+%mm+1)ZWm K] — wlk]12

Now, the condition of the step-size sequence {7}, implies that % +9F = 14+ 7{ (Tmax +
1)2 < O forall k > 0, and so

N N
2 Y i(F(ulk], v[K]) — F(u,v[k])) < [[u[0] —u|® +8B%m> ) 77",
k=0 k=0
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implying that

Yilo vkF(ulk], vIK]) Yl viF(u, vik]) < [u[0] — u||? + 8BZm3 ) 2 *
Yo Yk Yo Yk - 2N oM

As a result of the concavity of the function F(u, -), it follows that

Ykl TeF (u, v[k])

il 7

Zk 0 Yk

F(u,V[N]) >
which means that the above inequality becomes

N o veF (ulk], vik) [u[0] — ul]? +8B2mP Yl 43

—F(w,V[N]) <
Tho Tk 2N ok
D2 +8B2m3 Zk 2 a
2Zk:0 Tk ‘

(ii) Let y € Y be given. By utilizing Lemma 2 (ii), we have that for all k > 0,

(e

1 - V||2 Ivik] = vI}?

- 1) 3 visa = ik

Tmax

(Tmax+1 ZHV 7]+1}7V[ 7]]”2
j=0

27k (F(u[k], v[K]) — F(u[k],v)) =

—8B27]%*”m3.

We sum up the above inequality from k = 0 to a fixed number N > 0 and we obtain that

N N
2 g Te(F(ulk], v[K]) = F(ulk],v)) > [[V[N+1] = v|* = []v[0] - v|* — 832"13];)%3_“

- ¥ (1 -1) L il - P

k= i=1

(Tmax + 1 Tmax

kaZIIV —j+1] = v[k—f]|* (31)

In a similar technique to inequality (30), we also obtain

Tmax N m
Zr)/k Z ||V _]+1] _V[ _]}Hz <m(Tmax+1 27Z2||V1+1 _Vi{k]”z'
k=0 j=0 k=0 i=1

Invoking this relation in inequality (31), we have
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2 ) w(F(ulk], vik]) — F(ulk], v))

k=0

N
IVIN +1] = v||* — [|v[0] - v[|* — 8B%m® ) 7~

>
k=0
’Y
—2( E oy —1)2”% -k
2 N 2
—(Tmax + 1) Z '7]( Z Vi1 [k] — vi[K]|]
k=0
> —||v[0] - v|]? - 8B%m® Z 7"

k=0

_2< 2+’Yk 1+’Y}?(Tmax+1)2>
Z”Verl *Vz ]HZ

Again, by applying the condition of the step-size sequence {7 }° ,, we obtain
- 2 2 330 2
23 e(F(ulkl, v[K]) = F(ulk],v)) > —[|v[0] - v||* — 8B%m” } 7™,
k=0 k=0
and then

Yilo veF (ulk], v[K))  ERlo 1eF (ulk], v) S —lIvio] —v|2—8B2m® T 1 “
Z}Zg]:o Yk Z}IC\]:() Yk - 2 ):k:() Tk

Furthermore, since we know that F(+, v) is a convex function for a fixed v € ), we also have

Zk o'YkF( (], )

F(u[N],v) < TN o
k=0

Finally, we can conclude that

—[|v[0] — v||> — 8BZm® Ll g vp *
ZZk 0 Yk
D SBZWISEk_ 2 a
sz:o’Yk '

Yilo vk F (ulk], v[K])
Z]Z:]:o Tk

— F(u[N],v)

as desired. [

Theorem 4. Let {u[k|}{° , and {v[k|}}> ; be sequences generated by the IDSM, and a € (0,1)
1/a

be a real number. Suppose that the step-size sequence {7y}, C <0, (W) / ) is

non-increasing and satisfies limy_,, v = 0 and Y ;2 5 yx = oo. Then, the averaged sequence of

Lo nF (ulk] v[k])
Z}i\]:o Yk

{F(u[N],V[N]) }y_o both converge to F*.

[e9)
function values { } and the sequence of function values of averaged iterates
k=0

Proof. Let u = u* and v = v* in (27) and (28), respectively. We obtain that for all N > 0,

Yio VkE (ulk], v[K]) _ F(a",9{N]) < D2, + 8B2m3 TN 72~
A7 ’ 25N

(32)
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and
Z}Ij:o Yk F (u[k], v[k]) —D%, — 8B%m?3 Z;I(\I:() 'yi’“

E}Ig]:o Tk 2 lec\]:O Yk

For all N > 0, since the sets X and ) are convex, we have that u[N] € X and V[N] € ).
This, together with the saddle-point relation of (u*, v*) € X x ), implies that

— F(u[N],v*) >

(33)

F(u*,¥[N]) < F(u*,v*) < E(@[N],v"). (34)

Now, applying inequalities (32) and (33) with the saddle-point relation (34), we obtain that
forall N >0,

Yito viF (ulk], v(K])

N 2—
_ D% +8B*m® Y g7 "
Yilo Tk

- 25N vk

< Lieo vkE (ulk], v[K])

— F(u*,v") Z;I:] T

— F(u*,V[N])

and

Yito veF (ulk], v[K])
E}IQ]:O Yk

oy < Zieo neF(ulkl, v[K])
)= Z}i\]:o Yk

Therefore, we have that for all k > 0,

—D3, —8B*m3 Y oy “

— F(u*,v
22}?’:0 Yk

— F(u[N],v*) >

D3+ 8B TN 7 Tl (ulk], vIk) D% + 882 £ 0

< —F(u*,v*) < (35)
2 E}Zg]:o Yk E}IC\]:() Yk 2 Z]IC\I:() Yk
Next, by the condition that } 2° ; 7x = oo, we obtain
D3 D3
im —&— = lim —— =0. (36)
N=eo 23y oYk N2 2300 o7k
Since limy_, o, 7]1*” =0, we have
8B2m3 N, 1—a
lim Z’;go ) g 37)
N—oo 2 Ek:O Y
By using these two results with inequality (35), we arrive at the conclusion that
N
F(ulk],v]k
L I nF@EL V) -

N
N—eo Yo Tk

Again, by setting u = @[N] and v = ¥[N] in (27) and (28), respectively, we have that for all
N >0,

D} +8B2 P L _ YN o 1eF(ulk], v[K])

N 2—
_ D% +8B*m® Y g7 °
250 0 Mk a0 Yk

- 27N vk

— F(u[N],¥[N])

Combining this with inequalities (36)—(38), it becomes

lim F(w[N],¥[N]) = F*,

N—o0

as desired. O
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4. Numerical Examples

In this section, we consider the numerical examples of the proposed method (IDSM)
for solving the distributed matrix game problem of the following form:

m

min max } Fi(u
uEApveArizzl l< IV)’

where the constrained sets A, C RP and A, C R’ are standard simplices in R” and R’,
respectively, and the component coupling function F; : R x R" — Rforeachi=1,...,m

is given by
2

7

1 1 1
Fi(u,v) = (u,Ajv) + EHuH2 — 2Hv — %1,

where 1, is the vector in R”, all of whose components are 1. We generated p X r matrices
A, for each i = 1,...,m randomly, where its entries were independently and uniformly
distributed in the interval (—10,10). We compared the IDSM with the existing methods
NO-09 and AN-23. We set the delay sequences with the cyclic order delays T = puf =k
mod (Tmax + 1) forallk > 0and i = 1,...,m, with the delay bounds Tmax = 0,5, and

1/0.99
10 for both the IDSM and AN-23. We set the step-size constant as ( )

1/0.99
the IDSM and (HZ(ZTUZ for AN-23 and NO-09. We performed 100 independent

random tests and terminated all tested methods when the number of iterations reached 100.

ZH(t+1)2 for

We examined the considered problem in various problem sizes p X r, as detailed below.

4.1. The Case p = 10

In Figure la—c, we consider the behavior of the average of 100 independently sampled
function values with a fixed p = 10. We observed that for all values r, all methods tended
to converge to the saddle values.

0.3

025 6.5
) 0.8
6
—~ 0.2 fan =
z Z.06 =558
[ [ [
2015 = = 5 e |
& 04 %5 | W
k01 ! Ry oy
4
005 \ | 0.2
\\‘\ Yoo VORBPORRE 35
0 0 3
0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
Iteration (V) Iteration (V) Iteration (V)
(@) r = 10. (b) r = 100. () r = 1000.

Figure 1. Behaviors of the average of 100 independent values F(u[N], V[N]) performed by NO-09,
AN-23, and the IDSM for the cases p = 10 and r = 10,100, and 1000.

According to Figure 2, which shows the behaviors of the relative errors of the function
value for each problem size, we noticed that the IDSM with an appropriate delay bound
selection, particularly for a fixed delay bound of T = 10, provided the most accurate results
with the lowest relative error across all sizes. Additionally, for fixed delay bounds of T = 5
and T = 0, it still exhibited lower relative error values when compared with the AN-23 and
NO-09 methods.
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10° 10°
—NO-09

. —AN-237=5 . .
= AN-23 7= 10 = =
= —IDSM 7=0 = Z 107
& ~——IDSM =5 > >
2 4o ~——IDSM 7 =10 z =
5 * * 402
& Ry &y
ks ] k]
o = =
g 2 =10
g 102 8 8
s g £ 1o
~ ~ 2=}

107 ) 10°

0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
Iteration (V) Tteration (N) Iteration (V)
(@) r = 10. (b) r = 100. (c) r = 1000.

Figure 2. Behaviors of the average of 100 independent relative errors of values F(t[N],¥V[N])
performed by NO-09, AN-23, and the IDSM for the cases p = 10 and r = 10, 100, and 1000.

4.2. The Case p = 100

It can be observed from Figure 3 that for all values 7, all methods tended to converge
to the saddle values.

In Figure 4, we observed that when r = 10, the relative error with a fixed delay bound
of T = 10 for the IDSM exhibited the lowest relative error values. In contrast, for r = 100
and r = 1000, the IDSM with a fixed delay bound of T = 5 provided the most accurate
results, showing the lowest relative error. Moreover, we found that the IDSM, in the case of
fixed delay bounds, gave lower relative errors than both the AN-23 and NO-09 methods
under the same fixed delay bounds.

0.3 0.7 7
0.65 6.5
0.25
0.6 6-
—~ 02 —~ ~==IDSM 7= 10 —~ ~==IDSM 7 =10
= = 055 =55
=Y =Y ey
= 0.15 = 05 = 5
= = =
* = [
= o4 045 Fas
0.4 4
0.05
0.35 3.5
0 03 3
0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
Iteration (V) Iteration () Iteration (V)
() r = 10. (b) r = 100. (c) = 1000.

Figure 3. Behaviors of the average of 100 independent values F(u[N], V[N]) performed by NO-09,
AN-23, and the IDSM for the cases p = 100 and r = 10, 100, and 1000.

10° ‘ : 10°
= NO-09
. ——AN-23 7=5 . —
= AN-23 7= 10 = =
é ; —IDSM 7=0 é éw"
107 ~——IDSM 7=5 hed hed
= \A, ——IDSM 7= 10 = =
® ® * 402
& & & 10
E 102 B 3
2 5 5 g3
5 g 510
. 3 g s
£ 10" 5 b
: ‘ -4
2 £ £
~ ~ o
107 107 10°
0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
Iteration (V) Tteration (V) Iteration (V)
@) r = 10. (b) r = 100. (c) r = 1000.

Figure 4. Behaviors of the average of 100 independent relative errors of values F(4[N],V[N])
performed by NO-09, AN-23, and the IDSM for the cases p = 100 and r = 10,100, and 1000.
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5. Conclusions

In this work, we introduce the so-called incremental delayed subgradient method (in
short, IDSM) to solve the saddle-point problem. We characterize the relations associated
with the IDSM for use in the next crucial theorem. Moreover, we prove the convergence
results, which are divided into two parts. In the part concerning the constant step size, we
provide an upper bound for the absolute value of the difference between the function value
of the averaged iterates and the saddle value. We also derive the complexity upper bound
within a fixed time length. For the case of the diminishing step-size sequence, we prove
the convergence results by demonstrating the convergences of both the averaged sequence
of function values and the sequence of function values of averaged iterates to the saddle
value. We finally showed numerical examples for matrix game problems. Even if the IDSM
with delay effects yielded a better convergence behavior than those of NO-09 and AN-23,
we noticed that the selection of appropriate delay bounds for some particular problems
will be an interesting research direction.
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