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Abstract: Consider a collection of entities moving continuously with bounded speed, but otherwise
unpredictably, in some low-dimensional space. Two such entities encroach upon one another at a fixed
time if their separation is less than some specified threshold. Encroachment, of concern in many settings
such as collision avoidance, may be unavoidable. However, the associated difficulties are compounded
if there is uncertainty about the precise location of entities, giving rise to potential encroachment and,
more generally, potential congestion within the full collection. We adopt a model in which entities
can be queried for their current location (at some cost) and the uncertainty region associated with an
entity grows in proportion to the time since that entity was last queried. The goal is to maintain low
potential congestion, measured in terms of the (dynamic) intersection graph of uncertainty regions, at
specified (possibly all) times, using the lowest possible query cost. Previous work in the same uncertainty
model addressed the problem of minimizing the congestion potential of point entities using location
queries of some bounded frequency. It was shown that it is possible to design query schemes that
are O(1)-competitive, in terms of worst-case congestion potential, with other, even clairvoyant query
schemes (that exploit knowledge of the trajectories of all entities), subject to the same bound on query
frequency. In this paper, we initiate the treatment of a more general problem with the complementary
optimization objective: minimizing the query frequency, measured as the reciprocal of the minimum time
between queries (granularity), while guaranteeing a fixed bound on congestion potential of entities with
positive extent at one specified target time. This complementary objective necessitates quite different
schemes and analyses. Nevertheless, our results parallel those of the earlier papers, specifically tight
competitive bounds on required query frequency.

Keywords: data in motion; uncertain inputs; collision avoidance; online algorithms; competitive
analysis

1. Introduction

This paper addresses a fundamental issue in algorithm design, of both theoretical and
practical interest: how to cope with unavoidable imprecision in data. We focus on a class
of problems associated with location uncertainty arising from the motion of independent
entities when location queries to reduce uncertainty are expensive. For concreteness,
imagine a collection of robots following unpredictable trajectories with bounded speed. If
an individual robot is not monitored continuously there is uncertainty, growing with the
duration of unmonitored activity, concerning its precise location. This portends some risk
of collision with neighboring robots, necessitating some perhaps costly collision avoidance
protocol. Nevertheless, robots that are known to be well-separated at some point in time
will remain free of collision in the near future. How then should a limited query budget
be allocated over time to minimize the risk of collisions or, more realistically, help focus
collision avoidance measures on robot pairs at serious risk of collision?
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We adopt a general framework for addressing such problems, essentially the same
as the one studied by Evans et al. [1] and by Busto et al. [2]. In this model, an entity may
be queried at any time in order to reveal its true location but between queries, location
uncertainty, represented by a region surrounding the last known location, grows. Our
goal is to understand with what frequency such queries need to be performed, and which
entities should be queried, in order to maintain a particular measure of the congestion
potential of the entities, formulated in terms of the overlap of their uncertainty regions.
We describe query schemes that ensure a specified bound on two measures of congestion
potential at a specified target time. Our schemes are shown to be competitive, in terms of
query granularity, with all other schemes that ensure the same bound.

While the problem of guaranteeing low congestion potential at a fixed target time is
of interest in its own right, it also serves to set the stage for the more ambitious task of
guaranteeing low congestion potential continuously (i.e., at all times). This task is taken up
in a companion paper [3] where we present query schemes to maintain several measures of
congestion potential that, over every modest-sized time interval, are competitive in terms
of the frequency of their queries, with any scheme that maintains the same measure over
that interval alone.

1.1. The Query Model

To facilitate comparisons with earlier results, we adopt much of the notation used by
Evans et al. [1] and Busto et al. [2]. Let E be a set {e1, e2, . . . , en} of (mobile) entities. Each
entity ei is modeled as a d-dimensional closed ball with fixed extent and bounded speed,
whose position (center location) at any time is specified by the (unknown) continuous
function ζi from [0, ∞) (time) to Rd. We take the entity radius to be our unit of distance,
and take the time for an entity moving at maximum speed to move a unit distance to be
our unit of time.

The n-tuple (ζ1(t), ζ2(t), . . . , ζn(t)) is called the E -configuration at time t. Entities ei
and ej are said to encroach upon one another at time t if the distance ∥ζi(t)− ζ j(t)∥ between
their centers is less than some fixed encroachment threshold Ξ. For simplicity we assume
to start that the distance between entity centers is always at least 2, i.e., the separation
∥ζi(t)− ζ j(t)∥ − 2 between entities ei and ej at time t, is always at least zero—so entities
never properly intersect, and that the encroachment threshold is exactly 2 (i.e., we are only
concerned with avoiding entity contact). The concluding section considers a relaxation (and
decoupling) of these assumptions in which ∥ζi(t)− ζ j(t)∥ is always at least some positive
constant ρ0 (possibly less than 2), and the encroachment threshold Ξ is some constant at
least ρ0.

We wish to maintain knowledge of the positions of the entities over time by making
location queries to individual entities, each of which returns the exact position of the entity
at the time of the query. A (query) scheme S is just an assignment of location queries to time
instances. We measure the performance of a scheme over a specified time interval T as the
minimum query granularity (the time between consecutive queries) over T.

At any time t ≥ 0, let pSi (t) denote the time, prior to t, that entity ei was last queried;
we define pSi (0) = −∞. The uncertainty region of ei at time t, denoted uS

i (t), is defined as
the ball with center ζi(pSi (t)) and radius 1 + t − pSi (t); note that uS

i (0) is unbounded. (We
omit S when it is understood and the dependence on t when t is fixed.) Figure 1 illustrates
the uncertainty regions of four unit-radius entities shown at their most recently known
locations, four, three, two and one time unit in the past, respectively.

The set U(t) = {u1(t), . . . , un(t)} is called the (uncertainty) configuration at time t.
Entity ei is said to potentially encroach upon entity ej in configuration U(t) if ui(t)∩ uj(t) ̸= ∅
(that is, there are potential locations for ei and ej at time t such that ei ∩ ej ̸= ∅).

In this way, any configuration U gives rise to an associated (symmetric) potential
encroachment graph PEU on the set E . Note, that by our assumptions above, the potential
encroachment graph associated with the initial uncertainty configuration U(0) is complete.
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∗

Figure 1. Uncertainty regions (light grey) of four unit-radius entities (dark grey) with uncertainty ply
three (witnessed by point ∗).

We define the following notions of congestion potential (called interference potential in [2])
in terms of configuration U and the graph PEU .

• The (uncertainty) max-degree (hereafter degree) of the configuration U is given by
δU = maxi{δU

i } where δU
i is defined as the degree of entity ei in PEU (the maximum

number of entities ej, including ei, that potentially encroach upon ei in configuration
U).

• The (uncertainty) ply ωU of configuration U is the maximum number of uncertainty
regions in U that intersect at a single point. This is the largest number of entities in
configuration U whose mutual potential encroachment is witnessed by a single point.

• The (uncertainty) thickness χU of configuration U is the chromatic number of PEU .
This is the size of the smallest decomposition of E into independent sets (sets with no
potential for encroachment) in configuration U.

The configuration illustrated in Figure 1 has uncertainty degree four and uncertainty
ply three (witnessed by point ∗).

Note that ωU ≤ χU ≤ δU , so upper bounds on uncertainty degree, and lower bounds
on uncertainty ply, apply to all three measures. As we will see, even when we seek to
minimize congestion at one fixed target time, the query frequency required to guarantee
that the uncertainty degree does not exceed some fixed value x can exceed the query
frequency required to guarantee that uncertainty ply does not exceed x, by a factor that
is Θ(x).

The assumption that entities never properly intersect is helpful since it means that if
uncertainty regions are kept sufficiently small, uncertainty ply can be kept to at most two.
Similarly, for x larger than some dimension-dependent sphere-packing constant, it is always
possible to maintain uncertainty degree at most x, using sufficiently high query frequency.

1.2. Related Work

One of the most widely-studied approaches to computing functions of moving entities
uses the kinetic data structure model which assumes precise information about the future
trajectories of the moving entities and relies on elementary geometric relations among their
locations along those trajectories to certify that a combinatorial structure of interest, such
as their convex hull, remains essentially the same. The algorithm can anticipate when a
relationship will fail, or is informed if a trajectory changes, and the goal is to update the
structure efficiently in response to these events [4–6]. Another less common model assumes
that the precise location of every entity is given to the algorithm periodically. The goal again
is to update the structure efficiently when this occurs [7–9].

More similar to ours is the framework introduced by Kahan [10,11] for studying data
in motion problems that require repeated computation of a function (geometric structure)
of data that are moving continuously in space where data acquisition via queries is costly.
There, location queries occur simultaneously in batches, triggered by requests (Kahan refers
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to these requests as “queries”) to compute some specified function at some time (unknown
in advance) rather than by a requirement to maintain a structure or property at all times.
Performance is compared to a “lucky” algorithm that queries the minimum amount to
calculate the function. Kahan’s model and use of competitive evaluation are common to
much of the work on query algorithms for uncertain inputs (see Erlebach and Hoffmann’s
survey [12]).

As mentioned, our model is essentially the same as the one studied by Evans et al. [1]
and by Busto et al. [2], both of which focus on point entities. Like the current paper,
paper [1] contains strategies whose goal is to guarantee competitively low congestion
potential, compared to any other (even clairvoyant) scheme, at one specified target time.
It provides precise descriptions of the impact of this guarantee using several measures of
initial location knowledge and available lead time before the target. The other paper [2]
contains a scheme for guaranteeing competitively low congestion potential at all times. For
this more challenging task, the scheme maintains congestion potential over time that is
within a constant factor of that maintained by any other scheme over modest-sized time
intervals. All of these results dealt with optimizing congestion potential measures subject to
fixed query frequency.

In this paper, we consider the complementary problem: optimizing query frequency
required to guarantee fixed bounds on congestion. These two problems are fundamentally
different: being able to optimize congestion using fixed query frequency provides little
insight into how to optimize query frequency to maintain a fixed bound on congestion.
In particular, even for stationary entities, a small change in the congestion bound can lead
to an arbitrarily large change in the required query frequency. Our frequency optimiza-
tion involves maximizing the minimum query granularity which requires more than just
minimizing the number of queries made over a specified interval.

1.3. Our Results

The overarching goal of this line of research is to formulate efficient query schemes
that, for all possible collections of moving entities, maintain fixed bounds on congestion
potential measures continuously (i.e., at all times). Naturally, for many such collections, the
required query frequency changes over time as entities cluster and spread, so efficient query
schemes need to adapt to changes in the configuration of entities. While such changes are
continuous and bounded in rate, they are only discernible through queries to individual
entities, so entity configurations are never known precisely; future configurations are of
course entirely hidden. In this latter respect, our schemes and the competitive analysis
of their efficiency using as a benchmark a clairvoyant scheme that bases its queries on full
knowledge of all entity trajectories (and hence, all future configurations), resembles familiar
scenarios that arise in the design and analysis of on-line algorithms.

Our goal in this paper is to show how to optimize query frequency to guarantee low
congestion potential at one fixed target time, say time τ > 0 in the future, starting from
a state of complete uncertainty of entity locations. In a companion paper [3] we turn our
attention to the optimization of query frequency to guarantee low congestion potential
continuously. Motivation for restricting attention to a fixed target time comes in part from
the desire to prepare for a computation, at some known time in the future, whose efficiency
depends on this low congestion potential (see [2,13] for examples). As we will see in
Section 4, a modification of our fixed-target schemes also plays an important role in the
efficient initialization of query schemes that optimize queries to guarantee low congestion
potential continuously, from some point in time onward Our fixed-target schemes also
provide an informative contrast to continuous optimization schemes, highlighting the
unavoidable extra cost of maintaining low congestion continuously.

We begin by describing a query scheme to achieve uncertainty ply at most x at one
fixed target time in the future, reminiscent of the objective in [1]. The detailed description
and analysis of our fixed target time scheme shows that uncertainty ply at most x can be
achieved using query granularity that is at most a factor Θ(x) smaller than that used by
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any, even clairvoyant, query scheme to achieve the same goal. A similar, but more intricate
scheme and analysis establishes the same result for uncertainty degree. An example shows
that the competitive factor for both congestion potential measures is asymptotically optimal
in the worst case. Nevertheless, if we relax our objective, allowing instead uncertainty
degree at most x + ∆, where 1 ≤ ∆ ≤ x, the competitive factor Θ(x) drops to Θ( x

1 + ∆ ).
Again, this competitive factor is shown to be asymptotically optimal in the worst case.
This analysis of a query scheme that solves a slightly relaxed optimization, relative to a
clairvoyant scheme that solves the un-relaxed optimization, foreshadows similar analyses
of our schemes for continuous-time query optimization [14].

In the concluding discussion, we describe modifications to our model that make our
query optimization framework even more broadly applicable.

2. Geometric Preliminaries

In any E -configuration Z = (z1, z2, . . . , zn) and for any positive integer x, we call
the separation between ei and its xth closest neighbour (not including ei) its x-separation,
and denote it by σZ

i (x). We call the closed ball with radius (called the x-radius of ei)
rZ

i (x) = σZ
i (x) + 1 and center zi, the x-ball of ei, and denote it by BZ

i (x) (cf. Figure 2). We
will omit Z when the configuration is understood. Note that, for all entities ei and ej,

σZ
j (x) ≤ ∥zj − zi∥+ σZ

i (x), (1)

since the ball with radius ∥zj − zi∥+ σZ
i (x) centered at zj contains the ball with a radius

σZ
i (x) centered at zi (by the triangle inequality).

e1

e4

e3

e5

e2

σ2(3)

r2(3) B2(3)

Figure 2. A configuration of five unit radius entities. The 3-ball B2(3) of entity e2 is shown shaded.

We have assumed that entities do not properly intersect. Define cd,x to be the smallest
constant such that a unit-radius d-dimensional ball B can have x disjoint unit-radius
d-dimensional balls (not including itself) with separation from B at most cd,x. Thus,
σZ

i (x) ≥ cd,x.
Let Xd be the largest value of x for which cd,x = 0 (e.g., X2 = 6). Clearly, if x ≤ Xd,

there are entity configurations Z with σZ
i (x) = 0. Thus, for such x, obtaining uncertainty

degree at most x, even at one specified target time, might be impossible, in general, for any
query scheme. On the other hand, if x > Xd then cd,x > 0, and therefore, it suffices to query
all n entities in the time interval [τ − cd,x/2, τ), using granularity cd,x/(2n), in order to
obtain congestion less than x at time τ.

Remark 1. Hereafter we will assume that x, our bound on congestion potential, is greater than Xd.

3. Query Optimization to Obtain Bounded Congestion at a Fixed Target Time

Suppose our goalfor a given entity set E , is to optimize queries to guarantee low
congestion potential at some fixed target time τ > 0 in the future. If granularity is not an
issue, O(|E |) queries suffice, provided they are made sufficiently close to the target time.
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Maximizing the minimum query granularity is less straightforward. In fact, it is
NP-hard, even in the case where all entities are stationary (this follows directly from [1]
[Theorem 17]). Nevertheless, it is clear that any reasonable query scheme using minimum
query granularity γ, that guarantees a given measure of congestion potential at most x
at the target time τ, will not query any entity more than once within the final n queries.
Thus, any such optimal query scheme determines a radius 1 + kiγ for each entity ei ∈ E ,
where (i) k1, k2, . . . , kn is a permutation of 1, 2, . . . , n, and (ii) the uncertainty configuration,
in which entity ei has an uncertainty region ui with center ζi(τ − kiγ) and radius 1+ kiγ, has
the given congestion measure at most x. For any measure, we associate with E an intrinsic
fixed-target granularity, defined to be the largest γ for which these conditions are satisfiable.

It is not hard to see that, by projecting the current uncertainty regions to the target
time (assuming no further queries), some entities can be declared “safe” (meaning their
projected uncertainty regions cannot possibly contribute to making a congestion measure,
for itself or any other entity, exceed x at the target time). This idea is exploited in query
schemes that query entities in rounds of geometrically decreasing duration, following each
of which a subset of such “safe” entities are set aside with no further attention, until no
“unsafe” entities remain.

3.1. The Fixed-Target-Time-ply (FTT-ply) Query Scheme

This query scheme shows that, for any ∆, 0 ≤ ∆ ≤ x, uncertainty ply at most x + ∆
can be guaranteed at a fixed target time using minimum query granularity that is at most
Θ( x

1+ ∆ ) smaller than that used by any (even clairvoyant) query scheme that guarantees
uncertainty ply at most x. Assuming no prior knowledge about entity locations, we treat
the uncertainty regions of all entities as being unbounded at time 0. Hence, none of the
entities are (x + ∆)-ply-safe to start (assuming x + ∆ < n). Thus any scheme, including
a clairvoyant scheme, must query all but x of the entities at least once in order to avoid
ply greater than x at the target time. The FTT-ply[x + ∆] scheme starts by querying all
entities in a single round using query granularity τ

2n , which is O(1)-competitive, assuming
n − (x + ∆) = Ω(x + ∆), with what must be conducted by any other scheme.

At this point, the FTT-ply[x + ∆] scheme identifies the set of n1 entities that are not
yet (x + ∆)-ply-safe (the unsafe survivors). All other entities are set aside and attract no
further queries.

The scheme then queries, in a second round, all n1 survivors using query granularity
τ

4n1
. In general, after the rth round, the scheme identifies nr unsafe survivors which,

assuming nr > 0, continue into an (r + 1)st round using granularity τ
2r+1nr

. The rth round
completes at time τ − τ/2r. Furthermore, all entities that have not been set aside have
a projected uncertainty region whose radius is in the range (1 + τ/2r, 1 + τ/2r−1]. Note
that, by our assumption, x > Xd and hence, cd,x > 0. Thus, since the projected uncertainty
region radius of all entities is less than 1 + cd,x/2, by the time r > lg(τ/cd,x) + 2, no unsafe
survivors remain after by the end of round lg(τ/cd,x) + 2.

Theorem 1. For any ∆, 0 ≤ ∆ ≤ x, the FTT-ply[x + ∆] query scheme guarantees uncertainty
ply at most x + ∆ at target time τ and uses minimum query granularity over the interval [0, τ]
that is at most a factor Θ( x

1 + ∆ ) smaller than the intrinsic fixed-target granularity for guaranteeing
uncertainty ply at most x.

Proof. We claim that any query scheme S that guarantees uncertainty ply at most x at
time τ must use at least Θ( nr(1 + ∆)

x + ∆ ) queries after the start of the rth query round of the
FTT-ply[x + ∆] query scheme; any fewer queries would result in one or more entities
having ply greater than x at the target time.

To see this observe first that each of the nr unsafe survivors is either queried by S after
the start of the rth query round or has its projected uncertainty ply reduced to at most x,
by queries to at least 1 + ∆ of its projected uncertainty neighbors after the start of the rth
query round. Assuming that fewer than nr/2 unsafe survivors are queried by S after the
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start of the rth query round, we argue that at least nr(1 + ∆)
2·4d(x + ∆) queries must be made after

the start of the rth query round to reduce the projected uncertainty ply of the remaining
unsafe survivors to some value at most x.

Note that any query after the start of the rth round to an entity set aside in an earlier
round cannot serve to lower the projected uncertainty ply of any of the nr unsafe survivors.
Furthermore, any query to one of the survivors of the (r − 1)st round can serve to decrease
by one the projected uncertainty ply of at most 4d(x + ∆) of the unsafe survivors whose
projected uncertainty ply is at least x + ∆. (This follows because (i) the projected un-
certainty regions of all survivors are within a factor of 2 in size, and (ii) any collection of
4d x̂ unit radius balls that are all contained in a ball of radius 4, must have ply at least x̂.)
Thus any scheme that guarantees uncertainty ply at most x at time τ must make at least

nr(1 + ∆)
2·4d(x + ∆) queries after the start of the rth query round.

Since query scheme S must use at least nr(1 + ∆)
2·4d(x + ∆) ≥

nr
4d+1

1 + ∆
x queries over the interval

[τ − τ/2r−1, τ], it follows that our query scheme is Θ( x
1 + ∆ )-competitive, in terms of

minimum query granularity, with any, even clairvoyant, query scheme that guarantees
uncertainty ply at most x at the target time.

3.2. The Fixed-Target-Time-Degree (FTT-Degree) Query Scheme

This somewhat more involved query scheme shows that for any ∆, 0 ≤ ∆ ≤ x,
uncertainty degree at most x + ∆ can be guaranteed at a fixed target time using minimum
query granularity that is at most Θ( x

1 + ∆ ) smaller than that used by any query scheme
that guarantees uncertainty degree at most x. As before, since the projected uncertainty
regions of all entities are unbounded at time 0, any scheme, including a clairvoyant scheme,
must query all but x of the entities at least once in order to avoid degree (and also ply)
greater than x at the target time. The FTT-degree[x + ∆] scheme starts by querying all
entities in a single round using query granularity τ

2n , which is O(1)-competitive, assuming
n − (x + ∆) = Ω(x + ∆), with what must be conducted by any other scheme.

At this point, the FTT-degree[x + ∆] scheme identifies two sets of entities (i) the
n1 entities that are not yet (x + ∆)-degree-safe (the unsafe survivors), and (ii) the m1
entities that are (x + ∆)-degree-safe and whose projected uncertainty region intersects the
projected uncertainty region of one or more of the unsafe survivors (the safe survivors). All
other entities are set aside and attract no further queries.

The scheme then queries, in a second round, all n1 + m1 survivors using query granu-
larity τ

4(n1+m1)
. In general, after the rth round, the scheme identifies nr unsafe survivors

and mr safe survivors, which, assuming nr + mr > 0, continue into an (r + 1)st round
using granularity τ

2r+1(nr+mr)
. The rth round completes at time τ − τ/2r. Furthermore, all

entities that have not been set aside have a projected uncertainty region whose radius is in
the range (1 + τ/2r, 1 + τ/2r−1].

Theorem 2. For any ∆, 0 ≤ ∆ ≤ x, the FTT-degree[x + ∆] query scheme guarantees uncertainty
degree at most x + ∆ at target time τ and uses minimum query granularity over the interval [0, τ]
that is at most a factor Θ( x

1 + ∆ ) smaller than the intrinsic fixed-target granularity for guaranteeing
uncertainty degree at most x.

Proof. We claim that any query scheme S that guarantees the uncertainty degree at most x
at time τ must use at least Θ( (nr + mr)(1 + ∆)

x + ∆ ) queries after the start of the rth query round
of the FTT-degree[x + ∆] query scheme; any fewer queries would result in one or more
entities having a degree greater than x at the target time.

To see this, observe first that each of the nr unsafe survivors must be satisfied; they are
either queried by S after the start of the rth query round or have their projected uncertainty
degree reduced below x by at least 1 + ∆ queries to their projected uncertainty neighbors
after the start of the rth query round. Assuming that fewer than nr/2 unsafe survivors
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are queried by S after the start of the rth query round, we argue that at least nr(1 + ∆)
2·4d(x + ∆)

queries must be made after the start of the rth query round to reduce below x the projected
uncertainty degree of the remaining unsafe survivors.

Note, that any query after the start of the rth round to an entity set aside in an earlier
round cannot serve to lower the projected uncertainty degree of any of the nr unsafe
survivors. As in the proof of Theorem 1, any query to one of the survivors of the (r − 1)st
round can serve to decrease by one the projected uncertainty degree of at most 4d(x + ∆)
of the unsafe survivors whose uncertainty degree is at most x + ∆. Thus, any scheme that
guarantees uncertainty degree at most x at time τ must make at least nr(1 + ∆)

2·4d(x + ∆) queries
after the start of the rth query round.

Similarly, observe that each of the mr safe survivors must have each of its unsafe
neighbors satisfied in the sense described above. But, since the projected uncertainty
regions of all survivors are within a factor of 2 in size, each query that serves to lower the
projected uncertainty degree of an unsafe neighbor of some safe survivor ei must be to an
entity ej that has the projected uncertainty region of ei in its projected uncertainty near-
neighborhood (the ball centered at zj, whose radius is nine times the projected uncertainty
radius of ej). But ej has at most 18d(x + ∆) such safe near-neighbours, since any collection
of 18d x̂ unit radius balls that are all contained in a ball of radius 18, must have a degree
(and also ply) at least x̂.

It follows that, even if a query to ej lowers the projected uncertainty degree of all of the

unsafe neighbors of ei, a total of at least mr(1 + ∆)
18d(x + ∆) queries must be made after the start of

the rth query round by any scheme that guarantees uncertainty degree at most x at time τ.
Thus, query scheme S must use at least

max
{

nr(1 + ∆)
2 · 4d(x + ∆)

,
mr(1 + ∆)
18d(x + ∆)

}
≥ nr + mr

2 · (18)d
1 + ∆
x + ∆

≥ nr + mr

4 · (18)d
1 + ∆

x

queries over the interval [τ − τ/2r−1, τ]. It follows that our query scheme is Θ( x
1 + ∆ )-

competitive, in terms of minimum query granularity, with any, even clairvoyant, query
scheme that guarantees the uncertainty degree at most x at the target time.

The competitive factor in both of the preceding theorems is worst-case optimal. Specif-
ically, the following example demonstrates that, for 0 ≤ ∆ < x degree at most x can be
guaranteed at a fixed target time by a clairvoyant scheme that uses query granularity, yet
any non-clairvoyant scheme that guarantees ply at most x + ∆ at the target time must use
the query granularity that is O( x

1 + ∆ ).

Example 1. Imagine a configuration involving two collections A and B each with (x + 1 + ∆)/2
point entities located in R1, on opposite sides of a point O. At time 0 all of the entities are at distance
x + 3 + 3∆ from O, but have unbounded uncertainty regions. All entities begin by moving towards
O at unit speed, but at time x + 1 + ∆ a subset of 1 + ∆ entities in both A and B (the special
entities) change direction and move away from O at unit speed, while all of the others carry on until
the target time x + 3 + 3∆ when they simultaneously reach O and stop (cf. Figure 3).

To avoid an uncertainty degree greater than x at the target time a clairvoyant scheme needs
only to (i) query all entities (in arbitrary order) up to time x + 1 + ∆, and then (ii) query just
the special entities (in arbitrary order) in the next 2(1 + ∆) time prior to the target, using query
granularity 1, since doing so will leave the uncertainty regions of the (x + 1 + ∆)/2 entities in A
disjoint from the uncertainty regions of the 1 + ∆ special entities in B, and vice versa.

On the other hand, to avoid ply x + 1 + ∆ at the target time any non-clairvoyant scheme must
query at least one of the special entities (in either A or B) in the last 2(1 + ∆) time before the target.
Since special and non-special entities are indistinguishable before this time interval, at least x/2 + 1
entities in at least one of A or B must be queried in the last 2(1 + ∆) time before the target in order
to be sure that at least one special entity is queried late enough to confirm that its uncertainty region
will not contain O at the target time. This requires query granularity at most 4(1+∆)

x+2 . Thus, in the
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worst case every scheme that achieves uncertainty ply at most x + ∆ at the target time needs to use
at least a factor Θ( x

1 + ∆ ) smaller query granularity in some instances than the best query scheme
for achieving uncertainty degree at most x at the target time on those same instances.

A BO

start 0

time x + 1 + ∆

end x + 3 + 3∆

1 + ∆ 1 + ∆

x + 3 + 3∆ x + 3 + 3∆

x+1+∆
2

x+1+∆
2

Figure 3. Illustration of Example 1. The trajectories of entities in A are in red. Those of entities in B
are in blue.

Theorems 1 and 2 speak to the query frequency requirements for bounding congestion
at a fixed target time, measured in terms of ply or degree individually. This leaves open the
question of how these measures relate to one another. The following example demonstrates
that in some cases the granularity required to bound congestion degree by x + ∆ can be a
factor Θ( x

1 + ∆ ) smaller than that required to bound congestion ply by x.

Example 2. The example involves two clusters A and B of (x + 1 + ∆)/2 point entities separated
by distance 4(1 + ∆). To maintain the uncertainty ply at most x it suffices to query 1 + ∆ entities
in both clusters once every 2(1 + ∆) steps, which can be achieved with query frequency one. Since
the uncertainty regions associated with queried entities in cluster A never intersect the uncertainty
regions associated with queried entities in cluster B, the largest possible ply involves entities in one
cluster (say A) together with unqueried entities in the other cluster (B), for a total of x.

On the other hand, to maintain degree at most x + ∆ no uncertainty region can be allowed
to have radius 4(1 + ∆). Thus, all x + 1 + ∆ entities need to be queried with frequency at
least 1/(4(1 + ∆)), giving a total query demand of x + 1 + ∆ over any time interval of length
4(1 + ∆).

Nevertheless, bounding congestion degree at a fixed target time cannot be too much
worse than bounding congestion ply.

Theorem 3. The FTT-degree[x + ∆] scheme uses a query granularity that is at most a factor
x2

1 + ∆ smaller than the best, even clairvoyant, scheme that guarantees ply at most x.

Proof. In the FTT-degree[x + ∆] scheme, mr (the number of safe survivors in round r)
is O(nr(x + ∆)). Thus, the “extra” queries (to handle the safe survivors) are at most a
factor x + ∆ more numerous than the queries to handle the unsafe survivors. Suppose
that FTT-ply[x + ∆] is modified so that the queries in round r occur with granularity τ

2r+1nr
(i.e., half of their previous granularity), completing at the midpoint of the round, and that
FTT-degree[x + ∆] is modified so that the queries in round r occur with granularity

τ
2r+1(nr+mr)

(i.e., half of their previous granularity), starting at the midpoint of the round.
Since the queries of FTT-degree[x + ∆] in round r now occur after the corresponding
queries in FTT-ply[x + ∆], it is straightforward to see that the unsafe survivors in round
r of FTT-degree[x + ∆] are no more numerous than the unsafe survivors in round r of
FTT-ply[x + ∆]. It follows that the granularity of the queries in FTT-degree[x + ∆] is no
more than a factor Θ(x + ∆) smaller than that of FTT-ply[x + ∆].

4. Towards Query Optimization to Maintain Bounded Congestion Continuously

What can be said about the relationship between the problem of maintaining bounded
congestion at a fixed target time and the more general problem of maintaining bounded
congestion at all times?
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The following example shows that there are entity configurations, even ones that
do not change over time, for which the query granularity required to maintain bounded
congestion at all times is significantly smaller than that which suffices to obtain the same
bounded congestion at a fixed target time.

Example 3. Consider a collection of n/2 well-separated pairs, where the i-th pair has separation
4i − 1. Uncertainty ply (and degree) can be kept at one at a deadline n time units from the start,
by a scheme that queries entities with granularity one in decreasing order of their separation. On the
other hand to maintain degree/ply one continuously, the i-th entity pair must be queried at least
once every 4i − 1 steps, so over any time interval of length n, Ω(n ln n) queries are required.

Our fixed target time results focus on the congestion of uncertainty regions of en-
tities at one time τ. To describe continuously maintaining bounded congestion, we
need a notation that describes an E -configuration and its uncertainty at any time t. Let
Z(t) = (ζ1(t), ζ2(t), . . . , ζn(t)) denote such a configuration at time t and let Bi(x, t), σi(x, t),
and ri(x, t) be the corresponding x-ball, x-separation, and x-radius of entity ei in Z(t).

The continuous strategy described in our companion paper [3] repeatedly queries
individual entities just in time to maintain reasonably accurate information about their
x-separation; that is, the perception of their x-separation is close to their true x-separation.
Relying on the accuracy of this perception, the continuous strategy is able to schedule
queries in a way that simultaneously (i) maintains the desired bound on congestion,
and (ii) sustains the accurate perception of x-separation over time.

In the following subsection, we outline how, once suitably initialized, the accurate
perception of x-separation can be sustained using just-in-time queries based on perceived
x-separation, leaving the details to the companion paper. This serves to motivate the
second subsection in which we describe how the accurate perception of x-separation can be
initialized at some time t0 > 0, from a state of unbounded uncertainty of entity locations at
time zero, using query granularity that is competitive with any other initialization scheme.
This is achieved by a modified version of the FTT-degree[x + ∆] scheme of Section 3, using
higher query frequency and a more restrictive criterion than (x + ∆)-degree-safety.

4.1. Maintaining Accurate Perception of x-Separation

For any query scheme, the true location of a moving entity ei at time t, ζi(t), may
differ from its perceived location, ζi(pi(t)), its location at the time of its most recent query.
Let Ni(x, t) be ei plus the set of x entities whose perceived locations at time t are closest
to the perceived location of ei at time t. The perceived x-separation of ei at time t, denoted
σ̃i(x, t), is the separation between ei and its perceived xth-nearest-neighbour at time t,
i.e., σ̃i(x, t) = maxej∈Ni(x,t) ∥ζi(pi(t))− ζ j(pj(t))∥ − 2. The perceived x-radius of ei at time t,
denoted r̃i(x, t), is just 1 + σ̃i(x, t).

Since a scheme only knows the perceived locations of the entities, it is important that
each entity ei be probed sufficiently often that its perceived x-separation σ̃i(x, t) closely
approximates its true x-separation σi(x, t) at all times t. The following proposition, whose
proof appears in the companion paper [3] (see also [14], Lemma 9) asserts that once a close
relationship between perception and reality has been established, it can be sustained by
ensuring that the time between queries to an entity is bounded by some small fraction of
its perceived x-separation.

Proposition 1. Suppose that for some t0 and for all entities ei,

(i) σi(x, pi(t0))/2 ≤ σ̃i(x, pi(t0)) ≤ 3σi(x, pi(t0))/2, [perception is close to reality for ei at
time pi(t0)] and

(ii) for any t ≥ t0, t − pi(t) ≤
cd,x

1+cd,x
σ̃i(x, pi(t))/12 [all queries are conducted promptly based

on perception].

Then for all entities ei, σi(x, t)/2 ≤ σ̃i(x, t) ≤ 3σi(x, t)/2, for all t ≥ pi(t0).
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4.2. Initializing Accurate Perception of x-Separation

To obtain the preconditions of Proposition 1, we could assume that all entities are
queried very quickly using low granularity for a short initialization phase. We next show
how to use a modified version of the FTT scheme of Section 3 to obtain these preconditions
using granularity that is competitive with any scheme that guarantees uncertainty degree
at most x from time t0 onward.

Lemma 1. For any ∆, 0 ≤ ∆ ≤ x, and any target time t0 ≥ 0, there exists an initialization scheme
that guarantees

(i) σi(x + ∆, t0)/2 ≤ σ̃i(x + ∆, t0) ≤ 3σi(x + ∆, t0)/2, and
(ii) t0 − pi(t0) ≤ λd,xσ̃i(x + ∆, pi(t0))/12.

using minimum query granularity over the interval [0, t0] that is at most Θ( x + ∆
1 + ∆ ) smaller than

the minimum query granularity, over the interval [0, (a + 1)t0], used by any other scheme that
guarantees uncertainty degree at most x in the interval [t0, (a + 1)t0], where a = 64/(5λd,x).

Proof. The FTT[x + ∆] scheme described in Section 3 is modified as follows: Instead
of conducting each successive query round-robin within half of the time remaining to
the target time, we use just a fraction 1/16 of the time remaining. This means that with
each successive round-robin phase, the time remaining to the target decreases by a factor
b = 15/16.

We say that an entity is (x + ∆)-degree-super-safe at time t0 − bst0 (i.e., bst0 units before
the target time) if its projected uncertainty region at that time is separated by distance at
least abst0 from the projected uncertainty regions of all but at most x + ∆ − 1 other entities
(so that its (x + ∆)-separation at the target time is guaranteed to be at least abst0). This
ensures that when ei is declared (x + ∆)-degree-super-safe both the true and perceived
(x + ∆)-separation of ei at the target time are at least abst0 (no matter what further queries
are performed).

Assuming that ei is (x + ∆)-degree-super-safe at time bst0 before the target but
not at time bs−1t0 before the target, both the true and perceived (x + ∆)-separation of
ei at the target time are at most (a/b + 4/b2)bst0. Indeed, at time bs−1t0 before target,
the separation of surviving projected uncertainty regions is at most abs−1t0, and while
the x-separation at the target time could be more than this, it cannot be more than four
times the radius of any surviving uncertainty region (which is less than bs−2t0) plus
abs−1t0. Since (a/b + 4/b2)bst0 < (16a/15 + 5)bst0, it follows that (i) σ̃i(x + ∆, t0) ≤
16a/15+5

a σi(x + ∆, t0), and (ii) t0 − pi(t0) ≤ 16
15a σ̃i(x + ∆, pi(t0)). Choosing a large enough

(a ≥ 64/(5λd,x) suffices) guarantees the desired properties.
Following the analysis of the FTT[x + ∆] scheme, if the sth query round uses qs queries

then any query that guarantees uncertainty degree at most x at time t0 + abst0/2 < (a+ 1)t0

must use at least Θ( qs(1 + ∆)
x + ∆ ) queries between time t0 − bs−1t0, the start of the sth query

round, and time t0 + abst0/2; otherwise, some entity that was not (x + ∆)-degree-super-
safe at time t0 − bs−1t0 would not be x-safe at time t0 + abst0/2. It follows that this
initialization scheme uses a minimum query granularity that is competitive to within a
factor of Θ( x + ∆

1 + ∆ ) with the minimum granularity used by any other scheme that guarantees
the uncertainty degree is at most x.

5. Discussion

To this point, we have assumed that the distance between entity centers is always at
least 2 (i.e., entities never properly intersect), and that the encroachment threshold is exactly
2 (i.e., we are only concerned with avoiding entity contact). However, without changing
the units of distance and time, we can model a collection of unit-radius entities, any pair of
which possibly intersect but whose centers always maintain distance at least some positive
constant ρ0 < 2, by simply scaling the constant cd,x by ρ0/2. Similarly (and simultaneously),
we can model a collection of unit-radius entities with encroachment threshold Ξ > 2 by
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(i) changing the basic uncertainty radius (the radius of the uncertainty region of an entity
immediately after it has been queried) to Ξ/2 thereby ensuring that entities with disjoint
uncertainty regions do not encroach on one another, and (ii) changing Xd to be the largest
x such that cd,x ≥ Ξ − 2 since for x exceeding this changed Xd there can be at most x − 1
entities that are within the encroachment threshold of any fixed entity.

This relaxation of our basic assumptions makes it possible to additionally relax our as-
sumption that location queries are answered exactly since potential errors in the response to
location queries can be modeled by an increase in the basic uncertainty radius. Furthermore,
it increases significantly the scope of applications of our results.

For example, recall the problem concerning collision avoidance mentioned in the
introduction. Here, it would be useful to consider encroachment occurring well before
contact (inviting the use of an encroachment threshold Ξ > 2). It follows from our results
that, by achieving an uncertainty degree at most x at time τ, we obtain for each entity ei a
certificate identifying the, at most x− 1, other entities that could potentially encroach (in this
more general sense) upon ei at that time (those warranting more careful local monitoring).

An additional application, considered in [2], concerns entities that are mobile trans-
mission sources with associated broadcast ranges that one would expect might sometimes
properly intersect, where the goal is to minimize the number of broadcast channels at time
τ so as to eliminate potential transmission interference. In this case, achieving uncertainty
thickness at most x using minimum query frequency serves to obtain a fixed bound on
the number of broadcast channels required at time τ, an objective that seems to be at least
as well-motivated as optimizing the number of channels for a fixed query frequency (the
objective in [2]).
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