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Abstract: In the present study, a novel parametric family of fuzzy implications is introduced and
its properties are examined. The parametric family of implications is produced only via a fuzzy
negation. This in turn enables the effortless production of a wide range of implications from which to
select the one that best fits a given problem, for example in fuzzy inference systems or fuzzy neural
networks. The fuzzy negations that have been selected as a basis for the proposed methodology
are strong, i.e., involutions, thus leading, in general, to the generated fuzzy implications possessing
many desirable additional properties. We have examined which of these properties hold for the
implications produced by our algorithm and under which conditions. Finally, it is demonstrated that
the family of implications generated via the proposed methodology generalizes other well-established
implications, including the Lukasiewicz implication.
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1. Introduction

Fuzzy implications have been developed into an integral and crucial part of fuzzy
logic. They generalize the classical logic implication operator and enable “if-then” rules to
be applied in a fuzzy inference system [1,2]. Apart from the basic properties that a fuzzy
implication has to satisfy by definition, researchers have proposed many additional proper-
ties, e.g., [3-5], each usually satisfied by a particular subclass of implications. Depending
on the specific context of the application, a different set of these properties might be desired.
Even within a fuzzy implication subclass, it is often desirable to find the one that fits a
given dataset best, i.e., to finetune the fuzzy inference system [6,7].

Thus, it becomes clear that, in such applications, it is imperative for the researcher to
have an algorithm capable of producing a wide class of implications from which to select
the one that best fits their particular problem. Among the many most commonly used
ones, we focus in this paper on the so-called (S, N) implications [8]. (S, N) implications are
produced using a fuzzy distinction S (fuzzy “or”) in conjunction with a fuzzy negation N
based on the well-known logical truth “if P then Q” = “if NOT P then NOT Q”.

In the present study, an algorithmic approach for producing a parametric family of
(S, N) implications is presented. As a basis for the developed algorithm, we have utilized
the strong fuzzy negation introduced in [9], which is derived via the parametric form of the
conical sections equation. There are other families of parametric negations in the literature,
such as the Sugeno or Yager classes [10]. However, as the authors in [9] demonstrated,
the examined methodology is more general since it produces some of these classes as a
subset of the produced negations.

The introduced parameter enables, as mentioned, many different implications to be
chosen from for a particular problem. This is an advantage compared to other method-
ologies. For example, Yager’s f- and g-generated implications [11] or the implications
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presented in [12] are not produced by a parametric generator. In addition, the fact that
the implications are produced via a strong negation leads to many additional desirable
properties being satisfied, as indicated in the present study. Finally, this family of implica-
tions generalizes other well-known implications, such as the Lukasiewicz implication, as,
for special choices of the parameter, these are produced by our algorithm.

Thus, the contributions of the study presented herein are focused in two main direc-
tions. On the one hand, we introduce an algorithm to effortlessly produce an infinite variety
of implications, which can be used in an integrated decision-making system in a fuzzy
environment. On the other hand, the theoretical mathematical properties of this family of
implications are studied, which is a necessary step towards their successful implementation
in a practical application.

2. Preliminaries

In this section, we present the necessary mathematical propositions that constitute
the basis of the developed algorithm. These fundamental building blocks pertain to fuzzy
implications, fuzzy disjunctions, as well as fuzzy negations. Their definitions and some of
their well-known properties are examined below. These are included in many well-known
textbooks on fuzzy logic, e.g., [10,13,14].

A fuzzy implication expands the notion of the classical implication operator — to
the domain of fuzzy logic. In classical logic, the implication operator is expressed via the
tautology “IF P THEN Q” = “NOT P OR Q”. Fuzzy implications generalize the truth table
of the above relation. Similarly, a fuzzy negation generalizes the truth table of the classical
negation — and a fuzzy disjunction generalizes the notion of the classical V (or) operator.
We begin by presenting the definition and some additional properties of fuzzy implications.

Definition 1. A bivariate function | : [0,1] x [0,1] — [0,1] is called a fuzzy implication if
Y u, uq,up,v,v1,0; € [0,1] we have the following conditions:

up <up = J(uy,0) > J(uz,0), J1)
v < vy = J(u,v1) < J(u,02), J2)
J(0,0) =1, J3)
J(1,1) =1, J4)
J(1,0) =0. J5)

Equations (J1-J5) correspond to a set of functions denoted by FJ. In addition to the
above, there have been many complementary properties in different publications, e.g., [3-5].
Each of these properties defines a subset of FJ, i.e., a subclass of the encompassing set of
fuzzy implications. Some common ones that we will be using in this paper are provided in
the following definition.

Definition 2. Given a function | € F], it is said to satisfy
1. the left neutrality property if

J(1,v)=v, ©ve0,1]; (NePr)
2. the exchange principle if
J(w,J(v,w)) = J(v, ] (u,w)), u,0,we[01]; (ExPr)
3. theidentity principle if
Ju,u)=1 u€l0,1]; (IdPr)

4. the ordering property if

Ju,v)=1<u<v, uvelll]. (OrdPr)
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Definition 3. A univariate function N : [0,1] — [0, 1] is called a fuzzy negation if

N(0) =1, N(1) = 0, (N1)

Uy < up = N(Ml) > N(Mz), Uy, Uy € [0, 1]. (N2)

The set of functions that satisfy the above conditions can be denoted as FN. These
conditions are generic and can be true for a wide array of functions. In addition to the
above, several properties pertaining to fuzzy negations have been investigated, which
define distinct subclasses of FN. Specifically, as we have mentioned, the fact that the
negations that form the basis of the proposed methodology are “strong” leads to many
favorable properties for the generated parametric family of implications. To this end, we
present below the pertinent definitions.

Definition 4. A fuzzy negation is called

1. strictif
up < uy = N(up) > N(up), wuq,up €10,1], (N3)
N is continuous. (N4)
2. strongif
N(N(u)) = u, Yu € [0,1]; i.e., the function N is an involution. (N5)

The law of contraposition is another well-known tautology from the realm of classical
logic. Formally, for two propositions P and Q, this can be expressed via the formula “IF P
THEN Q” = “NOT Q THEN NOT P”. This can be extended in fuzzy logic as follows [10]

(p- 20):

Definition 5. Let | € FJ. Furthermore, let N € FN be a fuzzy negation. Then, | satisfies
the following:

1. law of contraposition if

J(u,0) = J(N(v),N(u)), ¥(u,0)€[0,1]% (CP)
2. left law of contraposition if

J(N(u),0) = J(N(v),u), V(u,0)€[0,1]% (L-CP)
3. right law of contraposition if

J(u,N(v)) = J(o,N(u)), ¥(u,0) € [0,1]% (R-CP)

If | satisfies the (left, right) contrapositive symmetry with respect to N, then we also denote
this by CP(N) (respectively, by L-CP(N), R-CP(N)). For a strong fuzzy negation, as shown in [10]
(p. 21), the above 3 statements are equivalent.

It is important to highlight that Equations (CP), (L-CP), and (R-CP) are equivalent in
the classical logic domain. This is because of the well-known identity —=(—p) = p. However,
as was shown in Equation (N5), this intuitive property only holds for the subclass of strong
negations. Thus, the above equivalence does not hold in general.
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Definition 6. Amap S : [0,1] x [0,1] — [0,1] is called a fuzzy disjunction or triangular conorm
(often abbreviated as t-conorm) if ¥V u, v, w € [0, 1]; the following hold:

S(u,v) = S(v,u), (S1)
S(u,S(v,w)) = S(S(u,v),w)), (S2)
v <w= S(u,0) < S(u,w), (S3)
S(u,0) = u. (S4)

In addition to the above, we also have many complementary properties of t-conorms.
In particular, a property we will use in the sequel is the so-called Archimedean property [10]
(p. 45). A t-conorm S is said to satisfy the Archimedean property if Vu,v € (0,1),3k € N
such that ug]f] > 0.

For a continuous function, the above definition is equivalent to S(u, u) > u VYu € (0,1).

Given the above, we have the following theorem [10] (p. 47):

Theorem 1. Foramap S : [0,1] x [0,1] — [0, 1], the propositions presented below are equivalent:

1. Sisa continuous t-conorm that satisfies the Archimedean property.
2. There exists a continuous function g with domain of closed interval [0,1] and co-domain
[0, 0], such that

S(u,v) = g~ ' (min{g(u) +g(v),g(1)}), u,v € [0,1].

Furthermore, the function g is strictly increasing in its domain and must satisfy the boundary
condition g(0) = 0. Finally, the function g can be determined uniquely, up to a positive
multiplicative constant.

In the domain of classical logic, the the law of excluded middle is an additional state-

ment that combines the previously examined notions of negation (“not”) and disjunction

“or”). Formally, for two propositions p and g, the relation p VV —p is always true. This can
be extended in fuzzy logic as follows [10] (p. 52):

Definition 7. Given a t-conorm S and a function N € FN, i.e., a fuzzy negation, the pair (S, N)
obeys the so-called law of excluded middle (LEM) if

S(N(u),u) =1, uel01] (LEM)

As was previously mentioned, in the realm of classical logic, the identity “IF P THEN
” = “NOT P OR Q” is always true. Thus, it is natural to extend this definition to fuzzy
logic as follows [10] (p. 57):

Definition 8. Given a function N € FN, i.e., a fuzzy negation, and a triangular conorm S, a map
J :[0,1]> — [0, 1] defined as

J(w,0) = S(N(u),v)), u,vel01] ©)

will be called an (S, N) implication. The implications that are generated via the above relationship
will be denoted as (s ny.

For an (S, N) implication J(g ny, the following proposition holds [10] (pp. 57, 61,
64-65):

Proposition 1. Let N be a fuzzy negation, S a t-conorm, and ] s vy the associated (S, N) implica-
tion. Then,

1. Js,ny € FJ; ie., properties (J1-]5) are valid and thus the function is indeed a fuzzy implication.
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conditions (nEPr) and (ExPr) are valid.

condition (R-CP) with respect to N is valid.

if N is strict, then condition (L-CP) with respect to N~ is valid.

if N is an involution, then condition (CP) is valid.

condition (IdPr) is valid if and only if the disjunction—negation pair (S, N) satisfies Equation (LEM).
condition (OrdPr) is valid if and only if N is an involution and the disjunction-negation pair
(S, N) satisfies Equation (LEM).

NSO R W N

3. Main Results

We present an algorithm to produce fuzzy implications of a special form based only
on a strong fuzzy negation. The specific strong fuzzy negation employed here is based on
the properties of conical sections and was introduced by Souliotis and Papadopoulos in [9].
To this end, first recall that, as demonstrated in Theorem 1, a t-conorm can be generated via
a function g as

S(u,0) = g (min{g(u) +g(v),g(1)}), u,v€[0,1]

and note that g : [0,1] — [0, o0] is a continuous function, which is strictly increasing in
its domain. Let g(u) = Ngs(1 — u), where N5 denotes the strong negations based on
conical sections introduced in [9]. As shown by the authors, this can take one of two forms.
Specifically, in the first case, we have

1—u

Nes () = T

m> —1, 2)
which leads to the so-called Sugeno family of negations. In the second case, we have

Nes(u) =/ (m2 = 1Du2+1+mu, m<O0. 3)

Note that, using the previous transformation, g is indeed a strictly increasing function,
with the additional boundary condition ¢(0) = 0. Finally, recall that N.; was proven to be
strong; i.e., N 1 — N. Now, note that we have

g () = (1—u) "o Ng'(u) =1 — Nes(u). (4)
This leads to
S(1,0) =1 — Nes(min{Nes(1 — ) + Nes(1 — v),1}) (5)
and finally

Jes(u,v) = S(N(u), )
=1 — N (min{Ngs(1 — Ngs(u)) + Nes(1 —0),1}). (6)

Thus, the family of strong negations presented in Equations (2) and (3) is utilized to
parametrically produce infinitely many implications. Due to the fact that these negations
are strong, the produced family of implications possesses several desirable properties,
as shown in the sequel. To this end, for the above implication J.(u,v), the properties
presented in the proposition below are true:

Proposition 2. Let N be a fuzzy negation as defined in (2) or (3). Then, for the fuzzy implication
provided by (6), we have

(i) Jis,n) € FJ, ie., it satisfies properties (J1-]5) and is indeed a fuzzy implication;

(ii) condition (NePr) and condition (ExPr) are valid;

(iii) condition (CP) as well as conditions (L-CP)—(R-CP) are valid;

(iv) condition (IdPr) and condition (OrdPr) are valid if —1 < m < 0.
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Proof of Proposition 2. The proof of (i) and (ii) is a direct application of the corresponding
points in Proposition 1. The proof of (iii) is a direct application of points (iii) and (v)
in Proposition 1 and the fact that every strong fuzzy negation is also strict [10] (p. 15).
For point (iv), note that, since N was proven to be strong in [9], from (vi) and (vii) in
Proposition 1, we only need to prove that, if —1 < m < 0, then the disjunction—negation
pair (S, Ngs), with S defined as in (5) and N5 defined as in Equations (2) and (3), satisfies
Equation (LEM). To this end, first note that, from [9], we have

—1<m<0= Ng(u) >1—u. (7)

A straightforward substitution # — 1 — u can be performed in (7), which yields the
following inequality:
Nes(1—u) > u. (8)

Similarly, an additional substitution # — 1 — N¢(#) can also be performed in (7).
In turn, this gives rise to the following series of inequalities:

Nes(1— Nes(u)) > 1 — (1 — Nes(#)) = Nes(1 — Nes(u)) > Nes(u) )

The inequalities presented in (8) and (9) can be combined, which results in the follow-
ing relation:
I\]cs(1 _Ncs(u)) +Ncs(1 —u) > u+Ncs(u) >1, (10)

where the last inequality holds due to (7). Therefore, it trivially holds that
min{Ns(1 — Nes(u)) + Nes(1 —u), 1} =1 (11)
From the above, we have

Nes(min{Ngs(1 — Nes(u)) + Nes(1 —u),1}) = Ns(1) &
Nes(min{Ngs(1 — Nes(u)) + Nes(1 —u),1}) =0 &
1 — Nes(min{Ngs(1 — Nes(1)) + Nes(1 —u),1}) =1 <
S(Nes(u),u) =1,

which is exactly (LEM). This completes the proof. [

Thus, the algorithm presented in Equation (6), in conjunction with the conic nega-
tions presented in Equations (2) and (3), provide a generic procedure for the parametric
production of an infinite number of equations. As was proven in the above proposition,
this family of functions not only satisfies the fundamental properties of Equations (J1-J5)
and are thus fuzzy implications but they also satisfy several additional desirable properties.
Furthermore, the family of implications is generic and can produce other well-known
implications as a subclass.

For example, for m = —1, we have N¢s = 1 — u, which, through straightforward
calculations, yields the well-known Lukasiewicz implication min{1 — u + v, 1}. Similarly,
for m = 0, and using (3), we have Nis = v/1 — u?. This Yager-type negation leads to the
fuzzy implication

Jes(,0) =1 — \/1 —min{\/l — (1= V1—u2)2+/1—(1-0)2,1}. (12)

The graphs of the above implications and the graphs of the strong negations that
produced them are shown in Figures 1 and 2, respectively.
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Figure 1. Jcs(u,v) for m = —1 (left) using (3), i.e., the Lukasiewicz implication, and Jes(u, v) for
m = 0 (right).
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Figure 2. Ny form =0and m = —1.

4. Conclusions

In the manuscript presented herein, an algorithm for the parametric production of
a family of fuzzy implications is introduced. Deviating from the previously established
methodologies, the proposed algorithm is based solely on a single fuzzy negation. Specifi-
cally, the proposed algorithm is based on the strong fuzzy negations based on the conical
sections introduced by Souliotis and Papadopoulos in [9]. This extends the available range
of implications for researchers to select the most suitable one for any given application.
In addition, it generalizes other well-known implications, which are produced by our
algorithm for the special choices of the parameter.

Furthermore, selecting a strong negation as a basis for the proposed formulation has
essentially removed all the constraints of Proposition 1. In turn, this has led to the proof of
Proposition 2, which includes several other intuitive and desirable properties, in addition to
the ones presented in Definition 1 and conditions (J1-]5). Specifically, the generated family
of implications was shown to satisfy Equations (ExPr), (NePr), and (CP)-(R-CP)-(L-CP).
In addition, we have shown that, for the given family of implications, the ordering property
and identity principle are satisfied for a range of the examined parameter m.

A future path of research includes the application of this family of implications in a
fuzzy inference system or a fuzzy neural network and comparing the performance obtained
by an optimal choice of our parameter m against other well-known implications. It should
be noted that the evaluation of the optimal fuzzy implication is carried out individually for
each specific application. The proposed methodology offers a tool in order to parametrically,
and thus seamlessly, produce infinitely many implications in order to identify the optimal
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one for each case. Finally, additional theoretical investigations can be conducted and further
properties of this family of implications can be established.
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