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Abstract: The Analytic Hierarchy Process (AHP) has been a widely used multi-criteria decision-
making (MCDM) method since the 1980s because of its simplicity and rationality. However, the
conventional AHP assumes criteria independence, which is not always accurate in realistic scenarios
where interdependencies between criteria exist. Several methods have been proposed to relax
the postulation of the independent criteria in the AHP, e.g., the Analytic Network Process (ANP).
However, these methods usually need a number of pairwise comparison matrices (PCMs) and make
it hard to apply to a complicated and large-scale problem. This paper presents a groundbreaking
approach to address this issue by incorporating discrete Markov Random Fields (MRFs) into the
AHP framework. Our method enhances decision making by effectively and sensibly capturing
interdependencies among criteria, reflecting actual weights. Moreover, we showcase a numerical
example to illustrate the proposed method and compare the results with the conventional AHP
and Fuzzy Cognitive Map (FCM). The findings highlight our method’s ability to influence global
priority values and the ranking of alternatives when considering interdependencies between criteria.
These results suggest that the introduced method provides a flexible and adaptable framework
for modeling interdependencies between criteria, ultimately leading to more accurate and reliable
decision-making outcomes.

Keywords: Analytic Hierarchy Process (AHP); Markov Random Fields (MRFs); multi-criteria
decision-making; criteria interdependencies; pairwise comparison matrices

1. Introduction

The Analytic Hierarchy Process (AHP) has gained widespread recognition as a ver-
satile multi-criteria decision-making method with successful applications across diverse
fields such as finance, healthcare, and manufacturing [1,2]. The essence of AHP lies in its
ability to decompose complex decision-making scenarios into a hierarchy of goals, criteria,
and alternatives, enabling a systematic and structured approach to decision analysis [3,4].
This hierarchical structure, paired with a methodical pairwise comparison process, allows
for a quantifiable evaluation of options against multiple criteria, making it an invaluable
tool in strategic planning and resource allocation.

Despite its widespread acceptance and versatility, AHP’s conventional application
rests on a pivotal assumption: the independence of decision criteria [5]. In numerous
real-world scenarios, however, decision criteria often exhibit varying degrees of interdepen-
dence, leading to complexities that the traditional AHP model may not adequately capture.
Such interdependencies can stem from economic, environmental, social, or technical factors,
and their oversight can lead to inaccurate prioritization, ultimately affecting the reliability
and validity of decision outcomes [6]. This limitation of AHP is not merely theoretical but
has practical implications in fields where decision criteria are intrinsically interlinked, such
as in environmental policy formulation, healthcare management, and urban planning.
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In response to this challenge, the research community has explored and developed
numerous methodologies to account for criteria interdependence in MCDM. Prominent
among these are the Analytic Network Process (ANP), a natural extension of AHP proposed
by Saaty himself, which explicitly considers interdependencies and feedback loops among
decision elements ([7]). Similarly, the Decision-Making Trial and Evaluation Laboratory
(DEMATEL) method has been instrumental in visualizing and analyzing complex causal
relationships among criteria [8]. Further enriching the landscape are Fuzzy Cognitive Maps
(FCMs), which combine elements of fuzzy logic and neural networks to model systems
where human judgment and imprecision play a significant role [9]. These developments,
coupled with integrated fuzzy MCDM approaches such as Fuzzy Analytic Hierarchy
Process (FAHP) and Fuzzy Technique for Order of Preference by Similarity to Ideal Solution
(TOPSIS), have significantly advanced the field [10].

Moreover, hybrid MCDM methodologies have emerged, such as the integration of
ANP with Fuzzy ELECTRE methods, offering nuanced and sophisticated decision-making
frameworks [11]. These innovative approaches have been applied to various domains,
ranging from resource allocation to strategic planning, highlighting their versatility and
effectiveness. Ref. [12] provided a comprehensive review of methods considering criteria de-
pendencies, including ANP, DEMATEL, and Fuzzy Gray Relational Analysis (Fuzzy GRA).
Ref. [13] proposed a method for selecting interdependent information system projects,
employing ANP to evaluate interdependencies and Goal Programming (GP) for project
selection. These methods, while robust, often rely on elaborate pairwise comparison matri-
ces (PCMs), which can become cumbersome and computationally intensive, particularly in
scenarios involving a large number of criteria and alternatives.

This research gap has led us to explore the potential of discrete Markov Random
Fields (MRFs) as an innovative means to model criteria interdependencies within the AHP
framework. MRFs, a cornerstone in the field of probabilistic graphical models, offer a robust
and versatile tool for capturing dependencies in a structured manner. Widely employed in
areas such as computer vision, natural language processing, and social network analysis,
MRFs provide a mathematical framework for representing complex relational structures in
a probabilistic context [14]. By embedding MRFs into the AHP, we propose a methodology
that not only maintains the simplicity and intuitiveness of AHP but also effectively captures
the nuances of interdependent decision criteria. This integration paves the way for a more
accurate and reliable decision-making process, especially in contexts where the interplay of
criteria significantly influences outcomes.

To illustrate the efficacy of our approach, we present a numerical example that com-
pares the proposed MRF-AHP method with the traditional AHP and Fuzzy Cognitive Map
(FCM) approaches. This comparison is pivotal in demonstrating how the incorporation
of MRFs into the AHP framework can lead to significant shifts in criteria weighting and
prioritization, reflecting a more realistic representation of interdependencies in decision-
making processes. The results showcase a notable ranking reversal in the proposed method,
underscoring its capability to more effectively account for interdependencies compared to
the conventional AHP model.

The remainder of this paper is structured as follows: Section 2 presents a concise
review of existing methods for addressing criteria interdependencies, the AHP, and discrete
MREFs. Section 3 introduces our proposed method, seamlessly incorporating MRFs into the
AHP framework. Section 4 showcases the effectiveness of our approach through a case
study. Finally, Section 5 concludes the paper and highlights potential avenues for future
research.

2. Literature Review

This section provides a comprehensive overview of the advancements in MCDM
methods for interdependent criteria, with a focus on the AHP and MRFs, and addresses
the need for integrating these methodologies.
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2.1. Methods for Interdependent Criteria

The growing complexity of decision-making problems has necessitated the advance-
ment of MCDM methods that take into account interdependencies among criteria. Ref. [9]
offered an extensive analysis of MCDM methods that model the interactions among criteria,
stressing the importance of considering preference, criterion, and utility interactions. A
prominent MCDM method that tackles interdependencies is the ANP, which is introduced
by [7]. This method expands the AHP by addressing interdependencies and feedback loops
among criteria and alternatives, providing a structured approach to managing intricate
decision-making problems.

Nonetheless, the ANP has certain drawbacks, including significant computational
complexity and potential inconsistencies in pairwise comparisons [15]. In addition, the
massive use of subjective judgments in the ANP can lead to bias, impacting the overall
trustworthiness of the results. Researchers have proposed hybrid models that combine
various MCDM methods to overcome these challenges. For example, ref. [10] suggested a
model that merges the DEMATEL method with ANP, while ref. [16] presented an integrated
hybrid model that combines a modified TOPSIS with a PGP model for supplier selection
with interdependent criteria. These hybrid models addressed the limitations of traditional
MCDM methods concerning interdependencies and showcased their effectiveness through
real-world applications [10,16].

Despite the benefits of these methods in handling interdependencies, some challenges
remain. For instance, the integration of DEMATEL within the ANP framework can lead
to inconsistencies and ambiguity for decision-makers due to the absence of a cohesive
approach [11]. Moreover, hybrid models, such as the FCM-AHP approach proposed by [17],
introduced extra complexity and dependence on expert opinions, which can result in
subjectivity and reduced practical usability. In their recent publication, ref. [18] presented a
novel FCM-based MCDM method for addressing complex decision-making problems.

The FCM approach, introduced by [19], builds upon the cognitive maps concept [20]
by incorporating fuzzy degrees of interrelationships between concepts. FCMs illustrate
the influence of vertices, referred to as concepts, on one another through cause—effect
relationships, which are quantified and typically normalized to the [-1, 1] interval.

Let w;; € [~1,1] be the degree of influence from the ith concept, C;, to the jth concept,
C;, where the sign signifies a positive or negative influence. A value of —1 denotes a full
negative impact, while 1 signifies a full positive impact. The influence of concept x can be
calculated by the following equation:

i(t+1) i x;( (1)

J=1J#l

where 1 represents the number of concepts and f(+) is the transfer function, which com-
presses the multiplication result into a specific range, e.g., [0, 1] or [—1, 1]. Commonly,
bivalent, trivalent, and sigmoid functions are used in the FCM. Ref. [21] proposed a modi-
fied version of Kosko’s FCM that accounts for the previous value of each concept, thereby
examining the self-loop effect. Consequently, Equation (1) can be altered and expanded as
follows:

n
i(t+1) = f( Y, x(H)w;;+x(1)) 2
lef#z

Another FCM variant used for rescale inference is presented below:

i(t+1) i (2x(t) — Dw;; + (2x;(t) — 1)) 3)
]:Lﬁél

In an FCM, the presence of positive and negative influences suggests that the centrality
of a vertex within a graph should consider two opposing forces to determine the final
centrality.
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Ref. [12] highlighted the need for ongoing research in MCDM methods that consider
the dependency between criteria and evaluate their advantages and disadvantages in
various decision-making contexts. Recognizing the limitations of the ANP method and
other hybrid models, our study aims to enhance the AHP by incorporating interdependency
between criteria using the MCM approach. By integrating MCM into the AHP framework,
we aim to develop a more user-friendly method for addressing interdependencies in
decision-making problems. The incorporation of MCM will allow decision-makers to
effectively assess the relationships between criteria while minimizing the complexity and
expert input demanded by the ANP and other hybrid models.

2.2. AHP

AHP was introduced by [1] as a decision-making methodology for complex, multi-
criteria problems. AHP is based on pairwise comparisons in a hierarchical structure, which
simplifies decision making by breaking it down into smaller, more manageable parts [4].
The mathematical model of AHP involves constructing the pairwise comparison matrix
(PCM), calculating the weights of criteria or alternatives, and computing the consistency
ratio [1,22]. Since its introduction, AHP has seen significant development in both theory
and application. Researchers have focused on improving the mathematical foundations,
extending their applicability, and integrating it with other methods to address various
decision-making problems.

To quantify the PCMs, ref. [1] introduced a scale ranging from 1 to 9, where 1 represents
equal importance, and 9 represents extreme importance. The decision-maker assigns values
from this scale to express the relative importance of one element over another. This results
in a reciprocal PCM, which is used to calculate the eigenvector corresponding to the
largest eigenvalue. This eigenvector represents the normalized weights of the criteria or
alternatives [1], which can be represented as solving the following eigenvalue problem:

Aw = Apaxw 4)

where A is the PCM, w denotes the weight vector of criteria, and Amax denotes the maximum
eigenvalue.

AHP’s methodology also accounts for the consistency of the decision-maker’s judg-
ments. Ref. [1] proposed the consistency ratio (CR), which compares the consistency index
(CI) to the random index (RI)—an average index derived from randomly generated matri-
ces. A CR less than or equal to 0.10 is generally considered acceptable, indicating that the
decision-maker’s judgments exhibit a reasonable level of consistency. CR and CI can be

formulated as follows:

Cl Amax—n
R=—=—"="—/RI
C R p— / (5)

where n denotes the number of criteria; and RI (random index) is used to estimate the

average consistency of a randomly generated pairwise comparison matrix and can refer to
Table 1.

Table 1. RI table.

Number of Criteria Random Index

0.58
0.90
1.12
1.24
1.32
1.41

O 3O U~ W

In terms of theoretical foundations, consistency and inconsistency measures have been
proposed to evaluate the reliability of pairwise comparisons, such as the consistency ratio
(CR) [1] and the geometric consistency index (GCI) by [23]. In recent research, ref. [24]
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addressed the critical issue of maintaining consistency, especially ordinal consistency, in
AHP-based decision-making models. This study proposes optimization models to achieve
transitive preferences and to solve individual consistency and group consensus problems
in AHP. It offers a methodological advancement by formulating constraints for ordinal
consistency and developing mixed integer linear optimization models to ensure both
ordinal and cardinal consistencies in group decision-making settings.

Alternative weight derivation methods have been developed, including the row geo-
metric mean method (RGMM) by [25], the logarithmic least squares method (LLSM) by [26],
and the least square priorities method (LSM) by [27]. Additionally, group decision making
has been incorporated into AHP through aggregation methods like the weighted arithmetic
mean (WAM) by [28] and the geometric aggregation operator (GAO) by [29]. Regarding
practical applications, AHP has been used in supply chain management for supplier selec-
tion and evaluation, incorporating green supplier evaluation by [30] and assessing supply
chain resilience by [31]. In the field of environmental decision making, AHP has been
applied to prioritize climate change adaptation strategies by [32] and renewable energy
source prioritization in Turkey [33].

Recent developments in AHP and pairwise comparisons are well illustrated in the
selected papers. Ref. [34] study streamlined AHP for complex scenarios, showcasing
advancements in methodology simplification. Ref. [35] presented a novel, data-driven
fuzzy AHP method, exemplifying the integration of fuzzy logic in environmental decision
making. Ref. [36] contribute by evaluating various scaling methods in AHP, enhancing
decision accuracy. These papers, together with [37] research on rank reversals in AHP, offer
a comprehensive insight into the latest trends and methodologies in AHP and pairwise
comparisons.

However, a key assumption of AHP is that criteria and alternatives are independent,
which may not hold true in real-world decision-making scenarios due to interdependencies
between criteria [5,6]. To address this issue, several approaches have been proposed in the
literature, such as the ANP by [7], fuzzy AHP by [38], and hybrid methods that combine
AHP with Bayesian networks by [33] or FCMs by [39]. However, these approaches can be
challenging to implement or require extensive data, highlighting the need for more efficient
and intuitive methods to address criteria interdependencies in AHP.

2.3. MRF

MREFs are a class of probabilistic graphical models that capture statistical relationships
between random variables through an undirected graph [40]. MRFs have gained attention
in various fields due to their ability to model complex dependencies and provide an elegant
mathematical framework for modeling and reasoning under uncertainty. MRFs have been
used in computer vision, natural language processing, and social network analysis, among
other domains [41-43]. Several extensions and variations of MRFs have been proposed,
such as CRFs by [44], Gaussian MRFs by [45], and factor graphs by [46]. Despite the success
of MRFs in modeling complex dependencies, challenges remain in scalability, handling
large-scale and high-dimensional problems, and developing more robust and flexible MRF
models [44,47].

The mathematical model of a discrete MRF is defined by an undirected graph
G = (V, E), where V is a set of nodes representing random variables, and E is a set of
edges denoting the pairwise interactions between the variables. A discrete MRF is associ-
ated with a set of potential functions ¢; (wcj) that capture the strength of the relationship
between the variables [40]. The joint probability distribution of the random variables in an
MREF, defined by the Gibbs distribution, is given by:

P(X =x) = Zewp(~ Y, j(wc), ©
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where C; denotes the set of maximal cliques, X represents the set of random variables, x is
a specific assignment of values to these variables, w¢, denotes the values of the variables in
clique C]-, and Z is the normalization constant known as the partition function.

3. MRF-Based AHP

By incorporating discrete MRFs into the AHP, we aim to address the gap of accounting
for interdependency between criteria. This integration ultimately enhances the decision-
making process and leads to more accurate and reliable results.

Step 1: Model the interdependencies between criteria using MRFs

To begin with, we must establish the MRF’s structure to illustrate the criteria’s inter-
connections. An undirected graph can represent these interdependencies, where nodes
denote the criteria and edges indicate direct connections between them. For example, we
have an adjacency matrix of a graph with four criteria:

cifo 110
G|l 011
A=l 1 01
Cil0 1 10

The adjacency indicates that, for example, C; is interdependent with C; and Cs.
Step 2: Pairwise comparisons and local priorities

Next, we need to obtain the local priorities of the criteria and alternatives based on
pairwise comparisons. For this, we will use the traditional AHP approach. Decision-makers
will provide pairwise comparison matrices for each criterion with respect to the goal and
for each alternative with respect to each criterion.

Step 3: Calculate joint probability distribution using MRFs

With the MRF structure and local priorities in place, we can now calculate the joint
probability distribution over all criteria using MRFs. This is completed by combining the
local probability distributions (obtained from the pairwise comparisons) with the pairwise
potentials between connected criteria, which capture the strength of the interdependencies.
The joint probability distribution will provide the overall priorities of the criteria, account-
ing for their interdependencies. For example, if we have initial weights derived from the
AHP as p = [0.2,0.3,0.3,0.2], and the interdependencies between criteria can be quantified
by expert opinion as:

Ci[0 03 02 0
C|03 0 01 04
G102 01 0 03
Cs[ 0O 04 03 0

Note that the pairwise potentials matrix W is derived to represent the strength of the
relationships between criteria in the MRF framework. This matrix is a key component in cal-
culating the joint probability distribution of criteria, accounting for their interdependencies.
To obtain W, expert opinions or data-driven methods can be utilized to quantify the degree
of dependency between criteria pairs. Each entry W;; in the matrix reflects the strength of
the relationship between criteria i and j. This process involves both subjective judgment
and quantitative analysis to ensure that the pairwise potentials accurately represent the
interdependencies within the decision-making context. In this paper, we simply assume
that the potential matrix is quantified by the expert and the objective potential matrix could
be explored by the future research.

Then, we derive the joint probability distribution of each criterion as follows. Follow-
ing our assumption above, let us denote the initial priorities of the criteria as P = [p1, pa,
p3, ps] and the pairwise potentials matrix as W, where W;; represents the strength of the
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relationship between criteria i and j. The goal is to estimate the adjusted priorities P’ = [p;’,

p2’, p3’, p4'] through Gibbs sampling.

The algorithm starts with the initial priority P and proceeds as follows:

1. For each criterion, i, identify the incoming and outgoing pairwise potentials. Incoming
edges are the rows in the W matrix with a positive value in the ith column (W;; > 0, V),
and outgoing edges are the columns in the W matrix with a positive value in the ith
row (Wj; > 0, Vi).

2. For each criterion, i, update its priority p;’ based on the sum of the incoming and outgo-
ing pairwise potentials multiplied by their corresponding priorities. Mathematically,
this can be represented as:

pli=Y Wipi+Y Wip;, Vi #j. 7)
3. Normalize the updated priorities to ensure they sum up to 1:
plE+1) =p'()/)p(t) ®)

4. Repeat steps 1-3 for a specified number of iterations (e.g., 10,000). Store the priorities
obtained in each iteration.

5. Calculate the mean of the priorities across all iterations to obtain the adjusted priorities
P’ =[p1, p2’, p3’, p4']. The adjusted priorities are derived from the Gibbs sampling as
p’ =[0.200,0.292,0.230,0.278].

Step 4: Compute the global priorities of the alternatives

Using the overall priorities of the criteria obtained from the MRF model, we can now
compute the global priorities of the alternatives by aggregating the local priorities of the
alternatives with respect to each criterion, taking into account the overall priorities of the

criteria.
N

. .y 1 /

Adjusted priority = ( N) X t:Zl p'(t) )
Note that the method for obtaining adjusted priorities via the mean of priorities
across all iterations, instead of just using the last iteration, is chosen to ensure stability and
robustness in the decision-making process. This approach mitigates the risk of outliers or
anomalies in any single iteration heavily influencing the final decision. Using the mean of
all iterations provides a more representative and balanced view of the priorities, reflecting
a consensus over the entire process. This method, while more complex than ANP, aims to
accurately capture the nuances of interdependencies in criteria, offering a comprehensive

and reliable decision-making framework.

Step 5: Select the best alternative

Finally, we can select the best alternative based on the information in the decision
table, as shown in Table 2, and choose the highest global priority.

Table 2. Decision table for the best alternative.

Decision Table C1 Cy Cs Cy Total

Aq 0.5 0.4 0.6 0.3 0.4383

Ay 0.3 0.1 0.2 0.4 0.2464

Az 0.2 0.5 0.2 0.3 0.3153
Adjusted weights 0.2000 0.292 0.230 0.278 1

Next, we give a numerical example to demonstrate the proposed method with different
graph models and compare the results with the AHP and FCM.
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4. Numerical Example

Consider a decision problem that involves choosing the most suitable location for a
new store from three alternatives: Al (City Center), A2 (Suburbs), and A3 (Industrial Zone).
The decision is based on four criteria: C1 (Foot Traffic), C2 (Rent Cost), C3 (Proximity
to Competitors), and C4 (Accessibility). We begin by constructing pairwise comparison
matrices for each criterion in relation to the goal and for each alternative with respect to
each criterion. Let us assume the decision-makers provided the following matrices (using
the standard AHP 1-9 scale):

Criteria C1 C2 C3 C4
C1 1 1/3 1 1/5
C2 3 1 3 1/3
C3 1 1/3 1 1/5
C4 5 3 5 1

Alternatives matrices for each criterion:

C1 Al A2 A3 C2 Al A2 A3
Al 1 3 1/3 Al 1 1/5 5
A2 1/3 1 1/5 A2 5 1 1/5
A3 3 5 1 A3 1/5 5 1
C3 Al A2 A3 C4 Al A2 A3
Al 1 5 1/5 Al 1 6 1/6
A2 1/5 1 1/2 A2 1/6 1 1/3
A3 5 2 1 A3 6 3 1

After calculating the eigenvectors and normalizing them, we obtain local priorities for
criteria and alternatives as shown in Table 3:

Table 3. Decision table for the numerical example.

Decision Table Al A2 A3 Priorities
C1 0.16 0.68 0.16 0.15
C2 0.16 0.68 0.16 0.40
C3 0.49 0.16 0.35 0.15
C4 0.65 0.16 0.19 0.30

With the given interdependencies, we define the structure of the MRF as shown in
Figure 1. We can represent the interdependencies with an undirected graph, where nodes
represent the criteria and edges represent the direct connections between criteria. First, let
us assume the dependency and pairwise potentials between connected criteria are provided
by expert opinion as follows:

The pairwise potentials between criteria can be represented as (0.1, 0.3, 0.5, 0.7, 0.9) to
indicate the degree of dependency between criteria as (very slightly dependent, slightly
dependent, moderately dependent, highly dependent, very highly dependent). Take the
MREF (1) for example; we can formulate the pairwise potential matrix as:

0 0 09 O

0 0 0 05
09 0 0 07

0 05 07 0O

We combine the local probability distributions (obtained from the pairwise com-
parisons) with the pairwise potentials between connected criteria to compute the joint
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1

probability distribution over all criteria using MRFs. This provides the criteria’s overall
priorities, considering their interdependencies, as shown in Table 4. The joint probability
distribution results in the following adjusted criteria priorities, which can be derived from
Gibbs sampling.

OV

A

wi
0.5
Ci Cy
. ° 0.7 0.9 0.7
MRF (1)

MRF (2)

0.7
0.7 C ~ >
0.9
0.2 —0.9 0.7
MRF(4)
Figure 1. The dependency and pairwise potential between criteria.
Table 4. Weights for different methods.
Weights Cl C2 C 3 C4
AHP 0.150 0.400 0.150 0.300
MRF-adjusted weights (1) 0.273 0.109 0.360 0.258
FCM-adjusted weights (1) 0.244 0.217 0.280 0.259
MRF-adjusted weights (2) 0.291 0.200 0.256 0.253
FCM-adjusted weights (2) 0.267 0.231 0.250 0.253
MRF-adjusted weights (3) 0.063 0.343 0.324 0.270
FCM-adjusted weights (3) 0.192 0.272 0.281 0.254
MRF-adjusted weights (4) 0.213 0.256 0.285 0.246
FCM-adjusted weights (4) 0.223 0.261 0.254 0.261

The iteration of the Gibbs sampling can refer to Figure 2 and ensure the convergence
of the final priorities.

Using the overall priorities of the criteria obtained from the MRF model, we can
calculate the global priorities of the alternatives. This is accomplished by aggregating
the local priorities of the alternatives concerning each criterion, considering the overall
priorities of the criteria. With the new adjusted criteria priorities, the ranking of the
alternatives has changed. The MRF-adjusted AHP now ranks the alternatives as B, A, and
C, while the original AHP ranked them as A, B, and C, as demonstrated in Table 5.

This indicates that considering the interdependencies between the criteria with the
adjusted criteria priorities affects the overall ranking of the alternatives. In this numerical
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example, we have demonstrated how discrete MRF can be incorporated into the AHP
framework to account for the interdependencies between criteria using concrete values.
The proposed method enhances decision making and can be applied to various real-world
decision-making problems where criteria interdependencies play a crucial role.

Gibbs Sampling Convergence

= Criterion 1 (Moving Average)
0.35 r Criterion 2 (Moving Average)
—— Criterion 3 (Moving Average)

—— Criterion 4 (Moving Average)

0.30

0.25 7(

Priority

0 20 40 60 80
Reration

Figure 2. The convergence of criteria priorities.

Table 5. Comparison between the proposed method and the AHP.

Scores A B C Rank

AHP 0.3270 0.3260 0.3470 C, A, B
MRF-adjusted weights (1) 0.2617 0.3948 0.3435 B,C, A
FCM-adjusted weights (1) 0.2700 0.3840 0.3460 B,C, A
MRF-adjusted weights (2) 0.2644 0.3920 0.3436 B,C A
FCM-adjusted weights (2) 0.2718 0.3816 0.3466 B,C, A
MRF-adjusted weights (3) 0.2605 0.3978 0.3417 B,C, A
FCM-adjusted weights (3) 0.2680 0.3860 0.3460 B,C A
MRF-adjusted weights (4) 0.2626 0.3922 0.3452 B,C, A
FCM-adjusted weights (4) 0.2695 0.3815 0.3490 B,C, A

5. Discussion

This paper introduces an innovative approach to address the issue of interdepen-
dency among criteria in the AHP by incorporating discrete MRFs. The traditional AHP
assumes that criteria are independent, which may not always be the case in real-world
decision-making scenarios. Overlooking these interdependencies can result in misleading
or suboptimal decisions. Our proposed method aims to enhance the decision-making pro-
cess by capturing and representing the interdependencies between criteria more efficiently
and intuitively.

In the numerical example presented, we showcased the application of the MRF-
adjusted AHP in an MCDM scenario. The example demonstrated how criteria interde-
pendencies could be considered using pairwise potentials, representing the strength of
dependencies between criteria. The findings underlined the discrepancies in global pri-
ority values and the potential shifts in alternative rankings when interdependencies are
considered. Furthermore, both the MRF-adjusted AHP and FCM methods were employed
to address criteria interdependencies. The results revealed that the overall ranking of
alternatives differed when compared to the conventional AHP, which assumes criteria
independence. This underscores the significance of accounting for criteria interdependen-
cies in real-world decision-making situations. Although both methods effectively capture
interdependencies, the MRF-adjusted AHP provides a more intuitive and straightforward
representation through pairwise potentials, simplifying the decision-makers’ understand-
ing and interpretation of the results. The two methods exhibit distinct applications and
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data requirements. Moreover, the FCM method requires setting multiple parameters to
obtain accurate results, which is not necessary for the proposed method.

Compared to other approaches that address criteria interdependence in the AHP, such
as ANP and Bayesian networks, the MRF-adjusted AHP offers several advantages. First, it
provides a more intuitive and straightforward representation of criteria interdependencies
through the pairwise potentials matrix, which decision-makers can easily understand and
interpret. In contrast to ANP, the MRF-adjusted AHP simplifies the process of comparing
the criteria’s relative weights. Next, the proposed method can account for both positive and
negative interdependencies between criteria to apply them to more complicated problems.
In addition, decision-makers can effortlessly alter the dependency strength between criteria
by adjusting the pairwise potentials matrix, enabling sensitivity analysis and scenario explo-
ration. Furthermore, the MRF-adjusted AHP is built on the well-established foundation of
the original AHP, ensuring compatibility with existing AHP-based tools and methodologies.
If interdependencies between criteria are disregarded, the proposed method reverts to the
conventional AHP.

6. Conclusions

This paper presents a significant advancement in MCDM by introducing a novel
method that integrates discrete MRFs into the AHP. Our approach successfully addresses a
notable limitation in traditional AHP by considering the interdependencies among criteria,
which is an aspect that is often overlooked in conventional methods. By incorporating
MREFs, we not only extend the applicability of AHP to more complex decision-making
scenarios but also enhance the accuracy and reliability of the outcomes. The MRF-adjusted
AHP method demonstrates how global priority values and alternative rankings can shift
when interdependencies are considered, offering insights into the dynamic nature of
decision-making processes. The real-world application showcased in this paper illustrates
the method’s practicality and its potential to lead to more informed and effective decisions.
The introduction of this method marks a significant contribution to the field, opening
avenues for further research and application in various complex decision-making contexts.
Our findings suggest that the MRF-adjusted AHP is not just an improvement over existing
methods but a transformative step toward more nuanced and realistic decision-making
models.
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