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Abstract: The shadowed type-2 fuzzy systems are used more frequently today as they provide an
alternative to classical fuzzy logic. The primary purpose of fuzzy logic is to simulate reasoning in a
computer. This work aims to use shadowed type-2 fuzzy systems (ST2-FS) to dynamically adapt the
crossing parameter of differential evolution (DE). To test the performance of the dynamic crossing
parameter, the motor position control problem was used, which contains an interval type-2 fuzzy
system (IT2-FS) for controlling the motor. A comparison is made between the original DE and the
algorithm using shadowed type-2 fuzzy systems (DE-ST2-FS), as well as a comparison with the
results of other state-of-the-art metaheuristics.

Keywords: shadowed type-2 fuzzy logic; interval type-2 fuzzy controller; differential evolution

1. Introduction

Fuzzy logic is a modern tool, and one of its most important applications is process
control. It has shown rapid growth as it can solve problems related to information or
knowledge uncertainty, providing a formal method for expressing knowledge in a way
that is understandable for humans. It uses linguistic variables for this purpose.

The success of applying fuzzy logic is primarily due to its ability to utilize ambiguous
concept models, which helps in reducing the intuitive complexity of a process. This allows
for control operations to be carried out, albeit in an approximate or heuristic manner, on
nonlinear or time-varying processes [1–5].

Fuzzy logic has achieved significant success in industrial control. While there are
various versions of controllers that employ fuzzy logic, the term “fuzzy controller” typi-
cally refers to a control system with an internal structure that includes a fuzzy system to
govern the controller. One of the frequently mentioned advantages of fuzzy controllers, in
comparison to other controller types, is their ability to be designed even in the absence of
an exact model of the plant to be controlled, as they are rule-based [6–15].

A new type of fuzzy sets of higher order, known as type-2 fuzzy sets, was proposed by
Zadeh in 1975 as an enhancement to fuzzy sets. These sets can handle system uncertainties
by considering degrees of membership. The literature demonstrates the development of nu-
merous works that utilize type-2 fuzzy controllers, which exhibit improved results [16–25].
Therefore, in this work, an interval type-2 fuzzy controller is implemented for this reason.

Similarly, this work also presents the utilization of shadowed type-2 fuzzy systems,
which represent an alternative branch in fuzzy logic. The concept of shadowed sets was
originally introduced to enhance the interpretability of type-1 fuzzy sets and address the
issues of excessive precision [26–30]. In this work, ST2-FSs will be employed to dynamically
adapt the crossover parameter (CR) of differential evolution, with the primary objective of
improving the results.
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The aforementioned aims to demonstrate the significance of this development, wherein
the CR parameter is dynamically utilized in DE. Few works in the literature showcase the
performance of the dynamic CR parameter, hence emphasizing the main reason for its
adoption. Furthermore, we have an interval type-2 fuzzy system controller for the motor,
which is commonly employed in the state-of-the-art technologies. Moreover, this work
presents the integration of these two concepts to validate the potential of their combined
application and assess their effectiveness.

The contribution of this article is to utilize a novel approach, shadowed type-2 fuzzy
systems (ST2-FS), for dynamically adapting the crossover parameter of differential evolu-
tion (DE), in this way obtaining a new variant of DE. This adaptation aims to enhance the
performance of the DE algorithm when applied to the optimization of the motor position
control problem with interval type-2 fuzzy logic.

This paper provides the following content: Section 2 presents the definition of ST2-FSs,
Section 3 introduces the DE theory, Section 4 describes the utilization of the DE algorithm
with shadowed fuzzy, Section 5 presents the controller, Section 6 outlines the Results, and
Section 7 concludes the paper.

2. Shadowed Type-2 Fuzzy Systems

Fuzzy logic, initiated in 1965 [31,32], is mainly based on the way we perceive the
world that cannot always be defined in terms of true or false sentences, that is, it is logically
applied to concepts that can take a value and any truth within a set of values.

The evolution of fuzzy logic over time was type-1 fuzzy systems (T1-FS), then intervals
type-2 fuzzy systems (IT2-FS), and later generalized type-2 fuzzy systems (GT2-FS); the math-
ematical equations of each of these systems are presented in Equations (1)–(3) respectively:

∼
A = {(x, µA(x))|x ∈ U, [0, 1]} (1)

In Equation (2) Jx is referred to the primary membership of x in
∼
A. For each value of x,

denoted as x = x′, the two-dimensional (2D) plane formed by the axes u and µ∼
A
(x′, u) is

known as a vertical slice of
∼
A.

A secondary membership function corresponds to a vertical slice of
∼
A, denoted as

µ∼
A
(x′, u), where x′ ∈ X and ∀u ∈ Jx′ ⊆ [0, 1]. It can be described as follows:

Ã = {(x, u), uÃ(x, u)|∀x ∈ X, ∀u ∈ Jx ⊆ [0, 1]} (2)

A generalized type-2 fuzzy set, denoted by
∼
A, is defined by a type-2 membership func-

tion µ∼
A
(x, u), where x ∈ X, u ∈ Jx ⊆ [0, 1], and 0 ≤ µ∼

A
(x, u) ≤ 1. It can be represented by:

∼
∼
A =

{(
(x, u),µ∼

A
(x)
)∣∣∣∀x ∈ X, ∀u ∈ Ju

x ⊆ [0, 1]
}

(3)

Figure 1 depicts the type-1 and interval type-2 fuzzy sets, while Figure 2 illustrates the
generalized type-2 fuzzy set, where the orange and yellow colors represent the primary
membership function of a trapezoidal, the green color represents the secondary membership
function of a Gaussian, and finally the blue color represents the fraction of uncertainty of
the kernel and the support of the secondary membership function respectively.

It is widely recognized that the utilization of generalized fuzzy systems entails a
significant computational cost for their execution. In order to mitigate this, alternative ap-
proaches have been proposed that offer lower computational overhead. These alternatives
include Z slices or vertical slices, as well as geometric approximations [33]. Additionally,
the literature presents another option known as horizontal sections or α-representation of
planes [34–36].
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Taking into account the alternatives discussed in the literature, this paper investigates
the utilization of α-planes. Equations (4) and (5) outline the structure of an α-plane and the
combination of an IT2-FIS with an α-plane to model a GT2-FS, respectively.

∼
Aα = {((x, u), α)|∀x ∈ X, ∀u ∈ Jx ⊆ [0, 1]} (4)

∼
∼
A =

⋃ ∼
Aα (5)

The elimination of excessive precision is one of the main ones that is sought to be carried
out when using a ST2-FS, since this helps to reduce the computational cost. To achieve the
elimination of excessive precision, a GT2-FS is modeled using only 2 α-planes; this idea was
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proposed in Pedrycz concepts, thus creating the theory of shadowed sets [37–40], where
the main contribution is the creation of optimal α-planes.

Equation (6) explains the mathematical form of the shadowed sets; this formula is
built from 2 α-cuts on a T1-FS, with α and β values, producing three intervals.

SµA(x) =


1, i f µA(x) ≥ α
0, i f µA(x) ≤ β

[0, 1], i f α ≤ µA(x) ≥ β
(6)

According to the theory of shadowed sets, optimal values for the variables α and β

are proposed, which can be computed using Equation (7). Figure 3 illustrates the process of
obtaining the values of α and β, along with the three corresponding areas: the raised area,
the reduced area, and the shaded area. Each area is represented by a different color.

elevated area(α,β)(µA) + reduced area(α,β)(µA) = shadowed area(α,β)(µA) (7)
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Moreover, the optimal α and β values are obtained by the optimization of the V(α, β)
function described in Equation (8).

V(α, β) =

∣∣∣∣∣∣
∫

x∈Ar

µA(x)dx +
∫

x∈Ae

(1− µA(x))dx−
∫

x∈S

dx

∣∣∣∣∣∣ (8)

3. Differential Evolution

The differential evolution (DE) algorithm is a population-based stochastic search
strategy that was proposed in 1995 by Storn and Price. Its main purpose is to solve
optimization problems involving real parameters.

In the literature, several works utilizing DE can be discussed as follows: the differential
evolution (DE) algorithm is considered to be a practical and effective method for numerical
optimization. It is known for its ease of understanding, simplicity of implementation,
reliability, and efficiency. This article attempts to comprehensively describe DE, providing
illustrations, valuable insights, and empirical advice. It acknowledges that globally optimal
solutions are often challenging to obtain, with many problems being intractable [41].

When dealing with functions that have numerous interacting local optima, the ap-
plication of fuzzy sets in the job-shop scheduling problem (JSP) with fuzzy processing
time and completion time (FJSP) allows for a more comprehensive modeling of scheduling.
Fuzzy relative entropy provides a method for evaluating the quality of a feasible solution
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by comparing the actual value with the ideal value, which is the due date. Consequently,
the multi-objective FJSP can be transformed into a single-objective optimization problem
that can be solved using a hybrid adaptive differential evolution (HADE) algorithm. This
algorithm considers the maximum completion time, total delay time, and total energy
consumption of jobs as optimization criteria. HADE employs a mutation strategy based
on DE/current-to-best and makes its parameters (CR and F) adaptive and normally dis-
tributed. The selection of new individuals in HADE is based on the fitness value (FRE)
obtained from a population consisting of N parents and N children [42]. Maximizing the
traffic capacity of an intersection and reducing the delay rate of vehicles have always been
challenges in traffic control research. The coordinated control of urban traffic signals is
considered a multi-objective optimization problem. In this study, we examine a mathemati-
cal model for urban trunk traffic. We establish models for average delay, average queue
length, total delay calculation at intersections, and vehicle exhaust emissions to formulate
an optimization model for a new coordinated control system for traffic trunks. To address
this, a study that combines fuzzy control theory with the adaptive sequencing mutation
multi-objective differential evolution algorithm (FASM-MDEA) was offered in [43].

In our proposed model, we utilize two well-known statistical methods, the Pearson
correlation coefficient and one-way analysis of variance, to select cost adjustment factors
that have a high correlation with the actual effort. Subsequently, we employ the fuzzy
C-means clustering algorithm with three cluster heads to group similar projects in the
COCOMO-81 dataset. Furthermore, we utilize an improved self-adaptive differential
evolution algorithm to optimize the parameters of the constructive cost model [44].

This paper focuses on the use of differential evolution to improve the approximation
properties of function approximation models based on fuzzy partitions. Two cases are
considered, fuzzy transform and fuzzy projection, and the design of hybrid evolutionary
fuzzy systems is studied. Even though function approximation techniques based on fuzzy
partitions have been well studied, few papers consider the problem of centroid selection
of the basic functions. Thus, in most cases, uniform fuzzy partitions are considered. By
using an evolutionary algorithm, a systematic approach on the selection of the partition is
provided. The optimization problem involves the determination of the model parameters,
which, in our case, are the fuzzy partition’s membership functions’ locations [45].

Type-3 fuzzy theory is a recent proposal in the literature. In a recent work, a study by
varying an important element of interval type-3 fuzzy sets, known as the LowerScale (λ)
parameter, was performed. By manipulating this parameter, different proposed fuzzy sys-
tems are utilized to dynamically adjust a parameter of the differential evolution algorithm
during its execution, aiming to enhance its convergence [46].

Although DE is considered an algorithm with an exceptionally simple evolutionary
strategy, it also proves to be significantly fast and robust. It relies on a small number of
parameters, namely:

NP: the number of parent vectors, corresponding to the population size or the number
of individuals.

F: the mutation factor or scale factor, typically chosen from the range [0,1].
CR: the recombination factor or crossover rate.
G: the maximum number of generations to be executed.
The performance of the algorithm is highly sensitive to these control values, and each

problem may exhibit different responses to different parameter settings.
The mathematical form of DE is expressed by the equations described in the

following sections.

3.1. Population Size

DE’s implementation, known for its versatility, consists of two vector populations.
Each population contains Np D-dimensional vectors with real-valued parameters. The
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current population denoted as Px is comprised of vectors xi,g that have been deemed
acceptable either as initial points or through comparison with other vectors.

Px,g =
(
xi,g
)
, i = 0, 1, . . . , Np− 1, g = 0, 1, . . . , gmax, (9)

xi,g =
(
xj,i,g

)
, j = 0, 1, . . . , D− 1, (10)

Indices start with 0 to simplify working with arrays and modular arithmetic. The
index, g = 0, 1, . . . , gmax, indicates the generation to which a vector belongs. In addition,
each vector is assigned a population index, i, which runs from 0 to Np − 1. Parameters
within vectors are indexed with j, which runs from 0 to D − 1. Once initialized, DE
mutates randomly chosen vectors to produce an intermediary population, Pv,g, of Np
mutant vectors, vi,g:

Pv,g =
(
vi,g
)
, i = 0, 1, . . . , Np− 1, g = 0, 1, . . . , gmax, (11)

vi,g =
(
vj,i,g

)
, j = 0, 1, . . . , D− 1, (12)

Each vector in the current population undergoes recombination with a mutant vector,
resulting in the creation of a trial population, Pu, comprising Np mutant vectors ui,g.

Pu,g =
(
ui,g
)
, i = 0, 1, . . . , Np− 1, g = 0, 1, . . . , gmax, (13)

ui,g =
(
uj,i,g

)
, j = 0, 1, . . . , D− 1 (14)

where:
Px: current population.
i: index of the population.
gmax: maximum number of iterations.
j: parameters within the vector.
During recombination, trial vectors replace the mutant population, allowing a single

array to hold both populations.
Initialization of the population requires specifying upper and lower bounds for each

parameter. These bounds are collected into two D-dimensional initialization vectors, bL
and bU, where subscripts L and U indicate the lower and upper bounds, respectively. Using
a random number generator, each parameter of every vector is assigned a value within the
specified range. For instance, the initial value (at g = 0) of the jth parameter of the ith vector
is determined as:

xj,i,0 = randj(0, 1)·
(
bj,U − bj,L

)
+ bj,L (15)

The random number generator, randj(0,1), returns a uniformly distributed random
number from within the range (0,1), i.e., 0 ≤ randj(0,1) < 1. The subscript, j, indicates that
a new random value is generated for each parameter. Even if a variable is discrete or
integral, it should be initialized with a real value since DE internally treats all variables as
floating-point values regardless of their type.

3.2. Mutation

Specifically, the differential mutation utilizes a random sampling equation to combine
three randomly chosen vectors and create a mutant vector.

vi,g = xr0,g + F·
(
xr1,g − xr2,g

)
(16)

The scale factor, F ∈ (0,1) is a positive real number that controls the rate at which the
population evolves.
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3.3. Crossover

To complement the differential mutation search strategy, DE also uses uniform crossover.
Sometimes this is known as discrete recombination. In particular, DE crosses each vector
with a mutant vector as indicated by the following expression:

ui,g = uj,i,g

{
vj,i,g i f

(
randj(0, 1) ≤ Cr or j = jrand

)
xj,i,g otherwise

(17)

3.4. Selection of the Best Individual

If the test vector ui,g has a value for the objective function equal to or less than its
target vector, xi,g, then it replaces the target vector in the next generation; otherwise, the
target retains its place in the population for at least another generation:

xi,g+1 =

{
ui,g i f f

(
ui,g
)
≤ f

(
xi,g
)

xi,g otherwise
(18)

The process of mutation, recombination and selection are repeated until the optimum
is found, or a pre-specified terminating criterion is satisfied.

4. Proposed Shadowed Fuzzy using DE Algorithm

The main contribution of this article is the utilization of a novel optimization technique,
shadowed type-2 fuzzy systems (ST2-FS), for dynamically adapting the crossover parameter
of differential evolution (DE). This adaptation aims to enhance the performance of the
DE algorithm when applied to optimize the motor position control problem with interval
type-2, specifically by identifying the optimal structure of the membership functions.

Figure 4 displays a flowchart illustrating the procedure employed in this article’s
general proposal. It demonstrates the utilization of ST2-FS to dynamically adjust the CR
parameter, followed by its simulation in the motor controller featuring an IT2-FS.

The equations utilized for constructing the fuzzy parameters of the input and output
are presented in Equations (19) and (20), respectively.

Generations =
Current Generation

Maximun o f generations
(19)

CR =
∑rCR

i=1 µCR
i (CR1i)

∑rCR
i=1 µCR

i
(20)

The number of rules in the fuzzy system for CR is denoted by rCR; CR1i, represents
the output result for rule i of CR, while µCR

i , represents the membership function (MF) of
rule i of CR.

The fuzzy system structure integrated into the DE algorithm consists of the following
characteristics. We refer to the combination of ST2-FS with the DE algorithm as DE-ST2-FS.
The system comprises an input representing the generations used in the DE algorithm, and
the output is the CR parameter that represents the crossover. In the original algorithm, this
parameter is defined within the range of [0,1]. Both the input and output are divided into
three membership functions (MFs), as depicted in Figure 5.

The rules that form the fuzzy system are presented below. These rules were developed
based on experimentation, which demonstrated that decreasing the CR parameter during
the algorithm’s execution yields favorable results.

1. If generation is low, then CR is low.
2. If generation is medium, then CR is medium.
3. If generation is high, then CR is high.
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5. Interval Type-2 Fuzzy Systems Controller

Position control of a direct current (DC) motor is a circuit capable of controlling the
position of any DC motor with the simple movement of a potentiometer that acts as a
positioner, and it does so through proportional control [47–50]. One of the purposes of
this work is the optimization of the interval type-2 fuzzy controller, which we will call
(IT2-FLC), which is structured as illustrated in Figure 6.
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The fuzzy system is defined as: the inputs are the error “Err” and the error change
“C_Err”, the output corresponds to the voltage “Voltage”, the “Err” input contains three
MFs, the ends are of type “trapIT2mf ”, and the center is “triIT2mf ”. The equations that
describe the knowledge of each function are shown in Equations (21) and (22).

The second input “C_Err” contains five membership functions, the ends are of type
“trapIT2mf ”, and the three central functions are of type “triIT2mf ”.

Finally, the output “Voltage” consists of five membership functions, the ends are of
type “trapIT2mf ”, and the three central functions are of type “triIT2mf ”.

trapIT2m f (x, [a1, b1, c1, d1, a2, b2, c2, d2, α])

=



a1 < a2, b1 < b2, c1 < c2, d1 < d2

µ1(x) = max
(

min
(

x−a1
b1−a1

, 1, d1−x
d1−c1

)
, 0
)

µ2(x) = max
(

min
(

x−a2
b2−a2

, 1, d2−x
d2−c2

)
, 0
)

µ(x) =

max(µ1(x), µ2(x)) ∀x /∈ (b1, c2)

1 ∀x ∈ (b1, c2)

µ(x) = min(α, min(µ1(x), µ2(x)))

(21)

triIT2m f (x, [a1, b1, c1, a2, b2, c2])

=



a1 < a2, b1 < b2, c1 < c2

µ1(x) = max
(

min
(

x−a1
b1−a1

, c1−x
c1−b1

)
, 0
)

µ2(x) = max
(

min
(

x−a2
b2−a2

, c2−x
c2−b2

)
, 0
)

µ(x) =

max(µ1(x), µ2(x)) ∀x /∈ (b1, b2)

1 ∀x ∈ (b1, b2)

µ(x) = min(µ1(x), µ2(x))

(22)

IT2-FLC rules are outlined in Table 1.

Table 1. IT2-FLC rules.

C_Err

EN ENM SE EMM EM

Err
NV D D D D DM
CV AM AM M DM DM
PV AM A A A A

6. Results and Statistical Comparison

In this section, we are presenting the experimentation that were performed, the pa-
rameters used, and the objective function used for the experimentation.

The root means square error (RMSE) represents the objective function for our experi-
mentation, where we seek to measure the difference between the desired and the obtained
in the controller. The formula that represents the RMSE is described in Equation (23),
where xt is the estimated value of the reference control signal, x̂t is the observed value
control-signal, and N represents the total number of observed samples.

RMSE =

√
1
N ∑N

t=1(xt − x̂t)
2 (23)

The parameters that involve the experimentation of the DE-ST2-FS algorithm are
described in Table 2, where we can importantly rescue the parameter CR that is dynamic
due to the ST2-FS.
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Table 2. Parameter configuration of the DE-ST2-FS.

Parameter Configuration

NP 20
D 25

GEN 20
F 0.5

CR Dynamic
Number of experiments 30

The conducted experimentation is summarized in Table 3, which demonstrates the
usage of the DE-ST2-FS proposal without applying noise to the controller. Subsequently,
the performance of a type-2 controller in handling intervals was evaluated by introducing
Gaussian random noise at three different levels: 0.3, 0.5, and 0.9.

Table 3. DE-ST2-FS fuzzy system.

DE-ST2-FS
without Noise

DE-ST2-FS
with Noise 0.5

DE-ST2-FS
with Noise 0.7

DE-ST2-FS
with Noise 0.9

Min. 5.48 × 10−1 5.28 × 10−1 9.38 × 10−2 1.31 × 10−2

Max. 6.08 × 10−1 6.01 × 10−1 9.78 × 10−2 7.63 × 10−2

Average 5.99 × 10−1 5.63 × 10−1 9.58 × 10−2 5.92 × 10−2

Standard D. 1.23 × 10−2 1.55 × 10−2 6.22 × 10−4 2.15 × 10−2

An analysis of Table 4 shows that the utilization of the controller with a noise level of
0.5 is better in terms of minimum error compared to the proposal without applying noise
to the controller.

Table 4. Z-test parameters.

Parameter Value

Level of Confidence 95%
Alpha α 5%

Ha µ1 < µ2
Ho µ1 ≥ µ2

Critical Value −1.645

On the other hand, it is also observed that, in comparison to the minimum error, a
better result is obtained when a noise level of 0.9 is applied compared to a noise level of 0.7.

Regarding the averages of the experimentation, they all have the same order, but it
can be observed how the average decreases when the noise level increases.

Figure 7 shows a comparison of the experimentation with the different noise levels.
The analysis of Figure 7 shows us that with a higher noise level, the DE-ST2-FS

proposal shown in this work obtains better results; however, not applying noise to the
DE-ST2-FS controller has a similar behavior to DE-ST2-FS with noise 0.5, while DE-ST2-FS
with noise 0.7 and DE-ST2-FS with noise 0.9 have very similar behaviors. Overall, a better
result is observed with DE-ST2-FS with noise 0.9.

The results of the minimum values obtained in Table 4 are represented in Figures 8–11,
showcasing the four different experimental scenarios: DE-ST2-FS without noise, DE-ST2-FS
with noise 0.5, DE-ST2-FS with noise 0.7, and DE-ST2-FS with noise 0.9.

Figure 8 shows the minimum RMSE of the simulation of the 30 experiments performed
with DEST2-FS without noise, where the value obtained was 5.48× 10−1. In Figure 6, when
starting the simulation, it exceeds what is desired, but later it stabilizes in the second 0.12
to 0.14 and later it exceeds again from the second 0.14 to 0.2.
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Figure 9 illustrates the minimum RMSE of the simulation of the 30 experiments carried
out with DE-ST2-FS with noise 0.5, where the value obtained was 5.28 × 10−1. In the figure,
when starting the simulation, it exceeds between seconds 0.06 and 0.1, later a stabilization
is observed from second 0.16 to 0.2.

Figure 10 shows the minimum RMSE of the simulation of the 30 experiments carried
out with DE-ST2-FS with noise 0.7, where the value obtained was 9.38 × 10−2. In the figure,
the controller has stability from 0.1 s to 0.16 s, while between 0.16 s and 0.2 s the controller
output drifts slightly from the desired reference.
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Finally, Figure 11 shows the RMSE of the simulation of the 30 experiments carried out
with DE-ST2-FS with noise 0.9, where the value obtained was 1.31× 10−2. In the simulation
obtained, it is observed that from second 0.1 the output of the plant has stability, but in
between seconds 0.16 and 0.2 it is possible to stabilize.

In order to demonstrate that better results are obtained when using DE-ST2-FS with
a high noise level, a statistical test was performed. The statistic used in this work is the
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Z-test, the parameters used are shown in Table 4, and Equation (24) was used to calculate
the Z value.

Z =

(
X1 − X2

)
− (µ1 − µ2)

σX1−X2

(24)

The objective of the statistical test is to show that DE-ST2-FS with noise 0.9 has a lower
average than the other three variants of experimentation carried out: DE-ST2-FS without
noise, DE-ST2-FS with noise 0.5, and DE-ST2-FS with noise 0.7.

Three statistical tests were performed, where µ1 is equal to DE-ST2-FS with noise 0.9
and µ2 represents each of the statistical tests carried out. The results of the tests are outlined
in Table 5.

Table 5. Z-test results.

Case Study µ1 µ2 Z Value Evidence

Controller
DE-ST2-FS with noise 0.9 DE-ST2-FS without noise −119.3636 Significant

DE-ST2-FS with noise 0.9 DE-ST2-FS with noise 0.5 −104.1108 Significant

DE-ST2-FS with noise 0.9 DE-ST2-FS with noise. 0.7 −9.3201 Significant

The results of the tests show that the greater the uncertainty, the better results are
obtained. The three statistical tests carried out show that DE-ST2-FS with noise 0.9 has a
lower average than the other three proposals carried out.

Next, a comparison was made with other works found in the literature, in order to
be able to validate the proposal to make CR dynamic in the DE and having an interval
type-2 controller.

We use as reference “Shadowed Type-2 Fuzzy Systems for Dynamic Parameter Adap-
tation in Harmony Search and Differential Evolution” [51]. In this previous work, two
metaheuristics are used, where one of the parameters is dynamically adapted with a ST2-FS,
and the difference with the reference is that the controller used is a T1-FS compared to ours,
which is an IT2-FS.

Table 6 exhibits the results from the literature and the results of the best experi-
ments carried out in our work with ST2-FS with noise 0.9, reporting the averages and
standard deviations.

Table 6. DE-ST2FS with noise 0.9 comparison.

ST2FHS-FLC FLC
with Noise [51]

ST2FDE-FLC with
Noise [51]

DE-ST2-FS with
Noise 0.9

Average 4.62× 10−1 2.1× 10−2 5.92× 10−2

Standard D. 2.83× 10−2 1.90× 10−2 2.15× 10−2

Using the data from Table 6, two statistical tests were performed to check if our
proposal has a lower average than other methods in the literature. The previously shown
Z-test was used, according to Equation (23), and the same parameters used in Table 4
were employed.

For the statistical test, µ1 is equal to DEST2-FS with noise 0.9 and µ2 is equal to the
two different methods ST2FHS-FLC with Noise and ST2FDE-FLC with Noise [51]. Table 7
reports the Z-test results for the two tests.

The test results indicate that we have sufficient significant evidence to conclude that
DE-ST2-FS with noise 0.9 has a lower average than ST2FHS-FLC with Noise. However,
for the second statistical test, we do not have enough significant evidence to claim that
DE-ST2-FS with noise 0.9 has a lower average than ST2FDE-FLC with Noise.
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Table 7. Statistical Z-test results.

Case Study µ1 µ2 Z Value Evidence

Controller

DE-ST2-FS with noise 0.9 ST2FHS-FLC FLC
with Noise [51] −62.0761 Significant

DE-ST2-FS with noise 0.9 ST2FDE-FLC with
Noise [51] 7.1395 Not Significant

7. Conclusions

For our conclusions, the main contribution is the use of the dynamic CR parameter in
differential evolution, as well as the ST2-FS, as this combination is new and there are no
current works that utilize our DE-ST2-FS proposal.

This work demonstrates that the use of uncertainty improves the obtained results. In
the DE-ST2-FS proposal we used the ST2-FS controller without applying noise and later the
noise level was increased in order to demonstrate that at higher noise levels, the IT2-FLC
has better stability. The statistical test supports that DE-ST2-FS with noise 0.9 has a lower
average than DE-ST2-FS without noise, DE-ST2-FS with noise 0.5, and DE-ST2-FS with
noise 0.7.

Figures 8–11 illustrate the improvement achieved by increasing the noise level, as
they display the minimum RMSE obtained from each of the different experiments. The
comparison with the two methods, namely ST2FHS-FLC with Noise and ST2FDE-FLC with
Noise, reveals that our proposal exhibits a lower average than ST2FHS-FLC with Noise.
However, we did not obtain significant evidence in favor of our proposal compared to
ST2FDE-FLC with Noise. In the latter case, the reference method utilizes a ST2-FS, which
makes the F (mutation) parameter of the differential evolution algorithm dynamic. We
believe that this is the reason why we lack significant evidence in our proposal. Previous
works have statistically confirmed that making the F parameter dynamic yields better
results than making the CR parameter dynamic.
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