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Abstract: The article offers a possible treatment for the numerical research of tasks which require
searching for an absolute optimum. This approach is established by employing both globalized
nature-inspired methods as well as local descent methods for exploration and exploitation. Three
hybrid nonconvex minimization algorithms are developed and implemented. Modifications of flower
pollination, teacher-learner, and firefly algorithms are used as nature-inspired methods for global
searching. The modified trust region method based on the main diagonal approximation of the
Hessian matrix is applied for local refinement. We have performed the numerical comparison of
variants of the realized approach employing a representative collection of multimodal objective
functions. The implemented nonconvex optimization methods have been used to solve the applied
problems. These tasks utilize an optimization of the low-energy metal Sutton-Chen clusters potentials
with a very large number of atoms and the parametric identification of the nonlinear dynamic model.
The results of this research confirms the performance of the suggested algorithms.

Keywords: global optimization; multiextremal function; bioinspired algorithms; atomic-molecular clusters

1. Introduction
1.1. Background and Related Work

The global optimization of multimodal objective functions remains a crucial and
difficult mathematical problem. Currently, much attention in the scientific literature is
paid to approximate methods for global optimization [1], which allow for the possibility
of finding a “high quality” solution in an acceptable (from a practical point of view) time.
Among them, metaheuristic optimization methods are widely used [2]. Unlike classical
optimization methods, metaheuristic methods can be used in situations where information
about the nature and properties of the function under study is almost completely absent.
Heuristic methods based on intuitive approaches make it possible to find sufficiently good
solutions to the problem without proving the correctness of the procedures used and the
optimality of the result obtained. Metaheuristic methods combine one or more heuristic
methods (procedures) based on a higher-level search strategy. They are able to leave the
vicinity of local extrema and perform a fairly complete study of the set of feasible solutions.

The classification of metaheuristic methods is currently conditional, since the charac-
teristic groups of methods are based on similar ideas. For example, well-known bioinspired
algorithms can be divided into the following categories:

e  Evolutionary algorithms (evolutionary strategies, genetic search, biogeography-based

algorithms, differential evolution, others) [2-12];

“Wildlife-inspired” algorithms [2,13-21];

Algorithms inspired by human community or inanimate nature [2,13,22-26]; etc.
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The Flower Pollination (FP) algorithm was proposed by X.S. Yang in 2012 at the
University of Cambridge (UK) (see, for example, [9,14]). The Teaching-Learning-based
optimization (TL) algorithm was proposed by R. Rao in 2011 (see, e.g., [9,22,23]).

The swarm optimization method, which mimics the behavior of fireflies, borrows
ideas from observing fireflies that engage with partners, attracting them with their light.
Agents (fireflies) forming a swarm use dynamic decision sets to choose neighbors and find
the direction of movement, which is determined by the strength of the signal emanating
from them. X.S. Yang from the University of Cambridge proposed the firefly algorithm (FA)
in 2007 (see, for instance, [15-18]). For example, the known modifications of the method
are the Gaussian FA [17], chaotic FA [18], and others.

Recent molecular physics methods resolve to obtain a meaningful understanding of
the structure of different substances [27]. Searching for atomic-molecular clusters with a low
potential is one of the classical problems of computational chemistry (see, for example, [28]).
This problem is reduced to finding the minimum of potential functions in the form of special
mathematical models that have already been created for several hundreds of structures.
The Cambridge Energy Landscape Database [29] presents the results of global optimization
for various types of models: inert gas clusters, metal clusters, ionic clusters, silicon and
germanium clusters, and others. The main difficulty with problems in this class is their non-
convexity, which is expressed by a huge number of local extremes of potential functions.
Experts give estimates that, in some cases, prove an exponential increase in the number
of local extrema from the number of atoms or optimized variables. The most famous
and frequently considered potential functions in the scientific literature are the models
of Lennard-Jones, Morse, Keating, Gupta, Dzugutov, Sutton-Chen and others. Since the
exact value of the global minimum is unknown in most cases, the principle of presenting
the “best of known” solutions are used in the works of this direction. This means that the
presented solution is “probably optimal”, until one of the experts finds a lower value.

Regular studies regarding optimization problems formulated for the potentials of
atomic-molecular clusters began in the 1990s by specialists from Great Britain and the
USA [28]. At this stage, for the Sutton-Chen potential, for example, only 80 atoms were
recorded as indicators of the dimension of the problems, which corresponds to 240 variables
for the optimized function, but the number of local extrema in the recorded problems were
already estimated by an astronomical indicator —10%. The search for a solution to optimize
problems for low-potential clusters of ever-increasing dimensions continues to be an urgent
problem, due to the emergence of similar formulations in chemistry, physics, materials
science, nanoelectronics, nanobiology, pharmaceuticals, and other fields [30].

1.2. Question and Contributions

The article suggests an approach that applies the advantages of nature-inspired algo-
rithms for the global exploration and first order methods for local optimization. We applied
modifications of the following bioinspired methods for global search: flower pollination,
teacher-learner, and firefly algorithms. The modified trust region method [31,32] based on
the main diagonal approximation of the Hessian matrix [33] is used for local minimization.
The proposed approach makes it possible to create computational schemes that make
it possible to efficiently solve global optimization problems. It is also necessary at each
iteration of the algorithm to ensure that the population is sufficiently diverse. For this
purpose, biodiversity assessment was introduced into the proposed algorithm schemes.

The article is organized in the following way: Section 1.3 formulates the statement of
the non-local optimization problem; Section 2 presents the developed hybrid algorithms
based on nature-inspired and local descent methods; Section 3 describes performed compu-
tational experiments on a set of test and applied optimization tasks, presents numerical
study results; Section 4 concludes the paper.
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1.3. The Global Optimization Problem

We consider a global optimization problem with parallelepiped constraints. The
problem statement is the following:

f(x) = min, x € X, X = {x|x = (x1,x0,...,%0), 0 < x; < Bj, i =1,n}. 1)

Here, f(x) is the smooth and multiextremal objective function; n € N is the number
of arguments (dimension); « € R", § € R" are box constraints.

2. Description of Proposed Algorithms

Three multiextremal optimization algorithms established on flower pollination, teacher-
learner, firefly, trust region methods are developed and implemented. This section intro-
duces them.

2.1. Algorithm Based on Flower Pollination and Local Search Methods
2.1.1. Parameters

m € [5; 10000] C Z—number of agents;

Nioc € [0; 10000] C Z- number of iterations of the local search method;

epio € [0; 0.1] C R—biodiversity factor;

Ps € [0; 1] C R—switching probability, it puts control on global and local pollination
(search) procedures.

2.1.2. Step-by-Step Algorithm

We have implemented two variants of the FP: the original one, which uses only the
objective function value (v.1, Ny oc = 0), and the modified one, in which the minimization
trajectory is constructed established on the modified trust region method (v.2, Ny oc > 0),
beginning from each point obtained by using the “flower pollination” procedure. In both
variants, a measure of biodiversity is calculated at the sixth step. See Algorithm 1.

Algorithm 1 FP

1. Set the algorithmic parameters. Choose starting point 1 € X. Suppose xREC = x0, where
xREC s the record point. Compute fREC = f(xREC). Suppose K = 0, where K is the
algorithm iteration number.

2. Create a random initial set of agents (population) PO = {p1 =0, P2, Pm },
pj € X, ] = 1,7

3. Carry out a selection of the initial population: perform m local descents, each of Ny ¢
iterations of the local search method, each starts with its agent (individual) of the initial
population, get {s1,s2,...,5m}.

4. Improve the record point, take xREC = argmin{f(s;),] = 1, m}.

5. Substitute in the population P of the individuals {p1, p2, ..., pm} by the agents
{s1,52,...,5m}. On the K-th iteration:

m—1
6.  Calculate a measure of biodiversity My, =1/(m—1) ¥ |pio1 — pill-
=1

7. If the stoppage criterion My;, < &y, is satisfied, then output xREC, the algorithm
is terminated.
8. Build a tentative population. In a cycle for each [ = 1, m:

8.1.  Create a random numeric r; € [0,1] C R.

8.2. If r; < Ps, then a vector L of size m is formed, which obeys the Levy distribution (see,
for example, [13,14]); a “global pollination” is performed: pyew = p; + L(pl — xREC).

8.3.  Ifr; > Ps, then generate two random indexes ji,j2 : j1 7# ja (one of the two integer

indexes ji, j» can be equal to the index ), generate a random number ¢ € [0,1] C R,
perform a “local pollination”: pyew = p; + € (F’jl — p]-2>.

8.4.  The old agent is replaced with a new one (in case of improvement): if
f(Prew) < f(pr), then p; = prew.
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9. Evaluate all agents: in a cycle for | = 1, m execute Njoc iterations of the local search method,
each starts with its individual in the population p;, get a multitude of agents {s1,s2,...,5u}.
10.  Improve the record point, take xREC = argmin{f(s;),l = 1,m}.
11.  Select m best agents from the two multitudes PK and {s1,52,...,5m} to the new set,
get PK+1,
12.  Set K = K+ 1, move to stage 6.

The iteration is complete.

2.2. Algorithm Based on Teacher-Learner and Local Descent Methods

2.2.1. Parameters

e m € [5;10000] C Z—number of students;

e Nioc € [0; 10000] C Z—number of iterations of the local search method;
e &, € [0; 0.1] C R—biodiversity factor.

2.2.2. Step-by-Step Algorithm

Two variants of the TL have been implemented: the original (v.1, Ny oc = 0) and the
hybridized with the modification of trust region (v.2, N;pc > 0) method for local descents.
See Algorithm 2.

Algorithm 2 TL

1. Set the algorithmic parameters. Choose starting point 1 € X. Suppose xREC = x0, where
xREC s the record point. Compute fREC = f(xREC). Suppose K = 0, where K is the
algorithm iteration number.

2. Create a random initial set of agents (a group of students) P = {p1 = X0, 02, Pm }
pj € X, ] =1,m.

3. Carry out a selection of the initial population: perform m local descents, each of Ny ¢
iterations of the local search method, each starts with its agent (student) of the initial
population, get {s1,52,...,5m}

4. Improve the record point, take xREC = argmin{f(s;),! = 1, m}.

5. Substitute in the group PV of the students {p1,p2,--.,pm} by the agents {s1,s2,...,51}. On
the K-th iteration:

m—1
6.  Calculate a measure of biodiversity My, =1/(m—1) ¥ |lpio1 — pill-
1=1

7. If the stoppage criterion My;, < &, is satisfied, then output xREC

is terminated.
8.  Teacher stage:

, the algorithm

8.1.  The average value of the objective function of the entire group
Mean = 1/m-(f(p1) + ...+ f(pm)) is calculated.
8.2.  The best agent (teacher) py,,, is found.

8.3. In a cycle for each [ = 1, m: create random numbers 1,1, € [0, 1] C R;
Tp = round(1 +12); prew = p1 + 11(Pteach — Tr-Mean).
8.4.  If the new solution is better than the existing one, then the resulting solution is

accepted, otherwise the existing solution is kept (if f(pnew) < f(p;), then p; = puew)-
9.  Learner stage:
9.1.  Inacycle for each I = 1,m: create two random indexes ji, j : j1 # j», a random
numeric r € [0,1] C R.
9.2. Iff(l’ﬁ) < f(pjz>' then puew = p; + ”(Pﬁ - pj2>,else Pnew = P1 ""’(sz - Pja)'
9.3.  If the new solution is better than the existing one, then the resulting solution is
accepted, otherwise the existing solution is kept (if f(pnew) < f(p;1), then p; = puew).
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10.

11.
12.

13.

Evaluate all students: in a cycle for [ = 1, m execute Ny oc iterations of the local search
method, each starts with its own agent p;, get {s1,52,...,5m}-

Improve the record point, take xREC = argmin{f(s;),l = 1,m}.

Select m best students from the two multitudes PX and {s1,52,...,5m} to the new group,
get PK+L,

Set K = K+ 1, move to stage 6.

The iteration is complete.

2.3. Algorithm Based on Firefly and Local Search Methods
2.3.1. Parameters

m € [5; 10000] C Z—number of fireflies;

Nioc € [0; 10000] € Z—number of iterations of the local search method;
€4io[0; 0.1] C R—biodiversity factor;

« € [0; 1] C R—mutation coefficient;

Bo € [0; 3] € R—attraction ratio;

7 € [0; 1] € R—light absorption factor;

M € [0.1; 10] C R—power rate.

2.3.2. Step-by-Step Algorithm

We have implemented two variants of the FA: the classic version (v.1, Ny oc = 0) and

the combined with the modified trust region (v.2, N pc > 0) method for local search. In
the proposed algorithm, the biodiversity coefficient is used, which makes it possible to
evaluate the measure of biodiversity and, if necessary, increase the representativeness of
the training set in order to increase the final efficiency of the algorithm. See Algorithm 3.

Algorithm 3 FA
1. Perform the first five steps of Algorithm 1. The set of agents is called a population of fireflies,
one agent is called a firefly (individual). On the K-th iteration:
m—1
2. Calculate a measure of biodiversity My, =1/(m—1) ¥ |lpio1 — pill-
=1
3.  If the stoppage criterion My, < &, is satisfied, then output xREC, the algorithm
is terminated.
Produce a new population QX = {g1,42,...,qm}, f(q;) = 0, i =1,m.
Change a population QK. In a cycle for each | = T,m and j = 1, m: iff(p]'> < f(p;), then
5.1.  Compute the prettiness of the firefly p; to the individual p;: B1 = Bo-exp <—7d{>4 ) ,
where d; is Euclidean distance between the fireflies p; and p;.
5.2.  Create a random numeric r; € [~1,1] C R.
53.  Theindividual p; moves towards the firefly p;. Create a new individual
Pnew = p1 + Bl(i’j —p1) +’07-(5vr1]-, where & = 0.05-(|8 — a].
54.  If f(puew) < f(gi), then q; = puew.
~ m—1
6.  Calculate a biodiversity measure My;, =1/(m —1) ¥ ||q141 — q:1]-
=1
7. If Myj, < €pjo, then go to step 5, else go to step 8.
8. Evaluate all fireflies: in a cycle for I = 1,m execute Ny o iterations of the local search
method, each starts with its own firefly q;, get {s1,2,...,5m}
9.  Improve the record point, take xREC = argmin{f(s;),l = 1,m}.
10.  Select m best fireflies from the two multitudes PX and {s1,52,...,5m} to the new population,

form PK*1, Set K = K + 1, move to stage 2.

The iteration is complete.
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3. Numerical Study of Developed Algorithms

The algorithms were implemented in C (GCC/MinGW) using uniform software
standards and studied on a set of test problems [34,35]. Table 1 contains the values of
algorithmic parameters. A numerical study of the properties of the proposed algorithms
is carried out in comparison with other algorithms presented by us earlier in the [36]:
modifications of genetic (GA), biogeography (BBO) and particle swarm (PSO) algorithms.

Table 1. The values of algorithmic parameters.

Algorithm Values of Parameters
FP (v.1) m =10, Nyoc =0, e, = 107%, P, = 0.2
FP (v.2) m =10, Nyoc = 30, ey, = 1070, P, = 0.2
TL (v.1) m =10, ep;, =107, N;poc =0
TL (v.2) m =10, ep;, = 107°, Nrpoc = 30
FA (v.1) m =10, Nyoc =0, epio =107, @ = 1.0, B =3.0, v =05, M =10
FA (v.2) m =10, Nyoc = 30, ey = 107%, @ = 1.0, B =3.0, vy =05, M =10

The equal testing requirements were assured for every algorithm. The number of
agents for all algorithms is m = 10. The number of task variables is 100. We launched
the algorithms 50 times from the same uniformly distributed initial approximations. The
additional stop criterion is exceeding 10,000 calls to the objective function. Below is an
exposition of each optimization task and the results of numerical comparison of algorithms
in the form of box diagrams for this test problem (Figures 1-4). The ordinate axle plots
the mean values of the objective function over the set of agents, received from 50 launches.
Table 2 shows statistics on algorithmic launches.

ik

z L

1200 —

800 |

400

Objective function value

T I

TL (v.2) GA (\ 2) FP (v.2) BBO (v.2) PSO (v.2) FA(v.2) TL(v.1) BBO(v.1) GA(v.1) FA(v.1) PSO (v.1) FP (v.1)

Algorithm

Figure 1. Box and whisker diagrams of algorithm comparison (Griewank problem).

%__:

GA(\ 2) TL (v2) FP (v.2) GA (v.1) BBO (v.2) FA(\ 2) PSO(v.2) TL(v.1) FP(v.1) FA(v.l) PSO(\ 1) BBO (v.1)

Algorithm

Figure 2. Box and whisker diagrams of algorithms comparison (Rastrigin problem).
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Figure 3. Box and whisker diagrams of algorithms comparison (Schwefel problem).
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GA (v.2) TL(v.2) BBO (v.2) PSO (v.2) FP(v.2) FA(v.2) TL(v.1) GA(v.1) BBO (v.1) PSO (v.1) FP (v.1) FA (v.1)
Algorithm
Figure 4. Box and whisker diagrams of algorithms comparison (Ackley problem).
Table 2. Statistics on algorithm launches: mean and standard deviation (SD).
Griewank Rastrigin Schwefel Ackley
Algorithm
Mean SD Mean SD Mean SD Mean SD
FP (v.1) 343.92 28.532 550.21 28.974 11,892.6 648.79 15.532 0.2518
FP (v.2) 0.0496 0.0306 2.9473 1.5561 1933.58 106.95 4.3835 0.8977
TL (v.1) 25.834 12.927 280.16 27.019 23,524.7 6213.6 7.1138 1.1376
TL (v.2) 0.0446 0.0255 0.0433 0.0292 7808.61 2069.5 0.7892 0.2384
FA (v.1) 205.35 17.120 818.99 69.126 21,146.8 942.92 15.872 0.9408
FA (v.2) 11.713 2.4140 26591 73.013 3519.01 157.43 6.2518 1.8042
GA (v.1) 38.675 6.5504 191.98 18.622 5126.49 544.45 8.1085 0.5020
GA (v.2) 0.0536 0.0262 0.0089 0.0055 808.215 91.187 0.4323 0.1315
BBO (v.1) 36.248 5.1454 937.15 76.528 20,091.3 1201.3 10.998 0.5813
BBO (v.2) 0.5953 0.5083 215.03 8.9858 3341.13 200.06 1.9491 0.5387
PSO (v.1) 339.37 49.630 937.38 53.785 35,8124 1218.7 15.201 0.5299
PSO (v.2) 10.801 44535 269.85 6.2304 8948.39 304.70 4.1005 0.5175

We conducted numerical experiments applying a computer with the following charac-
teristics: 2x Intel Xeon E5-2680 v2 2.8 GHz (20 cores); 128 Gb DDR3 1866 MHz.

3.1. The Griewank Problem

+ — | — ] |cos <), X =
=\, 4000 il Vi

[—600.0, 600.0]", n = 100.

2



Algorithms 2022, 15, 359

8of 13

Absolute minimum point and value: x; = 0.0, f* = 0.0.

Figure 1 and Table 2 show that the developed modifications (v.2) demonstrated essen-
tially better results in comparison to basic variants of algorithms (v.1). On this problem, the
TL algorithm turned out to be the most effective among the proposed algorithms.

3.2. The Rastrigin Problem

n
f(x) = 10-n+ Y (2 = 10 cos(27x;) ), X = [~5.12, 5.12]", n = 100, 3)
i=1

Absolute minimum point and value: x; = 0.0, f* = 0.0.
TL (v.2), GA (v.2), and FP (v.2) are leading amid the algorithms investigated, giving
solutions close to the absolute minimum (Figure 2, Table 2).

3.3. The Schwefel Problem

n
f(x) = 418.9829-n + (—xi- sin ( \xi]), X = [-500.0, 500.0]", n = 100.  (4)
=1

Absolute minimum point and value: x;* = 420.9687, f* =0.0.
On the Schwefel problem, the modified algorithms (v.2) showed preferably results in
comparison to basic versions (v.1) of algorithms (see Figure 3, Table 2).

3.4. The Ackley Problem

Its=

n
02+ 3 ¥ x? 1.y cos(2mx;)

f(x) = —20-¢ = +20+e, X = [-30.0, 30.0]", n = 100. (5)

Absolute minimum point and value: x; = 0.0, f* = 0.0.
GA (v.2) and TL (v.2) well benefits in productivity compared to otherwise developed
algorithms on this problem (Figure 4 and Table 2).

3.5. The Sutton-Chen Problem

We consider finding the low-energy Sutton-Chen clusters task [37-40] for extremely
large dimensions. The Sutton-Chen potential is often used in computations of the nan-
ocluster properties of metals such as silver, rhodium, nickel, copper, gold, platinum, and
others [38—40]. The following global optimization problem is considered:

f(x) =L [%jg () jgj(r‘%)m] - min ©)

2 2

2
Tij = \/<x3<171)+1 - x3(]'71)+1> + <x3(171)+z - x3(]>1)+2) + <x3(171)+3 - x3(j71)+3> :

Here, e = 1.0, c = 14441, a = 1.0, g = 12.0, m = 6.0 are special parameters.

To investigate the problems of the optimization of atomic-molecular cluster potentials,
we implemented three-phase computational technology, which combines several methods
from a collection of basic at each phase [41].

Phase 1 is concentrated on the random approximation of a neighborhood of a record
point and established on a collection of algorithms that generates starting approxima-
tions: “level” (LG), “averaged” (AG), “gradient” (GG), “level-averaged” (LAG), “level-
gradient” (LGG), “averaged-gradient” (AGG), “level-averaged-gradient” (LAGG). At the
phase 2, the problem of descent of the approximations produced at the phase 1 [42] is
determined by applying one of the “starter algorithms” that can find low-energy configu-
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rations of atoms. We implemented six variants of “starter algorithms”: three bioinspired
algorithms described in the paper (FP, TL, FA), the variant of the method proposed by
B.T. Polyak [43,44], the “raider method” [45], and the modification of the multivariate
dichotomy method [46,47]. In all these algorithms we applied the modification of trust
region method for local search (phase 3).

Nowadays, solutions are presented only for Sutton-Chen configurations up to 80 atoms
in the Cambridge Energy Landscape Database [29] and other public sources. We made a
performance investigation of developed techniques for clusters of 3-80 atoms and com-
pared the solutions obtained with the best of the known ones [48]. The solutions obtained
during numerical study coincided with the known results represented in [29].

We investigated very large problems for configurations of atoms from 81 to 100.
For each algorithm-generator and each starter method, we performed computational
experiments. We used an excess of the time limit (24 h) as a stopping criterion. Table 3
presents the results of the numerical testing of computational technology for the task in
which the cluster consists of 85 atoms.

Table 3. The results of the numerical testing of computational technology (N = 5).

Generator Starter Value Starter Value Starter Value
1 (LG) Raider —83,437.0434  Dichotomy —83,246.7618 Polyak —80,462.6233
2 (AG) Raider —83,321.4980  Dichotomy —83,247.6218 Polyak —80,383.5143
3(GG) Raider —83,543.6279  Dichotomy —83,302.7432 Polyak —80,516.2512
4 (LAG) Raider —83,458.6975  Dichotomy —83,325.1594 Polyak —80,523.4218
5 (LGG) Raider —83,459.8748  Dichotomy —83,329.1129 Polyak —80,524.5373
6 (AGG) Raider —83,457.2522  Dichotomy —83,327.2542 Polyak —80,522.6132
7 (LAGG) Raider —83,552.3954  Dichotomy —83,429.4154 Polyak —80,653.2337
- FP (v.1) —65,293.1424 TL (v.1) —65,863.6213 FA (v.1) —64,571.3352
- FP (v.2) —78,652.3226 TL (v.2) —78,926.2372 FA (v.2) —77,734.5137

As can be noticed from Table 3, there is a leading computational technology with a
combination of the LAGG as an initial approximation generator and the raider algorithm
as a starter, among all the investigated variants.

Table 4 presents the best-found values obtained. It was not possible to compare our
results with the computations of other researchers due to the absence of such information.

Table 4. The best-found values (number of atoms: from 81 to 100).

N Value N Value N Value N Value

81 —79,382.0486 86 —84,502.6321 91 —89,817.3875 96 —95,046.4031
82 —80,478.4711 87 —85,627.6685 92 —90,787.2961 97 —96,121.8664
83 —81,403.5270 88 —86,607.6112 93 —91,827.6375 98 —97,165.4582
84 —82,468.2286 89 —87,689.9154 94 —92,906.8617 29 —98,222.4219
85 —83,552.3954 90 —88,776.5998 95 —93,916.8247 100 —99,273.6113

Figure 5 demonstrates the dependency of the best-found values on the dimension. We
plot the number of atoms along the horizontal axis, the found values along the vertical.

Known value —— Found value
-40,000 -
-80,000 -

-120,000 -

40 80 120
Number of atoms

Figure 5. Dependence of the best-found values on the dimension.
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3.6. The Parametric Identification Problem for the Nonlinear Dynamic Model

The proposed algorithms are universal and allow one to investigate problems of a
wide class. For example, those that go beyond the considered finite-dimensional setting
are dynamic problems. The tasks of parametric identification are to find the values of the
model parameters that make it possible to ensure its closeness to the experimental data.

Table 5 presents the known data corresponding to the dynamics of the changes in the
trajectories X(t), ¥(t), z(t) over time t € [0, 8.

Table 5. The changes in the trajectories of the system x(f), y(t), z(t) over time.

t 0 1 2 3 4 5 6 7 8

(t) 34.2 327 28.4 28.5 28.7 28.8 315 32.8 34.6
(1) 40.3 38.5 36.7 342 34.4 345 35.7 36.4 38.2
(t) 36.5 32.8 29.6 27.2 25.7 25.1 253 25.8 26.4

N < R

With the help of the proposed algorithms, the model problem of the parametric
identification of the following dynamic system was solved:

x(t) = by — Apx(t) + appx(H)y(t) + apzx(t)z(t),
y(t) = by — Agy(t) — anx(t)y(t) + azsy(t)z(t), @)
z(t) = by — Asz(t) — azx(t)z(t) — azy(t)z(t).

As the functional to be optimized, we used the integral of the modular discrepancy of
the system (7) values x(t), y(t), z(t) and known values X(t), 7(t), Z(t) (see Table 5) in the
time span t € [0, 8]:

8
[ ey =%(®) |+ y(5) = F(0)] + () =Z(D)] )t = min. ®
0

Figure 6 demonstrates the trajectories received in solving the model parametric identi-
fication problem, relative to the tabular data presented in Table 5. Time ¢ is plotted on the
graph along the abscissa.
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Figure 6. Trajectories obtained when solving the model identification problem.
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As can be seen from the Figure 6, with the help of the proposed algorithms, it was
possible to ensure the closeness of the model (7) to the experimental data (Table 5), which
indicates the good performance of the algorithms.

3.7. Statistical Testing of Proposed Algorithms

We tested the implemented algorithms on the optimization benchmark [34]. As test
problems, we selected 22 multimodal objective functions (numbered 7 to 28 in the bench-
mark). The dimensions of all problems were 100 variables. We compared the algorithms
with each other and ranked them for each task. For each algorithm, we calculated the
percentage of the number of problems on which it showed a certain place in the rating.
Table 6 shows the results of statistical testing of combined algorithms in the following
format: “percentage of reaching a certain place in the rating (the number of tasks on which
this was achieved)”.

Table 6. Results of statistical testing of combined algorithms.

Places in the Ranking of Algorithms on the Collection of Test Problems
First Second Third Fourth Fifth Sixth

GA (v2)  455%(10)  22.7%(5)  182%(4)  13.6% (3) 0.0% (0) 0.0% (0)
TL (v.2) 273%(6)  409%(9)  13.6% (3)  4.5% (1) 9.1% (2) 4.6% (1)
FP (v.2) 4.5% (1) 182% (4)  27.3% (6) 9.1% (2) 182% (4)  22.7% (5)
BBO (v2)  4.5% (1) 13.6%(3)  31.8%(7)  36.4% (8) 9.1% (2) 4.6% (1)
FA (v.2) 13.6% (3) 0.0% (0) 4.5% (1) 13.7% (3)  409%(9)  27.3% (6)
PSO (v2)  4.5% (1) 4.5% (1) 46% (1)  22.7%(5)  22.8% (5)  40.9% (9)

Algorithm

Established on the performed computational experiments, we can assert that among
the investigated nature-inspired methods, there is no definite leader that would demon-
strate the best results on all test problems. However, it can be seen from Table 6 that, in
decreasing efficiency, the algorithms can be arranged as follows: GA, TL, FP, BBO, FA, and
PSO. In all cases considered, the combined algorithms based on the bioinspired and local
search methods showed essential improvements over the basic multi-agent methods.

4. Conclusions

The introduced treatment for the numerical investigation of the tasks of searching for
an absolute optimum of multimodal functions is established by the use of flower pollination,
teacher-learner, firefly, modified trust region algorithms, and assessment of biodiversity
measure. Hybrid methods for non-convex optimization were proposed and implemented.

The developed algorithms were studied on a collection of test problems characterized
by various levels of complexity. All variants of the algorithms based on combinations with
the modification of trust region method for local search showed essential improvements
over the original ones. Statistical testing of proposed algorithms noticed that modifications
of teacher-learner, and flower pollination methods were in the lead more often than variants
of firefly method.

The implemented technology was used to explore the promising problem from the
applied field of atomic-molecular modeling. In the course of the investigation, we obtained
feasible optimal configurations for Sutton-Chen clusters of extremely large dimensions
(81-100 atoms). A comparative analysis of the results of numerical experiments did not
disclose any sharp deflections from the observed regularity between the found values of
the potential function and the number of atoms. In addition, the parametric identification
problem for the nonlinear dynamic model was solved. The solutions obtained have found
a meaningful interpretation.
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