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Abstract: The present work is devoted to the construction of optimal quadrature formulas for the
approximate calculation of the integrals fozﬂ ¥ @(x)dx in the Sobolev space ﬁé”. Here, ﬁ;" is the
Hilbert space of periodic and complex-valued functions whose m-th generalized derivatives are
square-integrable. Here, firstly, in order to obtain an upper bound for the error of the quadrature
formula, the norm of the error functional is calculated. For this, the extremal function of the considered
quadrature formula is used. By minimizing the norm of the error functional with respect to the
coefficients, an optimal quadrature formula is then obtained. Using the explicit form of the optimal
coefficients, the norm of the error functional of the optimal quadrature formula is calculated. The
convergence of the constructed optimal quadrature formula is investigated, and it is shown that
the rate of convergence of the optimal quadrature formula is O(h™) for |w| < N and O(|w|™™) for
|w| > N. Finally, we present numerical results of comparison for absolute errors of the optimal
quadrature formula with the exp(iwx) weight in the case m = 2 and the Midpoint formula. There,
one can see the advantage of the optimal quadrature formulas.

Keywords: Sobolev space of periodic functions; extremal function; error functional; optimal quadra-
ture formulas; oscillating functions

MSC: 65D30; 65D32

1. Introduction and Statement of the Problem

Approximate calculation of the integral

/027r exp(iwx)¢(x)dx, 1)

where w is an integer and i> = —1, plays an important role in computational mathematics.
It is well-known that numerical calculation of such integrals encounters difficulties for large
values of w because the integrand oscillates strongly. Computation of the integral (1) are
often done by the Filon method [1]. The Filon method reminds us of the Simpson quadrature
formula. However, while in the Simpson method the entire integrand is replaced by a
parabola, in the Filon method, only the function ¢(x) is replaced by a parabola. This way
Filon obtained the quadrature formula with coefficients depending on w [1].

Various aspects of the calculation of the integral (1) are discussed in a number of
papers [2-16], where there are fairly complete bibliographies.

In the present work, combining S.L. Sobolev’s and I. Babuska’s methods for the
approximate computation of the integral (1), an optimal quadrature formula is constructed,
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and the square of the norm for the error functional of the obtained optimal quadrature
formula is evaluated in a certain Hilbert space.

Suppose Ijlém), m > 1 is the Hilbert space of 27t-periodic, complex-valued functions
@(x), —00 < x < oo, which are square-integrable with the mth generalized derivative.
Every element of the space qu(m) is a class of such functions that differ from each other by a
constant term, and the inner product of the elements in this space is defined as

27

(£,8)n = [ ()80 (). @

0

Here, the notation § is the complex conjugate to ¢. The norm of a function ¢(x) in the space

A
2 %
|olA™ | = ( / <o<'"><x>¢<m><x>) : ©)
0

For ¢(x) € Iflém), we consider a quadrature formula of the form

is defined by

7exp(iwx><p( dx = 2 ck<p(2”k ). @
0

where Cj are coefficients of the quadrature formula, N = 2,3, .. ..
The error of the quadrature formula is given in the form

2

(L 9) = [ exp(iwx)g(x)dx — Z qu)(Z;\T]k)

k=1

o

27‘(

I
o

[exp iwx) ZCk Z §<x2nk2 ﬁ)} (x)dx (5)

k=1 p=—c0

Here, §(x) is the Dirac delta-function,

{(x) = exp(iwx) ZCk Z 5<x—2nk—2 /5) (6)

k=1 B=—c0

¢ is the periodic functional of the error for the quadrature formula, and (¢, ¢) is the value
of the error functional at ¢.

The challenge in the construction of an optimal quadrature formula for the approxi-
mate calculation of the integral (1) is calculating the quantity

inf sup m H€|H , )

I o

=[

that is, finding a function ¥, (x) from Ijlém)

and the coefficients Cy, for which the exact lower bound are attained in (7).
In this case, the function ¢,(x) is said to be the extremal for the given quadrature

formula, Cy, values are called the the optimal coefficients for the quadrature formula (4) in the
m)

for which the exact upper bound is attained,

space Iflé ,and ||2|| is the norm for the error functional of the optimal quadrature formula.
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It should be noted that Hz(m)* is the conjugate space to the space Hém), and it consists

of all periodic functionals that are orthogonal to the unity, i.e.,
(4,1) =0. ®)

The remaining part of the paper is organized as follows. In Section 2, we present the
main results; i.e., we obtain the extremal function, the analytic expressions for the optimal
coefficients, and the norm of the error functional for the optimal quadrature formula of the
form (4). Further, in Sections 3-6, we provide proofs of the main results.

2. Main Results

The central results of the present paper are the following.

Theorem 1. The extremal function of the periodic error functional £ for the quadrature formula (4)
has the form

_ exp(—iwx) B %Ek exp(iﬁ(x - 2717\111{))

+v. 9
Yo (X) w2m =5 271ﬁ2m v 9)

Here, Cy. are complex conjugate to the coefficients Cy. of the quadrature formula (4), and v is an
unknown number.

Theorem 2. If ¢(x) € Ijlém), then, for the optimal coefficients of the quadrature formula (4) with
the error functional (6), the following formula holds

. 27 (sin TN\ (2m — 1)! - exp( 25k
Ck - W w m_2 ’ (10)
N 2y a,(fmd) cos(2t(m —1—n)%) + afjffz)
n=0

k=12,...,N.
In the last formula, the a’(12m—2) values are the coefficients of the Euler—Frobenius polynomial
Epm—2(x) of degree (2m — 2) and are defined as follows:

n .
a£12m—2) _ (_1)] (2;“> (1’[ +1— j)mel,
=0

Theorem 3. In the space Iflém), the square of the norm of the error functional £(x) for the optimal
quadrature formula of the form (4) has the following expression:

o 2 in fw \ 2m —_1)!
yEM| = % 1— <SH7‘WN ) (2m—1)! . an
N (2m—2)

m—2
2y a,(qszz) cos(m—1—-n)gg +a,_,
n=0

Hence, in particular, we obtain the following.

Remark 1. For w = 0, we have the well-known optimal quadrature formula, which is the following
rectangular formula

2 2n L /2mk
/0 @(x)dx = Nk_Z:lq)(N)
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Moreover, for the norm of the error functiona, we obtain

(Wn) |BZm‘

H£|H§m) (2m)! 7

where By, is the Bernoulli number.

Remark 2. If w is a multiple for the number N of the nodes of the quadrature formula, i.e., w = Np,
p==£1,%2,..., then
=0, k=1,2,...,N

and ) )
rr(m)x||© 47T
H2 ﬁ.

7

Remark 3. Calculations show that

2m—2
(2m 2) (2171 1),[

n=0

(2m-2)

where ay, values are the coefficients of the Euler—Frobenius polynomial of degree (2m — 2).

3. The Extremal Function to the Error Functional for the Quadrature Formula (4)

In order to find an explicit form of the norm for the error functional ¢(x), we use an ex-
tremal function of the given functional, i.e., a function ¢, (x) for which the following holds:

(0 =

el ™| (12)

Proof of Theorem 1. The idea of the proof is as follows. Using the formula (2) and applying
the Riesz theorem for the error functional ¢, we find an explicit expression for ¢ by a new
(m

function ¢, which is an element of the space Hz ) Ttis easy to see that the function ¢ is
related to the error functional / by the following differential equation:

27tk

gbézm)(x) = (=" <exp iwx) Z Cr 2 5(x - on /3)) (13)
k=1 B=—c0

Indeed, by the definition of the inner product, we have

27

(bo) = [ 9" (09" (x)dx. (14

0

Integrating by parts the right-hand side of (14) and taking into account that a function ¢(x)
is infinitely differentiable and finite, i.e., ¢(x) € C(®) we obtain

(tg) = (1 [ D oy s)
0

On the other hand, by definition of the error functional ¢(x), we have

271

(E,(p):/[exp iwx) )%ck 5 5( —@—2 ﬁ)] o(x)dx. (16)

0 k=1 B=—c0
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Placing (16) on the left-hand side of (15), we find (13). Since the space of the infinity

)

differentiable and finite functions is dense in the space Iflé ,i.e., any function ¢(x) from

Iflém) can be approximated with arbitrary high accuracy by a sequence of the functions
from the space C(*), it follows that a periodic solution of Equation (13) is the extremal
function ¢y of the error functional ¢ for the quadrature formula (4) and ¢, € Ijlém).

Further, we find a periodic solution of Equation (13). In order to solve this equation,
we use the Fourier transforms. For this, we provide some useful formulas:

Flglp) = [ exp(2ripx)g(x)dx, (17)
Flgln) = [ exp(-2nipx)g(p)dp, (18)
FUFlgl = o), 19)
Flg"(x)] = (~2nip)"Flg), 0)
Figo()] = ¢o(p),  o(x) = ). o(x—B). (21)

p=—00

Applying the Fourier transform to both sides of Equation (13), we obtain

dXZm

F [dzml”f”] — (~1)" (Flexp(iwx)] — F[T(x)]), 22)

where
ZCkZ(S(x—ZT[k—Z [5) (23)

By virtue of the formula (20), we have

dx2m

F [dz"“”f”] — (—27ip) > E[o(x)]. 04)

Now, using the definition of the Fourier transform, i.e., Formula (17), we directly
obtain

Flexp(iwx)] = (5(;9 + %) (25)

Applying the Fourier transform defined by Formula (17) to both sides of (23), we find

I:]X;leF{ <x—z7\rlk—2 ,B)]
= :Z;Ck/ exp(27tipx) Z 5( —2—7-[](*2 ﬁ) (26)

p=—00

F[T(x)]

Using the known properties of the delta-function, we have

(o) = ()
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and introducing the notation y = Na— I%I"k and using the formula (21), we rewrite Equality (26)

in the form

F[T(x)] = Z Ck/ exp <2mp (27T]/+ )) ﬁ;ood y—pB)d
= Z Crexp <27Tip217\r]k) /jo exp(2mi(27tp)y ﬁ;w§ y—p)d
= ;Ck exp (27T1p N )lg_X:wts 21tp — B). (27)

Now, from (22), (24), (25) and (27), it immediately follows that
(—27ip)™"F [, (x)]

— (—1)" {5<p+2‘*7’{) ZCkexp<27'L'1p) ﬁ; s2rp—p)|. (28)

The right-hand side of (28) is equal to 0 at p = 0, since, in virtue of (8), the singularities

(p—}—ﬂ) and ZCkexp(2n1p> Z d(2mp — B)

p=—00

are mutually canceled.

Therefore, we can divide both sides of Equation (28) by (—27tip)®™. This division is
not uniquely defined. For Equation (28), the function F[¢,] is defined up to the term of
the form vé(p). Taking into account the aforementioned as well as the properties of the
delta-function, we obtain

_ S(p+ m) ((znfipk) 5(2mtp — B)
F = ——Zt7 Cj ex
v (27p)" kz P\ ﬁ% (2mp)™"

B
— (P + 27r 27ipk (5(p — E) S
= k;l Cxk ﬁ;) exp< N > 2B +vé(p). (29)

Applying the inverse Fourier transform to both sides of Equation (29) and using
Formulas (18) and (19), after some calculations, we have

o exp(ip( 22k — x
il - 220y v ( ZEW )., (30)
k=1  pF0

From (30), it follows that

exp((‘;ri:ux) B %Ek > exp (113(27rk x))

k=1 BZ0 (27p)2"

Pe(x) = + . (31)

Theorem 1 is completely proved. O

Now, we give an important theorem on zeros of the extremal function which is
due to I. Babuska. This theorem was proved in the language of functional analysis (see,
for example [17,18]).
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Theorem 4 (I. Babuska). Suppose the error functional (£, @)

(a) is defined on the space Hém) —i.e., its value at constant is zero—and
(b) is optimal; i.e., among all functionals of the form

() = explin) - Y- 35 o~ 2~ 2mp)

k=1 B=—0c0
with given system of nodes, it has the lowest norm in Hém)*.
Then there exists a solution y,(x) of the equation

dzmlpf(x) — (*1)”16(36),

dx2m

27tk (m)

which is zero at points =5~ and belongs to Hz

4. The Square of the Error Functional of the Quadrature Formula (4)

It is easy to proof Babuska’s theorem also by algebraic way. For the sake of complete-
ness, we give this proof here as well. A quadrature formula with the error functional ¢(x)
(m)

in the space Hz can be characterized by two manners. From one side, this quadrature
formula is defined by coefficients Cy, k,= 1,2, ..., N, under the condition

(£,1) = 0. (32)

From the other side, it is defined by the extremal function 1, (x) of the quadrature formula.
The square of the norm for the error functional of the quadrature formula is expressed
by the bilinear form with respect to coefficients of the formula and values of the extremal

(m)

function. Indeed, since FIZ is a Hilbert space, we have

21 2r
| || = o = [9f" 0w dx = (<" [ 9" )g(x)d
0 0

where 4 (x) is the extremal function of our quadrature formula. However,

dzmlpf(x) _ (-1)”16(9(),

dx2m
, SO

27

|am || = ey = [ epaax. (33)
0

Using Formulas (6), (9), and (33), we have
27 ok
Hé|ﬁ£m) = / (exp iwx) ZCk Z 5<x—n—2 ﬁ))
0 k=1 B=—c0

X (exp —iwz) % Y. eXp(iﬁ(x _ %H)) +v) dx.

o) 470 27T,82’”
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N
However, by virtue of (8), i.e., by equality ). Cy = 0, we obtain
k=1

27 N o
H€|ﬁ§m)* g /(exp iwx) ZCk Z 5(x—2nk—2 ﬁ))

0 k=1 B=—c0
: 27k’
exp(—iwx) — exp (1.5 (x - T))
X — 7 Z Cv Y, dx
( K=1 B0 2mp
1 N 1
= —= / exp(iwx) exp(—iwx)dx — Y Cp Y ——
me / o] 470 2nﬁ2m
o 27k’
X O/exp(1wx)exp<1/3(x— N ))d - — ZCk
mip /
—2miwk NN exp( (k—k ))
X exp( )—FZZCkalz )
N k=1k'=1 p£0 2mpA
Simple calculations show that
1 2
. . s
o / (exp(iwx) exp(—iwx))dx = P (34)
0
By virtue of
7 0, ifw+pA0
. [0, ifw )
/exp(l(w + B)x)dx = { 21, ifw+B=0
0
it follows that
1 27K
T
——— [ exp(iwx) exp(if(x — dx
L s / pliwr) exp(if(x — 21))
—27k'ip
exp( ) / 27 2icwk’
= ———— [ exp(i(w+ B)x)dx = ex ( > (35)
/3;0 znﬁzm J p( ( ﬁ) ) (Uzm p N

Using Equalities (34) and (35) for the square of the norm for the error functional of the
quadrature formula, we obtain the following analytical expression

st

21 27tiwk! 1 N — 27wk
= - w2m E Ck/exp( )—wmeleexp< N >

N N exp<72m’3§\l; k/))

+ 2 2 CiCr 2 27 B2

k=1k'=1 B0

(36)
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For finding the minimum of the square for the error functional of the quadrature
formula, we apply the method of indefinite Lagrange multipliers. For this we consider the
following function:

_ ~ 2
A(C,Cv) = He|H§’”>* — (1),

Setting to 0 all partial derivatives by Cy, Cy, and v of the function A(C,C,v), we have

oA

— = k=1,2 N
ack 0/ 7% 7 7
ELA = 0, k=12,...,N,
ack/

oA

5 = 0.

These give the following system of equations

oA 1 ( 27r1a;k> 2nBi(k — k')
— = ———-exp ch/zex < —v=0
E)Ck w?2m =1 B£0 N
fork=1,2,...,N, (37)
27Bi(k—k')
oA 1 2miwk’ exp( N )
— = - C —_ 2 =,
aCy W eXp( > k:zl ‘ ﬁ;) 272
fork =1,2,...,N, (38)
oA N
5 = Y G =0. (39)
k=1
It is not difficult to see that
oA 1 2miwk’ exp(27Bi(k — k')
_— = —_—— C = 0,
dCp w2 € p( > k; k ﬁ;) 27 g2m

fork =1,2,...,N.

Taking into account (37), it follows immediately that v = 0.
In order to find unknown coefficients Cy, it is enough to solve the systems (38) and (39).
The solution of this system, which we denote by ék, k=1,2,...,N and 7, is a stationary
point for the function A(C,v). From the theory of the Lagrange method, it follows that Cy
values are searching values of the coefficients for the quadrature formula, k =1,2,...,N.
They give the conditional minimum for the square of the norm ||¢|| provided that (8) holds.
By virtue of condition (37), we see that the extremal function ¢, (x), defined by (9),

vanishes at the nodes of the quadrature formula (4), i.e., Il)g(znk) = 0. This proves

Babuska’s theorem.

Here, we assume that the systems (38) and (39) are solvable. Its solvability follows from
the general theory of the Lagrange multipliers. However, as is shown in the calculations,
the matrix of the systems (38) and (39) coincides with the matrix of the system considered
in [10] in the construction of optimal cubature formulas in the Sobolev space Egm) of periodic

functions. In [10], uniqueness of the set of the optimal coefficients was also proved. Hence,
it immediately follows that the systems (38) and (39) have a unique solution.
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5. Optimal Coefficients of the Quadrature Formula (4)

In the present section, we prove Theorem 2. In order to prove the theorem, it is
enough to solve the systems (38) and (39) with respect to coefficients C, k = 1,2,...,N.
For a solution of this system, we search in the form

27tk

ék = C(w, N, m) exp <in), (40)

where C(w, N, m) is an unknown function. We are directly convinced that Cj values,
defined by Formula (40), k = 1,2,..., N, satisfy Equality (39). Substituting (40) into (38),
we obtain

-1 2miwk’ N w2k exp ( 2”1/5;\]1C = )
meexp< N >+Ca)Nm Z ( )Z 2 =0.  (41)
— B#0
We introduce the following notation:
exp ( —2mipk’ )
z=C(w,N,m) Y 271,82"1 Y exp< w+ ,B)> (42)
p#0 k=
It is clear that
0, if % isnot integer,
+ 7 N 7
Z exp( 'B)) { N, if WTJ”E is integer.

Therefore, denoting t = ‘UTHS and then B = tN — w, we rewrite (42) in the form

N

B =2mi(IN —w)k'\ & 1
e = MC(W’N’m)eXp( N >t_z_:oo(tN—w)2m
N 2miwk’ & 1
= 2nC(w,N,m)exp< N )tzoofN—w)z’”' (43)

From (41)—(43), it follows that

N 2riwk’ ad 1 1 27k’ w
an(w,N,m)exp( N )t_zoo (N @ exp( N > =0,

K'=1,2,...,N.

Hence, we have

1 2riwk’ N ad 1
—a exp( N ) [ZHC(w,N,m) Z w —11 =0,

t=—o00

K=1,2,...,N.

From the uniqueness of the solution for the systems (38) and (39), we obtain

-1
cwnm = 5 £ i)

t=—o00 w
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Hence, we directly obtain

2m o0 -1
conm = 5@ (Ere) -

We now refer to calculations of

-1
flz) = (tz (tlz)z,n> . (45)

As is known [11],
L§&4vz<mmﬂ- (46)

Taking the derivative of order 2m — 2 with respect to z from both sides of (46) and
taking (45) into account, we obtain

1 1 g2 T \?
flz) ~ (@m—1)ldz2m2 (sin (mz) ) '
2m—2 2
Now we calculate ;ZZW (L) . For this, we use Euler’s known formula

sin (71z)

exp(2mix) — 1

sin(7z) 2iexp(rriz)
Denoting A := exp(27iz), we have
d dA d d o d
iz~ aava TMay
422 2m—2y2m—2
_ m— m—
W (2771) D P

where D = A%, and D¥"~2 = /\%DM’B’.

Consequently,

1 )" w2 A

f@ — @m-1) (1-24)>

Hence, as is known (see, for example, [18]), the Euler-Frobenius polynomial is defined

(47)

by the formula
_ A
AEgm—2(A) = (1 —A)*"D?" 2 (1-A)2 (48)
and
2m—2
Exm—2(A) = a2,
n=0
where
e B O ) e <21”> 21y (2;”) (n—1)21 . (~1)" (21’1”)
B =,
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From (48), we have
pem—2__ A - AEm—2 (Z/r\n) _ (49)
(1-1)7 (1=
By virtue of (49) and (47), Equality (45) takes the form
f@)_(—Umﬂ—Amem—lﬂ
(270)*" AEgm—2(A)
Using the formula
2
.o (1=2)
sin“71z = — -,
after some calculations, we obtain
f@)__shﬁmnz.Am‘WZm——lﬂ
- 7-[2m Ezm,Q ()\)
By virtue of symmetry for the coefficients of Euler’s polynomial, we have
: 2m -1
sin 7tz A" (2m —1)!
US < ”) 2m=2 2(2 :
Y ﬂ£1 m— )/\Zm—Z—n
n=0
B <sm7rz)2 (2m —1)!
T mi2 a’(f-m_z))Lm—l—n
n=0
B <sin7rz)2m (2m —1)!
T 2 2 2”‘ 2) (/\m—l—n 4 Antl-m) 4 g (Zml 2)
B <sm7rz)2m (2m —1)! (50)
o m—2 ’
& 2 02" cos(2t(m —1—n))z + - 2)
Accordingly, from (50), (44), and (45), we obtain
2m
2 2m —1)!
C(w,N,m) = 1\7]-[(511:“0]\] ) F— ( m ) ) (51)
N 2 Z aZm2) cos2m(m—1—n)% + 1(1121111 )

From (40) and (51), the statement of Theorem 2 follows; i.e., the optimal coefficients
of the quadrature formula (4) have the form

2miwk
. 277 [ sin @\ 2" (2m —1)!exp
o[ () |
N (2m-2)

2 i anzm 2) cos2mt(m—1—n)§ +a,

k=1,2,...,N. (52)
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6. The Norm for the Error Functional of the Optimal Quadrature Formula

Here, we present the proof of Theorem 3. For this, we simplify the expression (36)

as follows:
o ~(m) 2 27 1 27k’ w 1 . —27ikw
| Hy™ [|© = o o k£1 Ck/ exp( N - W};Ck exp | —1—
. exp(zm,s(k k’))
+ Z Z Ckck’ Z 2 B2 Z Ck’
k= B0 B k=1
27ip(k—k')
1 <2n1k’ )- exp(T)
X ex C _—
|:w2m p k:zl ,B;) 27-(‘32m

2miwk
w2mZCkexp< N >

Hence, taking (38) into account for the square of the norm, we obtain

~o

N .
m)y* 2 27 1 . 2miwk
II- = o o k;Ck exp(— N )

Then, using the analytic expressions of the optimal coefficients, i.e., by the formula (52),

we obtain
JEm 2 2m 2n: N /sin Z¢ 2m
W™ = o~ N 1\ g
(Zm _ 1)| exp(kaw) exp(_ZT(Ii\;cw)

2 Z anzm 2) cos2mt(m—1—n)g +a(2m 2]

i N
Provided that exp( 2”1’“") exp(—zn%) = land Y} 1= N, for the square of the
k=1
norm, we finally obtain

. 2
2 2m w
w N (2m—2)

2 i a7 2 cos2m(m—1—n)fg +a,,_4

Theorem 3 is completely proved.

Now, we give the square of the norm of the error functional for the several first values

of m for w < N.
w/2n\?  W? [2m\* 277\ °
= Ty 2 (2E) o () ).
3\ N 180\ N N

If m =1, then
~ )*
2
Now let m = 2. It follows that
1om\t 5wt (2
5!\ N 7' \'N

2 T

(2)* _
2
cos R +2

31
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It is easy to see that, for N — coand w < N,

2m
sin
( N ) — 1 and

Tw
N

(2m—2) w 2m 2) (2m—2) (2m—2) -
ZZa cos(ZTI(m—l—n)N) —>22a = (2m—1)!,
then [|£]*> — 0.

In the case w > N and w — oo, we have

2r

2

147 — o
From the last results, we can conclude that, for the functions from the space Hé", the

rate of convergence of the constructed optimal quadrature formula is O(h™) for |w| < N

and O(|w|™™) for |w| > N.

7. Numerical Results

In this section, we present numerical results of comparison for absolute errors of the
optimal quadrature formula of the form (4) with the exp(iwx) weight in the case m = 2
and the Midpoint formula. We note that the rate of convergence for both of these formulas
is O(h?). Here we use the Maple to obtain numerical results.

As an example, we consider calculation of the integral

2 )
I:/O exp(iwx)@(x)dx (53)

1 x/(27'r)+ev/ (27)

with ¢(x) = —e)

we can consider it as a periodic function on the interval [0, 27t]. For convenience, we denote
. . . 1—x/(2m) 4 ,x/(2m)
the integrand as f(x); ie., f(x) = exp(lwx)%

We approximately calculate the integral I by the Midpoint rule. Then approximate
value for the integral (53) is then calculated as follows using the Midpoint rule

. Since for the functions ¢ we have the relation ¢(0) = ¢(27),

N
Ama = Y2 £ (25 ) (5= xc0), (54

where x; = kh,k=0,1,...,Nand h = 27t/ N.
17x/(27r)+ x/(2m)

Hence, for the function f(x) = exp(iwx)* 0] , the error of the Midpoint rule (54) is

I- mld—/ flx Zf(x”;k 1>(xk—xk_1>. (55)

In Table 1, we give the absolute values for the real part of the error (55) of the Midpoint
rule for N =1, 10, 100, 1000 and w = 1, 10, 100, 1000.
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Table 1. The absolute values for the real part of the error (55) of the Midpoint rule for N = 1,
10, 100, 1000 and w = 1, 10, 100, 1000.

w=1 w =10 w =100 w = 1000

[T — Amidl T — Amidl [T — Amidl [T — Amidl

N=1 6.184049 6.027234 6.028810 6.028825
N =10 2.709174(—3) 6.282159 6.280552 6.280552
N =100 2.618891(—5) 2.710011(-5) 6.283175 6.283159
N = 1000 2.618003(—7) 2.618898(—7) 2.710020(—7) 6.283185

It can be seen from the results given in Table 1 that the Midpoint rule converges for
N > w. In Figure 1, the process of this convergence is graphically shown when w = 1 and
N =1, 10, 100, 1000 for the real part of the function f(x).

0.81 0.8

0.61 0.6

0.41 0.41

0.2 0.27

0 0 . . .
~0.21 -0.21 i~ |/ 3_TE T ST
0.4 -0.41 N2 .
-0.6 -0.61

0.8+ 0.8

-11 -1 /

2n 2n

A midpoint Riemann sum approximation of r f(x) dx, where
0.

[
f) = 05N e

e and the partition
is uniform. The approximate value of the integral is
6.028825476777374. Number of subintervals used: 1.

A midpoint Riemann sum approximation of [ f(x) dx, where
0.

e and the partition
is uniform. The approximate value of the integral is
-0.1525139219213961. Number of subintervals used: 10.

A midpoint Riemann sum approximation of { f(x) dx, where A midpoint Riemann sum approximation of [ f(x) dx, where
Jo |
([l,l_i l_ij 1-Lx  Lx
2 n 2 n l.OIx] ([ 2 n 2 n) l.OIx]
<)
flx)= 0.5% e 1 _J; o © and the partition ~ f(x) = 0.5 e 1 __; ¢ c and the partition

is uniform. The approximate value of the integral is
-0.1551969072272388. Number of subintervals used: 100.

is uniform. The approximate value of the integral is
-0.1552228343343632. Number of subintervals used: 1000.

Figure 1. The process of convergence for the Midpoint rule when w = 1and N = 1, 10, 100, 1000 for
the real part of the function f(x).

In Figure 2 the graphs of numerical calculation of the integral (53) by the Midpoint rule
for the case w = 1,10,100,1000 and N = 1 are given. Here, we can see that the Midpoint
rule does not converge when w > N for the function f(x).
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0.8
0.6
0.4
0.2

0 . e
-02{ & /r 3m m 3T
4] F /7 E
-0.61
-0.8

-11

A midpoint Riemann sum approximation of ’ f(x) dx, where

-1lx  Lx
O.SER([G TS n]el.OIxJ
(x) =

1-e
is uniform. The approximate value of the integral is
6.028825476777374. Number of subintervals used: 1.

and the partition

S/

Wl

A midpoint Riemann sum approximation of ’

Ll x  1x '
05%([ 2 n +62 njeIO0,0Ixj
fx)= —

partition is uniform. The approximate value of the integral is
-6.028825476777374. Number of subintervals used: 1.

and the

1-
0.5
0 T T T
m| 3 I S|m o |7 It
2 2
-0.51 x
,1.
2n

A midpoint Riemann sum approximation of [ f(x) dx, where

and the partition

is uniform. The approximate value of the integral is
-6.028825476777374. Number of subintervals used: 1.

A midpoint Riemann sum approximation of [ f(x) dx, where

1 x 1 x
'y 23
0. 5.)’\‘([ T te b j elOO0,0Ixj
1) = l—e

partition is uniform. The approximate value of the integral is
-6.028825476777374. Number of subintervals used: 1.

and the

Figure 2. The Midpoint rule does not converge when w > N for the function f(x).

Now, we approximate the above integral (53) using the optimal quadrature formula of
the form (4) with exp(iwx) weight in the case m = 2. Then, taking into account (10), we
have the approximate equality

27
0

with the optimal coefficients

el—x/(2m) +ex/(2n)

fOI‘ (p(x) - W

Ck:ﬁ

. N o, [2nk
exp(iwx)p(x)dx = ) Ck(P(N)’
1

sm(ﬁ’)) 3exp(2ick >

,k=1,2,...,N.

N/ cos(H )

(56)

The approximate value for the integral (53) is calculated as follows, using the optimal

quadrature formula:

k
eN

op’f 2 Ck 2 )
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References

el—x/(2m) +ex/(27r

Hence, for the function ¢(x) = 2M—e) ), the error of the optimal quadrature

formula (56) is

2m e/ (2m)  px/(2m) N ol 4o
I_Aopt = A exp(lwx) 2(1—6) dx—k:Z;l(:kW

Thus, the numerical results of Table 2 show convergence of the optimal quadrature
formula (56) for N > w and N < w.

(57)

Table 2. The absolute values for the real part of the error (57) of the optimal quadrature formula (56)
for N =1, 10, 100, 1000 and w = 1, 10, 100, 1000.

w=1 w=10 w =100 w = 1000

[T — Aopt| [T — Aopt| [T — Aopt| [T — Aopt|
N=1 1.552231(—1) 1.591146(—3) 1.591545(—5) 1.591549(—7)
N =10 5.301897(—3) 1.591146(—3) 1.591545(—5) 1.591549(—7)
N = 100 5.236676(—5) 5.301920(—5) 1.591545(—5) 1.591549(—7)
N = 1000 5.235995(—7) 5.236677(—7) 5.301920(—7) 1.591549(—7)

8. Conclusions

We obtained optimal quadrature formulas for the approximate calculation of the
Fourier coefficients f027r el“Yp(x)dx in Sobolev space H}'. Firstly, in order to obtain an
upper bound for the error of the quadrature formula, the norm of the error functional
was calculated. Using the extremal function of the considered quadrature formula, we
calculated the norm of the error functional. We found the explicit forms of the coefficients
for the optimal quadrature formula, and they provide the minimum value to the norm of
the error functional. Finally, we calculated the norm of the error functional of the optimal
quadrature formulas. We show that, for the functions from the space HY', the rate of
convergence of the constructed optimal quadrature formula is O(h™) for |w| < N and
O(Jw|™™) for |w| > N. Finally, we presented numerical results of comparison for absolute
errors of the constructed optimal quadrature formula in the case m = 2 and the Midpoint
formula, showing the advantage of the optimal quadrature formulas.

Author Contributions: The problem of the manuscript was stated by K.S. and A,H.; proofs of the
main theoretical results were obtained by K.S., A.H. and B.A.; the numerical results were obtained by
B.A.. All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Institutional Review Board Statement: The study was conducted in accordance with the Scientific
program of the Computational Mathematics Laboratory of V. I. Romanovskiy Institute of Mathematics
and discussed in the Scientific seminar of the Laboratiry (protocol code 7, 8 July 2022).

Informed Consent Statement: Not applicable
Data Availability Statement: Not applicable.

Acknowledgments: We are very thankful to the reviewers for valuable comments and remarks that
have improved the quality of the paper.

Conflicts of Interest: The authors declare that they have no competing interests.

1. Filon, LN.G. On a quadrature formula for trigonometric integrals. Proc. Roy. Soc. Edinb. 1928, 49. 38-47
2. Babuska, I. An optimal formula for computation of linear functionals. APL Mater. (Ger.) 1965, 10, 441-443.
3.  Boltaev, N.D.; Hayotov, A.R.; Shadimetov, K.M. Construction of optimal quadrature formulas for Fourier coefficients in Sobolev

space LY™ (0,1). Numer. Algorithms 2017, 74, 307-336.



Algorithms 2022, 15, 344 18 of 18

11.
12.
13.

14.

15.
16.
17.
18.

Boltaev, N.D.; Hayotov, A.R.; Milovanovi¢, G.V.; Shadimetov, K.M. Optimal quadrature formulas for numerical evaluation of

Fourier coefficients in Wz(m’mfl). J. Appl. Anal. Comput. 2017, 7, 1233-1266.

Filin, E.A. A modification of Filon’s method of numerical integration. J. Assoc. Comput. Mach. 1960, 7, 181-184.
(1)

Hayotov, A.R.; Jeon, S.; Lee, C.-O. On an optimal quadrature formula for approximation of Fourier integrals in the space L, ’.
J. Comput. Appl. Math. 2020, 372, 112713.

Hayotov, A.R;; Jeon, S.; Lee, C.-O.; Shadimetov, K.M. Optimal Quadrature Formulas for Non-periodic Functions in Sobolev Space
and Its Application to CT Image Reconstruction. Filomat 2021, 35, 4177-4195

Hayotov, A.R;; Jeon, S.; Shadimetov, K.M. Application of optimal quadrature formulas for reconstruction of CT images. ]. Comput.
Appl. Math. 2021, 388, 113313.

Luke, Y.L. On the computation of oscillatory integrals. Proc. Camb. Phil. Soc. 1954, 50, 269-277.

Shadimetov, K.M. Optimal Lattice Quadrature and Cubature Formulas in the Sobolev Spaces; Fan va Texnologiya: Tashkent, Russia,
2019; 224p.

Saks, S.; Zygmund, A. Analytic Functions; Monografie Matematyczne; Warsaw; Poland, 1952

Zadiraka, V.K. Theory of Computations of Fourier Transforms; Naukova Dumka: Kiev, Russia, 1988; 216p.

Zhileikin, Y.M. The errors in the approximate computation of integrals of rapidly oscillating functions. Comput. Math. Math. Phys.
1971, 11, 344-348.

Zhileikin, Y.M.; Kukarkin, A.B. Optimal calculation of integrals of rapidly oscillating functions. Comput. Math. Math. Phys. 1978,
18, 15-21.

Bakhvalov, N.S. Numerical Methods; Nauka: Moscow, Russia, 1973; 632p.

Babuska, I. The optimal computation of Fourier coefficients. APL Mater. (Ger.) 1966, 11, 113-123.

Sobolev S.L. Introduction to the Theory of Cubature Formulas; Nauka: Moscow, Russia, 1974; 808p.

Sobolev, S.L.; Vaskevich, V.L. The Theory of Cubature Formulas; Siberian Division of the Russia Academy of Sciences Novosibirsk:
Novosibirsk, Russia, 1996; 484p.



	Introduction and Statement of the Problem
	Main Results
	The Extremal Function to the Error Functional for the Quadrature Formula (4)
	The Square of the Error Functional of the Quadrature Formula (4)
	Optimal Coefficients of the Quadrature Formula (4)
	The Norm for the Error Functional of the Optimal Quadrature Formula
	Numerical Results
	Conclusions
	References

