

  algorithms-15-00015




algorithms-15-00015







Algorithms 2022, 15(1), 15; doi:10.3390/a15010015




Article



On Parameter Identification for Reaction-Dominated Pore-Scale Reactive Transport Using Modified Bee Colony Algorithm



Vasiliy V. Grigoriev 1,*[image: Orcid], Oleg Iliev 2,3[image: Orcid] and Petr N. Vabishchevich 4,5[image: Orcid]





1



Multiscale Model Reduction Laboratory, North-Eastern Federal University, 58 Belinskogo St., 677000 Yakutsk, Russia






2



Fraunhofer Institute for Industrial Mathematics ITWM, Fraunhofer-Platz 1, D-67663 Kaiserslautern, Germany






3



Institute of Mathematics and Informatics, Bulgarian Academy of Science, 8 Akad.G.Bonchev St., 1113 Sofia, Bulgaria






4



Nuclear Safety Institute, Russian Academy of Sciences, 52, B. Tulskaya, 115191 Moscow, Russia






5



Laboratory of Computational Technologies for Modeling Multiphysical and Multiscale Permafrost Processes, North-Eastern Federal University, 58 Belinskogo St., 677000 Yakutsk, Russia









*



Correspondence: v.v.grigorev@empl.s-vfu.ru







Academic Editor: Francisco Cuevas De La Rosa



Received: 22 November 2021 / Accepted: 28 December 2021 / Published: 30 December 2021



Abstract

:

Parameter identification is an important research topic with a variety of applications in industrial and environmental problems. Usually, a functional has to be minimized in conjunction with parameter identification; thus, there is a certain similarity between the parameter identification and optimization. A number of rigorous and efficient algorithms for optimization problems were developed in recent decades for the case of a convex functional. In the case of a non-convex functional, the metaheuristic algorithms dominate. This paper discusses an optimization method called modified bee colony algorithm (MBC), which is a modification of the standard bees algorithm (SBA). The SBA is inspired by a particular intelligent behavior of honeybee swarms. The algorithm is adapted for the parameter identification of reaction-dominated pore-scale transport when a non-convex functional has to be minimized. The algorithm is first checked by solving a few benchmark problems, namely finding the minima for Shekel, Rosenbrock, Himmelblau and Rastrigin functions. A statistical analysis was carried out to compare the performance of MBC with the SBA and the artificial bee colony (ABC) algorithm. Next, MBC is applied to identify the three parameters in the Langmuir isotherm, which is used to describe the considered reaction. Here, 2D periodic porous media were considered. The simulation results show that the MBC algorithm can be successfully used for identifying admissible sets for the reaction parameters in reaction-dominated transport characterized by low Pecklet and high Damkholer numbers. Finite element approximation in space and implicit time discretization are exploited to solve the direct problem.
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1. Introduction


Reactive transport in porous media is an important component of many industrial and environmental problems. Historically, most of the theoretical and experimental research on transport in porous media in general, and reactive transport in particular, has been carried out at the macroscopic Darcy scale [1,2]. In many cases, the bottleneck in performing computational modeling of reactive transport is the absence of data for the pore-scale adsorption and desorption rate (or in more general terms, the parameters of the heterogeneous reactions). Despite the progress in developing devices to perform experimental measurements at the pore scale, experimental characterization of these rates is still a complex and expensive process.



In the case of heterogeneous reactions at the pore scale, the species transport is coupled to surface reaction via boundary conditions. When the reaction rates are not known, their identification falls into the class of boundary value inverse problems [3,4,5,6]. The additional information which is needed to identify the parameters is often provided in the form of the dynamic change of the concentration at the outlet (e.g., so-called breakthrough curves). In the literature, inverse problems in porous media flow are discussed mainly in connection with parameter identification for macroscopic, Darcy-scale problems. An overview on inverse problems in groundwater Darcy-scale modeling can be found in [7]. The identification of parameters for pore-scale models is discussed in this paper, and the algorithms from [7] and other papers discussing parameter identification at the macro scale cannot be applied here without modification. Let us shortly mention some general approaches for solving inverse problems.



Different algorithms can be applied for solving parameter identification problems, see, e.g., [8,9]. Many of these algorithms exploit deterministic methods based on Tikhonov regularization technique [10,11] and target minimizing a functional of the difference between measured and computed quantities. An important part of such algorithms is the definition of a feasible set of parameters on which the functional is minimized. Local or global optimization procedures are used in the optimization [12,13]. In this sense, it could be observed that there is a certain similarity between the mathematical formulation of an optimization problem and of a parameter identification problem.



Metaheuristic methods are a relatively new and rapidly developing class of optimization methods. There are various metaheuristic algorithms: genetic algorithms (GA) [14], particle swarm optimization (PSO) [15], genetic programming (GP) [16], differential evolution (DE) [17], and greedy randomized adaptive search procedure (GRASP) [18], to name just a few.



Metaheuristic algorithms are the working horse in studying different and distinct applications. Some examples of recent works are as follows: DE and ABC algorithms were used to identify the kinetic parameters in CO2 hydrogenation for the production of hydrocarbons [19]; PSO was used to calibrate parameters of anaerobic digestion model [20]; and GRASP was used for post-disaster route prediction for a multi-period work-troops scheduling problem on the example of the city of Port-au-Prince in Haiti after the 2010 earthquake [21]. More information on metaheuristic algorithms can be found in [22,23,24,25].



Among metaheuristic methods, evolutionary and behavioral ones stand out. Behavioral methods are multi-agent methods based on modeling the intellectual behavior of agent colonies (swarm intelligence). Swarm intelligence has become a research interest of many scientists and practitioners in the last decades. The bees algorithm was proposed by Pham, Ghanbarzadeh et al. in 2005 [26,27]. It mimics the food foraging behaviour of honey bee colonies. Later, the algorithm was explored and discussed in [28,29,30]. An analysis of BA can be found in [31]. An overview of the major branches of the bee method was published in [32]. According to this overview, there is the basic bees algorithm (BBA), where local areas remain fixed; shrinking-based bees algorithm (ShBA), where local areas may shrink in the case of stagnation, and finally, standard bees algorithm (SBA), where, in addition to the shrinkage, there is also a procedure to abandon local areas under certain conditions.



The artificial bee colony (ABC) algorithm was introduced by Karaboga in 2005 [33]. More about this algorithm, including its performance and convergence, can be found in  [34,35]. An essential difference of the ABC algorithm from BA is that bees can leave their local area if there is not enough nectar. This can be very useful when looking for a global extremum: the algorithm can converge much faster. The undoubted advantage of these algorithms is that it can be generalized to problems of any dimension, and it can be easily be run in parallel on supercomputers.



In this work, the standard bees algorithm (SBA) is modified and adapted for identifying parameters for reaction-dominated pore-scale transport. The algorithm used here is called the modified bee colony (MBC) algorithm to distinguish it from the SBA. The MBC is adapted to specifics of the considered class of problems, which are characterized by the presence of a non-convex functional, having the shape of a narrow valley with steep banks (see the plots in Section 4). The peculiarities of MBC are discussed in more details in Section 4. MBC was implemented in Python together with the other tested methods.



The MBC algorithm is used to identify admissible sets of parameters in a Langmuir isotherm in the case of reaction-dominated transport. Note that the goal here is not to identify just a point in the parameter space but to identify sets (called admissible sets here) such that, for each point from an admissible set, the functional is smaller than a prescribed threshold. Such parameter identification problems are important in many industrial processes.



The remainder of the paper is organized as follows. Pore-scale reactive transport is considered in Section 2. At the pore scale, single phase laminar flow described by incompressible Stokes equations and solute transport described by a convection-diffusion equation are considered. The surface reaction is accounted for in the boundary conditions. Henry and Langmuir adsorption isotherms are considered [36]. Section 3 is dedicated to the description of the used computational algorithm. Finite element method is exploited after triangulation of the computational domain. The numerical investigation of the grid convergence and sensitivity with respect to parameters is also presented in this Section. A modified bee colony algorithm is described in detail in Section 4. The algorithm has been tested on benchmark functions, and a comparative statistical analysis between MBC, SBA and ABC for 100 independent runs is presented. A parameter identification problem for reaction-dominated pore-scale transport is described in Section 5. Finally, Section 6 summarizes the results presented in this paper.




2. Pore-Scale Reactive Transport


This work is one of a series of articles dedicated to parameter identification for pore-scale reactive flow. The same mathematical model is used in all cases, but different algorithms are explored. In the previous works [37,38], the diffusion-dominated case, characterised by small Damkhöler numbers, is investigated by means of stochastic and deterministic algorithms. In this work, we will deal with the reaction-dominated case, where the Damköler numbers are large, and in this situation, parameter identification process can be difficult. A metaheuristic algorithm is adapted in this study. For simplicity of analysis, we will consider the porous media as periodically arranged circles in the two-dimensional case. The scheme of the domain is shown on Figure 1. Due to the periodicity, we will only generate a computational grid from a segment of the entire domain, which is marked with a red rectangle on Figure 1. A part of the domain, namely   Ω f  , is occupied by a fluid, while the other part is occupied by obstacles, which are denoted by   Ω s  . The obstacle surfaces (where the reaction occurs) are denoted by   Γ s  , while symmetry lines are denoted by   Γ  s y m   . It is supposed that the dissolved substance is introduced via the inlet boundary   Γ  i n   , and the part of the substance which did not react flows out via   Γ  o u t   . Since the adsorption reaction occurs only on the surface of obstacles, the computational domain consists only of   Ω f  .



2.1. Flow Problem


The flow in the pores can be described here by the steady-state incompressible Stokes equations:


  ∇ p − μ  ∇ 2  u = 0 ,  



(1)






  ∇ · u = 0 ,  x ∈  Ω f  ,  t > 0 ,  



(2)




where   u ( x )   and   p ( x )   are the fluid velocity and pressure, respectively, while   μ > 0   is the dynamic viscosity, which we assume to be constant and equal to 1 [1,39].



Denoting by  n  the outer normal vector to the boundary, the suitable boundary conditions on   ∂  Ω f    are specified as:


  u · n =  u ¯  ,  u × n = 0 ,  x ∈  Γ  i n   ,  



(3)






  p − σ n · n =  p ¯  ,  σ n × n = 0 ,  x ∈  Γ  o u t   ,  



(4)






  u · n = 0 ,  u × n = 0 ,  x ∈  Γ s  ,  



(5)






  u · n = 0 ,  σ n × n = 0 ,  x ∈  Γ  s i m   .  



(6)







The velocity of the fluid is 1 at the inlet, and at the outlet, the pressure and absence of the tangential force are prescribed. Standard no-slip and no-penetration conditions are prescribed on the solid walls,   Γ s  . Symmetry conditions are prescribed on the symmetry boundary of the computational domain   Γ  s y m   .




2.2. Species Transport


When a problem needs to be solved for a range of parameters (as is our goal here), working with the dimensionless form of the equations give definitive advantages. The height of the computational domain   Ω f  , namely l, is used for scaling spatial sizes. The scaling of the velocity is done by the inlet velocity   u ¯  , and the scaling of the concentration is done by the inlet concentration   c ¯  . The concentration of the solute in the fluid is denoted by   c ( x , t )  . The unsteady solute transport under the conditions of heterogeneous reactions is governed by the convection-diffusion equation in its dimensionless form:


    ∂ c   ∂ t   + ∇  ( u c )  −  1 Pe   ∇ 2  c = 0 ,  x ∈  Ω f  ,  t > 0 ,  



(7)




where


  Pe =   l  u ¯   D   








is the Peclet number. The boundary conditions are written as follows:


  c =  c ¯  ,  x ∈  Γ  i n   ,  



(8)






  ∇ c · n = 0 ,  x ∈  Γ  s i m   ∪  Γ  o u t   ,  



(9)






    ∂ m   ∂ t   = − ∇ c · n ,  x ∈  Γ s  .  



(10)







The concentration of the solute at the inlet is assumed to be known. Zero diffusive flux of the solute at the outlet and on the external boundaries of the domain is prescribed. Note that convective flux via the outlet is implicitly allowed by the above equations. The surface reactions that occur at the obstacles’ surface,   Γ s  , satisfy the mass conservation law, in this particular case meaning that the change in the adsorbed surface concentration is equal to the flux from the fluid to the surface (10), where m is the surface concentration of the adsorbed solute [36].



A mixed kinetic–diffusion adsorption description is used:


    ∂ m   ∂ t   = f  ( c , m )  .  



(11)







For reactive boundaries, the choice of f and its dependence on c and m are critical for a correct description of the reaction dynamics at the solid–fluid interface. A number of different isotherms (i.e., different functions   f ( c , m )  ) exist for describing these dynamics, which are dependent on the solute attributes, the order of the reaction, and the interface type.



The simplest of these is the Henry isotherm, which assumes a linear relationship between the near-surface concentration and the surface concentration of the adsorbed particles. In its dimensionless form, this is written as follows:


    ∂ m   ∂ t   =  Da a  c −  Da d  m ,  x ∈  Γ s  ,  



(12)




where the adsorption and desorption Damkoler numbers are given by


   Da a  =   k a   u ¯   ,   Da d  =    k d  l   u ¯   .  











Here,    k a  ≥ 0   is the rate of adsorption, measured in unit length per unit time, and    k d  ≥ 0   is the rate of desorption, measured per unit time.



We used this isotherm in our previous work in our diffusion-dominated case investigation [37] and we will come back to it later when comparing the operation of the MBC algorithm in the penultimate section. In this work, we use the Langmuir adsorption isotherm, which is a more complicated three-parameter model:


    ∂ m   ∂ t   =  Da a  c  1 −   m ∞  M   −  Da d  m ,  x ∈  Γ s  ,  



(13)




where the dimensionless parameter M is given by


  M =   m ∞   l  c ¯    .  











Here,    m ∞  > 0   is the maximal possible adsorbed surface concentration. In comparison to the Henry isotherm (12), the Langmuir isotherm (13) predicts a decrease in the rate of adsorption, as the adsorbed concentration increases due to the reduction in the available adsorption surface.



The formulation of the initial boundary value problem in addition to the governing Equations (1), (2) and (7), boundary conditions (3)–(6), (8)–(10), and specified isotherm (12) or (13) requires specification of the initial conditions:


  c  ( x , 0 )  = 0 ,  x ∈  Ω f  .  



(14)






  m  ( x , 0 )  = 0 ,  x ∈  Γ s  .  



(15)









3. Numerical Simulation


Finite element method, FEM, is used for space discretization of the above problem, together with implicit discretization in time. The algorithm used here for solving the direct problem is practically identical to the algorithm used to study oxidation in [40].



3.1. Variational Formulation


Note that the fluid flow influences the species transport; however, the species concentration does not influence the fluid flow. Due to this, the flow can be computed only once in advance. The FEM approximation of the steady state flow problem [41] is based on the variational formulation of the considered boundary value problem (1)–(6). The following functional space  V  is defined for the velocity  u  (  u ∈ V  ):


     V = { u ∈   H  1   ( Ω )  :      u · n = 1 ,  u × n = 0  on   Γ  i n   ,        u = 0  on   Γ s  ,  u · n = 0   on   Γ  s i m    } .      











Test function   v ∈  V ^   , where


   V ^  =  { v ∈   H  1   (  Ω f  )  :  v = 0  on   Γ  i n   ,  v = 0  on   Γ s  ,  v · n = 0   on   Γ  s i m   }  .  











For the pressure p and the related test functions q, it is required that   p , q ∈ Q  , where


  Q = { q ∈  L 2   (  Ω f  )  :  q = 0  on   Γ  o u t   } .  











Multiplying (1) by  v , (2) by q, integrating over the computational domain and taking into account the boundary conditions (3)–(6), the following system of equations is obtained with respect to   v ∈ V  ,   p ∈ Q  :


  a  ( u , v )  − b  ( v , p )  = 0  ∀ v ∈  V ^  ,  



(16)






  b ( u , q ) = 0  ∀ q ∈ Q .  



(17)




where


  a  ( u , v )  : =  ∫  Ω f   ∇ u · ∇ v  d x ,  










  b  ( v , q )  : =  ∫  Ω f    ( ∇ · v )  q  d x .  











The following finite dimensional subspaces are used for the basis and test functions in the FEM approximation of the velocity and the pressure:    V h  ⊂ V  ,     V ^  h  ⊂  V ^    and    Q h  ⊂ Q  .



The unsteady species transport problem (7)–(10) is solved numerically using finite elements. Here we define


  S = { c ∈  H 1   (  Ω f  )  :  c = 1  on   Γ  i n   } ,  










   S ^  =  { s ∈  H 1   (  Ω f  )  :  s = 0  on   Γ  i n   }  .  











The approximate solution   c ∈ S   is sought from


     ∂ c   ∂ t   , s  + d  ( c , s )  =     ∂ m   ∂ t   , s  s   ∀ s ∈  S ^  ,  



(18)




where the following notations are used:


  d  ( c , s )  : = −  ∫  Ω f   c u · ∇ s  d x +  1 Pe   ∫  Ω f   ∇ c · ∇ s  d x +  ∫  Γ  o u t     ( u · n )  c s  d x ,  










    ( φ , s )  s  : = −  ∫  Γ s   φ s  d x .  











For determining   m ∈ G =  L 2   (  Γ s  )    (see (11)) we use


      ∂ m   ∂ t   , g  s  −   ( f  ( c , m )  , g )  s  = 0 ,  g ∈ G .  



(19)







The symmetric Crank–Nicolson discretization method is used for time discretization. Let  τ  be a step-size of a uniform grid in time such that    c n  = c  (  t n  )  ,  t n  = n τ ,  n = 0 , 1 , …  .



Equation (18) is approximated in time as follows


      c  n + 1   −  c n   τ  , s  + d     c  n + 1   +  c n   2  , s  =      m  n + 1   −  m n   τ  , s  s  .  











In a similar way, for (19), we get


       m  n + 1   −  m n   τ  , g  s  −   f     c  n + 1   +  c n   2  ,    m  n + 1   +  m n   2   , g  s  = 0 ,  n = 0 , 1 , …  











We will not show pictures of the solution of the direct problem in this paper, since it differs from the previous work only by a length of time. This length was   T = 40  , but is now   T = 6000  , because this time, we are considering a case of a dominant reaction; therefore, the breakthrough curve looms over a long period of time. We have performed a direct solution to the problem on exactly the same geometry of the computational domain. Therefore, interested readers are encouraged to reference the computational fields in our previous work [37].




3.2. Geometry and Sensitivity Analysis


The computational domain is a rectangle with a dimensionless height of    x 2  = 1   and dimensionless length of    x 1  = 17.5  , in which 10 half cylinders are embedded. The distance between the centers of the cylinders in the   x 1   direction is 1.5 dimensionless units, and the radius of the cylinders is 0.4 dimensionless units.



The computational domain   Ω f   is triangulated using the grid generator Gmsh [42]. The script for preparing the geometry is written in Python. A demonstration of the computational grid is shown in Figure 2.



For the FEM approximation of the velocity, the pressure, and the respective test functions, the following finite dimensional subspaces are selected:    V h  ⊂ V  ,     V ^  h  ⊂  V ^    and    Q h  ⊂ Q  . Taylor–Hood    P 2  −  P 1    elements [43] are used here. These are continuous   P 2   Lagrange elements for the velocity components and continuous   P 1   Lagrange elements for the pressure field. The computations are carried out using the computing platform for partial differential equations FEniCS (website fenicsproject.org) [44,45].



As mentioned above, slow flows are mainly of interest for the current study. The convergence of the solution with respect to the refinement of the grid is illustrated in Figure 3a. The convergence of the solution with respect to the time step is illustrated in Figure 3b. We have used three computational grids: a basic grid with 18,743 nodes and 35,958 triangles, a coarse grid with 4760 nodes and 8754 triangles and a fine grid with 72,745 nodes and 142,460 triangles. From the results, it can be concluded that the coarse grid provides good enough accuracy for the numerical solution. Taking into account that we will solve a multitude of direct problems, it was decided to conduct research on a coarse grid.



A sensitivity study is carried out in order to identify how the change of different parameters leads to changes in the breakthrough curves:




	
  Pe = [ 1 , 10 , 100 ]  ;



	
   Da a  =  [ 50 , 100 , 200 ]   ;



	
   Da d  =  [ 0.5 , 1 , 2 ]   ;



	
  M = [ 100 , 1000 ,  100 , 000  ]  .








Such sensitivity studies are often tge first stage for optimization or parameter identification procedures. The dependence of the average outlet concentration from the Peclet number is shown in Figure 3c.



The rate of adsorption is characterized by   Da a  . The influence of this parameter on the outlet concentration is illustrated in Figure 3e. Increasing   Da a  , as expected, leads to more intensive adsorption and a larger amount of the deposited substance. The influence of the parameter   Da d   on the outflow concentration is illustrated in Figure 3f.



The Henry isotherm usually describes the initial stages of the adsorption well. In cases when only a limited mass can be adsorbed at a surface, the Langmuir isotherm should be used to reflect the decay of the adsorption rate close to the saturation. In this case, an additional parameter appears, namely  M . The influence of  M  on the average output concentration is shown in Figure 3d.



The results are illustrated in Figure 3c–f. The curve in these figures is a breakthrough curve, which describes how much solute has crossed the outflow boundary, and it is given by


   c  o u t    ( t )  =    ∫  Γ  o u t    c  ( x , t )  d x    ∫  Γ  o u t    d x   .  



(20)









4. Bee Colony Algorithms


There are many different modifications to this algorithm. The bees algorithm was first described by Pham and Ghanbarzadeh et al. in 2005 [26,27]. It mimics the food foraging behavior of honey bee colonies. More about the effectiveness and specific abilities of this algorithm can be found in [28,29,30]. The artificial bee colony (ABC) algorithm was introduced by Karaboga in 2005 [33]. This algorithm is a swarm-based metaheuristic algorithm. For details on the performance and convergence of the algorithm, we refer, e.g., to [34,35]. These two algorithms are very similar in terms of local and global search processes. However, there is a difference between both algorithms during the neighborhood search process. The ABC has a probabilistic approach during the neighborhood stage; however, the bees algorithm does not use any probability approach, but instead uses fitness evaluation to drive the search. Advantages of this family of algorithms are their applicability to non-convex functionals, the possibility to generalize to any dimension, and the high parallelism.



4.1. A Modified Bee Colony Algorithm


In this work, a modification of the bees algorithm will be presented, with the aim of adapting it to parameter identification problems related to reaction-dominated pore-scale transport, thus requiring mimization of the functional (21). A non-convex optimization problem has to be solved in this case, and the functional has the shape of a narrow valley with steep banks. Further on, in our case, we do not look for a point of global extremum; rather, we look for a subset in the parameter space for which the functional is below the prescribed threshold.



Let us describe the idea of the MBC algorithm used here. There are scout bees   s b   that conduct random searches. After exploring the area, judging by the amount of nectar found, the area is divided into several local areas. To divide the search area into local areas, the Euclidean distance is used. This is done with the aim of effectively locating local areas so that at the initial stage they do not intersect with each other. The areas are ranged by the amount of nectar found in each of them. The first n areas are called the best locations where more agent bees   a b b   per area go; the rest of the m areas are called perspective locations, and fewer agent bees   a b p   go to each of them. Local areas are centered on the points which were identified by the scout bees, and the areas can be rectangular or circular in shape. The sizes of local areas should be chosen by an educated guess depending on the ranges of the parameters. All bees working in their locations can search around their area to increase the amount of nectar. If the bees cannot improve the result within a certain time  τ , they narrow their search area  ξ  times. The algorithm stops if the distance between the found extrema in local areas reaches a given distance   ε 1   or the size of the local area becomes smaller than   ε 2  . The threshold   ε 2   is problem dependent.



In general, our implementation of the algorithm requires the following control parameters, namely:




	-

	
The number of best locations, n;




	-

	
The number of perspective locations, m;




	-

	
The local area side lengths   d = {  d 1  ,  d 2  , … ,  d i  }  , where i here stands for the dimension of the problem;




	-

	
The Euclidean distance value between two points in the parameter space,  δ ;




	-

	
The number of scout bees,   s b  ;




	-

	
The number of agent bees at the best locations,   a b b  ;




	-

	
The number of agent bees on perspective locations,   a b p  ;




	-

	
The maximum number of iterations allowed for one location  τ  before shrinking;




	-

	
The stopping criteria   ε 1   and   ε 2   to control the distance between the best locations in one local area for two consecutive iterations and to control the size of the local area, respectively.









Uniform distribution is used to place the scout bees in the full domain at the beginning, as well as to place bees within each local area at each iteration over the area. The shapes of the local subdomains are rectangular. The algorithm is listed in Algorithm 1.



Let us shortly discuss the peculiarities of the MBC algorithm used here:




	-

	
This algorithm demonstrates competent division into local areas through the Euclidean distance;




	-

	
The shrinkage of the area occurs after  τ  unsuccessful attempts, not after every failure, thus reducing the chance to miss local minima;




	-

	
The shrinkage of the area is aggressive in order to achieve faster convergence and higher accuracy (it is adapted for the class of problems considered here);




	-

	
When a local extremum is found, it is stored, and the bees from the local area disappear; at the same time, the search in the other local areas continues;




	-

	
The stopping criteria is checked for each location individually.









Let us now provide some more explanations concerning each item above.



The BA family is conceptually developed to search only for the global extremum; therefore, after each iteration, the values of the functional are sorted globally, and the few most perspective points are selected to continue the search. In our modification, the sorting and the selection are done locally for each local active area, thus enabling the local extrema to be found.



In the original algorithm, the area is shrunk once no improvement of the results is observed after the current iteration. Instead, in our modification,  τ  iterations are allowed before the area is shrunk. This allows the density of the bees exploring the area to be increased. Such a variant has advantages for functionals like the one considered here. One can start with a small number of bees per local area, and thus, in a cheap way, go down close to the bottom of the valley. Close to the bottom of the valley is relatively flat, so the density of the bees has to be increased. This is done either by repeated search in the same area, or by shrinking.



	Algorithm 1: A modified Bee Colony algorithm pseudo-code.



	 [image: Algorithms 15 00015 i001]








Aggressive shrinking of the local area is explored in our case, unlike the most known bee-type algorithms, having in mind the shape of the considered functional. Each dimension of the respective local area is halved during shrinking. This allows for the computational costs to be reduced and the accuracy to be improved.



The SBA introduced the concept of the local area abandonment procedure. When a site is abandoned, the bee becomes a scout and the search process begins in a new place. In our modification, there is no concept of local area abandonment, since the local extrema are sought in addition to the global extremum. In our approach, the stopping criteria is checked for each local area and not globally.




4.2. Benchmark Testing


The MBC algorithm presented here was implemented in Python. To evaluate its performance, and to compare it to the performance of the widely used ABC algorithm [33], runs were carried out to find global and local minimums of well-known test functions. Despite the fact that all the functions below are generalized for a multidimensional case, and the algorithms can easily be implemented in multidimensional cases, in this work, only a two-dimensional case is explored to allow for easy visualization and to reduce the computational time. The following functions are considered:




	
Shekel function. This is a multidimensional, multimodal, continuous, deterministic function commonly used as a test function for testing optimization techniques [46];



	
Rosenbrock function. This is a non-convex function, introduced by Howard H. Rosenbrock in 1960 [47], which is used as a performance test problem for optimization algorithms. The global minimum is inside a long, narrow, parabolic-shaped flat valley. To find the valley is trivial. To converge to the global minimum, however, is difficult;



	
Himmelblau function. This is a multi-modal function used to test the performance of optimization algorithms. The locations of all the minima can be found analytically. However, because they are roots of cubic polynomials, when written in terms of radicals, the expressions are somewhat complicated. The function is named after David Mautner Himmelblau, who introduced it [48];



	
Rastrigin function. This is a non-convex, non-linear multimodal function. It was first proposed by Rastrigin [49] as a 2-dimensional function and has been generalized by Rudolph [50]. The generalized version was popularized by Hoffmeister and Bäck [51] and Mühlenbein et al. [52]. Finding the minimum of this function is a fairly difficult problem due to its large search space and its large number of local minima.








The definition for each function can be seen in Table 1. The work of the MBC algorithm is illustrated in Figure 4, Figure 5, Figure 6 and Figure 7. The light blue spots represent processed points, while red stars indicate the extremum found in each location. These pictures are shown for the purpose of demonstrating the movement of the bees. The functions of Shekel and Himmelblau are quite simple in terms of finding extrema, so the number of the best locations and perspective locations in total were chosen the same as the number of the extrema. Since the functions of Rosenbrock and Rastrigin are rather complex functions, despite the fact that they have only one global minimum, we allowed the algorithm to work out more locations to increase the probability of success. Additionally, it is extremely important for us to control the number of function evaluations (NFE). The exact minima and the minima computed by MBC for the four benchmark functions are summarized in Table 2 together with the number of iterations and NFE. As one can see, the algorithm works very well on all benchmarks.



For comparison, SBA and the more popular ABC algorithm were used to find the minima of the same benchmark functions. The results obtained with the SBA and ABC algorithms can be found in Table 3 and Table 4, respectively. In the case of convex functionals, the SBA algorithm works well, but problems arise for non-convex Rosenbrock and multimodal Rastrigin functions, where the algorithm converges very slowly. The results in Table 3 and Table 4 show that the SBA and ABC algorithms only find the global minimum. Although these algorithms are based on the same idea, conceptually and algorithmically, they are different.



Results from comparative statistical analysis between SBA, ABC and MBC are summarized in Table 5. The average value of the NFEs was the main criterion in the comparison. We performed 100 independent runs for all algorithms. The parameter values used in relation to SBA, ABC and MBC are listed in Table 6, Table 7 and Table 8, respectively. The notations for the parameters used here are according to [31,53]. It is easy to see that the SBA does not perform well in the Rastrigin function because it has many local extrema, which is why it converges for a very long time. The ABC works fine in the Rastrigin function, but instead shows weak results in the Rosenbrock function. This is because the Rosebrock function is unimodal, and in our experiment, it has only two dimensions. Conceptually, the ABC should perform better at higher dimensions [33]. Our modification in general works very well, except for the Rastrigin function: the global extremum was reached only 48 times out of 100 launches. This happens because in our modification there is no concept of “global search” as in SBA; thus, the outcome of the algorithm is highly dependent on the initial distribution of scout bees. We can come to the conclusion that our MBC algorithm does not work well in conditions when there are many local extrema. Additionally, it is worth paying attention to the Himmelblau function. Our algorithm has more NFE than ABC. This is explained by the fact that all 4 extrema of the Himmelblau function are global and equal to 0. The ABC algorithm needs to find only one of them, while our MBC is made to search for all extrema.





5. Parameter Identification


Consider an inverse problem for determining unknown parameters in a Langmuir isotherm (13) (so-called parameter identification problem). The functional of the squared difference between computed and “measured” breakthrough curves, given by


  J  (  Da a  ,  Da d  , M )  =  ∫ 0 T    (  c  o u t    ( t )  −   c ( t )  ^  )  2  d t ,  



(21)




is to be minimized. Here,    c ( t )  ^   is a breakthrough curve from “measurements”. In fact, this curve is produced by solving the forward problem using a selected set of parameters, to be called below the “exact parameters”.   Pe = 10 ,  Da a  = 100 ,  Da d  = 1 ,   and   M = 1000   (see Langmuir isotherm Equation (13)) are selected as exact values in this study. They are used to produce the “measurement breakthrough curve”. These parameters correspond to the reaction-dominated case.



Taking into account the convergence studies presented here with respect to the space and time steps, it was decided to use a finite element grid with 4760 nodes in the computational domain, along with time step   τ = 30 .  



The functional (21) is plotted in Figure 8. For better visibility, three figures are shown. On each one of them, one of the three parameters    Da a  ,  Da d  , M   is fixed, and the functional is plotted against the other two. It can be seen that it is a non-convex functional, and the low values of the functional are allocated in a narrow valley with steep banks. One of the banks of the valley is concave, while the second is convex, thus making the identification of the parameters a challenging task.



Recall that we are interested in solving a specific class of parameter identification problems. The main goal is not to identify exactly the parameter set giving the minimum of the functional. The main goal is to identify at least several parameter sets for which the functional is smaller than a prescribed threshold. Such a class of parameter identification problems is of interest for some industries. Furthermore, depending on the particular industry, a reasonable threshold could be 1%, but also could be 20%.



5.1. Reaction-Dominated Case, Deterministic Approach


The most simple approach to parameter identification is to consider a uniform grid in a proper subdomain of the parameter space, to compute the direct problem and the functional for each point of this grid, and to monitor the functional to find the minimum. Obviously this is a very inefficient way to identify the parameters because it requires a lot of solves for the direct problem; however, it is a reliable way to obtain a reference solution. This approach is presented here for comparison purposes. The parameters will be sought in the subdomain   60 ≤  Da a  ≤ 140  ,   0 ≤  Da d  ≤ 2  ,   800 ≤ M ≤ 1200  . A uniform grid   50 × 50 × 50   is introduced in this subdomain. The forward problem is solved for each point from the grid, and the functional (21) is evaluated.



The computed results are shown in Figure 9. The blue star there denotes the exact parameters, while the red contour is an admissible set, which is defined as follows:


  J (  Da a  ,  Da d  , M ) ≤  0.0246   



(22)







The red contours surround admissible set of parameters, such that for all parameters from the admissible set, the functional is smaller than the prescribed threshold. It is easy to see that the admissible set captures the narrow valley with steep borders well, within which the smallest values of the functional are observed.




5.2. Reaction-Dominated Case, Modified Bee Colony Algorithm


The convergence of MBC, similar to the convergence of any BC algorithm, depends on the parameters of the algorithm. To illustrate this dependence, and at the same time to show that the algorithm converges for different sets of parameters, MBC is run with two sets of parameters here. Some parameters are the same for the both runs; these are:   n = 2  ,    d x  = 6  ,    d y  = 0.06  ,    d z  = 20  ,   δ = 1  ,   a b b = 50  ,   τ = 5 ,  ε 1  =  10  − 8    ,    ε 2  = 1  . The parameters which differ in the two runs are



	I:

	
  m = 3  ,   s b = 20  ,   a b b = 50  ,   a b p = 20  ;




	II:

	
  m = 5  ,   s b = 200  ,   a b b = 50  ,   a b p = 40  .







The subdomain in which the reaction parameters are sought is selected to be the same as in the deterministic case above. Namely, X axis — parameter    Da a  ∈  [ 60 , 140 ]   , Y axis — parameter    Da d  ∈  [ 0 , 2 ]   , Z axis — parameter   M ∈ [ 800 , 1200 ]  .



The five best identified points and the functional values there, together with the number of the iterations and the number of the direct solves, are summarized in Table 9. It is useful to also compare the relative error in computing the functional (the functional itself gives absolute error). The relative error is calculated as follows:


   E  r e l   =    ∥   c  o u t   −   c  o u t   ^    ∥  2     ∥    c  o u t   ^    ∥  2    =     ∑  i = 0   N t     (  c i  −   c i  ^  )  2       ∑  i = 0   N t      c i  ^  2     ,  



(23)




where   N t   is the number of the time intervals and    c  o u t   ^   is the selected exact solution (imitating data from experiments). The relative error is listed in the third column in Table 9.



It can be seen that for both MBC parameters sets, the Langmuir’s isotherm parameters which give very low values of the functional are identified. The second set of MBC parameters gives better results at the cost of more expensive computations. The computed relative error is less than 1% for the 5 selected points from the first run of MBC, and less than 0.02% for the second run, respectively.



Another important observation is that MBC is well adapted to the main goals of the paper, namely identifying not just the exact reaction parameters, but identifying the reaction parameter sets for which the residual takes small values.



A 3D visualization of the results is shown in Figure 10 and Figure 11. Figure 10b and Figure 11b illustrate the points from the parameter subdomain which are explored by MBC, while Figure 10a and Figure 11a show only those points for which the functional is smaller than the selected threshold.



Note that in many industrial problems, much higher error is tolerated. If the stopping criteria   ε 1   is increased from   1 e − 8   to   1 e − 3  , and the following parameter set is used for MBC:   n = 1  ,   m = 2  ,    d x  = 6  ,    d y  = 0.06  ,    d z  = 20  ,   δ = 1  ,   s b = 20  ,   a b b = 20  ,   a b p = 5  ,   τ = 3 ,  ε 1  =  10  − 3    ,    ε 2  = 1  , the following results are obtained; see Table 10.



It is remarkable that not only is a reasonable admissible set of parameters identified, but the global minimum is also computed accurately. Namely, by comparing the identified global minimum (126.11, 1.287, 1151.449) with the exact parameters (100, 1, 1000), the relative error of 0.626% is obtained.





6. Summary


The proposed modification of the SBA is capable of finding not only global extrema, but also local extrema. The algorithm showed good results on the Shekel, Rosenbrock, Himmelblau and Rastrigin benchmark functions. A comparative statistical analysis was performed with the usual SBA and the more popular ABC on 100 independent runs for each of the functions. Based on the results obtained, it can be concluded that the proposed MBC algorithm is able to quickly and accurately find all the extrema in the case of a moderate number of extrema. More important, it is demonstrated that the MBC can be used for parameter identification for an important class of problems. Admissible sets for the unknown parameters in Langmuir isotherms are identified in the case of reaction-dominated pore-scale reactive flow. The parameter identification problem for this regime is related to the minimization of a non-convex functional, characterized by a narrow valley with steep banks, which is relatively flat near the minimum.
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	BA
	Bees Algorithm
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	Basic Bees Algorithm



	ShBA
	Shrinking-based Bees Algorithm
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	Standard Bees Algorithm
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	Artificial Bee Colony



	FEM
	Finite Element Method
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Figure 1. Sketch of the pore scale domain. 
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Figure 2. Computational grid. 
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Figure 3. Research on: (a) computational grids of different densities, (b) different time steps, (c) different Peclet numbers, (d) different maximum concentrations adsorbed on the surface, (e) different Damköler numbers for adsorption, (f) different Damköler numbers for desorption. 
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Figure 4. Rosenbrock function. 
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Figure 5. Shekel function. 
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Figure 6. Himmelblau function. 
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Figure 7. Rastrigin function. 
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Figure 8. 3D plots for fixed: (a)   Da a  , (b)   Da d  , (c)  M . 
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Figure 9. Calculations for fixed: (a)   Da a  , (b)   Da d  , (c)  M . 






Figure 9. Calculations for fixed: (a)   Da a  , (b)   Da d  , (c)  M .



[image: Algorithms 15 00015 g009]







[image: Algorithms 15 00015 g010 550] 





Figure 10. Results of the algorithm for parameter set I: (a) below threshold (22), (b) functional (21). 
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Figure 11. Results of the algorithm for parameter set II: (a) below threshold (22), (b) functional (21). 
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Table 1. Benchmark definitions.






Table 1. Benchmark definitions.





	Function
	Formulae
	Range





	Shekel
	   F  ( x , y )  = −  1  1 +   ( x − 2 )  2  +   ( y − 10 )  2    −  1  2 +   ( x − 10 )  2  +   ( y − 15 )  2    −  1  2 +   ( x − 18 )  2  +   ( y − 4 )  2      
	   [ 0 , 20 ]   



	Rosenbrock
	   F  ( x , y )  = 100   ( y −  x 2  )  2  +   ( 1 − x )  2    
	   [ − 5 , 5 ]   



	Himmelblau
	   F  ( x , y )  =   (  x 2  + y − 11 )  2  +   ( x +  y 2  − 7 )  2    
	   [ − 10 , 10 ]   



	Rastrigin
	   F  ( x , y )  = 20 +  x 2  +  y 2  − 10  ( c o s  ( 2 π x )  + c o s  ( 2 π y )  )    
	   [ − 5 , 5 ]   
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Table 2. A modified bee colony algorithm.
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	Function
	Minimum
	Program Output
	Iterations
	NFE





	Shekel
	F(2,10) = −1.014

F(10,15) = −0.517

F(18,4) = −0.509
	F(2.012, 10.005) = −1.014

F(9.991, 14.998) = −0.516

F(18.003, 4.008) = −0.509
	93
	1260



	Rosenbrock
	F(1,1) = 0
	F(1.004, 1.009) = 9.134 × 10    − 5   
	138
	1630



	Himmelblau
	F(3.584, −1.848) = 0

F(−2.805, 3.131) = 0

F(−3.779, −3.283) = 0

F(3, 2) = 0
	F(3.579, −1.856) = 0.003

F(−2.804, 3.131) = 1.356 × 10    − 5   

F(−3.777, −3.271) = 0.005

F(3.005, 2) = 0.001
	113
	1650



	Rastrigin
	F(0,0) = 0
	F(−0.002, −0.005) = 0.005
	96
	1470
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Table 3. The standard bees algorithm.
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	Function
	Minimum
	Program Output
	Iterations
	NFE





	Shekel
	F(2,10) = −1.014

F(10,15) = −0.517

F(18,4) = −0.509
	F(1.99, 10.014) = −1.014
	24
	4704



	Rosenbrock
	F(1,1) = 0
	F(0.979, 0.962) = 9.474 × 10    − 4   
	53
	8010



	Himmelblau
	F(3.584, −1.848) = 0

F(−2.805, 3.131) = 0

F(−3.779, −3.283) = 0

F(3, 2) = 0
	F(−2.805, 3.132) = 5.681 × 10    − 5   
	38
	2964



	Rastrigin
	F(0,0) = 0
	F(9.251  ×  10  − 6    , 7.722 × 10    − 4   ) = 1.183 × 10    − 4   
	183
	14,274
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Table 4. Artificial bee colony algorithm.






Table 4. Artificial bee colony algorithm.





	Function
	Minimum
	Program Output
	Iterations
	NFE





	Shekel
	F(2,10) = −1.014

F(10,15) = −0.517

F(18,4) = −0.509
	F(2.004, 10.018) = −1.014
	215
	4343



	Rosenbrock
	F(1,1) = 0
	F(0.97, 0.94) = 9.039 × 10    − 4   
	1106
	22,411



	Himmelblau
	F(3.584, −1.848) = 0

F(−2.805, 3.131) = 0

F(−3.779, −3.283) = 0

F(3, 2) = 0
	F(−2.803, 3.132) = 1.43 × 10    − 4   
	83
	853



	Rastrigin
	F(0,0) = 0
	F(−1.925 × 10    − 5   , −4.321 × 10    − 4   ) = 3.712 × 10    − 5   
	161
	1645
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Table 5. Statistical comparison between SBA, ABC and MBC.






Table 5. Statistical comparison between SBA, ABC and MBC.





	

	
Standard Bees Algorithm

	
Artificial Bee Colony

	
Modified Bee Colony






	
Function

	
Success

	
NFE (Mean)

	
Success

	
NFE (Mean)

	
Success

	
NFE (Mean)




	
Shekel

	
100%

	
3646

	
100%

	
2582

	
100%

	
502




	
Rosenbrock

	
100%

	
3850

	
100%

	
40,496

	
100%

	
2351




	
Himmelblau

	
100%

	
4352

	
100%

	
1431

	
100%

	
2007




	
Rastrigin

	
100%

	
11,220

	
100%

	
2806

	
48%

	
4274
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Table 6. SBA parameters.






Table 6. SBA parameters.





	Function
	   ne   
	   nb   
	   ngh   
	   δ   
	   ns   
	   nre   
	   nrb   
	   stlim   





	Shekel
	1
	2
	{1, 1}
	5
	50
	20
	10
	5



	Rosenbrock
	1
	2
	{0.4, 0.4}
	4
	50
	20
	10
	5



	Himmelblau
	1
	2
	{0.4, 0.4}
	4
	50
	20
	10
	5



	Rastrigin
	1
	2
	{0.2, 0.2}
	1
	50
	20
	10
	5
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Table 7. ABC algorithm parameters.






Table 7. ABC algorithm parameters.





	Function
	SN
	D
	Limit





	Shekel
	10
	2
	20



	Rosenbrock
	10
	2
	20



	Himmelblau
	10
	2
	20



	Rastrigin
	10
	2
	20
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Table 8. MBC algorithm parameters.






Table 8. MBC algorithm parameters.





	Function
	n
	m
	d
	   δ   
	   sb   
	   abb   
	   abp   
	   τ   
	    ε 1    
	    ε 2    





	Shekel
	1
	2
	{1, 1}
	5
	150
	20
	10
	5
	   10  − 5    
	   10  − 3    



	Rosenbrock
	1
	2
	{0.4, 0.4}
	4
	150
	20
	10
	5
	   10  − 8    
	   10  − 3    



	Himmelblau
	4
	0
	{0.4, 0.4}
	4
	250
	20
	10
	5
	   10  − 5    
	   10  − 4    



	Rastrigin
	1
	0
	{1, 1}
	1
	500
	20
	10
	5
	   10  − 8    
	   10  − 8    
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Table 9. Results for the reaction-dominated case.






Table 9. Results for the reaction-dominated case.





	
Parameter Set I






	
Program output

	
Error (%)

	
Iterations

	
NFE




	
J(84.554, 0.845, 995.593) = 0.002

	
0.016

	
94

	
2230




	
J(112.266, 1.126, 1029.347) = 0.031

	
0.056

	

	




	
J(100.455, 1.001, 964.319) = 0.0477

	
0.08

	

	




	
J(116.173, 1.17, 1078.88) = 0.085

	
0.15

	

	




	
J(91.394, 0.928, 1200.789) = 0.213

	
0.374

	

	




	
Parameter Set II




	
Program output

	
Error (%)

	
Iterations

	
NFE




	
J(92.794, 0.928, 997.607) = 1.29  ×  10  − 3    

	
0.002

	
281

	
12,300




	
J(83.358, 0.833, 994.812) = 3.01  ×  10  − 3    

	
0.003

	

	




	
J(101.655, 1.017, 1000.054) = 4.2  ×  10  − 3    

	
0.007

	

	




	
J(136.404, 1.367, 1011.473) = 5.7  ×  10  − 3    

	
0.01

	

	




	
J(117.636, 1.178, 1014.271) = 0.011

	
0.02
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Table 10. Results for increased stopping criteria.






Table 10. Results for increased stopping criteria.











	Program Output
	Error (%)
	Iterations
	NFE





	J(126.11, 1.287, 1151.449) = 0.362
	0.626
	16
	205



	J(104.861, 1.038, 991.051) = 0.405
	0.7
	
	



	J(117.213, 1.146, 927.115) = 0.654
	1.133
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