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Abstract: In the context of optimal transport (OT) methods, the subspace detour approach was
recently proposed by Muzellec and Cuturi. It consists of first finding an optimal plan between the
measures projected on a wisely chosen subspace and then completing it in a nearly optimal transport
plan on the whole space. The contribution of this paper is to extend this category of methods to
the Gromov-Wasserstein problem, which is a particular type of OT distance involving the specific
geometry of each distribution. After deriving the associated formalism and properties, we give an
experimental illustration on a shape matching problem. We also discuss a specific cost for which we
can show connections with the Knothe-Rosenblatt rearrangement.
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1. Introduction

Classical optimal transport (OT) has received lots of attention recently, in particular
in Machine Learning for tasks such as generative networks [1] or domain adaptation [2]
to name a few. It generally relies on the Wasserstein distance, which builds an optimal
coupling between distributions given a notion of distance between their samples. Yet, this
metric cannot be used directly whenever the distributions lie in different metric spaces and
lacks from potentially important properties, such as translation or rotation invariance of the
supports of the distributions, which can be useful when comparing shapes or meshes [3,4].
In order to alleviate those problems, custom solutions have been proposed, such as [5], in
which invariances are enforced by optimizing over some class of transformations, or [6], in
which distributions lying in different spaces are compared by optimizing over the Stiefel
manifold to project or embed one of the measures.

Apart from these works, another meaningful OT distance to tackle these problems
is the Gromov—-Wasserstein (GW) distance, originally proposed in [3,7,8]. It is a dis-
tance between metric spaces and has several appealing properties such as geodesics or
invariances [8]. Yet, the price to be paid lies in its computational complexity, which requires
solving a nonconvex quadratic optimization problem with linear constraints. A recent
line of work tends to compute approximations or relaxations of the original problem in or-
der to spread its use in more data-intensive machine learning applications. For example,
Peyré et al. [9] rely on entropic regularization and Sinkhorn iterations [10], while recent
methods impose coupling with low-rank constraints [11] or rely on a sliced approach [12] or
on mini-batch estimators [13] to approximate the Gromov-Wasserstein distance. In Chowd-
hury et al. [4], the authors propose to partition the space and to solve the optimal transport
problem between a subset of points before finding a coupling between all the points.

In this work, we study the subspace detour approach for Gromov-Wasserstein. This
class of method was first proposed for the Wasserstein setting in Muzellec and Cuturi [14]
and consists of (1) projecting the measures onto a wisely chosen subspace and finding an
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optimal coupling between them (2) and then constructing a nearly optimal plan of the
measures on the whole space using disintegration (see Section 2.2). Our main contribution
is to generalize the subspace detours approach on different subspaces and to apply it for
the GW distance. We derive some useful properties as well as closed-form solutions of
this transport plan between Gaussians distributions. From a practical side, we provide
a novel closed-form expression of the one-dimensional GW problem that allows us to
efficiently compute the subspace detours transport plan when the subspaces are one-
dimensional. Illustrations of the method are given on a shape matching problem where
we show good results with a cheaper computational cost compared to other GW-based
methods. Interestingly enough, we also propose a separable quadratic cost for the GW
problem that can be related with a triangular coupling [15], hence bridging the gap with
Knothe-Rosenblatt (KR) rearrangements [16,17].

2. Background

In this section, we introduce all the necessary material to describe the subspace
detours approach for classical optimal transport and relate it to the Knothe-Rosenblatt
rearrangement. We show how to find couplings via the gluing lemma and measure
disintegration. Then, we introduce the Gromov—-Wasserstein problem for which we will
derive the subspace detour in the next sections.

2.1. Classical Optimal Transport

Let u,v € P(R?) be two probability measures. The set of couplings between y and v
is defined as:
(p,v) = {y € PR? x RY)| myey = 1, 7y = v}

where 7t! and 712 are the projections on the first and second coordinate (i.e., 77! (x,y) = x),
respectively, and # is the push forward operator, defined such that:

VA € BRY), Tyn(A) = u(T~'(A)).

2.1.1. Kantorovitch Problem

There exists several types of coupling between probability measures for which a
non-exhaustive list can be found in [18] (Chapter 1). Among them, the so called optimal
coupling is the minimizer of the following Kantorovitch problem:

inf c(x,y)dy(x, 1
nt [ etuydntoy) 0

with ¢ being some cost function. The Kantorovitch problem (1) is known to admit a
solution when c is non-negative and lower semi-continuous [19] (Theorem 1.7). When
c(x,y) = ||x — y||3, it defines the so-called Wasserstein distance:

Wa(nv) = inf [ fx—yl3 da(xy). @
TE(pv)

When the optimal coupling is of the form v = (Id, T)4u with T, some deterministic map
such that Ty = v, T is called the Monge map.
In one dimension, with y atomless, the solution to (2) is a deterministic coupling of
the form [19] (Theorem 2.5):
T=FoF, 3)

where F, is the cumulative distribution function of y, and F, ! is the quantile function of v.
This map is also known as the increasing rearrangement map.



Algorithms 2021, 14, 366

30f29

2.1.2. Knothe-Rosenblatt Rearrangement

Another interesting coupling is the Knothe—Rosenblatt (KR) rearrangement, which
takes advantage of the increasing rearrangement in one dimension by iterating over
the dimension and using the disintegration of the measures. Concatenating all the in-
creasing rearrangements between the conditional probabilities, the KR rearrangement
produces a nondecreasing triangular map (ie., T : R? — RY, for all x € RY, T(x) =
(Ty(x1),...,Ti(xq,- .., xj), ..., Ti(x)), and for all j, T} is nondecreasing with respect to x;),
and a deterministic coupling (i.e., Ty = v) [18-20].

Carlier et al. [21] made a connection between this coupling and optimal transport by
showing that it can be obtained as the limit of optimal transport plans for a degenerated cost:

d

ce(x,y) =Y Ai() (xi —vi)%,

i=1

where for all i € {1,...,d}, t > 0, A;(t) > 0, and forall i > 2, {0, — 0. This cost
i— —

can be recast as in [22] as ¢;(x,y) = (x — y)TAs(x — y), where A; = diag(A1(t),..., A4(t)).
This formalizes into the following Theorem:

Theorem 1 ([19,21]). Let u and v be two absolutely continuous measures on R?, with compact
supports. Let vyt be an optimal transport plan for the cost c;, let Tk be the Knothe—Rosenblatt map

between p and v, and yg = (Id x Tk )y the associated transport plan. Then, we have vy tDo K-
—

Moreover, if ¢ are induced by transport maps Ty, then Ty converges in L*(u) when t tends to zero
to the Knothe—Rosenblatt rearrangement.

2.2. Subspace Detours and Disintegration

Mugzellec and Cuturi [14] proposed another OT problem by optimizing over the
couplings which share a measure on a subspace. More precisely, they defined subspace-
optimal plans for which the shared measure is the OT plan between projected measures.

Definition 1 (Subspace-Optimal Plans [14] Definition 1). Let y,v € Po(R?) and let E C R?
be a k-dimensional subspace. Let y; be an OT plan for the Wasserstein distance between ug = 7i
and vg = mtkv (with 7wt as the orthogonal projection on E). Then, the set of E-optimal plans
between y and v is defined as g (p,v) = {y € I1(p,v)| (7F, nE)yy = 7}

In other words, the subspace OT plans are the transport plans of y, v that agree on
the subspace E with the optimal transport plan 7 on this subspace. To construct such
coupling v € I1(y,v), one can rely on the Gluing lemma [18] or use the disintegration of
the measure as described in the following section.

2.2.1. Disintegration

Let (Y,Y) and (Z, Z) be measurable spaces, and (X, X') = (Y x Z, Y ® Z) the product
measurable space. Then, for u € P(X), we denote yy = 7ju and uz = nZu as the
marginals, where 71" (respectively 77%) is the projection on Y (respectively Z). Then, a family
(K(y,))yey is a disintegration of y if for all y € Y, K(y, -) is a measure on Z, forall A € Z,
K(:, A) is measurable and:

e C0, [ ondn2) = [ [ oKy d)du ),
YxZ YJzZ

where C(X) is the set of continuous functions on X. We can note 4 = puy ® K. Kis a

probability kernel if for all y € Y, K(y, Z) = 1. The disintegration of a measure actually

corresponds to conditional laws in the context of probabilities. This concept will allow us

to obtain measures on the whole space from marginals on subspaces.
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In the case where X = RY, which is our setting of interest, we have existence and
uniqueness of the disintegration (see Box 2.2 of [19] or Chapter 5 of [23] for the more
general case).

2.2.2. Coupling on the Whole Space

Let us note pip1 | and v g as the disintegrated measures on the orthogonal spaces
(i.e, such that y = yg ® pgip and v = vg ® v (if we have densities, p(xg, xg1) =
PE(xE)ppLip(xpL|xE).). Then, to obtain a transport plan between the two originals mea-
sures on the whole space, we can look for another coupling between disintegrated mea-
sures ptp1 g and Vg1 g. In particular, two such couplings are proposed in [14], the Monge-
Independent (MI) plan:

vt = YE ® (gL g @ VgL E)

where we take the independent coupling between p. p(xg,-) and v 1 £(yE,-) for 7%
almost every (xg, yr), and the Monge-Knothe (MK) plan:

* *
MK = TE ® Tg1 g

where 'YEL\E((XE'yE)' ) is an optimal plan between g1 g (xg, ) and vp. (v, -) for 7%
almost every (xg, yg). Muzellec and Cuturi [14] observed that MI is more adapted to noisy
environments since it only computes the OT plan of the subspace. MK is more suited for
applications where we want to prioritize some subspace but where all the directions still
contain relevant information [14].

This subspace detour approach can be of much interest following the popular assump-
tion that two distributions on R¥ differ only in a low-dimensional subspace as in the Spiked
transport model [24]. However, it is still required to find the adequate subspace. Muzellec
and Cuturi [14] propose to either rely on a priori knowledge to select the subspace (by
using, e.g., a reference dataset and a principal component analysis) or to optimize over the
Stiefel manifold.

2.3. Gromov-Wasserstein

Formally, the Gromov-Wasserstein distance allows us to compare metric measure
spaces (mm-space), triplets (X,dx, ux) and (Y,dy, uy), where (X,dx) and (Y,dy) are
complete separable metric spaces and yx and py are Borel probability measures on X and
Y [8], respectively, by computing:

GW(X,Y)= inf //L(dx(x,x’),dy(y,y’))dv(x,y)dv(X’,y’)
YE (px py)

where L is some loss on R. It has actually been extended to other spaces by replacing the
distances by cost functions cx and cy, as, e.g., in [25]. Furthermore, it has many appealing
properties such as having invariances (which depend on the costs).

Vayer [26] notably studied this problem in the setting where X and Y are Euclidean
spaces, with L(x,y) = (x — y)? and c(x, x') = (x,x’) or c(x,x’) = ||x — x'||3. In particular,
let € P(RP) and v € P(RY), and the inner-GW problem is defined as:

_ : A I\ )2 I
nerGW(rv) = nt - [[ (o)~ p ) dryany) @

For this problem, a closed form in one dimension can be found when one of the distributions
admits a density w.r.t. the Lebesgue measure:

Theorem 2 ([26] Theorem 4.2.4). Let yu,v € P(R), with u being absolutely continuous with
respect to the Lebesgue measure. Let Ff (x) == Fu(x) = pu(] — oo, x]) be the cumulative dis-

tribution function and Fu\(x) = u(] — x, +oo[) the anti-cumulative distribution function. Let
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Tasc(x) = F,,‘l(Pf(x)) and Tgese(x) = P,/_l(F},\(—x)). Then, an optimal solution of (4) is
achieved either by v = (Id X Tasc)apt 0r by v = (Id X Tgesc )

3. Subspace Detours for GW

In this section, we propose to extend subspace detours from Muzellec and Cuturi [14]
with Gromov—Wasserstein costs. We show that we can even take subspaces of different
dimensions and still obtain a coupling on the whole space using the Independent or the
Monge-Knothe coupling. Then, we derive some properties analogously to Muzellec and
Cuturi [14], as well as some closed-form solutions between Gaussians. We also provide a
new closed-form expression of the inner-GW problem between one-dimensional discrete
distributions and provide an illustration on a shape-matching problem.

3.1. Motivations

First, we adapt the definition of subspace optimal plans for different subspaces. Indeed,
since the GW distance is adapted to distributions that have their own geometry, we argue
that if we project on the same subspace, then it is likely that the resulting coupling would
not be coherent with that of GW. To illustrate this point, we use as a source distribution
# one moon of the two moons dataset and obtain a target v by rotating i by an angle
of Z (see Figure 1). As the GW with ¢(x,x’) = ||x — x'||3 is invariant with respect to
isometries, the optimal coupling is diagonal, as recovered on the left side of the figure.
However, when choosing one subspace to project both the source and target distributions,
we completely lose the optimal coupling between them. Nonetheless, by choosing one
subspace for each measure more wisely (using here the first component of the principal
component analysis (PCA) decomposition), we recover the diagonal coupling. This simple
illustration underlines that the choice of both subspaces is important. A way of choosing
the subspaces could be to project on the subspace containing the more information for each
dataset using, e.g., PCA independently on each distribution. Muzellec and Cuturi [14]
proposed to optimize the optimal transport cost with respect to an orthonormal matrix
with a projected gradient descent, which could be extended to an optimization over two
orthonormal matrices in our context.

Data OT plan with GW,; Data projected on x OT plan between w5 and nEv  Data projected on PCA axes  OT plan between gy and nfy
v

'
.
-

fﬁ o ..I.-.. . .' b

Figure 1. From left to right: Data (moons); OT plan obtained with GW for ¢(x, x’) = ||x — x'||3; Data
projected on the first axis; OT plan obtained between the projected measures; Data projected on their
first PCA component; OT plan obtained between the the projected measures.

By allowing for different subspaces, we obtain the following definition of subspace
optimal plans:

Definition 2. Let y € Pr(R?), v € P,(R7), E be a k-dimensional subspace of RP and F a
k'-dimensional subspace of R7. Let % be an optimal transport plan for GW between yug = mtku
and vp = rthv (with 7t (resp. 7e¥) the orthogonal projection on E (resp. F)). Then, the set of (E, F)-
optimal plans between p and v is defined as I1g p(u,v) = {y € I(n,v)| (7F, 7b)py = v r}-

Analogously to Muzellec and Cuturi [14] (Section 2.2), we can obtain from ¢,
a coupling on the whole space by either defining the Monge-Independent plan myy =
YEup ® (VEL\E ® UFJ_‘F) or the Monge-Knothe plan 7oy = Yz, p ® 150 where OT
plans are taken with some OT cost, e.g., GW.

xFL+|ExF
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3.2. Properties
Let E C RP and F C R7 and denote:
GWer(nv) = _inf [ L(x ¥, yy)dy(xy)dr(,y) ©)
YEE(pv)

the Gromov—-Wasserstein problem restricted to subspace optimal plans (2). In the following,
we show that Monge-Knothe couplings are optimal plans of this problem, which is a direct
transposition of Proposition 1 in [14].

Proposition 1. Let p € P(RP) and v € P(R7), E C R, F C R, myx = Yiyp ®
VELoF LIEXF where Y, p is an optimal coupling between ug and vy, and for v¢ ., almost every
(xg, YF), ’YzleHExF ((xg,yF), -) is an optimal coupling between :uEJ-\E(xE/ ) and VFJ_‘F(]/FI ).
Then we have:

MK € argmin //L(x,x’,y,y')dv(x,y)dv(xlry')-
YEE (V)

Proof. Let y € Ilg r(y,v), then:

/ / L(x,x'y,y")dy(x,y)dy(x, )
= // (//L(x/x/r]/r]//)r)/Elei\ExF((xE']/F)'(del/dyFi))
Voo rtpr (¥ V), (A%, AV ) ) A5 r (¥e YE)ATE (X V).

However, for v5., p a.e. (xg,yr), (X5, ¥5),

//L(x/x//]/ry/)’)’}gixpl\gxp((XEIVF)/ (del/dyFi))r)’EixFi\ExF((x/E/]//F)/ (dx%l,dy'p))
> //L(x,X’,}/,y’)v;xmgw((XE,}/F), (dxp, dyp)) Ve e e (XE VE), (dxp., dyE. )

by definition of the Monge-Knothe coupling. By integrating with respect to % -, we obtain:

[ L pdr e nan(y) = [[ Ly )dmi (v y)dm(+, ).

Therefore, rty\ik is optimal for subspace optimal plans. O

The key properties of GW that we would like to keep are its invariances. We show in
two particular cases that we conserve them on the orthogonal spaces (since the measure on
E x F is fixed).

Proposition 2. Let u € P(R?),v € P(R7), EC RV, F C R1.
2 2
For L(x,x',y,y") = (Ilx =I5 = ly = y'[3)" or L(x, ", y,") = ({x,x)p = (0,¥)g),
GWE r (5) is invariant with respect to isometries of the form f = (Idg, fp.) (resp. § = (Idp, 1))
with fp1 an isometry on E* (resp. gp1 an isometry on F) with respect to the corresponding cost
(c(x,x") =[x = x'||5 or c(x,x) = (x,x")p).

Proof. We propose a sketch of the proof. The full proof can be found in Appendix A.1. Let
L(x,x,y,y) = (|x =23 |ly— y’H%)z, let f. be an isometry w.r.t c(xp, 3, ) = [lxpL —
Xy |3, and let f : RP — R? be defined as such for all x € R?, f(x) = (xg, fri (xp1)).

By using Lemma 6 of [27], we show that ITg r(fap, v) = {(f, Id)sy|y € Her(p,v)}.
Hence, for all v € IIgp(fsp,v), there exists ¥ € Ilgp(u,v) such that v = (f, Id)47.
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By disintegrating 4 with respect to 7%, r and using the properties of the pushforward, we
can show that:

2 ~ ~
] Ul =13 =1y = v/ 13)* d(f, 1) (e )L F, 1) ()
2 .. ~
=[] = %18 = Iy = y'1B)® a3(x, )i ().
Finally, by taking the infimum with respect to 4 € ITg (i, v), we find:

GWE,F (f#}l, 1/) = GWE,F(‘M, 1/).
O

3.3. Closed-Form between Gaussians

We can also derive explicit formulas between Gaussians in particular cases. Let
qg<pu=Nm,2) e PRP),v=N(m,A) € P(R7) two Gaussian measures with
Y = PHD},PHT and A = PVDVPVT. As previously, let E C R and F C RY be k and k'
dimensional subspaces, respectively. Following Muzellec and Cuturi [14], we repre-
sent ¥ in an orthonormal basis of E @ EL and A in an orthonormal basis of F & FL,

ie, X = YE  Zppl . Now, let us denote the following:
Ypip Xpu

PWAVEED WIS VD et

as the Schur complement of - with respect to Zg. We know that the conditionals of Gaus-
sians are Gaussians and that their covariances are the Schur complements (see, e.g., [28,29]).

For L(x,x",y,y") = ([[x =[5 — |y — y’||%)2, we have for now no certainty that
the optimal transport plan is Gaussian. Let N, denote the set of Gaussians in R *17.
By restricting the minimization problem to Gaussian couplings, i.e., by solving:

GGW(u,v) = inf // x— 2|2 = |y —'||2) dy(x,y)dy (¥, '), 6
o= it [ 2B =y IR ), ©

Salmona et al. [30] showed that there is a solution v* = (Id, T)yu € I1(p,v) with y =
N(my, %), v=N(my,A)and

Vx € R, T(x) =my + PVAPHT(x —my) (7)

L1 1 . .
where A = ([q[)l; (D;(ﬂ))_f oq,p_q> € R7*?, and I is of the form diag ((£1);<,)-
By combining the results of Muzellec and Cuturi [14] and Salmona et al. [30], we
obtain the following closed-form for Monge-Knothe couplings:

Proposition 3. Suppose p > g and k = k'. For the Gaussian-restricted GW problem (6), a Monge—

Knothe transport map between p = N (my,, ) € P(RP) and v = N (m,, A) € P(R7) is, for all
x € RP, Ty (x) = my, + B(x — my,) where:

e G
C TEL,FL‘E,F

with Tg p being an optimal transport map between N (0g, g) and N (O, Af) (of the form (7)),
TgL pijg p an optimal transport map between N (O, X/ Zg) and N (Op., A/ Ap), and C satisfies:

C=(App(TEp) ! = TEJ—,FJ-\E,FZEJ-E)ZEI'

Proof. See Appendix A.2.1. [
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Suppose that k > k/, m;, = 0, and m, = 0 and let T r be an optimal transport map
between ur and vr (of the form (7)). We can derive a formula for the Monge-Independent
coupling for the inner-GW problem and the Gaussian restricted GW problem.

o > C .
Proposition 4. my = N (0py4,T) where T = (CT A) with

C= (VeZgp + Ve Zp ) TE(VE + AR AL VL)
where Tg r is an optimal transport map, either for the inner-GW problem or the Gaussian re-
stricted problem.

Proof. See Appendix A.2.2. [

3.4. Computation of Inner-GW between One-Dimensional Empirical Measures

In practice, computing the Gromov-Wasserstein distance from samples of the distribu-
tions is costly. From a computational point of view, the subspace detour approach provides
an interesting method with better computational complexity when choosing 1D subspaces.
Moreover, we have the intuition than the GW problem between measures lying on smaller
dimensional subspaces has a better sample complexity than between the original measures,
as it is the case for the Wasserstein distance [31,32].

Below, we show that when both E and F are one-dimensional subspaces, then the
resulting GW problem between the projected measures can be solved in linear time. This
will rely on a new closed-form expression of the GW problem in 1D. Vayer et al. [12]
provided a closed-form for GW with ¢(x, x’) = ||x — x’|| in one dimension between discrete
measures containing the same number of points and with uniform weights. However,
in our framework, the 1D projection of E, F may not have uniform weights, and we also
would like to be able to compare distributions with different numbers of points. We provide
in the next proposition a closed-form expression for the inner-GW problem between any
unidimensional discrete probability distributions:

Proposition 5. Consider ¥, = {a € R, Y' | a; = 1} the n probability simplex. For a vector
a € R", we denote a~ as the vector with values sorted decreasingly, i.e., ay > --- > a,.
Let p = Y4 qaibx,v = Y bidy, € P(R) x P(R) with a,b € Xy X L. Suppose that
x1 <o L<xpandyy < - < yy. Consider the problem:

: 2
min XiXe — Yiy1)“viiy (8)
76H(ﬂ,b)%( itk y]yl) ij Ykl

Then, there exists v € {NW(a,b), NW(a~,b)} such that vy is an optimal solution of (8) where
NW is the North-West corner rule defined in Algorithm 1. As a corollary, an optimal solution
of (8) can be found in O(n + m).

Algorithm 1 North-West corner rule NW(a, b)

a€X,bex,
whilei <=1n,j <=mdo
7ij = min{a;, b;}
a; = a; — %ij
bj = bj — i
Ifa;=0,i=i+1,ifbj=0,j=j+1
end while
return 7y € I1(a,b)
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Proof. Let y € I1(a,b). Then:

Y (i — yiv) *viire = Y (xixi) 2 vijva + Y (Vv 2 vii v — 2 Y XixXeyyivij Y
ifel il ifKl ifKl

However, ;i (xixk)*Yijyn = Lae(xixe) aiax, and Y (yiy)*vijvn = Lji(yjy1)?biby, so
this does not depend on y. Moreover 2) ikl XiXkYiy1Yij Y = 2(21’;‘ xiy]-'yi]-)z. Hence, the
problem (8) is equivalent to max, cry(ap) (L xiyj'yij)z (in terms of the OT plan), which is
also equivalent to solving max,cry(ap) | Lij Xi/;7ij| or equivalently:

max =+1) x;v;7; 9
etian) ; iYj7vij )

We have two cases to consider: If £1 = 1, we have to solve —min, cyy(,p) Zij(—xi)yj'yi]-.
Since the points are sorted, the matrix c;; = —x;y; satisfies the Monge property [33]:

\V/(l,]) S {1, o, = l} X {1, e, M — 1}, Cij + Cit1,j+1 < Cit1,j + Cij+1 (10)
To see this, check that:

(—xi)yj + (=xi41)yjr1 — (=xis1)y; — (—x)Yj1

(1)
= (—x)(yj — yj+1) + (=xi01) (Y41 — ¥j) = (¥j — ¥jr1) (xig1 — %) <0

In this case, the North-West corner rule NW(a, b) defined in Alg. 1 is known to produce
an optimal solution to the linear problem (9) [33]. If £ = —1, then changing x; to —x;
concludes. [

We emphasize that this result is novel and generalizes [12] in the sense that the
distributions do not need to have uniform weights and the same number of points. I
addition, Theorem 2 is not directly applicable to this setting since it requires having
absolutely regular distributions, which is not the case here. Both results are, however,
related, as the solution obtained by using the NW corner rule on the sorted samples is the
same as that obtained by considering the coupling obtained from the quantile functions.
The previous result could also be used to define tractable alternatives to GW in the same
manner as the Sliced Gromov-Wasserstein [12].

3.5. Illustrations

We use the Python Optimal Transport (POT) library [34] to compute the different
optimal transport problems involved in this illustration. We are interested here in solving a
3D mesh registration problem, which is a natural application of Gromov-Wasserstein [3]
since it enjoys invariances with respect to isometries such as permutations and can also
naturally exploit the topology of the meshes. For this purpose, we selected two base meshes
from the FAUST dataset [35], which provides ground truth correspondences between shapes.
The information available from those meshes are geometrical (6890 vertices positions)
and topological (mesh connectivity). These two meshes are represented, along with the
visual results of the registration, in Figure 2. In order to visually depict the quality of the
assignment induced by the transport map, we propagate through it a color code of the
source vertices toward their associated counterpart vertices in the target mesh. Both the
original color-coded source and the associated target ground truth are available on the
first line of the illustration. To compute our method, we simply use as a natural subspace
for both meshes the algebraic connectivity of the mesh’s topological information, also
known as the Fiedler vector [36] (eigenvector associated to the second smallest eigenvalue
of the un-normalized Laplacian matrix). Fiedler vectors are computed in practice using
NetworkX [37] but could also be obtained by using power methods [38]. Reduced to a 1D
optimal transport problem (8), we used the Proposition 5 to compute the optimal coupling
in O(n + m). Consequently, the computation time is very low (~ 5s. on a standard laptop),
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and the associated matching is very good, with more than 98% of correct assignments. We
qualitatively compare this result to Gromov—-Wasserstein mappings induced by different
cost functions, in the second line of Figure 2: adjacency [39], weighted adjacency (weights
are given by distances between vertices), heat kernel (derived from the un-normalized
Laplacian) [40], and, finally, geodesic distances over the meshes. On average, computing
the Gromov—Wasserstein mapping using POT took around 10 min of time. Both methods
based on adjacency fail to recover a meaningful mapping. Heat kernel allows us to map
continuous areas of the source mesh but fails in recovering a global structure. Finally,
the geodesic distance gives a much more coherent mapping but has inverted left and right
of the human figure. Notably, a significant extra computation time was induced by the
computation of the geodesic distances (~ 1 h/mesh using the NetworkX [37] shortest path
procedure). As a conclusion, and despite the simplification of the original problem, our
method performs best with a speed-up of two-orders of magnitude.

Source Mesh Target Mesh Color code (Source) Ground Truth Subspace Detour

I

N
?;}13’ \

|
{

|

r
| [
i!wg | & \\

Ground Truth GW (Adjacency)

GW (Weighted Adjacency)  GW (Heat Kernel) GW (Geodesic distance)

Figure 2. Three-dimensional mesh registration. (First row) source and target meshes, color code of
the source, ground truth color code on the target, result of subspace detour using Fiedler vectors as
subspace. (Second row) After recalling the expected ground truth for ease of comparison, we present
results of different Gromov—-Wasserstein mappings obtained with metrics based on adjacency, heat
kernel, and geodesic distances.
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4. Triangular Coupling as Limit of Optimal Transport Plans for Quadratic Cost

Another interesting property derived in Muzellec and Cuturi [14] of the Monge-
Knothe coupling is that it can be obtained as the limit of classic optimal transport plans,
similar to Theorem 1, using a separable cost of the form:

ct(x,y) = (x —y) " P(x —y)

with P, = VeV + V1 V and (Vg, V1) as an orthonormal basis of R?.

However this property is not valid for the classical Gromov-Wasserstein cost (e.g.,
L(x,x,y,y') = (dx(x,x')> —dy(y,y')*)* or L(x, %", y,y') = ((x,x)p — (y,4')q)?) as the
cost is not separable. Motivated by this question, we ask ourselves in the following if we
can derive a quadratic optimal transport cost for which we would have this property.

Formally, we derive a new quadratic optimal transport problem using the Hadamard
product. We show that this problem is well-defined and that it has interesting properties
such as invariance with respect to axis. We also show that it can be related to a triangular
coupling in a similar fashion than the classical optimal transport problem with the Knothe-
Rosenblatt rearrangement.

4.1. Construction of the Hadamard—Wasserstein Problem

In this part, we define the “Hadamard-Wasserstein” problem between u € P (R)
and v € P(R?) as:

M) = nt [[Ixox —yoyBartuyany), (12)

where © is the Hadamard product (element-wise product). This problem is different
than the Gromov-Wasserstein problem in the sense that we do not compare intradistance
anymore bur rather the Hadamard products between vectors of the two spaces (in the same
fashion as the classical Wasserstein distance). Hence, we need the two measures to belong
in the same Euclidean space. Let us note L as the cost defined as:

d
vx, 2,y y € R, L(x,x,y,y' Zxkxk y) = lxox —yoyz 13

We observe that it coincides with the inner-GW (4) loss in one dimension. Therefore,
by Theorem 2, we know that we have a closed-form solution in 1D.

4.2. Properties

First, we derive some useful properties of (12) which are usual for the regular Gromov-
Wasserstein problem. Formally, we show that the problem is well defined and that itis a
pseudometric with invariances with respect to axes.

Proposition 6. Let i1,v € P(R?).

1. The problem (12) always admits a minimizer.

2. HWisa pseudometric (i.e., it is symmetric, non-negative, HWW (u, u) = 0, and it satisfies
the triangle inequality).

3. HW s invariant to reflection with respect to axes.

Proof. Letu,v € P(Rd),

1. (x,x") — x ® x’ is a continuous map, therefore, L is less semi-continuous. Hence, by ap-
plying Lemma 2.2.1 of [26], we observe that y — [ [ L(x,x",y,y)dy(x,y)dy(x',y') is
less semi-continuous for the weak convergence of measures.

Now, as IT(u, v) is a compact set (see the proof of Theorem 1.7 in [19] for the Polish
space case and of Theorem 1.4 for the compact metric space) and v — [ [ Ldydry is
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less semi-continuous for the weak convergence, we can apply the Weierstrass theorem
(Memo 2.2.1 in [26]), which states that (12) always admits a minimizer.
2. See Theorem 16 in [25].
3. For invariances, we first look at the properties that must be satisfied by T in order to
have: Vx,x/, f(x,x") = f(T(x), T(x")) where f : (x,x') — x® x'.
We find that Vx € R?, V1 < i < d, |[T(x)];| = |x;| because, denoting (¢;)%_, as the
canonical basis, we have:
x@e =T(x)©T(e),
which implies that:
x; = [T(x)i [T
However, f(e;, ¢;) = f(T(e;), T(e;)) implies [T(e;)]? = 1, and therefore:

([Tl = |-

If we take for T the reflection with respect to axis, then it satisfies f(x, x") = f(T(x), T(x'))
well. Moreover, it is a good equivalence relation, and therefore, we have a distance on

the quotient space.
O

‘HWV loses some properties compared to GW. Indeed, it is only invariant with respect
to axes, and it can only compare measures lying in the same Euclidean space in order for
the distance to be well defined. Nonetheless, we show in the following that we can derive
some links with triangular couplings in the same way as the Wasserstein distance with KR.

Indeed, the cost L (13) is separable and reduces to the inner-GW loss in 1D, for which
we have a closed-form solution. We can therefore define a degenerated version of it:

v, ¥, y,y € RY, Li(x,x',y, v kZ: (H/\ ) (xkx — yiyi)? (14)

=@xox -—yoy) Axox —yoy)

with A; = diag(l,/\gl),/\( ) I—[d 1/\ ), such as for all t > 0, and for all i €
{1,...,d =1}, /\Sl) > 0, and AE) ﬁ 0. We denote HW; the problem (12) with the
_}

degenerated cost (14). Therefore, we will be able to decompose the objective as:

J[ Ly )av (s )

= [[ st =y dy ey ()
d (k=1 .

+ [ S (TTAY ) it = i ? drx ) (¢, )
k=2 \i=1

and to use the same induction reasoning as [21].

Then, we can define a triangular coupling different from the Knothe-Rosenblatt
rearrangement in the sense that each map will not be nondecreasing. Indeed, following
Theorem 2, the solution of each 1D problem:

argmin // xx' —yy')? dy(x,y)dy (', y")
yeIl(pv)
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is either (Id X Tasc)#pt or (Id x Tgesc)#pt- Hence, at each step k > 1, if we disintegrate
the joint law of the k first variables as u'* = p'*~1 @ pk1*~1 the optimal transport map
T(-|x1,...,x¢_1) will be the solution of:

. 2 T T
argmin /(xkx;( — T(x) T(x))” =2 (o | g )Y (dg | 2 y)-
Te { Tases Tdesc }

We now state the main theorem, where we show that the limit of the OT plans obtained
with the degenerated cost will be the triangular coupling we just defined.

Theorem 3. Let y and v be two absolutely continuous measures on R such that [ ||x||3 p(dx) < +oo,
[ Nyll3 v(dy) < +oo and with compact support. Let v be an optimal transport plan for HW;,
let Tk be the alternate Knothe—Rosenblatt map between y and v as defined in the last paragraph,

and let yx = (Id x Tx)uu be the associated transport plan. Then, we have vy % YK- Moreover,
—

L2
if vy are induced by transport maps Ty, then Ty : (1;) Ty.
—)

Proof. See Appendix B.2. [

However, we cannot extend this Theorem to the subspace detour approach. Indeed,
by choosing A; = VeV + V1 VET . with (Vg, V1) an orthonormal basis of RY, then
we project x ® x' —y ® i’ on E (respectively on E*), which is generally different from
Xg © Xp — YE © Y (respectively xp1 © XL, — Yp1 ©Yp,).

4.3. Solving Hadamard—Wasserstein in the Discrete Setting

In this part, we derive formulas to solve numerically HW (12). Let x1,...,x, € R4,
Yi,- - Ym € RY, ey, BELy,p=Yiqadyandg= Z}”:l ﬁj(Syj two discrete measures
in R?. The Hadamard Wasserstein problem (12) becomes in the discrete setting:
HW(p,q) = inf Y Y llxi@x—y; O yell3 vijree
v€ll(p.g) 5 kL
= inf &(v)
Y€ (p.q)

with £(7) = ¥ i 1% © Xk — yj © yell3 7ij7x,e- As denoted in [9], if we note:

Lijje =% ©x —yj ©yll3,

then we have:

E(7)=(L®@Y,7),

where ® is defined as:
L@y= (ZE,],kae) e R,

We show in the next proposition a decomposition of £ ® v, which allows us to
compute this tensor product more efficiently.

Proposition 7. Let v € I1(p,q) = {M € (Ry)™™, M1, = p, M'1l, = q}, where
1, =(1,...,1)T € R"™ Let us note X (x; ®xp)ix € R Y = (Y Oyo)ie € Rmxmxd,
X2 = (IXielD)ix € R YR = (|Yyl3); € R™™, and ¥t € {1,...,d}, X¢ =

(Xi,k,t)i,k eR™ M and Yy = (Y],K,t) YRS Rmxm Then:

d
Loy =XPp1l + 1T (YD) -2} XpyY[.
t=1
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Proof. First, we can start by writing:

Lijke = 1% ©xc =y O yell3
= | Xi = Y;ell3
= || Xikll5 + 11Y;,0013 — 2(Xik, Y

= (XD + YD) — 2(Xi, Y 0).

We cannot directly apply proposition 1 from [9] (as the third term is a scalar product),
but by performing the same type of computation, we obtain:

LRy=A+B+C
with

Aii =Y Xy = YIXP]0 Y v = YIXP kv bmler = [XP 1wl = [(X@plia
o P 7 P

Bii=Y Y] v =Y 1Y@ Y i = YY) [ 1)1 = Y@ 1,50 = [YPg)5,
o 7 X 7

and

=

Cij=—=2) (Xix, Yi0)vhe = =2 it Y i

k!l

ke
o~
-
Il
—_

[
|
M=
~[]

W
Il
—_

[Xelix Y 1Yelievig
7

[Xe]ik[YeyT] ik

I
|
M=
~]

.*
Il
-

-2

M=

(X (i) Ti

m
A

Finally, we have:

d
Loy =XPp1l + 1,7 (YP)T -2} XpyY[.
t=1

O

From this decomposition, we can compute the tensor product £ @ 7y with a complexity
of O(d(n?m + m?n)) using only multiplications of matrices (instead of O(dn?m?) for a
naive computation).

. 1
Remark 1. For the degenerated cost function (14), we just need to replace X and Y by X; = A7 X

- 1
and Y; = AfY in the previous proposition.

To solve this problem numerically, we can use the conditional gradient algorithm
(Algorithm 2 in [41]). This algorithm only requires to compute the gradient:

VE(Y)=2(A+B+C)=2(L®Y)

at each step and a classical OT problem. This algorithm is more efficient than solving
the quadratic problem directly. Moreover, while it is a non-convex problem, it actually
converges to a local stationary point [42].

On Figure 3, we generated 30 points of 2 Gaussian distributions, and computed the
optimal coupling of HW; for several t. These points have the same uniform weight. We plot
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the couplings between the points on the second row, and between the projected points on
their first coordinate on the first row. Note that for discrete points, the Knothe-Rosenblatt
coupling amounts to sorting the points with respect to the first coordinate if there is no
ambiguity (i.e., xgl) <l < x,gl)) as it comes back to perform the optimal transport in one
dimension [43] (Remark 2.28). For our cost, the optimal coupling in 1D can either be the
increasing or the decreasing rearrangement. We observe on the first row of Figure 3 that
the optimal coupling when t is close to 0 corresponds to the decreasing rearrangement,
which corresponds well to the alternate Knothe-Rosenblatt map we defined in Section 4.2.
It underlines the results provided in Theorem 3.

t=0.001

Figure 3. Degenerated coupling. On the first row, the points are projected on their first coordinate
and we plot the optimal coupling. On the second row, we plot the optimal coupling between the
original points.

5. Discussion

We proposed in this work to extend the subspace detour approach to different sub-
spaces, and to other optimal transport costs such as Gromov-Wasserstein. Being able to
project on different subspaces can be useful when the data are not aligned and do not share
the same axes of interest, as well as when we are working between different metric spaces
as it is the case, for example, with graphs. However, a question that arises is how to choose
these subspaces. Since the method is mostly interesting when we choose one-dimensional
subspaces, we proposed to use a PCA and to project on the first directions for data embed-
ded in Euclidean spaces. For more complicated data such as graphs, we projected onto
the Fiedler vector and obtained good results in an efficient way on a 3D mesh registration
problem. More generally, Muzellec and Cuturi [14] proposed to perform a gradient descent
on the loss with respect to orthonormal matrices. This approach is non-convex and is
only guaranteed to converge to a local minimum. Designing such an algorithm, which
would minimize alternatively between two transformations in the Stiefel manifold, is left
for future works.

The subspace detour approach for transport problem is meaningful whenever one can
identify subspaces that gather most of the information from the original distributions, while
making the estimate more robust and with a better sample complexity as far as dimensions
are lower. On the computational complexity side, and when we have only access to
discrete data, the subspace detour approach brings better computational complexity solely
when the subspaces are chosen as one dimensional. Indeed, otherwise, we have the same
complexity for solving the subspace detour and solving the OT problem directly (since
the complexity only depends on the number of samples). In this case, the 1D projection
often gives distinct values for all the samples (for continuous valued data) and hence the
Monge-Knothe coupling is exactly the coupling in 1D. As such, information is lost on
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the orthogonal spaces. It can be artificially recovered by quantizing the 1D values (as
experimented in practice in [14]), but the added value is not clear and deserves broader
studies. If given absolutely continuous distributions wrt. the Lebesgue measure, however,
this limit does not exist but comes with the extra cost of being able to compute efficiently
the projected measure onto the subspace, which might require discretization of the space
and is therefore not practical in high dimensions.

We also proposed a new quadratic cost HW that we call Hadamard-Wasserstein,
which allows us to define a degenerated cost for which the optimal transport plan converges
to a triangular coupling. However, this cost loses many properties compared to W, or GW,
for which we are inclined to use these problems. Indeed, while HW is a quadratic cost, it
uses a Euclidean norm between the Hadamard product of vectors and requires the two
spaces to be the same (in order to have the distance well defined). A work around in the
case X = R” and Y = R7 with p < g would be to “lift” the vectors in R? into vectors in R7
with padding as it is proposed in [12] or to project the vectors in R7 on R? as in [6]. Yet, for
some applications where only the distance/similarity matrices are available, a different
strategy still needs to be found. Another concern is the limited invariance properties (only
with respect to axial symmetry symmetry in our case). Nevertheless, we expect that such a
cost can be of interest in cases where invariance to symmetry is a desired property, such as
in [44].
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Abbreviations

The following abbreviations are used in this manuscript:

oT Optimal Transport

GW  Gromov-Wasserstein

KR Knothe-Rosenblatt

MI Monge-Independent

MK  Monge-Knothe

PCA  Principal Component Analysis
POT  Python Optimal Transport

Appendix A. Subspace Detours
Appendix A.1. Proofs
Proof of Proposition 2. We first deal with L(x,x/,y,y') = (|lx = x'|j3 — |ly — y’H%)z. Let

fL beanisometry w.rt c(xp., X, ) = [[xpL — X0 |3, and let f : R? — RP be defined such
asforall x € R, f(x) = (xg, fpo (xp1)).
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From Lemma 6 of Paty and Cuturi [27], we know that IT(fyu,v) = {(f, Id)sy| v €
II(p,v)}. We can rewrite:

e r(fepv) = {v € O(far,v) (75, 75 )ey = Vir}
= {(f, Id)sy|y € H(% ), (7E, )y (f, 1d)4y = vEp}
= {(f, 1d)gyly € O(p,v), (7t 78 )y = vE . p}

={(f, Id)wyly € Ugp(p,v)}

using f = (Idg, fz.), f o f = Idg and (7, 7F)u(f, Id)sy = (7F, 7F)ury.
Now, for all v € I p(fap, v), there exists 7 € Ilg p(p, v) such that v = (f, Id)4¥, and
we can disintegrate ¢ with respect to ¢,

Y ="7exr ®K
with K a probability kernel on (E x F, B(E1) @ B(F1)).
For v, p almost every (xg,yr), (X, y5), we have:
I Qe =B+ e = xp 1B = llve = 1B = lves = v 3)°
(fer, 1d)eK((x, yr), (dxpr, dypo)) (feo, 1d)gK((xE, vE), (dxp., dyp. )
= [ e = 2213+ e (xp) = fee (< )13 = llye = I3 = lyps — v IB)°
K((xg, yr), (dxg, dyp.))K((xg, yE), (dxp., dyr.))
= [ Qe = 518+ lvgs — e 13— lve — I3 — e — v 13)°
K((xE,yr), (dxpi, dyp.))K((xE, vE), (dxp., dyr.))

using in the last line that || fr1 (xg1) — fpo (x50 )2 = [[xgL — x, [|2 since fg1 is an isometry.
By integrating with respect to 1, , we obtain:

I Q=% By~ y 1B
(fEL,Id)#K((XEryF)/(deL,dyFL))(fEL,Id)#K((x%’y%),(dxlEl’dy%L)))
d’Y%xF(xEryF)d“YExF(x%ry%)

= [[ (=213~ lly - y'IB)? d3(x, p)ar( ).

Now, we show that v = (f, Id)#¥ = 7§ p ® (fpL, Id)sK. Let ¢ be some bounded
measurable function on R? x R%:

(A1)

[otemarey) = [oGoya((f 1dyuity)
= /<P y)dy(x,y)
=[] o(F K (e ye), (e, dyps ) dri e (e, ve)
=[] #((xe. fier Gep)) K (G ye), (g, dyps)) dir (e, ve)

= [ $e) e 10K (i ), (g dyps ) s (e, )
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BEBT = <(

Hence, we can rewrite (A1) as:

2 - -
J[ e =13 = Iy =/ 1B)? d(F, 1) ()AL f, 1)o7 (4, ¥')
2 . -
=[] (=15 =y = I3)? 7 (x, )7 ().
Now, by taking the infimum with respect to 4 € I r(u,v), we find:

GWE,I: (f#y, 1/) = GWE,p(y, 1/).

For the inner product case, we can do the same proof for linear isometries on E*. [

Appendix A.2. Closed-Form between Gaussians

Letq < p, p = N(my, %) € P(RF), and v = N (m,, A) € P(R7) be two Gaussian
measures with X = P, D, PIAT and A = PVDVPVT .

Let E C R? be a subspace of dimension k and F C R7 a subspace of dimension k'.

We represent ¥ in an orthonormal basis of E @ E+ and A in an orthonormal basis

z z
L — E EE+ — _yT

of FGF—, ie, X = (ZELE . ) We denote X/¥p = Xp1 — X
Schur complement of X with respect to Y. We know that the conditionals of Gaussians
are Gaussians and of covariance, the Schur complement (see e.g., Rasmussen [28] or
Von Mises [29]).

ZgleEl as the

Appendix A.2.1. Quadratic GW Problem

For GW with ¢(x, x’) = ||x — x’||3, we have for now no guarantee that there exists an
optimal coupling which is a transport map. Salmona et al. [30] proposed to restrict the
problem to the set of Gaussian couplings 7(y, v) N N4 where N, denotes the set of
Gaussians in RP1. In that case, the problem becomes:

. 2
GGW(u,v) = inf //(Hx—x'llﬁ— ly —y'13) " dy(x, y)dy(x,y). (A2
Yell(p,v)NNpiq

In that case, they showed that an optimal solution is of the form T(x) = m, +
PVAPE(x —my) with A = (jqpé (DIS‘?))*% Oq,pfq> and I; of the form diag ((+1)i<,).

Since the problem is translation invariant, we can always solve the problem between
the centered measures.

In the following, we suppose that k = k’. Let us denote T r as the optimal transport map
for (A2) between N (0,Zg) and N (0, Ap). According to Theorem 4.1 in Salmona et al. [30],
such a solution exists and is of the form (7). We also denote Tg. p1 as the optimal transport
map between N'(0,X/Zg) and NV (0, A/ Ar) (which is well defined since we assumed p > g
and hence p — k > q — k' since k = k).

We know that the Monge—Knothe transport map will be a linear map Tk (x) = Bx
with B a block triangular matrix of the form:

B— Ter 0k/,p—k c RI*P,
C TEL,FL

with C € RU—K)*k and such that BLBT = A (to have well a transport map between y
and v).
Actually,

TE,FZETE,F TE,FZECT + TE,FZEEL TT

ELFL
CZE"'TEL,FLZELE)TI;F (CZE"‘TELJMZELE)CT‘i‘(CZEEL +TEL,PLZEL)TT )

E+ FL
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First, we have well Tg rXg TE r = A, as Tg r is a transport map between yr and vr.
Then:
TerSeTEp = Ar
Te pEpCl + TepEppe TETL,FL = AppL
(CZE + TEL’FLZELE)TEF = AFLF
(CZp + TEL’FLZELE)CT + (CZppL + TEL,FLZEL)TgL’FL = Ap1.

BB = A «—

We have:
(CZp+Tpi pu ZELE)TI:T,F =Apip = CZETET,F =Apip— TEL,FLZELETI:I,P-

Ask =Fk,Xg TE r € R¥*k and is invertible (as ¢ and Ar are positive definite and
Tg,r = Py Ag,pPy with Appr = ( I Dj}r D,:é) with positive values on the diagonals. Hence,

we have:
C= (AFLP(T);T,FY1 - TEL,PLZELE)ZEl'

Now, we still have to check the last two equations. First:

Ter2eCl + TerZep Thy o = TerZeXs TppAfiy — TepZeSe Spop Too po + TErZppi Th o

= AppuL.
For the last equation:

(CEg+ Tpe p1 Bpip)CT + (CEpp + TEL,FLZEL)T;;,FL
= (Apep(TEp) ™ = Ter puTpip + TEl,FiZElE)Zgl(TE,%:AgLF - Z};LETEL’FL)

T \—1y—1 T -1 T T
+AFLF(TE,F) ZE ZEELTEL,FL - TEL,FLZELEZE ZEELTEL,FL + TEL,FLZELTEL,FL
— T \=1y=17=1 AT T \=1y=1yT T =17=1 AT
= Npep(Tep) 2p T pApip = Apep(Tep) 2 ZpipTes po = Tpo pr Xpo g2y TppApiy

—1sT T —17—1 AT
"‘TEL,FLZELEZE ZEJ_ETEJ_,FL +TEL,FLZELEZ‘E TE,FAFJ-P

T \—ly-1 T 15T 4T T
+App(Ter) 2 Zppe Tppr — Tpr pu Zp g2 Zp i pTpu p + Tp pr Zpn Tp

—1yT T
—Tpo prZpipXp Lpig T po

T \—1y—1m—1AT 1T 7T T
= AFLF(TE,F) ZE TE,FAFLF - TEL,FLZ'ELEZE ZELETEL,FL + TEL,FLZEL TEL,FL
Now, using that (T} ;) 12 Ty} = (TerXeTLp) ™t = Aptand X1 — Zp 28T =
3./ Xg, we have:
T T
(CZp+ Tpo p1 Zpip)C + (Coppr + Tpo pr Zp ) Tpr po
= AppAp Af L+ Te pr (Bpr = Zpu 20 50 )T 0
= ApipAF'AL + A/ AF
= AFL
Then, vk is of the form (Id, Ty )#p with:

Tvk (x) = my + B(x — my,).

Appendix A.2.2. Closed-Form between Gaussians for Monge-Independent
Suppose is k > k' in order to be able to define the OT map between i and v.
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For the Monge-Independent plan, v = Vg, p @ (HpLjg ® Verp), let (X, Y) ~ v
We know that 7y is a degenerate Gaussian with a covariance of the form:

Cov(X,Y) = (CO(V}X) CoS(Y)>

where Cov(X) = X and Cov(Y) = A. Moreover, we know that C is of the form:

Cov(Xg, Yr) Cov(Xg, Ypi)
COV(XEL, Yp) COV(XEL, YFL) '

Let us assume that m, = m, = 0, then:
Cov(Xg, Yr) = Cov(Xg, Tp,rXe) = E[XpXE|TE p = ZeTE p,
Cov(Xg, Y1) = E[XpY] ]
= B[E[XgY], |XE, Y]
= E[XeE[Y], |Y¢]]

since Yr = TgrXg, Xg is 0(Yp)-measurable. Now, using the equation (A.6) from Ras-
mussen [28], we have:
E[Yp.[YF] = AFLPAElYF

= Apip AP TEpXE
and
E[Xpi|Xg] = ZpipXp ' XE.
Hence: VT
Cov(Xg, Yp1) = E[XgE[Y,. [YF]]
=E[XeX{|TE AR AL ¢
=SeTE pAp AL
We also have:
_ T+T 1 _ T
COV(XEL’YF) = E[XELXE TE,F] = ZELETE,P/
and

COV(XEL,YFL) = E[X YF }

= E[E[Xp. Yp. [Xe, Y]]

= E[E[X. | XE]E[Y TL|YF]] by independence
= E[

Spipp  XeXETE AR AL ]

SpieTEpAr 1ALF

Finally, we find:

o ( SeTEF EETgFA AT, )

T IAT
LpipTeyp ZELETE,FA Apip

By taking orthogonal bases (Vg, V1 ) and (Vg, Vi1 ), we can put it in a more compact
way, such as in Proposition 4 in Muzellec and Cuturi [14]:

C= (VESp + Ve Zpip)TE e (VE + ARTALLL V).

To check it, just expand the terms and see that Cp r = VEC VFT .
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Appendix B. Knothe-Rosenblatt

Appendix B.1. Properties of (12)

Proposition A1l. In a slightly more general setting, let Xo = X; = R, functions f, fi from
R? x R? to R?, and measures g € P(Xo), p1 € P(X1). Then, the family X; = (Xo x X1, fr, 7*)
defines a geodesic between Xy and Xy, where v* is the optimal coupling of HW between pg and
u1, and

fi((x0,x0), (x1,%1)) = (1 — 1) fo(x0, x0) + £f1 (x1,47)-
Proof. See Theorem 3.1in [8]. O

Appendix B.2. Proof of Theorem 3
We first recall a useful theorem.

Theorem A1 (Theorem 2.8 in Billingsley [45]). Let Q) = X x Y be a separable space, and let
P, P, € P(Q) with marginals Px (respectively P, x) and Py (respectively P, y). Then, P, x &

Poy 2 Pifand only if P, x 2> Px, Py = Py and P = Px ® Py.

Proof of Theorem 3. The following proof is mainly inspired by the proof of Theorem 1
in [21] (Theorem 2.1), [22] (Theorem 3.1.6) and [19] (Theorem 2.23).

Let u,v € P(R?), absolutely continuous, with finite fourth moments and compact
supports. We recall the problem HW;:

k—1
HWE ) = int / Y- (TTA?) Gt — ya)® ey, ),
yell(pv) i1
with ¥t > 0, Vi € {1,...,d — 1}, A! >0andA()—>0

First, let us denote 7y the optimal coupling for HWt forall f > 0. We want to show that
Yt % vk with yg = (Id x Tk)#p and Tk our alternate Knothe-Rosenblatt rearrangement.
4>

Let vy € TI(p,v) such that ¢ % 7 (true up to subsequence as {yt} and {v} are tight in
—

P(X) and P(Y) if X and Y are polish space, therefore, by [18] (Lemma 4.4), IT(y,v) is
a tight set, and we can apply the Prokhorov theorem [19] (Box 1.4) on () and extract
a subsequence)).

Part 1:

First, let us notice that:

k—1
HWZ (wv //Z H/\El xkxk ]/kyk) dye(x, y)dye(x ,]/)

i=

= //(x1x1 —y1y))? dye(x,y)dye (2, y)
k—1

|/ é (TTAY) Goext— )2 e ), ).

i=1
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Moreover, as v; is the optimal coupling between y and v, and yx € I1(y,v),

2 < d = /\(1) I /\2 d d !
W) < [ Y (TTAY) Gk — yih)? dvic (e, y) (2, )
k=1 "i=1
= [ 1t iy d ) dn, )

d k-1 .
[ (TTAY) Gt — v dvk (oo,
k=2 "i=1

In our case, we have 7; % 7, thus, by Theorem A1, we have 7; ® 7; % ¥R .
— —

Using the fact that Vi, /\Ei) ﬁ) 0 (and Lemma 1.8 of Santambrogio [19], since we are on
%

compact support, we can bound the cost (which is continuous) by its max), we obtain the
following inequality

J] =P dredy,y) < [[ Gaxt —yih)? dy ndrev).

By denoting ! and % the marginals on the first variables, we can use the projection
7l (x,y) = (x1,y1), such as y! = 7y and 7} = mhyk. Hence, we get

/ﬂm%—mﬁfﬁ%mmﬁfﬁmmS/ﬂm%—m%f@%mwﬂhh%%)

However, 75 was constructed in order to be the unique optimal map for this cost (ei-
ther Tysc or Tjes according to theorem [26] (Theorem 4.2.4)). Thus, we can deduce that
7t = (1d X T)ap! = 7k

Part 2:

We know that for any t > 0, 7; and yg share the same marginals. Thus, as previously,
n%’yt should have a cost worse than 7(},&71(, which translates to

J[ Gt =) vk y)dvk(en, i) = [[ Geaxt —yavh)? dr G, va)dy (3, v4)
< //(xlxﬁ —yiy1)? di (e, y)d (3, 1),
Therefore, we have the following inequality,

k-1

[ st = y)? art eyt ) + [ ki (TTA") (o= yi)? dvecx, ) ()

i=1
< HWi(u,v)
< [[ st = yi)? do' (e y)drt ()
k—

(]

i=

1 .
)\El)) (xkxl/( — yky]’()Z d’YK(x/y)d’YK(X,,y/).
1
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We can substract the first term and factorize by /\El) >0,

d k—1 Q)
// ) (H/\t ) (ke = yeyie) dye(x, y)dre (2, )
k=2 "i=1
=MV ( ] Geass = yavs)? dy(x, (2,9
d k-1 .
+ [ X (TTA) (ot = ik ? a0
= 1=

<A ] (s = yawh)? dv )i,y

(T

By dividing by A\"

1
M) (et = yiy)? drk (e, y)d (2, ) ).
i=2

and by taking the limit t — 0 as in the first part, we get

[ axs =y dr ey, ) < [ [ Geaxh = as)? da o y)dr(xy). - (A3)

Now, the 2 terms depend only on (x2,y7) and (x5, 1/5). We will project on the two first

coordinates, i.e., let 7% (x,y) = ((x1,%2), (y1,y2)) and 412 = TI# 2y, 'y}<2 = 71# k. Using

the disintegration of measures, we know that there exist kernels 72“ and 72|1 such that

Y2 =91® 72\1 and ’YK = 71< ® ryi‘l, where

VA€ B(XxY), n®K(A) = / L4 (x, 1)K (x, dy) u(dx).

We can rewrite the previous Equation (A3) as

[[ axt = o) d( ()

- //// (x2x5 — yaya)* Y1 ((x1,1), (daxa, dya)) Y1 (2, ), (dixh, dyy))

dy! (x1, y1)dy* (54, ) (A4)
<[] axt = vay)? 7 (Ger, ), (v, dy)) R (3, v6), (A )

dyg (21, y1)dyi (21, y1)-

Now, we will assume at first that the marginals of 421((x1,y1), -) are well 21 (xy, -)

and vz‘l(yl, -). Then, by definition of 7?1, as it is optimal for the GW cost with inner

products, we have for all (xq,y1), (¥}, v}),

[ G = vy 9 (G ), (v )0 (), (i )

(A5)
< [ s yas)? 22 (), (v dya) )7 (3 04), (i, ).
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Moreover, we know from the first part that 4! = 7}, then by integrating with respect to
(x1,y1) and (x},v}), we have

] Geas = vaws)? 2 (Geasn), (e, dya )2 (64, v2), (s, )
dy! (xp, y1)drt (x4, 1)

<[] Gads = yaws)? 221 (ea, o), (e, cy )P (55, 92), (s, )
dy! (v, y1)dy' (x1, 1)

(A6)

By (A4) and (A6), we deduce that we have an equality and we get

(] s = o) 42 (e, (e, dya) )2 (), (i )
— [ Ceaxt = o) 4 (Geu ), (s, dy2 )7 (1), (s, ) (A7)
dy! (x1,y1)dy! (x,¥5) = 0.

However, we know by (A5) that the middle part of (A7) is nonnegative, thus we have for

ylae (x1,y1), (¥, 1)),

[ s =y 93 (G ), (i, )9 (), (i )

= /[ Geaxs = yays)? 22 (G, 1), (v )7 (6, 04), (s, ).

From that, we can conclude as in the first part that 72/!

= ’Y?(‘l (by unicity of the optimal
map). And thus 712 = 7}(12,
! i 21
Now, we still have to show that the marginals of 72" ((x1,y;),-) and Y ((x1, 1), )

are well the same, i.e., ;42“( - and 121 (yy, -). Let ¢ and ¢ be continuous functions, then

we have to show that for y!-a.e. (x1,y1), we have

{f¢(xz)721((xl,y1),(dxz,dyz = [¢(x2 u (x1,dxp)
T 2) 7y ((x1,p1), (dxo, dy2)) = [ (y2)v? 1 (y1, dya).

As we want to prove it for v'-a.e. (x1,v1), it is sufficient to prove that for all continuous
function ¢,

JI e,y (x2) ¥ (31, 11), (dxa, dy2))dy (21, 1)
= [ €01, y1)p(x2) ! (31, dxz)dy (w1, 1)
ST &G, y)$(y2) 7y (21, y1), (da, dy2))dy! (x1, 1)
= [ (e, y) 9 2)v* (v, dy2)dy’ (x1,1).

First, we can use the projections 71 (x,y) = x and 71, (x,y) = y. Moreover, we know
that y! = (Id x T})su!. The alternate Knothe-Rosenblatt rearrangement is, as the usual
one, bijective (because y and v are absolutely continuous), and thus, as we suppose that

v satisfies the same hypothesis than y, we also have 4! = ((T§)7!, Id)sv!. Let us note
T} = (T})~!. Then, the equalities that we want to show are:

Jf &, T (x1)@(x2) 7 (1, T (x1)), doa)dlpe! (1)
= [[&(x1, Tg(x1))p(x ) 2“(?61 daxy)dpt (x1)
[ ETL ), )9 @) V3 (T(y), i), dy2)dvt (1)
= [J&(Tx(n ,y1)¢(yz) vy, dyo)dv! (y1).
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In addition, we have indeed

[ 66 Th()p(2)92 (1, Th(xn)), dxa) ! (1)
= [[ e, T (x2)d7 (31, 32), (11, 92)

= [[ e, Th(x))p (22 (1, 32)

= [[ e, ThGx)p (22 (1, dx) g ().

We can do the same for the v part by symmetry.

Part 3:

Now, we can proceed the same way by induction. Let £ € {2,...,d} and suppose that
the result is true in dimension ¢ — 1 (i.e., /-1 = 71;:[ Ly = 'y}([* ).

For this part of the proof, we rely on [19] (Theorem 2.23). We can build a measure
7k € P(R? x R?) such that:

t

Tk = H
nm v (A8)
1 = l'Y[( = Mte
where 7, ; is the optimal transport plan between pu! = 7_[;:6—1 pand v¢ = n;:é_lv for
the objective:
/ / 2 ) Gt = ) Ay (x, )y ().

1

By induction hypothesis, we have 7; , —> ~1yk. To build such a measure, we can first

disintegrate u and v:

1:4—1 l:d|1:4—1
po=pt -l b
= ylil=1 g ld[1:-1

then we pick the Knothe transport 'yé 11

Cd|1:0—1
ing ')/K =1t @Yk
Hence, we have:

between ‘4161 and v/41:¢=1 Thus, by tak-
, 'yK satisfies the conditions well (A8).

-1 k-1 (l)
J] £ (1) i~ ok vkt pank(, )
1 (l
Af (xkxk yiyi)? dne o (101, yae—1)dne o (X1 Yhie_1)
=1

—//Zk

—1 .
< // ) ( /\51)) (ke = yie)? dve(x, y)dve (', y'),
=1

i=1
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and therefore:

k 1
//Z I—[Afl) xixy, = yeyk)? dric(x y)dok(+y)
d )
] 5 (TTAP) (ot~ ko e ) (4, )
k=t " i=1

< HWE(p,v)
k—1

=1 k—
(i) I N2 gt tt o
< [ 2 (TTA) ot = yendg? doka)ricta' ')
k—

(]

1
i=1

-1

/—\

MY (o, — gk k(e ) ).

As before, by subtracting the first term, dividing by ]_[é ! A and taking the limit,
we obtain:

J[ Gt =y P e )an (¢, y') < [ Gt — vl Pk ek ().

C:d|1:0-1

For the right hand side, using that ')/K =10 @ Vg , we have:

/ / (xexy = yeyp)*dri (x, y)dri (¥, )
= //// xez —WW 2 ’)/f(d‘lé 1((x1:Z—1/yl:Z—l)/ (dxf:d/dyﬂzd))

N
(PR (dxp., Ayp.g)) A e (¥1:0-1, Y1:0-1) A1 0 (X1, Y3p1)

= //// Xpx) — Yeyy) ’YK‘ “N(xre-1,v1:0-1), (dxg, dyy))
YT (W Vhe 1), (A3, AY)) Ao (Y11, Y- 1) e (Y 1, ¥ o).
Let us note for #; o almost every (x1.0—1,Y1.0-1), (¥].p_1,Y1.0_1)
GW (pll1:e-1 ylie-1)
= [ exi =y P (oo ), (e, dy)) T (g, i), (A, ),

then
[ Gt = v Pk x vk ()

= // GW(VZH:[?]/Vf‘l:éil)dﬂt,f(xlszlr]/l:éfl)dnt,f(xllzé—lfyllzﬁ—l)'

By Theorem A1, we have 17, @ 17, % 71;:571')/1( ® 71;257171(. So, if
N // Gw(#ﬂl:ffl,Vf‘l:éfl>d17d17 (Ag)

1:4-1

is continuous over the transport plans between x'*~1 and v , we have

/ / (xex) — yeyy)*dyk (x, y)dok (2, y)

— //GW =1 =y 1 (A, Ay ) Yk (A, dyh )
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and
// GW (11 =y b1 (doeggq, dygp 1) rf Yy (A, g, Ay, q)

= //(XMZ — o)A dyk (x, y)dyk(x',y)

by replacing the true expression of GW and using the disintegration yx = (ﬂllffl)#’yK ®
l)1:4—-1
7
For the continuity, we can apply [19] (Lemma 1.8) (as in the [19] (Corollary 2.24)) with
X=Y=RIxRT X=7=P(Q)withQ c R 1 x R and c(a,b) = GW(a,b),
which can be bounded on compact supports by max |c|. Moreover, we use Theorem Al
and the fact that 7y @ ¢ % 7115571 ® ’y}éf*l.
—

By taking the limit t — 0, we now obtain:

J[ Gt =y Par ey < [[ o =y P m)dr* ).

We can now disintegrate with respect to 71*~1 as before. We just need to prove that

the marginals coincide, which is performed by taking for test functions:

{5(361,- c XY Y1) P(Xe)
S, e X, Y1 Y1) (Ye)

and using the fact that the measures are concentrated on y; = Tk (x).

Part 4:

Therefore, we have well 7, % k. Finally, for the 12 convergence, we have:
—

JIT0) = Te@)B () = [ lly = Te) B dr(xy) — [ ly = Tie() 1 dex,y) =0

2
as vt = (Id x Ty)gp and v = (Id x Tg)su. Hence, T} tL—0> Tx. O
—
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