
Supplement A 

Detailed methodology for deriving a marginal Beta 
distribution from expert opinion of risk impact on 
cost and schedule.   

Step 1: Define the root causes of a risk factor (Ni) and the possible scenarios for each root cause. 

Step 2: For each root cause or scenario (Mi), subjectively evaluate the frequency of occurrence and 

adverse consequence using the corresponding fuzzy membership function.  

Step 3: Using Equation 3, form a fuzzy relationship between the adverse consequence and frequency 

of occurrence for each root cause/scenario.  

𝝁𝝁𝑹𝑹(𝒙𝒙𝒊𝒊, 𝒚𝒚𝒊𝒊) = 𝒎𝒎𝒎𝒎𝒎𝒎[𝝁𝝁𝑭𝑭(𝒙𝒙𝒊𝒊), 𝝁𝝁𝑪𝑪(𝒚𝒚𝒊𝒊)] (3) 

where 𝑥𝑥𝑖𝑖 = an element of universe X  
𝑦𝑦𝑖𝑖= an element of universe  
Y; 𝜇𝜇𝑅𝑅(𝑥𝑥𝑖𝑖 , 𝑦𝑦𝑖𝑖) = the membership value of element (𝑥𝑥𝑖𝑖 , 𝑦𝑦𝑖𝑖) in the fuzzy relation R 
min = the minimum values of both elements 𝑥𝑥𝑖𝑖 and 𝑦𝑦𝑖𝑖   
𝜇𝜇𝐹𝐹(𝑥𝑥𝑖𝑖) = the membership value of element 𝑥𝑥𝑖𝑖 in fuzzy set F 
𝜇𝜇𝐶𝐶(𝑦𝑦𝑖𝑖) = the membership value of element 𝑦𝑦𝑖𝑖  in fuzzy set C. 

Step 4: Using Equations 4 and 5, develop a fuzzy union matrix between all relationships. 

𝝁𝝁𝑺𝑺⋃𝒁𝒁(𝒙𝒙𝒊𝒊, 𝒚𝒚𝒊𝒊) = 𝒎𝒎𝒎𝒎𝒎𝒎[𝝁𝝁𝒔𝒔(𝒙𝒙𝒊𝒊, 𝒚𝒚𝒊𝒊), 𝝁𝝁𝒛𝒛(𝒙𝒙𝒊𝒊, 𝒚𝒚𝒊𝒊)] (4) 

where max = the maximum value of both relations 𝑠𝑠 and 𝑧𝑧. 

Union U, between the fuzzy relation matrices R (F, C), is then computed as: 

U = 𝒎𝒎𝒎𝒎𝒎𝒎 [(𝑭𝑭𝟏𝟏 ×  𝑪𝑪𝟏𝟏) ⋃ (𝑭𝑭𝟐𝟐 × 𝑪𝑪𝟐𝟐) ⋃ (𝑭𝑭𝟑𝟑 ×  𝑪𝑪𝟑𝟑) … … … … . . ⋃ (𝑭𝑭𝒌𝒌 ×
 𝑪𝑪𝒌𝒌)] (5) 

where max = the maximum value of the two relations. 

Step 5: Define the minimum and maximum (A, B) values for the risk impact.  

Step 6: Divide the impact range (between minimum and maximum) into equal subsets. 

Step 7: Evaluate the mapping value of each range (example provided as follows): 
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Step 8: Using Equation 3, form a fuzzy relationship between the adverse consequence of a root 

cause/scenario and the range of a risk impact.  

𝝁𝝁𝑹𝑹(𝒙𝒙𝒊𝒊, 𝒚𝒚𝒊𝒊) = 𝒎𝒎𝒎𝒎𝒎𝒎[𝝁𝝁𝑭𝑭(𝒙𝒙𝒊𝒊), 𝝁𝝁𝑪𝑪(𝒚𝒚𝒊𝒊)] (3) 

where 𝑥𝑥𝑖𝑖 = an element of universe X  
𝑦𝑦𝑖𝑖= an element of universe  
Y; 𝜇𝜇𝑅𝑅(𝑥𝑥𝑖𝑖 , 𝑦𝑦𝑖𝑖) = the membership value of element (𝑥𝑥𝑖𝑖 , 𝑦𝑦𝑖𝑖) in the fuzzy relation R 
min = the minimum values of both elements 𝑥𝑥𝑖𝑖 and 𝑦𝑦𝑖𝑖   
𝜇𝜇𝐹𝐹(𝑥𝑥𝑖𝑖) = the membership value of element 𝑥𝑥𝑖𝑖 in fuzzy set F 
𝜇𝜇𝐶𝐶(𝑦𝑦𝑖𝑖) = the membership value of element 𝑦𝑦𝑖𝑖  in fuzzy set C. 

Step 9: Using Equations 4 and 5, develop a fuzzy union matrix between all relationships in Step 8. 

𝝁𝝁𝑺𝑺⋃𝒁𝒁(𝒙𝒙𝒊𝒊, 𝒚𝒚𝒊𝒊) = 𝒎𝒎𝒎𝒎𝒎𝒎[𝝁𝝁𝒔𝒔(𝒙𝒙𝒊𝒊, 𝒚𝒚𝒊𝒊), 𝝁𝝁𝒛𝒛(𝒙𝒙𝒊𝒊, 𝒚𝒚𝒊𝒊)] (4) 

where max = the maximum value of both relations 𝑠𝑠 and 𝑧𝑧. 

Union U, between the fuzzy relation matrices R (F, C), is then computed as: 

U = 𝒎𝒎𝒎𝒎𝒎𝒎 [(𝑭𝑭𝟏𝟏 ×  𝑪𝑪𝟏𝟏) ⋃ (𝑭𝑭𝟐𝟐 × 𝑪𝑪𝟐𝟐) ⋃ (𝑭𝑭𝟑𝟑 ×  𝑪𝑪𝟑𝟑) … … … … . . ⋃ (𝑭𝑭𝒌𝒌 ×
 𝑪𝑪𝒌𝒌)] (5) 

where max = the maximum value of the two relations. 

Step 10: Using Equation 6, develop the fuzzy composition matrix between the fuzzy union matrices 

developed in Step 4 and Step 9. 

𝑼𝑼 ⃘𝑽𝑽(𝒙𝒙𝒊𝒊, 𝒛𝒛𝒌𝒌) = 𝐦𝐦𝐦𝐦𝐦𝐦
𝒚𝒚𝒋𝒋

�𝒎𝒎𝒎𝒎𝒎𝒎�𝝁𝝁𝑼𝑼(𝒙𝒙𝒊𝒊, 𝒚𝒚𝒊𝒊), 𝝁𝝁𝑽𝑽�𝒚𝒚𝒋𝒋, 𝒛𝒛𝒌𝒌��� (6) 

where 𝑈𝑈 ⃘𝑉𝑉(𝑥𝑥𝑖𝑖 , 𝑧𝑧𝑘𝑘) = membership value of element (𝑥𝑥𝑖𝑖 , 𝑧𝑧𝑘𝑘) in composition matrix between U and V 
𝜇𝜇𝑈𝑈(𝑥𝑥𝑖𝑖 , 𝑦𝑦𝑖𝑖) = membership value of element (𝑥𝑥𝑖𝑖 , 𝑦𝑦𝑖𝑖) in union matrix U 
𝜇𝜇𝑉𝑉�𝑦𝑦𝑗𝑗 , 𝑧𝑧𝑘𝑘�= membership value of element �𝑦𝑦𝑗𝑗 , 𝑧𝑧𝑘𝑘� in union matrix V. 

Step 11: Using Equations 7 through 9, select one row from the fuzzy composition matrix to calculate 

the mean and variance of the distribution. 

𝑷𝑷(𝑹𝑹𝑰𝑰 = 𝒛𝒛𝒌𝒌) =
𝝁𝝁𝒐𝒐(𝒛𝒛𝒌𝒌)

∑ 𝝁𝝁𝒐𝒐(𝒛𝒛𝒌𝒌)𝒎𝒎
𝟏𝟏

(7) 

𝝁𝝁𝑰𝑰 = �(
𝒎𝒎

𝒌𝒌=𝟏𝟏

𝒛𝒛𝒌𝒌) ∗  𝑷𝑷(𝑹𝑹𝑰𝑰 = 𝒛𝒛𝒌𝒌) (8) 

𝝈𝝈𝟐𝟐
𝑰𝑰 = [∑ (𝒎𝒎

𝒌𝒌=𝟏𝟏 𝒛𝒛𝒌𝒌)𝟐𝟐 ∗  𝑷𝑷(𝑹𝑹𝑰𝑰 = 𝒛𝒛𝒌𝒌)]-𝝁𝝁𝑰𝑰
𝟐𝟐 (9) 

where 𝑅𝑅𝐼𝐼 = risk impact 
𝑧𝑧𝑘𝑘 = element of the risk impact 
𝑃𝑃(𝑅𝑅𝐼𝐼 = 𝑧𝑧𝑘𝑘) = probability of occurrence of the risk impact to be element 𝑧𝑧𝑘𝑘 
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𝜇𝜇𝑜𝑜(𝑧𝑧𝑘𝑘) = membership value of element 𝑧𝑧𝑘𝑘 in subset O 
m = number of risk impact elements in subset O 

Step 12: Using the mean and variance, fit the results to a Beta distribution, using Equations 10 and 

11, to calculate the shape and scale parameters. 

α = 𝝁𝝁𝑰𝑰−𝑨𝑨
𝑩𝑩−𝑨𝑨

�(𝝁𝝁𝑰𝑰−𝑨𝑨)(𝑩𝑩−𝝁𝝁𝑰𝑰)
 𝝈𝝈𝟐𝟐𝑰𝑰

− 𝟏𝟏� (10) 

ß = α �𝑩𝑩−𝝁𝝁𝑰𝑰
𝝁𝝁𝑰𝑰−𝑨𝑨

� (11) 

Step 13: Visualize the marginal Beta distribution of cost or schedule impact using the minimum and 

maximum derived in Step 5 and the scale and shape parameters derived in Step 12 (example of a 

resulting marginal Beta distribution is provided as follows): 

1.0   0.9     0.8     0.7    0.6 0.7    0.85   1.0     0.85       0.7  0.5    0.7     0.8   0.9     1.0  

Mapping values for small risk impact
Mapping values for medium risk impact

Mapping values for large risk impact



Supplement B 

Derivation of the marginal distribution using 
SimphonyProject.NET 

The steps for deriving the marginal distribution in SimphonyProject.NET, and a graphical user 
interface created to make the method easy for analyst lacking expertise in fuzzy logic, are presented 
as follows: 

Step 1: 

Step 2: 
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Step 3:  

       
 
Step 4:  

         
Step 5:  

          
Step 6:  
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Step 7:  
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