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Abstract: The article presents the results of research aimed at developing mathematical
models for determining the components of grinding force occurring during the sharpening
of the rake face of hob cutters. The development of the models was based on the results
obtained during experimental tests conducted in the first stage of the research. The studies
were carried out using a tool grinder and an aluminum oxide grinding wheel. During
the tests, two components of the grinding force were measured, using a piezoelectric
dynamometer. A sample made of HS6-5-2 high-speed steel was ground. Grinding was
carried out using different sets of cutting parameters. Based on the obtained measurement
results, two mathematical models were developed in the form of (1) a multiple regression
function and (2) a polynomial function, enabling the calculation of the normal and the
tangential force. The experimentally obtained results were then compared with those
calculated based on the developed models, and the results of this comparison showed that
the developed models provide a good basis for analyzing the sharpening process of hob
cutters in terms of variable grinding parameters.

Keywords: grinding; hob cutter; sharpening of cutting tools; grinding force; modelling of
grinding force

1. Introduction
In the era of mass industrial production of gears [1], the proper regeneration of hob

cutters, cutting tools commonly used for manufacturing toothed elements, is of great impor-
tance [2]. This is because improperly selected grinding conditions during the sharpening
of the rake surfaces of the cutters can adversely affect the technological properties of the
surface layer, causing, among other things, high thermal stresses leading to a network of
cracks [3,4], and structural changes significantly reducing the cutting properties of the
edges [5] and deteriorating their operational properties [6].

Therefore, it is extremely important to consciously shape the surface layer during
grinding. The means to achieve this is to assess the course of the machining process, and
one of the most important elements allowing for such an assessment is the knowledge
of cutting forces. The significance of such an assessment lies in the dependence of the
adjustable machining values, such as grinding parameters, the geometry of the contact
between the grinding wheel and the workpiece, the characteristics of the grinding wheel,
and the material properties on the values of the occurring forces. Moreover, knowledge
of the obtained values of the grinding force components allows, among other things, for
the determination of the grinding force coefficient µ, which provides information about
the grinding efficiency [7], and the calculation of the total grinding power P, enabling the
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determination of the grinding index Ks [8]. Generally, the grinding force is considered a key
indicator of the material removal process, which directly affects the machining efficiency,
the quality of the machined surface, and the durability of the grinding wheel [9].

In a broader perspective, the values of the grinding force components obtained ex-
perimentally allow for the creation of mathematical models, and the force model is the
simplest and most versatile mathematical expression describing the mechanical behaviour
of material removal [9]. As shown by the comparative analysis presented in the study [9],
mathematical models of the grinding force can come from various sources, including exper-
imental data, empirical formulas, or theoretical analyses. It should be remembered that
modelling the grinding force is a complex process, and the factors influencing the magni-
tude of the grinding force can include the physical properties of the machined material, the
shape, size, and number of abrasive grains, grinding parameters, cooling and lubrication
conditions, and the type of grinding process [10–12].

It is worth noting that grinding force models can be used in further research to model
the dynamic grinding process. An example of such use is the model of the external plunge
grinding process [13–15], the process of longitudinal cylindrical external grinding [16], and
the process of peripheral surface grinding [17].

Therefore, this article presents research work, as a result of which two mathemati-
cal models were determined to predict the components of the grinding force during the
sharpening of the rake surfaces of hob cutters. The research began with experimental
studies, the conditions and methodology of which, as well as the results, are described
in Sections 2 and 3, respectively. The first of the two mathematical models presented in
Section 4 is a modification of the model proposed by Werner [18]. It is worth noting that this
model is often used, also with appropriate modifications, by other researchers [12,19,20].
The second mathematical model in the form of a multiple regression function was deter-
mined on the basis of algorithm of the “acceptance and rejection” method [21]. In the final
part of the work, a comparison of the results obtained based on calculations using the
proposed mathematical models with the results obtained experimentally was made. The
work concludes with a summary and conclusions.

2. The Conditions and Methodology of the Research
The experimental studies were conducted on the ASP-631 F-SL tool grinder (Lakfam,

Kowary, Poland), a general view of which is shown in Figure 1. The ASP-631 F-SL is a
numerically controlled grinder in three axes for the automatic grinding of cutting tools
along straight and helical lines. As such, it can be used for sharpening the rake surfaces of
hob cutters.
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In Figure 2, the workspace of the ASP-631 F-SL tool grinder is shown. As can be ob-
served, a 4-component piezoelectric dynamometer type 9272 (Kistler, Winterthur, Switzer-
land) is mounted on the grinder table, previously separated from the table by a layer
of insulator. The dynamometer was used to measure the components of the grinding
force—the normal component Fn and the tangential component Ft. The signal from the
dynamometer was transmitted to a four-channel amplifier Kistler type 5019A, then to the
data acquisition card type KUSB-3108 (Keithley Instruments, Cleveland, OH, USA), which
was finally connected to a PC. The Keithley quick DAQ software (version 1.6) was used to
record the measurement signal.
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Figure 2. A view of the workspace of the ASP-631 F-SL tool grinder.

A special holder for mounting the sample was attached to the upper surface of the
dynamometer. During the tests, a sample made of high-speed steel HS6-5-2 with a hardness
of 62 ± 1 HRC was ground. The shape of the sample in the part subjected to grinding had
the outline of a gear, with dimensions corresponding to the dimensions of the cutting edge
gear of a hob cutter with a module m = 3 mm and a pressure angle α = 20◦, in accordance
with ISO 53 and ISO 54. The geometric dimensions of the gear were selected according to
PN 4468, taking into account the accuracy of the hob cutter edge in class B.

As the cutting tool, a T3 type grinding wheel with dimensions (D × T × H) 125 × 9/2
× 32 mm was used. The parameter D denotes the outer diameter of the grinding wheel,
the parameter T is its thickness, and the parameter H specifies the diameter of the central
hole. It is worth noting that due to the conical shape of the grinding wheel’s active surface,
the thickness T varies from 2 mm to 9 mm. The grinding wheels were made of alumina
with a vitrified bond and marked with the symbol 38A60KVBE (Norton, Koło, Poland).

During the tests, a constant grinding speed vs, six workpiece speeds vw, and three
cutting depths ae were used, allowing for 18 sets of cutting parameters. The machining
conditions used during the tests are summarized in Table 1.

Each grinding test began with 10 spark-out passes. Then, a grinding test was carried
out by removing the machining allowance (depth of cut) ae in one work cycle consisting of
two passes: a working (grinding) pass and a return pass. The working pass was performed
in the counter-direction, while the return pass was performed in the co-direction, without
disengagement.

During the entire grinding test, the signal from the dynamometer was recorded using
the previously discussed measurement setup. As mentioned earlier, two components of the
grinding force were recorded—the normal component Fn and the tangential component Ft

(Figure 3). The component Fn is the force acting perpendicular to the ground surface, while
the component Ft is the force acting parallel to that surface.
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Table 1. Grinding conditions used during experimental tests.

Workpiece material HS6-5-2, carburized and hardened with 62 ± 1 HRC
Grinding wheel 38A60KVBE
Grinding wheel rotational speed ns = 4600 rpm
Grinding wheel peripheral speed vs = 30.1 m/s

Workpiece speed

vw1 = 0.9 m/min
vw2 = 1.0 m/min
vw3 = 1.2 m/min
vw4 = 1.3 m/min
vw5 = 1.5 m/min
vw6 = 1.6 m/min

Machining allowance (working engagement, grinding depth)
ae1 = 0.01 mm
ae2 = 0.02 mm
ae3 = 0.03 mm

Number of passes: grinding/return 1/1
Grinding direction Up grinding
Dresser Single-point diamond dresser
Dresser weight Qd = 1.0 kt (0.2 g)
Grinding wheel peripheral speed while dressing vsd = 30.1 m/s
Dressing allowance ad = 0.01 mm
Axial table feed speed while dressing vfd = 40 mm/min
Number of dressing passes id = 10
Environments WET—conventional flood method
Coolant AGIP Aquamet 104 Plus in a 5% concentration
Coolant flow rate Q = 3 L/min
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Figure 3. Distribution of grinding force components: Ft—tangential component; Fn—normal compo-
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As the cooling and lubricating fluid, a water–oil emulsion based on AGIP Aquamet 104
Plus oil in 5% concentration was used. Aquamet 104 Plus is a semi-synthetic emulsifying oil
containing mineral and synthetic oils, as well as anticorrosive, detergent, and EP additives.
The oil manufacturer states that its kinematic viscosity (at 40 ◦C) ν = 28 mm2/s, and its
density (at 20 ◦C) ρ = 1.01 g/cm3. Emulsion was supplied to the grinding zone through
two nozzles with a total flow rate of Q = 3 L/min.

3. Experimental Results
In Figure 4, an example time plot of the tangential component Ft and the normal

component Fn of the grinding force is presented, recorded during the working pass using
the following machining parameters: ae = 0.01 mm and vw = 0.9 m/min.
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grinding force during the working pass; ae = 0.01 mm, vw = 0.9 m/min, sampling frequency 10 kHz.

As shown in the above graph, the shape of the course of both components of the
grinding force depends on the length of contact between the grinding wheel and the
workpiece. This length changes with the position of the grinding wheel relative to the gear-
shaped sample with four teeth. For this reason, the graph is divided into four segments of
force variability, corresponding to the four teeth of the hob cutter edge. These segments are
numbered sequentially as I, II, III, and IV.

As can be observed in Figure 4, the highest value of the grinding normal force compo-
nents in each of the four segments was obtained near the tooth tips, where the contact line
is the longest. Similarly, the lowest value of the grinding force components was recorded at
the tooth roots, where the contact line is the shortest.

It is worth noting that the presented force measurement is noisy. Fourier transforma-
tion showed that the noise frequency is close to the frequency associated with the variable
dimensions of the gear-shaped sample.

The example time plot of the grinding force components shown in Figure 4 was
obtained for one of the 54 measurements conducted under different machining conditions,
considering three repetitions for each of the 18 sets of grinding parameters. To quantitatively
compare the obtained results, the average value of Ft and Fn from segment II was calculated
for each of the 54 working passes. This segment was taken from the full measurement,
from the moment of reaching the minimum near segments I and II, to reaching the next
minimum near segments II and III, as shown in Figure 4. Then, each of the three calculated
average values for each of the 18 sets of grinding parameters was used to determine the
average value of Ft and Fn representing a specific set of grinding parameters.

In Figure 5, the average normal component Fn of the grinding force is shown as a
function of the workpiece speed vw and three different values of machining allowance
ae. The smallest and largest values for each of the 18 sets of measurement results are also
marked on the graph.

Similarly to the above, Figure 6 shows the average tangential component Ft of the
grinding force as a function of the workpiece speed vw.

As shown in Figures 5 and 6, increasing the workpiece speed vw at a constant grinding
depth ae causes an increase in both the normal component Fn and the tangential component
Ft of the grinding force. A similar effect is observed when increasing the grinding depth
ae while maintaining a constant workpiece speed vw, as shown in Figures 7 and 8. As
expected, the smallest values of both Fn and Ft were achieved during grinding at the lowest
workpiece speed (vw = 0.9 m/min), while simultaneously removing the smallest machining
allowance (ae = 0.01 mm).
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4. Force Models of Grinding Process
4.1. The Polynominal Model Force

The obtained experimental results allowed for the construction of a model for the
normal component and the tangential component of the grinding force occurring during
the hob cutter sharpening process. The models for the normal component Fn available in
the literature gave divergent results compared to the conducted experiment. Ultimately,
the best-fitting model was accepted, whose general form as a polynomial for the normal
component Fn was presented by Werner in [18]:

Fn = K·[C1]
γ·
[

Q′
w

vs

]2∈−1

·[ae]
1−∈·[ds]

1−∈, (1)

where K is the proportionality factor, C1 is the cutting edge density, γ is an exponent
depending on the grinding parameter, Q’

w is the specific material removal rate, vs is the
grinding wheel peripheral speed, ∈ is an exponent depending on the workpiece material,
ae is a grinding depth, and ds is the diameter of the grinding wheel.

Based on Equation (1), our own mathematical model was proposed, encompassing
both components of the grinding force, in the form of the equation:

Fn,t(vw, ae) = K·
(

vw

vs

)2 f−1
·
( ae

D

) f
·D, (2)

where

K—grinding coefficient, N/mm;
f —exponential coefficient;
vw—workpiece speed, m/min;
vs—grinding wheel peripheral speed, m/s;
ae—grinding depth, mm;
D—grinding wheel outer diameter, mm.

Based on the results obtained from the experimental studies, the parameters of the
mathematical model were calculated using the least squares method, in the Mathematica
software (version 8). After substituting them into Equation (2), two equations for calculating
the components of the grinding force were obtained:
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Fn(vw, ae) = 506.751·
(

vw

vs

)0.3622
·
( ae

D

)0.6811
·D, (3)

Ft(vw, ae) = 598.263·
(

vw

vs

)0.5995
·
( ae

D

)0.7998
·D, (4)

where

vs = 30.1 m/s;
D = 125 mm.

The multiple regression coefficient for these procedures was estimated at 0.9989 for
normal force Fn and 0.9946 for tangential force Ft.

4.2. The Regression Analysis Procedure

To determine the mathematical relationships for calculating the normal component
Fn and the tangential component Ft of the grinding force, the SKZ program (version 1.0)
was used, which has been successfully developed and utilized by the authors in other
research works [22–24]. The measured values from the experimental studies were used as
input data.

The SKZ program determines the coefficients of the multiple regression equation using
a regression analysis procedure based on the “acceptance and rejection” method [21]. The
selection of critical values of the statistic (Fkr) is made at a significance level of α = 0.4, and
after determining the regression function, it is changed to a value of α = 0.1. Calculations
begin with the simplest regression function, sequentially adding new terms. When a
newly added term reduces the significance of an already introduced term, it is considered
insignificant and removed from the regression function. After introducing all significant
terms, a panel with a preview of the calculation results is displayed on the monitor screen.

Ultimately, the function of the research object took the following general form:

Fn,t = F0·(vw)
fv ·(ae)

fa , (5)

where

F0—constant of the equation;
fv, fa—exponents of the equation.

The constants and coefficients determined from the calculations allowed for obtain-
ing the relationship for the normal component Fn of the grinding force with a multiple
correlation coefficient R = 0.8893:

Fn = 876.6·(vw)
0.338·(ae)

0.685. (6)

Similar calculations allowed for obtaining the relationship for the tangential compo-
nent Ft of the grinding force with a multiple correlation coefficient R = 0.8604:

Ft = 775.9·(vw)
0.529·(ae)

1.052. (7)

The significance of the obtained multiple correlation coefficients R was determined
using the Fisher–Snedecor F-test. For this purpose, the test values of the F factor were
calculated and compared with the critical values Fkr. Since the F values are greater than the
Fkr values, the correlation coefficients should be considered significant, which, as indicated
in [25], entails the agreement (at a significance level of α = 0.1) of the regression function
equation with the results of the conducted experimental studies.
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4.3. Comparison of Models and Experiment Results

Despite the satisfactory values of the multiple correlation coefficients for the developed
mathematical models, they were also verified by comparing the calculated values of the
normal component Fn and the tangential component Ft of the grinding force with the values
obtained during the experimental studies. For this purpose, the values of the grinding
force components Fn and Ft were calculated for the 18 sets of grinding parameters used in
the studies using Equations (6) and (7). Additionally, the values of both force components
were also determined based on Equations (3) and (4) of the polynomial model.

In Figure 9, a comparison of the experimental results with the results obtained from
the mathematical models describing the normal component Fn of the grinding force is
presented. A similar graph showing the tangential component Ft of the grinding force is
shown in Figure 10.
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The calculation results of Fn and Ft obtained from the two presented models are
summarized in Tables 2 and 3, respectively. In the case of the normal component Fn of the
grinding force, the relative errors of the models are larger compared to those obtained for
the tangential component Ft of the grinding force. The largest relative error for Fn in the
regression model occurs at a grinding depth ae = 0.01 mm ((|∆|) = 3.820%), while for the
polynomial model it occurs at a grinding depth ae = 0.02 mm ((|∆|) = 3.922%). Nevertheless,
the overall average errors for both models remain relatively small, amounting to 3.241% for
the regression model and 3.228% for the polynomial model.

It is worth noting that the largest relative error for the models of the tangential
component Ft of the grinding force is observed in the regression model ((|∆|) = 2.016%) and
the polynomial model ((|∆|) = 2.755%) at the same grinding depth ae = 0.01 mm, which is
the smallest. The overall average error for both models is quite small, amounting to 1.409%
for the regression model and 1.727% for the polynomial model.
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Analyzing Tables 2 and 3, as well as Figures 9 and 10, it can be seen that both models
effectively replicate the experimental results. In the case of the normal component Fn, the
results obtained from both models are almost identical, while for the tangential component
Ft, the results show a very small relative error despite the irregular course of the experi-
mental results. Therefore, the results calculated based on the presented models and the
results obtained from the experiment are consistent with each other.

Table 2. The values of the normal component Fn of the grinding force obtained experimentally and
calculated based on models.
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Table 2. Cont.
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1.6 68.105 70.469 2.364 3.471 71.032 2.927 4.298

0.9

0.03

75.480 76.588 1.108 1.469

1.841 2.132

76.013 0.533 0.706

1.611 1.868

1.0 83.828 79.365 4.463 5.324 78.969 4.859 5.796

1.2 84.340 84.410 0.070 0.083 84.360 0.020 0.024
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1.5 91.842 91.022 0.820 0.892 91.462 0.380 0.414

1.6 94.408 93.030 1.378 1.460 93.625 0.783 0.830

Total average error: 1.915 3.241 Total average error: 1.885 3.228

Table 3. The values of the tangential component Ft of the grinding force obtained experimentally and
calculated based on models.
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Table 3. Cont.

Input Data Regression Model Polynomial Model
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1.3 14.053 14.547 0.494 0.777 15.340 1.287 2.025

1.5 16.572 15.691 0.881 1.320 16.714 0.142 0.213
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1.5 22.865 24.038 1.173 1.277 23.116 0.251 0.273

1.6 22.945 24.872 1.927 2.042 24.028 1.083 1.147

Total average error: 0.827 1.409 Total average error: 0.968 1.727

5. Conclusions
The article presents mathematical models in the form of multiple regression functions

and polynomial functions, enabling the calculation of the normal component Fn and the
tangential component Ft of the grinding force during the sharpening of the rake surfaces of
hob cutters. The models were determined based on the results of experimental studies.

Based on the obtained research results, it can be concluded that:

1. Both the experimental results and the results obtained from the calculations based on
the models indicate that as the grinding depth ae increases, the values of the grinding
force components (Fn and Ft) also increase, which was expected. A similar relationship
was found when the workpiece speed vw was increased.

2. In the case of the normal component Fn, the overall percentage average errors for
both models remain small, amounting to 3.241% for the regression model and 3.228%
for the polynomial model. For the tangential component Ft, the overall percentage
average error for both models is small, amounting to 1.409% for the regression model
and 1.727% for the polynomial model.

3. The values of both grinding force components calculated based on the mathematical
models are consistent with the results obtained from the experiment. In the case of
the Fn component, the calculated values in both cases deviate insignificantly from
the experimental values, while for the Ft component, the results show a very small
relative error despite the irregular course of the experimental results, which should be
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considered very satisfactory. Additionally, the high value of the multiple regression
coefficient for both models demonstrates compliance with the experimental results.

4. The developed models provide a good basis for analyzing the hob cutter sharpening
process with variable grinding parameters, and can also be used in modelling the
dynamic grinding process.
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