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Abstract: The subject of the work is analysis, which presents a renowned auxetic structure based
on so-called rotating polygons, which has been subject to modification. This modification entails
introducing pivot points on unit cell surfaces near rectangle corners. This innovative system reveals
previously unexplored correlations between Poisson’s ratio, the ratio of rectangle side lengths, pivot
point placement, and structural opening. Formulas have been derived using geometric relationships
to compute the structure’s linear dimensions and Poisson’s ratio. The obtained findings suggest
that Poisson’s ratio is intricately tied to the structure’s opening degree, varying as the structure
undergoes stretching. Notably, there are critical parameter limits beyond which Poisson’s ratio turns
positive, leading to the loss of auxetic properties. For elongated rectangles, extremely high negative
Poisson’s ratio values are obtained, but only for small opening angles, while with further stretching,
the structure loses its auxetic properties. This observed trend is consistent across a broad category of
structures comprised of rotating rectangles.
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1. Introduction

Metamaterials are man-made materials with unusual optical, electrical, or magnetic
properties with no counterparts in nature. They can be regarded as a new class of ordered
materials whose properties stem from qualitatively new functions in response to the applied
stimuli. These properties are not observed in the constituent materials but result from the
arrangement of the structural units into homogenised continua. One can, therefore, think of
metamaterials as artificial materials produced by the appropriate spatial arrangement of so-
called unit cells. Within the group of metamaterials with specific mechanical properties, one
can further distinguish those with auxetic properties and those with non-auxetic properties.

Auxetic structures are mechanical, physical structures that, when subjected to external
forces, exhibit simultaneous changes in their linear dimensions in the longitudinal and
transverse directions. In tension, they expand longitudinally and transversely, whereas the
reverse is true in compression. In physical terms, they constitute a continuum made up
of repeating structural units that, when linked, transmit a force that moves the structure.
The synthetic parameter for auxetic structures is Poisson’s ratio, understood as the ratio
of the relative change in linear dimensions in the longitudinal and transverse directions.
It is, therefore, related to the internal movement of structural units. An auxetic structure
exhibits a negative Poisson’s ratio when moving from position 1 to position 2, the former
of which is usually the initial one.

Among the best-known structural units of auxetic structures are the so-called rotating
polygons (squares, rectangles, triangles) first proposed by Retsch [1,2] in 1965. However, it
is only since 2000 that Grima has popularised them as auxetic structures [3-5].
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It is noteworthy that among the notable auxetic structures are those whose elementary
cells are of the re-entrant type and the chiral type. The former (re-entrant) are derived from
Almgren [6], while chiral cells were first presented by Wojciechowski [7].

Numerous publications can be found on auxetic structures made up of rotating
squares [3,8-12], rotating rectangles [4,13-15], and other rotating polygons [5,16]. Among
the numerous theoretical studies of structures made of rectangular structural units, the work
of Grim’s team should be singled out, in which their auxetic properties were demonstrated
for a flexible combination of structural units [4,17].

A number of publications on these metamaterials introduce modifications to their struc-
ture. These include building composite systems [18-22] or hierarchical systems [10,23-26] or
modifying the connections of the rotating polygons [21,27]. A distinct portion of research
concerns the fabrication of rotating polygon structures by cutting out rhombuses from
selected materials (perforated plate): polymer [12,28,29] and textiles [30]. In this case,
auxeticity is achieved, although the square unit cells are not quite rigid. Generally known
structures made up of rotating polygons are characterised by their internal geometrical
structure, which consists of a flexible part (joints) and a rigid part (unit cells). The flexible
part allows the basic structure to rotate or move, while the rigid part constrains the flexible
part and provides the framework to maintain structural stability.

The flexible joints in the structure can only change in their dimensions and shape
within the range of elastic elongation, which usually does not exceed a few per cent,
although, for polymers, it can reach higher values. It is well known that as a result of
the applied load, especially when applied cyclically, the joints of the unit cells become
damaged, and the structure loses its properties.

One remedy for this inconvenience is to connect the unit cells with the pivot points (in
the form of cylinders) on their corners. The idea of connecting the unit cells with cylinders
is not new, e.g., Ref. [5], but the resulting relationships and well-functioning structures
utilising it are not well-known. This solution—combining square or rectangular structural
units with pivots—has become very appealing, and the resulting structures exhibit novel
characteristics. A modified model of rotating polygons is thus obtained, demonstrating
reliable and fail-safe functioning in tension and compression [31].

This is an improved two-dimensional version of the well-known ‘rotating squares’
model [1,3].

When such structures are stretched or compressed, the units not only rotate and change
the angles between their adjacent sides, but they also shift, leading to planar expansion or
contraction, which constitutes an auxetic behaviour. Such a structure deforms not only by
the relative rotation of the squares but also by their translation.

The present work attempts to analyse auxetic structures based on real physical models
made up of rectangles connected by pivots, with the geometric relationships as the main
focus of the analysis. This approach allows us to immediately validate the mathematical
relationships and determine their limits. Because of the modifications made to the rotating
rectangles by introducing pivots connecting the unit cells, there have been particular
constraints on the implementation of the structures. Namely, the angle of rotation of the
units was constrained to a certain limit as a result of the compression of the structure, while
the placement of the pivot points depended on the size of the rectangular cells.

The rectangles are connected by pivots and partially overlap with each other, exhibit-
ing little friction (depending on the degree of roughness). A prerequisite for the proper
functioning of the structure is the rigidity of the material of the rectangle units, which
interact with each other through pivot points in tension or compression. In the closed
position, however, parts of the edges of the rigid rectangles rest on each other and offer
resistance.

This work attempts to bridge the gap between the multitude of simulation studies
and the potential application of auxetic structures. Especially since, to achieve this goal,
it is necessary to re-examine the results of the simulation studies and build real physical
models, as well as verify their functioning. It is, after all, generally accepted that analyses
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concerning auxetic structures are carried out using simulation methods and computer
graphics. They provide general information on these metamaterials, which, however, often
requires revision based on the behaviour of real metamaterial structures. The need to verify
and validate simulation results is usually neglected.

In the simulations, the mechanical metamaterial is not a tangible thing and is rather a
result of the design approach. The study presented here, on the other hand, is concerned
with physical structures for which the crucial characteristics and relationships between
geometry and other properties have been identified. This aspect of the work is both
innovative and practical.

2. Problem Statement
2.1. Modified Structure of ‘Rotating Rectangles’

The metamaterial structure is made up of units in the form of rectangles with side
length ratios a/b. The rectangles are connected by pivots located on their diagonals at
a distance of x x a from the edge of the shorter side b (Figure 1). By joining the units, a
metamaterial structure is formed, the smallest segment of which contains four such units.

Figure 1. Rigid structural unit with marked pivots and the geometrical parameter x, and a metamate-
rial structure made of 4 rectangles connected by pivots with marked angle 8 in the closed position
and structure dimensions X1 and X2. In the figure: rectangle structural unit (a) where “a” and “b” are
the lengths of the rectangle sides, the left structure (b) is in the closed position, and the right structure
is in the open position (c).

When an axial force is applied in a horizontal direction, the structure is simultaneously
stretched, and the rectangles rotate about the pivots. The shear forces acting on the pivots
depend on the applied tensile or compressive stress.

Structures of this type can be produced, granted that the geometrical parameter x

satisfies the condition: 1

2(4+1)

For a parameter value of x = 0.5/(a/b + 1), the structure becomes locked because the
unit cells block each other.

In addition, it is also necessary to fulfil the second condition, which ensures the folding
of the structure when it is compressed into the closed position. This position is characterised
by the angle 6, whose value depends both on the placement of the pivot (parameter x) and
on the size of the unit cell expressed by the a/b ratio.

Figure 2 shows the required relationship between the angle 6 and the x parameter for
the given a/b values.

X <

)
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Figure 2. Relationship between theta angle (in the closed position) and the parameter x.

The relationship shown (Figure 2) means that, for a given value of the geometric
parameter X, one can produce a structure made up of the so-called rotating rectangles with
a side ratio a/b, which in the closed position reaches the specified angle 6 (as in Figure 1b).
The value of the angle 6 is then used to determine the size of the structure in the closed
position, providing the basis for calculating the Poisson’s ratio. On the other hand, the
auxetic properties (negative Poisson’s ratio) of the structure are obtained for certain values
of the parameters a/b and x and a corresponding opening of the structure by an angle 3,
with 3 > 0. The maximum elongation of the structure corresponds to the angle value 3
resulting from the dimensions of the structure:

tanBpmax = % ()

where a and b are the lengths of the rectangle sides.

When stretching the structure and moving from the closed to the open position, there is
a change in the angle, which can reach the maximum value resulting from the condition (2).

The deformation mechanisms and the value of the Poisson’s ratio can be readily
identified by visual analysis of the structure. Figure 3 contains the marked and compared
sizes X1 and X2.

In the case shown in Figure 3, the dimensions of the structure are calculated as the
sum of the component lengths.

X1 =c+2d+2e+jand X2 =2i+2h 3)

The Poisson’s ratio is determined from the following relationship derived from axial
displacement:
X1(open)—X1(close)
_ X1(close)
Vi2 = X2(open)—X2(close) @)
X2(close)
In contrast, the value shown below vy is the inverse of vi;.
The Poisson’s ratio accounts for the changes in the dimensions of the structure, i.e., it
is related to the displacement caused by uniaxial tension or compression. In this sense, it is
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the so-called engineering Poisson’s ratio [5], defined as the negative ratio of the relative
linear strains in which the initial and final states of the system are relevant.

close open open
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Figure 3. 3 x 2 structure in the closed position (a) and two open positions for 3 = 45° (b) and for
B =56° (c), for a/b = 1.5, with marked lengths relevant for calculating the dimensions.

In the case of the modified ‘rotating rectangles’ structure under consideration, the
Poisson’s ratio depends on the parameters a/b and x or a/b and 6, while for a given
parameter pair, it does not depend on the number of unit cells (rectangles) in the structure.

Referring to Figure 3, the considered system can be represented by a set of periodically
arranged unit cells in which rotating rectangles with overlapping corners are placed in two
adjacent planes. Thanks to this alignment, the projections of the structure on the plane
allow us to find the formulae for calculating the dimensions of the structure. It can be
added that the geometry of the structure is quite complex, and the value of the Poisson’s
ratio can be obtained by deriving analytical equations involving the geometrical parameters
of the structure.

To determine the structure dimensions of X1 and X2, in both the closed and open
positions, the following relationships are used for the component lengths: where a and
b are the lengths of the rectangle sides, x is the geometric parameter defined in Figure 1,
and the angle 6 is the angle between the axis X2 and the longer edge of the rectangle in
the closed position. The section lengths listed in Equation (5) were defined according to
Figure 3a. This angle is characteristic of the closed position and is a function of the size of
the rectangle and the parameter x. Upon stretching of the structure, as the rectangles shift,
this angle increases until it reaches the value of the rectangles’ diagonal angle (maximum
opening position)—Formula (2).

Such a structure is deformed only by the relative rotation of the rectangles and the
component lengths (Equation (5)), and hence, the structure dimensions X1 and X2 are
functions of a single variable—the changing angle.

c=a X sinf

d = (b —bx — axtan®) xcosf

e = (a—ax— ;25)xsind

f =a x cosf

g = (b —bx — 5) x sinf

h = (a — ax — bxtan®) x cosd

©)

i=D>b x sinf

j =b x cost
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2.2. Analytical Models Based on Geometric Transformations

The analysis of structures of arranged polygons can be carried out using simple rules
derived from trigonometry. The regular arrangement of the unit cells makes it easy to find
the relationship between the lengths of the individual sections and the angles between
them. Such an analysis yields reliable results, unhindered by any simplifying assumptions.

2.2.1. Properties of a 4 x 4 Structure (for a Fixed Value of x)

The structures chosen for the analysis are 4 x 4 structures made up of rectangular unit
cells with a/b = 1.5 for the value of the geometric parameter x = 0.1, at which the auxetic
properties (v < 0) are obtained. Both the opening of the structure up to an angle of 45° as
well as its opening at the maximum elongation (3 = 56°) lead to negative Poisson’s ratio
values (Figure 4).

a/b=15 x=0.1

(b)

Figure 4. 4 x 4 structure in the closed position and two open positions, for a/b =1.5x=0.1, 0 = 11.04°
with marked lengths for calculating the dimensions of the structure.

A structure under tension in the horizontal direction causes a change in the inclination
of each parallelogram relative to the plane of the structure’s surface. This results in the
opening of the entire structure, leading to increased dimensions in both the horizontal and
vertical directions and the NPR (Negative Poisson’s Ratio) effect.
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When stretching a structure with the parameter x = 0.1, rectangles of size a/b =1.5
rotate from the angle 6 (closed position) to a maximum angle 3 = 56°. In the open position
for the angle 3 = 45°, maximum expansion is only achieved for square units (a/b = 1). In
the example analysed (Figure 4), the transition from the closed position to an open position
results in a Poisson’s ratio of —6.29 and —171.1 for § = 45° and 3 = 56°, respectively. It
may be added that the observed expansion cannot be initiated internally and, in order to
expand the system, external tensile force must be applied to the pivots at points A and B in
order to achieve the angle 3 = 45°, while in order to achieve the angle 3 = 56°, tensile force
must be applied at points C, D and E, F, as shown in Figure 4. This means that when the
structure is fully stretched (3 = 56°), the diagonals of the rectangles align with the direction
of stretching. The structure expands as it is stretched (uniaxially), utilises the uniformity of
the rigid elements, and, in practice, only demonstrates reliability for pivot connections.

It is obvious that if the deformation of the rectangles or shearing of the pivots occurs,
the structure will lose its auxetic properties. The pivot material must have good mechanical
properties, particularly a good shear resistance. The presented solution allows full control
in terms of deformation and makes it possible to reproduce the auxetic behaviour at various
scales.

Using the relationships given above, the characteristic values of Poisson’s ratio and
relative elongation in tension were calculated for the analysed structure. For the 4 x 4
structure shown in the figure, the auxetic properties are obtained.

The illustrations (Figure 5) show how the Poisson’s ratio v1; changes with the stretch-
ing of the 4 x 4 structure when tensile forces are applied at points A and B and the resulting
opening angle reaches 45°, and when the forces are applied at points C, D and E, F causing
a final opening with beta = 56° (see Figure 4). In the latter case, very high NPR values are
achieved. It should be noted that for higher values of v15, Vo1 tends towards very small
values. This is a consequence of minor dimensional changes.
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Figure 5. Poisson’s ratio and relative elongation as a function of opening angle 3 for the 4 x 4
structure, with a/b = 1.5 and x = 0.1, (a)—v1» vs. B for the forces applied at points A and B, (b)—
a—vV1p vs. P for the forces applied at points C, D, E and F, (¢)—AX1/X1 vs. B, (d)—AX2/X2 vs.
B.
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Characteristics of the 4 x 4 structure, with a/b = 1.5 and x = 0.1, as shown in Figure 5,
indicate the full auxetic properties achieved. The negative value of the Poisson’s ratio
increases with the degree of opening of the structure. When stretched, the structure
expands horizontally in a monotonic manner, while vertically, it initially expands, reaching
a maximum, yet after that, it contracts. If the elongation reaches very small (yet still
positive) values, the negative Poisson’s ratio increases rapidly. This occurs for large values
of the degree of opening, 3 > 50°.

The relationships presented here most importantly indicate that Poisson’s ratio is
always a function of the degree of opening of the structure. Its value changes when the
structure is stretched.

2.2.2. Properties of the 4 x 4 Structure (for Different Values of x)

If, for the structure shown in Figure 4, the position of the pivot point is changed, i.e.,
the geometrical parameter x is altered, one can produce various metamaterial structures,
both auxetic and non-auxetic.

By changing the position of the pivot points, with the geometrical parameter x varying
within the allowed limits, the Poisson’s ratio varies within wider limits.

By first considering the maximum stretching of the structure (from closed to open
position), the relationship between Poisson’s ratio and the geometric parameter x was
derived (Figure 6a). For a selected rectangle with a side ratio a/b = 1.5, one obtains greater
values of the Poisson’s ratio the greater the parameter x, i.e., the further the pivot point is
from the edge of the rectangle. Whereas for specific values of the parameter x (x — 0.1 or
x — 0.16), extremely high NPR values are obtained. However, these values relate to the
high degree of opening of the structure—the high values of the angle 3 (Figure 6b).

close(Theta)-open(Beta=45° or 56.3°), a/b=1.5 close(Theta)-open(Beta), ab=15

20 - / \ 07

10 \' H%
~ u\:\D\( o~ “K \%\
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3 j\\ / ] 0.135
2 -20 \‘ 8 —0.15
c € 15

30 ——a5 | |

——56.3°
-40 20
0.00 0.05 0.10 0.15 0.20 10 15 20 25 30 35 40 45
x Beta °
(a) (b)

Figure 6. The change in Poisson’s ratio for two open positions, structure with a/b = 1.5 for different
values of the geometrical parameter x, (a)—vyp vs. X, (b)—v1p vs. B.

The included calculation results show that by changing the position of the geometrical
parameter X, one can switch between an auxetic and a non-auxetic behaviour (Figure 6a).
By shifting the position of the pivot point of the rectangles, positive values of the Poisson’s
ratio can be obtained (for large values of the angle 3).

A further possibility of obtaining the desired NPR values for the structures under
consideration is to change the dimensions of the rectangular unit cells and, in particular,
the a/b ratio values. By manipulating the size of the rectangular cells, further possibilities
are opened in the whole spectrum of structures with a high negative Poisson’s ratio.

The demonstrated relationships indicate that there is a limit to the strain (degree of
opening) for which structures exhibit an auxetic behaviour (Figure 7a). This statement
indicates that in producing modified auxetic structures using rectangles as unit cells (subject
to the above-mentioned conditions), the auxetic properties can always be obtained if the
angle {3 of the opening of the structure is sufficiently small.
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Figure 7. Changes of the Poisson’s ratio as a function of the opening angle for structures made of
rectangles with different a/b (a) and Poisson’s ratio values as a function of the a/b parameter for the
maximum opening (b). The angle of the maximum opening follows the relationship 3 = arctan(a/b).

It should be noted that structures (at x = 0.1) made of rectangles with a/b = 1.3 and
1.5 show auxetic properties for the whole range of the 3 angle, while those with a higher
value of a/b (a/b > 1.5) first show negative and then positive values of the Poisson’s ratio
(Figure 7b). Moreover, a particular property of such structures is that for a/b > 1.3, they
can achieve extremely high values of the Poisson’s ratio.

By changing the position of the pivot points, the increase in the parameter x can also
result in a significant change in the Poisson’s ratio, accompanied by a decrease in relative
elongation. This property is shown in Figure 8.
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Figure 8. Change in Poisson’s ratio as a function of the opening angle of the structure for the range
within which auxeticity is exhibited (a) and the magnitude of the expansion as a function of the
opening angle (b) for structures a/b = 1.5.

The presented graphs (Figure 8) indicate that the analysed structure is able to exhibit
negative Poisson’s ratios for large strains (with large changes in the opening angle {3). One
can also observe an increase in relative elongation along with the increase in the opening
angle 3, although this is limited by the increase in the parameter x. The further the pivot
point is from the edge, the smaller the relative elongation (Figure 8b).

Regarding Figure 8, the system under consideration can be represented by a structure
with x = 0.125. Considering the two extremes—in this case, the maximum elongation of the
structure and, for comparison, small elongation—one can observe the particular tendencies
presented in Figure 9.
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Figure 9. Relationship between Poisson’s ratio and the dimensions (a/b) of the rectangular cells for x
= 0.125 when going from an angle of 0 to the opening angle equal to 30° as well as to the angle of 45°
(full opening)—(a), along with the Poisson’s ratio values for stretching individual structures (varying
a/b) from an angle of 6 + 10° (partial opening)—(b).

From the equation in Figure 9a, it can be seen that a negative Poisson’s ratio can
be obtained for structures made of rectangular units, provided that the opening angle
is appropriately selected. For example, for a structure with the parameters a/b = 2 and
x = 0.125, negative values can be obtained for the angle 3 = 30°, i.e., without stretching the
structure to the limit value of 45°.

The results shown in Figure 9a for structures with x = 0.125 should also be addressed
here. In this case, the negative Poisson’s ratio generally increases with the lengthening of
the rectangles until they reach a maximum value, after which they move towards positive
values. The effect is qualitatively similar for large and small degrees of opening, yet it is
more pronounced for small values of the beta angle. It can be seen that when the structures
are slightly stretched, for rectangles with the parameter value a/b = 2, there is a large
negative change in the Poisson’s ratio (Figure 9b), while for shorter rectangles, the negative
Poisson’s ratio values are not very large and almost constant when the structure is stretched
from the angle 6 + 10° to the angle 3. On the other hand, for a highly elongated structure
a/b = 2.5, even with a small opening, the Poisson’s ratio is positive—as shown in Figure 9b.

By manipulating the geometrical parameter x, or more precisely by reducing it, the
auxetic properties can be obtained even for long rectangles. However, for structures
made up of larger rectangles (a/b = 2.5), there is only a narrow range of auxeticity. This is
determined by the low value of the parameter x and the small opening angle of the structure
(3. This is demonstrated in the example in Figure 10 with a structure that exhibits negative
Poisson’s ratios at small strains and a positive Poisson’s ratio only when further stretched.

The structure shown in Figure 10f (a/b = 2.5) shows very limited auxetic behaviour
and a tendency towards extreme values of the Poisson’s ratio.

The analysis obtained shows that structures with rectangles with a high a/b ratio
obtain auxetic properties for small values of x and a small degree of opening 3. After
exceeding the limit value of the 3 angle (in this case, 24.25°—Figure 10a), the structures lose
auxetic properties, with the increasing relative change in linear dimensions in the horizontal
direction (Figure 10c), and the relative change in the vertical direction reaching a maximum
and then strongly decreasing (Figure 10d,e). The graphical relationships in Figure 10 show
that for an opening angle of 25°, i.e., above the structure’s limit value, a positive Poisson’s
ratio is obtained. This example is intended to present the typical behaviour of metamaterial
structures, which only exhibit auxetic properties in certain predefined conditions. As
the presented structure allows for full control of the strain pattern, it can result in small
elongations in the vertical direction at a high Poisson’s ratio, which may be of interest for
applications in, e.g., electronics.
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Figure 10. Changes in Poisson’s ratio as a function of the opening angle for small (a) and for large
(b) values of parameter x—structure with a/b = 1.5 (where (a) v12 vs. 3; (b) v21 vs. §3; (c) AX1/X1 vs.
B; (d,e) AX2/X2 vs. B; (f) structure sketch).

To demonstrate the possibilities of adjusting the parameters for a ‘rotating rectangles’
structure suitable for design purposes, a comparison was made as to how far a change in
the position of the pivot points affects the value of the Poisson’s ratio.

The Poisson’s ratio for 4 x 4 structures with a/b = 1.5 in full elongation (open (Beta
= 45°)) as a function of the parameter x, and the change in Poisson’s ratio values when
stretched by the value of the Beta angle (Theta < Beta < 45°) are shown in Figure 11.
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Figure 11. Changes in Poisson’s ratio as a function of the opening angle for small (a) and for large
(b) values of parameter x—structure with a/b = 1.5.

Small values of x result in relatively small values of the Poisson’s ratio and with little
change in it when the structure is maximally stretched (Figure 11a). On the other hand, for
large values of the parameter x, as shown in Figure 11b, large changes in this ratio must be
taken into account.

Depending on the needs, a desired auxetic structure can be designed from selected
rectangles (with a/b ratio) by connecting the rectangles with pivots located according to
the value of the geometrical parameter x.

To summarise the presented analysis of structures made of so-called ‘rotating rectan-
gles’, one can be sure that it allows one to easily proceed to programming the fabrication of
physical models and experimentally control the geometrical parameters in those models.

3. Models of Auxetic Structures

Flat auxetic structures made of rectangular unit cells show changes in linear dimen-
sions when subjected to force. These changes are easy to follow on physical models,
especially as their magnitude can be seen precisely on the basis of the analysis of structures
outlined above.

In order to demonstrate that 2D mechanical metamaterials assembled from rectangles
are able to exhibit a range of typical auxetic behaviours, numerous physical models were
made. The assembly technique was used, connecting metal unit cells perforated near their
corners. The precision of the manufacturing of the unit cells, i.e., the dimensions and the
exact positioning of the perforations for the pivots, determines the correspondence between
the theoretically calculated and measured dimensional changes of the assembled structures.

3.1. Examples of Conditionally Auxetic Structures

One can be convinced that actual physical structures can provide a better understand-
ing of the potential of rotating rigid units to yield an auxetic behaviour.

3.1.1. A 4 x 4 Structure Model, fora/b=15and x=0.1

Metal rectangular unit cells connected by pins are shown in Figure 12. For the given
parameters a/b and x, the value of the theta angle is 8 = 11.04°.

The transition between closed to open positions occurs when the structure is stretched
horizontally. For symmetrical structures (same number of unit cells vertically and horizon-
tally) stretched to (3 = 45°, a square shape is obtained, i.e., X1 = X2. For the given parameters
a/b =1.5 and x = 0.1, the structure exhibits full auxetic properties, i.e., NPR—Figure 13a.
This applies to the stretching of the structure both up to an angle of 3 = 45° and up to a
maximum stretch with an angle of 3 = 56.3°.
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Figure 13. Relationship of the Poisson’s ratio as a function of the opening angle 3 for a structure with
the parameters a/b = 1.5 and x = 0.1 and a/b = 1.5 and x = 0.17 (a), as well as a structure with the
parameters a/b = 1.5 and x = 0.2 (b).

By manipulating the position of the pivots, structures can be obtained that exhibit
both negative and positive Poisson’s ratio values. As shown in Figure 3a, increasing the
value of the x parameter from 0.1 to 0.17 results in a structure exhibiting NPR below an
opening angle of 3 <40°. In contrast, the image of the structure with parameter x = 0.2 in
Figure 13b shows unit cells mutually blocking each other. Such a locked structure is the
result of the failure to fulfil condition (1).

3.1.2. A 4 x 4 Structure Model, fora/b=42/26 =1.61,x=5.5/42 =0.1309, 6 = 19°

A structure constructed from rectangular frames with sides with a ratio of 1.61 and
parameter x = 1.1309 is shown in Figure 14. It is immediately apparent that in the open
position, the vertical dimensions of the structure are smaller than in the closed position.
This means that for an angle of 3 = 45°, the structure has a positive Poisson’s ratio.
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Figure 14. A 4 x 4 structure with parameters a/b = 42/26 = 1.61, x = 5.5/42 = 0.1309 in the closed
position (a) and in the open position (b), along with the relationship of the Poisson’s ratio (c) with the
relative change in linear dimensions (d) as a function of the opening angle 3.

Also, for maximum elongation (3 = 56.3°), the design does not achieve NPR. For angle
values 3 < 40°, auxetic properties are exhibited (Figure 14c), which is due to the positive
values of the relative dimensional changes (Figure 14d). As the structure stretches, it
expands monotonically in the horizontal direction. Whereas the corresponding elongation
of the structure in the vertical direction reaches a maximum: the dimensions in the vertical
direction first increase and then decrease.

3.1.3. A 10 x 4 structure Model, a/b =25/12.5=2,x=2.5/25=0.1, 0 = 15°—Figure 15

By using a rigid and flexible material (0.09 mm thick steel), a 2D structure was assem-
bled from which a tubular structure could be produced. With the given parameters, a range
of beta angles is obtained in which the structure exhibits NPR. This range is particularly
evident for the Poisson’s ratio, both calculated as the ratio of the relative change in dimen-
sions AX1/X1 to AX2/X2, i.e., v12 (Figure 15c) and vice versa, i.e., AX2/X2 to AX1/X1,
i.e., v21 (Figure 15d). In the latter case, we are dealing with an extremely high Poisson’s
ratio. This always corresponds to a very small change in linear dimensions in one of the
directions.
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Figure 15. A 10 x 8 structure with the parameters a/b =25/12.5 =2, x = 2.5/25 = 0.1 in the closed
position (a) and in the open position (b), and the Poisson’s ratio relationships 12 (c) and 21 (d) and the
corresponding flat tubular structures in the closed position (e) and in the open position (f), as well as
the change in diameter D of the tubular structure as a function of the opening angle {3 (g).

The flat structure produces a tubular structure when rolled up (Figure 15e,f), whose
auxetic behaviour only occurs for a diameter value D greater than that obtained for the
closed position (i.e., = 15°). Figure 15g shows the changes in the diameter of the tubular
structure as a function of the opening angle 3, both calculated theoretically and mea-
sured. The differences are due to minor gaps in the pivots and some inaccuracies in their
positioning, which are common in the case of manual assembly.
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4. Summary

The system analysed in this work is shown in Figure 1 and it can be described as
an improved two-dimensional version of the well-known ‘rotating squares’ model. This
improvement is achieved by introducing additional elements that create the possibility of
rotating the rectangles. These additional elements are referred to in mechanical nomencla-
ture as ‘pin joints’ and are used for linking and fixing the units. These are cylindrical units
perpendicular to the structure of the rotating rectangles, which come closer together when
the structure is compressed into the closed position. It can be shown that pin joints do not
resist rotational movement and that the only resistance can arise from the friction of the
overlapping parts of the rectangles. On the other hand, the shear force acting on the pin
joints is transmitted through the rectangles. Its size corresponds to the friction resistance,
which is generally low.

Thus, by solving the problem of stable combinations of rigid squares [28] and rectan-
gles that retain their rotational motion by introducing the pivots at their corners, auxetic
structures exhibiting large values of longitudinal and transverse linear expansion have been
obtained. These expansion values are much greater than those occurring in unmodified
solutions [9]. The applied solution, therefore, offers advantages over the earlier one known
as ‘rotating squares’. It has been shown that to obtain a negative Poisson’s ratio, one has to
adjust the geometrical parameters both concerning the elementary cells themselves (in this
case, the size of the rectangle) and the placement of their pivots, which makes it easy to
make structures of thousands of unit cells all having the corresponding properties. It is,
therefore, possible to not only successfully predict the properties and theoretically design
the structure but also successfully assemble it. The plots of Poisson’s ratio and elongation
for different values of a/b and x shown in Figure 3-11 clearly demonstrate that the system
modified by adding the pivots at the corners of the rectangular planes exhibits different
properties. When the structure is compressed, the locking of the structural units in the
so-called closed position, characterised by the angle 6, occurs. By adjusting the parameters
a/b and x, the system can achieve ‘complete auxeticity’ in the sense of Wojciechowski,
meaning that it can exhibit a negative Poisson’s ratio for the transition from closed to open
positions. In this case, it is, for example, a/b < 1.5 for x = 0.1.

It was also shown that for the structures under consideration, the Poisson’s ratio
values tend towards +o0o or —oo when the structure is stretched beyond the limit values of
the opening angle for specified parameters a/b and x. A special feature of the modified
structure is the rigid structural units and the shear-resistant pin connections forming the
pivots. As a result of the application of tensile and compressive forces, there is no hindrance
to the rotation of the structure’s elements, as there is no elastic stress on the material.

In addition, the modified structures exhibit large dimensional changes because they
do not exhibit the constraints that occur in unmodified structures containing joints. In these
unmodified structures, the mechanical properties of the unit cell joints determine the size
change, yet in most materials, the elastic range is relatively small (¢ < 0.1).

The reliability and failure-free rotation of the rectangles during the stretching of the
structure may also provide the basis for many practical applications that could involve elec-
tronic components in intelligent systems or structural designs. By adjusting the geometrical
parameters a/b and x, one can precisely determine the range of Poisson’s ratio values and
the desired changes in the size of the structure. It should be emphasised that the present
work, using a modified system of ‘rotating squares’ [28] introduces a viable proposal for
useful auxetic structures while being free of the constraints arising from the breaking of the
joints as well as those related to their extensibility. Thus, it might be conducive to finding
real-world application possibilities in the development of meta-devices. For example, as
shown in Figure 4, impressive elongation effects can be achieved when stretching such
a structure. In compression, but beyond the critical values, buckling of the structure can
occur, which can be limited by the introduction of a sandwich structure. By linking several
layers of unit cells, the structure becomes more stable and, at the same time, requires less
material than an equivalent bulk structure. We, therefore, provide direct evidence of the
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reliability of the proposed system and its ability to achieve large negative Poisson’s ratios by
directly measuring the deformations that occurred when the prototype shown in Figure 12
or Figure 15 was stretched.

The measurements taken confirmed the calculated changes in linear dimensions. In
this respect, the work provides directions for the mass production of auxetic structures for
various applications requiring a large negative Poisson’s ratio and a small elongation in the
direction perpendicular to the force causing deformation of the structure.

5. Conclusions

Metamaterial structures assembled from rectangular structural units connected by
pivots can exhibit both positive and negative Poisson’s ratio values (depending on the
structural parameters and on the angle between the rectangles). The modified structures
formed from square unit cells, on the other hand, can only exhibit a negative Poisson’s ratio
of —1.

The modified concept of rotating rectangles has been tested experimentally, where
the theoretically calculated constraints for its implementation have been confirmed. The
structures presented here are, above all, feasible and differ markedly from the idealised
models commonly found in research. Rectangles are treated as perfectly rigid units, and
thanks to the introduced pivots, they rotate relative to each other without changing shape.
The paper has presented the design and development of a modified metamaterial structure
that can be applied in robotics. Its manufacturing involves linking rectangular unit cells
with pivots. The assembly allows the manufacturing of structures with a large number
of unit cells that can provide a defined degree of expansion. They can also serve as
metamaterials for buckling and fracture mechanics studies. This is especially true since
only physical models can allow us to understand the macroscopic properties of mechanical
structures. Only the bulk behaviour of the metamaterial can provide evidence of its
auxeticity and stability.

Author Contributions: J.P. came up with the idea presented here, including the model and the
geometric relationships, prepared the first draft of the manuscript, and constructed physical models
used as proof. M.P. arranged the editing and proofreading work, while G.J. realized compression tests
according to ].P.’s idea. All authors have read and agreed to the published version of the manuscript.

Funding: The present paper was financed in part by the Polish Ministry of Education and Science
within the statutory activity.

Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.
Data Availability Statement: Data are contained within the article.

Conflicts of Interest: The authors declare that they have no known conflicting social interests or
personal connections that may have arisen and influenced the work reported in this paper. The study
is part of a strategic area of interest covering the analysis and assembly of auxetic systems.

References

1. Resch, R.D. Geometrical Device Having Articulated Relatively Movable Sections. U.S. Patent 3,201,894, 24 August 1965.

2. Resch, R.D. Self-Supporting Structural Unit Having a Series of Repetitious Geometrical modules. U.S. Patent 3,407,558, 29 October
1968.

3.  Grima, ].N.; Evans, K.E. Auxetic behavior from rotating squares. J. Mater. Sci. Lett. 2000, 19, 1563-1565. [CrossRef]

4. Grima, ].N.; Alderson, A.; Evans, K.E. Negative Poisson’s Ratios from Rotating Rectangles. Comp. Meth. Sci. Technol. 2004, 10,
137-145. [CrossRef]

5. Grima-Cornish, ].N.; Grima, ].N.; Attard, D. Mathematical modeling of auxetic systems: Bridging the gap between analytical
models and observation. Int. ]. Mech. Mater. Eng. 2021, 16, 1-22. [CrossRef]

6.  Almgren, RF. An isotropic three-dimensional structure with Poisson’s ratio = —1. . Elast. 1985, 15, 427—430. [CrossRef]

7. Wojciechowski, K.W. Two-dimensional isotropic system with a negative Poisson ratio. Phys. Lett. A 1989, 137, 60—64. [CrossRef]

8.  Mrozek, A.; Strek, T. Numerical Analysis of Dynamic Properties of an Auxetic Structure with Rotating Squares with Holes.

Materials 2022, 15, 8712. [CrossRef]


https://doi.org/10.1023/A:1006781224002
https://doi.org/10.12921/cmst.2004.10.02.137-145
https://doi.org/10.1186/s40712-020-00125-z
https://doi.org/10.1007/bf00042531
https://doi.org/10.1016/0375-9601(89)90971-7
https://doi.org/10.3390/ma15248712

Materials 2024, 17,731 18 of 18

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.
22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

Broeren, EG.].; van der Wijk, V.; Herder, ].L. Spatial pseudo-rigid body model for the analysis of a tubular mechanical metamaterial.
Math. Mech. Solids 2020, 25, 305-316. [CrossRef]

Dudek, K.K;; Gatt, R.; Mizzi, L.; Dudek, M.R.; Attard, D.; Evans, K.E.; Grima, ].N. On the dynamics and control of mechanical
properties of hierarchical rotating rigid unit auxetics. Sci. Rep. 2017, 7, 46529. [CrossRef]

Sorrentino, A.; Castagnetti, D.; Mizzi, L.; Spaggiari, A. Rotating squares auxetic metamaterials with improved strain tolerance.
Smart Mater. Struct. 2021, 30, 035015. [CrossRef]

Ali, M.N,; Busfield, J.].C.; Rehman, I.U. Auxetic oesophageal stents: Structure and mechanical properties. |. Mater. Sci. Mater. Med.
2014, 25, 527-553. [CrossRef]

Liang, Y.; Huang, J.; Qu, J.; Huang, J.; Hui, D. Research on the auxetic behavior and mechanical properties of periodically rotating
graphene nanostructures. Nanotechnol. Rev. 2022, 11, 1733-1743. [CrossRef]

Slann, A.; White, W.; Scarpa, E; Boba, K.; Farrow, 1. Cellular plates with auxetic rectangular perforations. Phys. Status Solidi 2015,
252, 1533-1539. [CrossRef]

Williams, J.J.; Smith, C.W.; Evans, K.E.; Lethbridge, Z.D.A.; Walton, R.I. An analytical model for producing negative Poisson’s
ratios and its application in explaining off-axis elastic properties of the NAT-type zeolites. Acta Mater. 2007, 55, 5697-5706.
[CrossRef]

Warisaya, K.; Sato, J.; Tachi, T. Freeform Auxetic Mechanisms Based on Corner Connected Tiles. |. Int. Assoc. Shell Spat. Struct. ].
IASS 2022, 63, 263-272. [CrossRef]

Grima, J.N.; Manicaro, E.; Attard, D. Auxetic behaviour from connected different-sized squares and rectangles. Proc. R. Soc. A
Math. Phys. Eng. Sci. 2011, 467, 439. [CrossRef]

Afshar, A.; Rezvanpour, H. Computational Study of Non-Porous Auxetic Plates with Diamond Shape Inclusions. . Compos. Sci.
2022, 6, 192. [CrossRef]

Yang, W.; Gao, Z.; Yue, Z.; Li, X.; Xu, B. Hard-particle rotation enabled soft-hard integrated auxetic mechanical metamaterials.
Proc. R. Soc. 2019, 475, 20190234. [CrossRef] [PubMed]

Fang, X.; Wen, J.; Cheng, L.; Yu, D.; Zhang, H.; Gumbsch, P. Programmable gear-based mechanical metamaterials. Nat. Mater.
2022, 21, 869-876. [CrossRef]

Sakovsky, M.; Ermanni, P. A thin-shell shape adaptable composite metamaterial. Compos. Struct. 2020, 246, 112390. [CrossRef]
Zhang, Y,; Sun, L.; Ren, X,; Zhang, X.Y.; Tao, Z.; Xie, M.Y. Design and analysis of an auxetic metamaterial with tuneable stiffness.
Compos. Struct. 2022, 281, 114997. [CrossRef]

Jalali, E.; Soltanizadeh, H.; Chen, Y; Min, Y.; Pooya Sareh, X. Selective hinge removal strategy for architecting hierarchical auxetic
metamaterials. Comm. Mater. 2022, 3, 97. [CrossRef]

Seifi, H.; Javan, A.R.; Ghaedizadeh, A ; Shen, J.; Xu, S.; Xie, M.Y. Design of Hierarchical Structures for Synchronized Deformations.
Sci. Rep. 2017, 7, 41183. [CrossRef] [PubMed]

Mizzi, L.; Spaggiari, A. Lightweight mechanical metamaterials designed using hierarchical truss elements. Smart Mater. Struct.
2020, 29, 105036. [CrossRef]

Lu, D.; Fan, Y,; Li, H,; Seifi, S.; Zhou, Z.-L.; Zhao, Y.; Xie, M. Designing novel structures with hierarchically synchronized
deformations. Extrem. Mech. Lett. 2018, 19, 1-6. [CrossRef]

Cho, Y.; Shin, J.-H.; Costa, A.; Kim, T.A.; Kunin, V.; Li, ].; Lee, S.Y,; Yang, S.; Han, H.N.; Choi, 1.5.D; et al. Engineering the shape
and structure of materials by fractal cut. Proc. Natl. Acad. Sci. USA 2014, 111, 17390-17395. [CrossRef] [PubMed]

Bhullar, S.K.; Ko, J.; Ahmed, J.F; Jun, M.B.G. Design and Fabrication of Stent with Negative Poisson’s Ratio. Int. ]. Mech.
Mechatron. Eng. 2014, 2, 448-454. [CrossRef]

Grima, ].N.; Mizzi, L.; Azzopardi, K.M.; Gatt, R. Auxetic perforated mechanical metamaterials with randomly oriented cuts. Adv.
Mater. 2016, 28, 385-389. [CrossRef]

Dubrovski, P.D.; Novak, N.; Borovinsek, M.; Vesenjak, M.; Ren, Z. In-Plane Deformation Behavior and the Open Area of Rotating
Squares in an Auxetic Compound Fabric. Polymers 2022, 14, 571. [CrossRef]

Plewa, J.; Plonska, M.; Lis, P. Investigation of Modified Auxetic Structures from Rigid Rotating Squares. Materials 2022, 15, 2848.
[CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


https://doi.org/10.1177/1081286519875500
https://doi.org/10.1038/srep46529
https://doi.org/10.1088/1361-665X/abde50
https://doi.org/10.1007/s10856-013-5067-2
https://doi.org/10.1515/ntrev-2022-0098
https://doi.org/10.1002/pssb.201451740
https://doi.org/10.1016/j.actamat.2007.06.011
https://doi.org/10.20898/j.iass.2022.020
https://doi.org/10.1098/rspa.2010.0171
https://doi.org/10.3390/jcs6070192
https://doi.org/10.1098/rspa.2019.0234
https://www.ncbi.nlm.nih.gov/pubmed/31534427
https://doi.org/10.1038/s41563-022-01269-3
https://doi.org/10.1016/j.compstruct.2020.112390
https://doi.org/10.1016/j.compstruct.2021.114997
https://doi.org/10.1038/s43246-022-00322-7
https://doi.org/10.1038/srep41183
https://www.ncbi.nlm.nih.gov/pubmed/28117427
https://doi.org/10.1088/1361-665X/aba53c
https://doi.org/10.1016/j.eml.2017.11.006
https://doi.org/10.1073/pnas.1417276111
https://www.ncbi.nlm.nih.gov/pubmed/25422433
https://doi.org/10.5281/zenodo.1091366
https://doi.org/10.1002/adma.201503653
https://doi.org/10.3390/polym14030571
https://doi.org/10.3390/ma15082848

	Introduction 
	Problem Statement 
	Modified Structure of ‘Rotating Rectangles’ 
	Analytical Models Based on Geometric Transformations 
	Properties of a 4  4 Structure (for a Fixed Value of x) 
	Properties of the 4  4 Structure (for Different Values of x) 


	Models of Auxetic Structures 
	Examples of Conditionally Auxetic Structures 
	A 4  4 Structure Model, for a/b = 1.5 and x = 0.1 
	A 4  4 Structure Model, for a/b = 42/26 = 1.61, x = 5.5/42 = 0.1309,  = 19 
	A 10  4 structure Model, a/b = 25/12.5 = 2, x = 2.5/25 = 0.1,  = 15—Figure 15 


	Summary 
	Conclusions 
	References

