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Abstract: The paper analyzes in detail the influence of the Welch method on the estimation of fatigue
life in the frequency domain. The aim is to examine how the setting of parameters, such as window
size, weighting and overlap, affects the calculation of power spectral density (PSD) and thus lifetime.
The paper uses knowledge from the theory of signal processing, statistics and fatigue life estimation in
the frequency domain. In order to demonstrate the general validity of the conclusions, four different
reference PSD spectra are generated and examined. The spectra are converted to time histories using
an inverse fast Fourier transform and then used as input (measured) data for the Welch method.
The PSD thus obtained are subsequently subjected to lifetime estimation using the Dirlik and Tovo-
Benasciutti models. Based on the obtained results, it was found that the best configuration of the
parameters of the Welch method for fatigue calculations is the selection of the smallest possible time
window (maximum 60% of the observation length) and the largest possible overlap (minimum 70%
of the window size).

Keywords: power spectral density; Welch method; spectral fatigue; probability density function;
sensitivity analysis

1. Introduction

Digital signal processing is one of the most powerful technologies that has shaped
science and engineering for the last five decades. The interfacing of measurement instru-
mentation and computers has brought significant changes in procedures such as data
acquisition, digitization, storage, processing and evaluation [1]. Many methods, algorithms
and techniques have been developed to manipulate digital signals and data, and which
have led to the simplification of many processes and analyses commonly used in research
and development. Many of them are so well implemented that few scientists are involved
in verifying them. One of these methods is the algorithm for calculating the power spectral
density (PSD), which has a wide application in various fields. In structural mechanics, PSD
is used to identify modal parameters [2,3], to determine vibration responses [4,5], to detect
damage [6,7] or to estimate fatigue life [8-10].

In practice, many mechanical structures and components (such as vehicles, wind
turbines, PCBs, etc.) are exposed to random vibration during operation. In these cases, the
assessment of fatigue life using frequency domain methods is advantageous because it pro-
vides a direct connection between the power spectral density and the damage intensity and
significantly speeds up calculations compared to time domain analysis [10,11]. However,
the frequency methods are effective when the PSD is properly determined and describes
the random load sufficiently to determine the fatigue life [12].

If the time-varying load or response is in the nature of a stationary random Gaus-
sian process, the power spectral density can be used to described it in the frequency

Materials 2023, 16, 1007. https:/ /doi.org/10.3390/mal6031007

https:/ /www.mdpi.com/journal /materials


https://doi.org/10.3390/ma16031007
https://doi.org/10.3390/ma16031007
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/materials
https://www.mdpi.com
https://orcid.org/0000-0002-1218-8341
https://orcid.org/0000-0002-4265-8965
https://doi.org/10.3390/ma16031007
https://www.mdpi.com/journal/materials
https://www.mdpi.com/article/10.3390/ma16031007?type=check_update&version=3

Materials 2023, 16, 1007

20f19

domain [1]. The best-known methods to obtain PSD numerically are parametric methods,
non-parametric methods and subspace methods.

In parametric methods, the signal is assumed to be an output of a linear system
driven by white noise, i.e., parametric methods estimate the PSD by initially estimating the
parameters of the system assumed to generate the signal. Autoregressive (AR), moving-
average (MA), or autoregressive moving average (ARMA) time-series models can be used
to describe the system [13,14]. Therefore, parametric methods also are known as model-
based methods. To estimate the PSD of a time series, it is necessary to obtain the model
parameters, e.g., using the Yule-Walker or Burg’s method. The parametric methods are
used mainly because they produce PSD with a finer frequency resolution than traditional
periodogram techniques. However, they are sensitive to modelling errors, signal-to-noise
ratio and, in most cases, have a large computational load.

The non-parametric methods refer to the methods of estimating the spectral density
of a random signal without pre-parameter modelling and are therefore robust and much
less sensitive to noise. They are based on the relationship between the PSD and the
autocorrelation function, which are a Fourier pair [14]. The PSD is estimated directly from
the signal itself using the Fourier transform. One of the simplest ways to estimate PSD is to
find the discrete-time Fourier transform of the samples of the signal and appropriately scale
the magnitude squared of the result. This estimate method is called the periodogram. The
Fourier transform can be performed using the fast Fourier transform (FFT) algorithm that
is computationally efficient and far more accurate than other transforms. The disadvantage
of fast Fourier transform is the spectral leakage that occurs when the signal being measured
is not periodic in the sample interval. This effect cannot be entirely eliminated; however, it
has been proven that this effect can be reduced by using weighting windows, e.g., Hanning,
Hamming and others [15,16]. The periodogram has many variants, such as Bartlett’s
method, Welch’s method, multitaper method and more. Presently, the Welch method [17]
is widely used due to its efficiency and scalability.

A third type of method used to estimate PSD are subspace methods. They are based on
eigen analysis or singular value decomposition of the autocorrelation matrix. The subspace
methods are most suitable for line spectra and are effectively used to detect sinusoids or to
reduce noise in a signal. However, they produce only the so-called pseudospectrum. These
methods include, among others, the multiple signal classification (MUSIC) method and
Pisarenko harmonic decomposition method.

One way to estimate the life under variable amplitude or random loading in the time
domain is by the rainflow counting algorithm, which allows to determine load cycles
(amplitudes and mean values) from a random signal, first introduced by Matsuishi and
Endo [18]. Downing and Socie [19] created one of the more widely referenced and utilized
rainflow cycle-counting algorithms in 1982, which is included in ASTM E 1049-85. After
obtaining the cycles” amplitude-mean distribution, the accumulation of damage is carried
out according to the hypothesis of linear damage accumulation, known as the Miner
rule [20]. Knowing the value of the fatigue damage, it is possible to determine the expected
time until the crack initiation. This method is well described mainly for uniaxial loading.
At present, researchers are focusing more on a comprehensive solution to fatigue processes,
e.g., under multiaxial loading [21,22] or thermo-mechanical loading [23,24]. Significant
studies have also been published on the topic of very high cycle fatigue [25,26].

Although the rainflow method is considered one of the most accurate for estimating
fatigue life, several methods have been derived for estimating high-cycle fatigue in the
frequency domain [27,28]. They try to obtain a cycle distribution according to rainflow
counting directly from the PSD parameters in the frequency domain only. Some of them
are specific and provide good estimation only for a certain type of signal (narrowband or
broadband). Nevertheless, there are models which provide particularly satisfactory results
in both narrowband and broadband signals. These include the Dirlik and Tovo-Benasciutti
models [29].
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The Dirlik method [30], devised in 1985, uses an empirical expression for calculating
the probability density function, which was obtained by extensive numerical simulations
using the Monte Carlo technique. It approximates the cycle-amplitude distribution by using
a combination of one exponential and two Rayleigh probability densities. Benasciutti and
Tovo [29,31] proposed an approach where fatigue life is calculated as a linear combination
of top and down fatigue damage intensity limits.

The paper focuses on the correct estimation of the power spectral density in the sense
of fatigue calculations. In the literature, it can be seen that the Welch method is the most
common and even the only method used to determine the PSD for this application case.
For this reason, only this method was chosen for deeper analysis. The Welch method
requires several parameters that may affect the fatigue calculation process. One of the key
parameters is the window type, which refers to the shape of the window function that is
applied to each segment of the signal. Common window types include the rectangular
window, the Hanning window, the Hamming window, and the Blackman window. Each
window type has its own characteristics and may be more or less suitable for a given
application, depending on the desired trade-off between spectral resolution and spectral
leakage reduction. The window length is another important parameter, as it determines
the length of each segment and therefore the frequency resolution of the resulting PSD
estimate. A shorter window length will provide higher frequency resolution but may also
result in a noisier estimate. A longer window length will provide a smoother estimate,
but at the cost of lower frequency resolution. The overlap between successive segments is
also a key parameter in the Welch method. A larger overlap will result in a smoother PSD
estimate but will also require more computation time. A smaller overlap will provide a
less smooth estimate but will be faster to compute. The optimal overlap will depend on
the specific characteristics of the signal and the desired trade-off between smoothness and
computational efficiency.

The main result of the article is to show which parameter of the Welch method affects
the calculated fatigue life, also providing guidance on how to set these parameters to obtain
reliable fatigue life estimation.

2. Theory Background

The PSD expresses the power contained in the narrow band Aw of the continuous
spectrum and shows the power distribution along the frequency line. From a physical
point of view, it is not possible to talk about the PSD of a discrete signal due to the discrete
signal having no power. However, if the sampling is dense enough, it is possible to assume
the PSD of the discrete signal proportional to the PSD of the continuous signal.

The basis of analytical calculation of PSD can be an autocorrelation function using
Wiener—Chinchin relations. The power spectral density Sy,(w) and the autocorrelation
function Ry (7) (in reciprocal) are given by the formula [32]:

Sxx(w) = ff:o Ryx(T)e 7dx,
Rxx(T) = % joo Sxx<w)€j!gda),

X

M

where w is the frequency, and 7 is the time lag. Both the functions are related to the direct
and inverse Fourier transform. The correlation function Ry, (0) with zero lag represents the
signal power. It is known that the autocorrelation function is an even function. PSD also has
this feature, and therefore, Sxx(w) = Sxx(—w). The PSD computation can be accomplished
in many ways. One of them is the Welch method, the theory of which is explained below.

The Welch method uses a modified version of the Bartlett method in which the
segments of the series contributing to each periodogram may overlap each other. This
means that the discrete time signal x(n) can be divided into data segments, each of which
can be described by the formula:

xi(n) =x(({—1)(N-0O)+n),n=1...N,i=1...1 )
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where I is the number of segments, N is the number of samples of each segment, and O is
the overlap expressed in samples. The expression (i — 1)(N — O) represents the starting
point of the i-th sequence. In this way, the Welch method reduces the variance of the
periodogram.

In addition, the Welch method allows the data segment to be weighted by a time
window function before calculating the periodogram. Therefore, the Welch method is also
called the weighted overlapped segment averaging method or the periodogram averaging
method. The result is a modified periodogram given by:

PSD; (k) xi(m)a(n)e 13| 3)

L
- NU
where w(n) is the weighting window, and U is the normalization coefficient that expresses
the power of the window and is given by:

u= %ZnNzl w?(n) (4)

The Welch estimate of the power spectral density is an average of the modified
periodograms of all segments:

PSD(k) = 1YL, PSDi(K) 5)

where k is the frequency line number.

Because the segments usually overlap, data values at the beginning and end of the
segment tapered by the window in one segment, occur away from the ends of adjacent
segments. This guards against the loss of information caused by windowing.

A weighting window using a trigonometric cosine function, which has a value close to
zero at the edges, is named after mathematician Julius von Hanns as the Hanning window.
It is one of the most-used time windows. This window is defined as follows:

w(n) = 0.5 (1+cos(13ﬂ_nl>),n— —%,...,—1,0,1,...,%—1 ©)

The next well-known window designed by Richard W. Hamming is a modification of
the Hanning window. It has an even greater effect on the dampening of the side lobes. It is
defined by two coefficients « and f:

27n N N
w(n)—a+/3-cos(l\]1>,n——2,...,—1,0,1,...,2—1 7)

It most effectively suppresses the first sub-lobe when « = 0.54 and § =1 — a = 0.46.
To cancel the largest side-lobe, &« = 0.54, = (1 — «) /2 = 0.23 is recommended.

The power spectral densities obtained in this way are prepared for the calculation
of parameters, such as spectral moments 1, m1, my, my and the asymmetry coefficient v,
which enter into the estimate of the probabilistic models used later to calculate the lifetime.
The Dirlik probability density function of the rainflow-cycle amplitude [30] is given by:

D =S p.s. =7 -s?
7 e+ Fpt-e® +D;3-5e7

Vo '

where S; represents the normalized stress amplitude, and the constants Dy, D5, D3, Q, R are
calculated using the spectral moments myg, my, my, my and the cycle asymmetry coefficient
v as follows:

Pap(S) = (8)

S mq niy ny

P Xm = —— 7Y 4
VAL moy \ my mottiy
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2(xm — %) 1—y—Dy+D?
D; = D, = D3y=1-D;—-D
1 1+r)/2 s L2 1-R s L3 1 2/
Q:1,25(7—D3—D2R)_R: Y — xyy — D?
D, ’ 1—v—Dy+D?

Another frequently used probabilistic model is the Tovo-Bennasciutti model, whose
probability density function is [33]:

Pa,B(S) = bNB + (1 — b)RC (9)
where variables N, Rc and b are expressed as:

(a1 — a2) [L112(1 + ayan — (a1 + a2))e* 1192 + (a1 — ap)]

b= ,
(a3 —1)?
2
S; S; b m
Re=—2t  Np=-220.¢%0,4 = L a4, =1.

-s7 mg N

(agmo) ¢ 2(@mo)

It can be noted that the Tovo-Benasciutti model uses a linear combination of the
narrow-band Np and range counting R results. When the probability density function
pa(S) is known, then it is possible to express the expected damage intensity D, according
to the Palmgren—Miner rule (ignoring the mean value). The damage intensity estimates the
damage per unit of time, and it is defined as [33]:

D= v,gc*/O Sk pa(S)ds, (10)

where C is the S-N curve constant, k is the S-N slope coefficient, and v, is the expected peak

occurrence frequency:
m
Vp = /é. (11)

The fatigue-lifetime estimate in the frequency domain is obtained from the damage
intensity D:
1
T==. 12
5 (12)

3. Design of Experiment

The aim of the experiment was to investigate how window size, overlap, and weighting
affect the estimation of fatigue life using the Welch method to calculate PSD. The range of
the parameters and types of the weighting function used in the calculations are listed in
Figure 1.

Welch method

Changing parameters:
- Fatigue
Weighting function: Hanning / Hamming lifge
signa "
Window size: 5, 10, 15, ..., 95, 100 % of all samples calculation

Window overlap: 5, 10, 15, ..., 90, 95 % of all samples

. J

Figure 1. Design of experiment flow chart.

In addition, to check the influence of the wave spectrum width on the power spectrum
density estimates, 6 different PSD functions were used as waveform sources. The shapes of
these PSD functions were selected on the basis of literature and standard recommendations,
see Figure 2.
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Figure 2. Synthesized PSD using constants (a), constants with linear connection (b), and constants
with quadratic connection (c), standardized PSD functions according to ISO 16750-3 (d) and EN
61373 (e f).

PSD was selected as the source of the time signals to ensure the same PSD shape for
each time waveform during the simulation. Time courses were obtained by inverse Fourier
transform with random phase shift. All calculations were performed in MATLAB.

3.1. Setting the Shape of PSD Functions

For analysis purposes, six different PSDs were created and used in fatigue life calcu-
lations. The first three of them were (user-defined) synthesized functions with constant,
linear and quadratic character, respectively. They are suitable to examine the sensitivity of
PSD to changes in the parameters of the Welch method. As fatigue analyses are relatively
widespread in engineering practice, the authors considered it necessary to give a practical
example of PSD. To generalize the findings, calculations were performed for six different
types of PSD functions. Therefore, three other functions were taken from the technical
standards ISO 16750-3 and EN 61373. ISO 16750-3 deals with mechanical loads of road
vehicles with a focus on environmental conditions and electrical testing for electrical and
electronic equipment. EN 61373 deals with railway applications, rolling stock equipment,
shock and vibration tests. All of the above PSDs are shown in Figure 2. The fatigue life
results calculated based on them are considered the exact reference solution. The last two
PSDs, shown in Figure 2e,f, are defined in logarithmic scale, so they had to be converted to
a linear scale to be usable for further calculations.
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Time history corresponding to the reference PSD A
T T T

3.2. Time Signals

Since the Welch method requires time signals, it was necessary to convert the reference
PSDs to the time domain. In engineering practice, signals that contain a large number
of samples are usually used to describe the time history, so the histories are smooth and
well defined. To achieve the same effect, the length of the PSD corresponding to the
number of frequency lines (bins) was set equal to the next higher power of 2, and then
upsampled several times. This extended the acquisition interval of the time signal, which
was subsequently obtained by inverse fast Fourier transform (IFFT), see Figure 3.

Time history corresponding to the upsampled PSD A
: , . : ; ; —r

Variation

039

1 [ i !

! Il 11 |
11 s Al a alh|lt
111 Nt . A, plh

Tt 1
VAN

IR
Wi 4 |
N

vt il ""

I

Variation
B

I
04 041
Time [s]

Time [s]

(b)
Figure 3. Time history obtained from the reference PSD A (a) and from the upsampled PSD A (b).

The sampling frequency was set so that the resolution of the frequency spectrum was
1 Hz in all cases. Since the PSDs were defined as one-sided, several adjustments had to
be made before using the IFFT algorithm. First, a two-sided spectrum was calculated. A
random number generator implemented in MATLAB was used to define the phase values.
The generator uses the Gaussian distribution, so the results of the time history took the
form of a Gaussian load. To avoid introducing inaccuracies into the calculations, the same
set of random numbers was used for each signal. The conjugated symmetric vector thus
obtained ensures that the IFFT provides a real value output. This approach also speeds up
the discrete IFFT algorithm:

x(j) = (13)

S|

n .
X(k) - an(]fl)(kfl),

where X (k) is the discrete Fourier transform of sequence x(j) and:

(—27mi)

Wn:e n

The kurtosis function was used to ensure the highest accuracy of normal distribution.
The time histories obtained by IFFT are considered to be the input (measured) time signals.
An example of the time history corresponding to PSD A is shown in Figure 3.

3.3. PSD Calculation by Welch Method

The MATLAB function “PWELCH” was used to calculate the PSDs. The DOE algo-
rithm was based on loops, which ensured the automatic change of selected parameters
of Welch method in the range given in Figure 1. This allowed a quick comparison of the
results obtained. Within the DOE analysis, the “Full factorial” technique was used, the
design matrix of which is a combination of all inputs in all specified values. All PSDs were
further processed to assess the impact of the individual parameters. First, the effect on
spectral moments was analyzed. The spectral moments can be calculated as [34]:

mo= [ FCAf = TGO - of, 1)
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where G(f) is the PSD function and ¢ is the discrete bandwidth of PSD (also known as
frequency bin width).
For n = 0, the spectral moment 1 corresponds to the variance of the time history.
Figure 4 shows the zero spectral moments for all PSDs with a Hamming window. The
reference value corresponding to the reference PSDs is shown as a transparent grid plane.
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Figure 4. Zero spectral moments (variance) depending on window size and overlap for PSDs
calculated with using Hamming window according to synthesized PSD using constants (a), constants
with linear connection (b), and constants with quadratic connection (c), standardized PSD functions
according to ISO 16750-3 (d) and EN 61373 (e,f).

As can be seen, in general, the Welch method provides a sufficiently accurate estimate
of the variance for a window size of up to 60% of all samples regardless of the character
of the PSD. When larger segments are used, accuracy decreases exponentially. The plots
in Figure 4 also show that increasing the overlap improves the estimate, with the highest
accuracy being obtained with an overlap above 50% of the window size. Optimal adjust-
ment of the window size and overlap reduces the variance of the periodograms. This effect
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can be also seen in the PSD plots shown in Figure 5, where the blue line represents the
reference PSD.
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Figure 5. Comparison of PSDs calculated with different window size and overlay using Hamming
window, blue line represents the reference PSD, red is for window size 20% and overlap 90%,
yellow is for window size 85% and the overlap 25%. Comparisons prepared according to PSD
using constants (a), constants with linear connection (b), constants with quadratic connection (c),
standardized PSD functions according to ISO 16750-3 (d) and EN 61373 (e,f).

The PSD of window size 20%, overlap 90% and Hamming window is shown by a red
line. It is clear from the figure that the PSD calculated for these Welch method parameters
shows a very good match with the reference PSD, in contrast to the PSD whose window size
was 85% and the overlap was 25%. This PSD function (shown in yellow) shows significant
local variations in value compared to the periodogram method, i.e. line smoothness is lost,
which is undesirable when calculating the lifetime by spectral methods.

To confirm the general validity of the above findings, the same analysis was performed
for the PSDs obtained using the Hanning window. The procedure was identical to the
previous case with Hamming. The dependence of the zero spectral moments on the size
of the window and the overlap is shown in Figure 6. A comparison of the PSDs obtained
with different settings of the Welch method parameters and the reference PSD functions is
shown in Figure 7. Based on the results, the same conclusions can be drawn.
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Figure 6. Zero spectral moments (variance) depending on window size and overlap for all PSDs
computed using Hanning window according to synthesized PSD using constants (a), constants
with linear connection (b), and constants with quadratic connection (c), standardized PSD functions
according to ISO 16750-3 (d) and EN 61373 (e,f).

3.4. Fatigue Life Calculation

The fatigue life calculation was performed for two probabilistic models—Dirlik and
Tovo-Benasciutti. In both models, the S-N curve of a carbon steel given in [35] was used to
calculate the lifetime. For simplicity, an idealized S-N curve constantly decreasing to zero
amplitude was considered (Figure 8). It was obtained by nonlinear fitting according to the
Basquin’s equation that describes the relation between stress amplitude and fatigue life:

B
0u =’y (2Ny) (15)
where ¢; is the reversing stress amplitude, o” ¢ is the fatigue strength coefficient, Ny is the

number of cycles, and B is the Basquin exponent. Mechanical properties and material
constants of the used material can be found in Table 1.
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using constants (a), constants with linear connection (b), constants with quadratic connection (c),
standardized PSD functions according to ISO 16750-3 (d) and EN 61373 (e,f).
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Figure 8. Idealized S-N curve defined using Basquin’s equation.



Materials 2023, 16, 1007 12 of 19

Table 1. Mechanical properties and material constants of the material.

’

Tensile Strength Yield Strength Elongation E v oy B
(MPa) (MPa) (%) (MPa) () (MPa) )
483 375 15 210,000 0.3 118 3.4496

Estimates of total fatigue life determined by the Dirlik probability model for each type
of PSDs are shown in Figures 9 and 10. The plots show that if the window size is larger
than 60%, the fatigue life increases exponentially for all cases. The accuracy of the estimate
also decreases in areas where the overlap is less than 50% of the window size. It should be
noted that the lowest value of the window size was 5% of all samples. However, testing
has shown that it is not appropriate to reduce the window size further due to the loss
of calculation accuracy. When taking a very small number of samples that enter the FFT
calculation, the PSD values will be distorted and will not correspond to reality [36].
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Figure 9. Fatigue life estimates determined by Dirlik probability model (Hamming window). Compar-
isons prepared according to PSD using constants (a), constants with linear connection (b), constants with
quadratic connection (c), standardized PSD functions according to ISO 16750-3 (d) and EN 61373 (e,f).
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Figure 10. Fatigue life estimates determined by Dirlik probability model (Hanning window). Compar-
isons prepared according to PSD using constants (a), constants with linear connection (b), constants
with quadratic connection (c), standardized PSD functions according to ISO 16750-3 (d) and EN
61373 (e f).

The presented results of the life calculations were performed for the Dirlik probability
model. Similar behavior was found when using the Tovo—-Benasciutti model. The difference
in the extent of the damage using the Tovo-Benasciutti model and the Dirlik model are on
average 0.35% to 8.43%, which can be considered acceptable. The differences between the
models depending on the changing parameters of the Welch method are graphically shown
in Figure 11. Note that when calculating the fatigue life, it is necessary to emphasize the cor-
rect choice of the probabilistic model. If the calculation used, for example, Rayleigh’s model,
the results would be inaccurate, as this model is more suitable for narrowband signals.
Therefore, the two most popular broadband load models were selected for fatigue analysis.
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Figure 11. Percentage difference between Dirlik and Tovo-Bennasciutti models (Hanning window).
Comparisons prepared according to PSD using constants (a), constants with linear connection (b),
constants with quadratic connection (c), standardized PSD functions according to ISO 16750-3 (d)
and EN 61373 (e f).

4. FEM Supported Fatigue Life Analysis

In order to verify the findings resulting from the sensitivity analysis described in the
previous section, a FEM simulation of a simple component was performed. The analyzed
object was a clamped beam of rectangular cross-section with two notches in the middle.
A point mass of 50 g was applied at the free end of the beam, as shown in Figure 12. The
beam was excited at the bond site. PSD type D from the previous analysis was used for
the excitation. Since the lifetime estimation was performed in the frequency domain, i.e.,
using the spectral method, it is assumed that the excitation signal is stationary and ergodic,
Gaussian-distributed and has zero mean value.
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The lifetime calculation was performed in the FE-SAFE program. The input was data
obtained from a preliminary simulation performed in Abaqus/CAE. The pre-simulation
consisted of modal analysis and linear dynamic analysis. The output of the modal analysis
was mode shapes, eigenfrequencies and modal stresses (Table 2). Three modes were
identified in the range up to 500 Hz. The aim of the linear dynamic analysis was to obtain
the generalized displacements and the phase angle of the generalized displacements for
all modes (Figure 13). Note that unit excitation was considered in the calculation. From
the response characteristics and modal stresses, real stress fields corresponding to unit
excitation were obtained by modal superposition. If the actual excitation in the form of
a PSD is subsequently included, it is possible to obtain stress PSDs, which enter into the
fatigue life calculation.

1 S G

4
R3

Figure 12. Specimen used in numerical simulation.

Table 2. Modal analysis results.

Mode Mode Shape Eigenfrequency [Hz]
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Figure 13. Linear dynamic responses.

A total of 380 lifetime calculations were performed, in which the parameters of the
Welch method were changed in accordance with the previous analysis. For this purpose,
a computational loop was created in the Isight program (Figure 14). The power spectral
densities entering the lifetime calculation were taken from the previous analysis in MAT-
LAB. The outputs from the FEM pre-simulation were the same in each loop cycle. For
this reason, the location of the damage did not change. However, the degree of damage
varied depending on the setting of the Welch’s parameters. The location of the damage can
be seen in Figure 15, which shows the result of the life calculation for the reference PSD.
The reference value of the lifetime of the analyzed sample is approximately 43 s (101631
s). Figure 16 graphically shows how the lifetime changes depending on the setting of the
Welch’s parameters compared to the reference value. It can be seen that the calculated
lifetimes range from 11 to 603 s. The results show that the smallest errors in the estimate
occur when the window size is less than 60% and the overlap is more than 50%. This is in
line with previous findings.

ol ]
Data Exchanger fe-safe

Figure 14. Isight computational loop.
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Figure 15. The results of fatigue life analysis for the reference PSD D.
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Figure 16. Matrix of lifetimes for different Welch’s parameters compared with the reference life-
time value.

5. Conclusions

The Welch method plays an important role in digital signal processing. It is commonly
used to estimate the power spectral density. The Welch method reduces the variance
of the periodogram method by averaging. From a practical point of view, the PSD is
obtained by dividing the time series into overlapping subsegments, computing a modified
periodogram for each subsegment and averaging the periodograms. Power spectral density
is also an important characteristic in the analysis of fatigue life of components in the
frequency domain. The aim of the paper was therefore to examine how the setting of Welch's
parameters affects the results of such an analysis. Three parameters were considered: type
of weighting window, size of subsegment, and size of overlap of subsegments. To generalize
the findings, calculations were performed for six different types of PSD functions. The
results were verified on the example of FEM analysis of the service life of a notched beam.

Based on the obtained results, it can be stated that the best configuration of Welch
method parameters for PSD calculation and the subsequent determination of lifetime by
the spectral method is the smallest possible time window (maximum 60% of all samples)
and the largest window overlap (minimum 70% of window size). The results show that
the lifetime values in this area are smoothed and close to the reference value. At this point,
it should be noted that the above findings are valid for the probability models used, i.e.,
Dirlik and Tovo-Bennasciutti.
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These findings are particularly important in terms of the research and development
of mechanical systems and components, whose fatigue life is crucial to ensure their long-
term and safe operation. It has been shown that incorrect parameter settings can lead to
significant errors in lifetime estimation in the frequency domain. Spectral methods are
often used in engineering practice, as they provide a relatively good estimate and are
not time consuming. For this reason, it is important to point out the need for the correct
transformation of time data to spectral ones.

Author Contributions: Conceptualization, A.K. and A.N.; methodology, A.K. and A.N.; software,
A K validation, A K., R.H. and A.N.; formal analysis, R.H.; investigation, A.K.; writing—original
draft preparation, A.K.; writing—review and editing, A.N. and R.H.; visualization, A.K,; supervision,
A.N. and R.H.; funding acquisition, A.K. All authors have read and agreed to the published version
of the manuscript.

Funding: This work was supported by the: (1) Scientific Grant Agency of the Slovak Republic
under grant VEGA 1/0500/20; (2) Scientific Grant Agency of the Slovak Republic under grant
VEGA 1/0516/22; (3) Polish National Science Centre within the OPUS 12 grant, contract No.
2016/23/B/ST8/03408.

Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.
Data Availability Statement: Not applicable.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Smith, S. Digital Signal Processing: A Practical Guide for Engineers and Scientists; Newnes: Oxford, UK, 2002; 650p, ISBN
9780080477329.

2. Aratjo, I; Sanchez, ].; Andersen, P. Modal parameter identification based on combining transmissibility functions and blind
source separation techniques. Mech. Syst. Signal Process. 2018, 2018, 276-293. [CrossRef]

3. Yan, W,; Ren, W. An Enhanced Power Spectral Density Transmissibility (EPSDT) approach for operational modal analysis:
Theoretical and experimental investigation. Eng. Struct. 2015, 102, 108-119. [CrossRef]

4. David, A.; Hugues, F.; Dauchez, N.; Perrey-Debain, E. Vibrational response of a rectangular duct of finite length excited by a
turbulent internal flow. J. Sound Vib. 2018, 422, 146-160. [CrossRef]

5. Christian, R.; Song, S.; Kang, H. Study of core support barrel vibration monitoring using ex-core neutron noise analysis and fuzzy
logic algorithm. Nucl. Eng. Technol. 2015, 47, 165-175. [CrossRef]

6. Zheng, Z,; Lu, Z.; Chen, W,; Liu, J. Structural damage identification based on power spectral density sensitivity analysis of
dynamic responses. Comput. Struct. 2015, 146, 176-184, ISSN 0045-7949. [CrossRef]

7. Liberatore, S.; Carman, G. Power spectral density analysis for damage identification and location. J. Sound Vib. Vol. 2004,
274,761-776. [CrossRef]

8. Yaich, A; El Hami, A.; Walha, L.; Haddar, M. Local multiaxial fatigue damage estimation for structures under random vibrations.
Finite Elem. Anal. Des. 2017, 132, 1-7. [CrossRef]

9.  Yadong, Z,; Jiayue, T. Theoretical and numerical investigation of stress mode shapes in multi-axial random fatigue. Mech. Syst.
Signal Process. 2019, 127, 499-512, ISSN 0888-3270. [CrossRef]

10. Mrsnik, M.; Slavig, J.; BolteZar, M. Frequency-domain methods for a vibration-fatigue-life estimation—Application to real data.
Int. ]. Fatigue 2013, 47, 8-17. [CrossRef]

11.  Braccesi, C.; Cianetti, F.,; Lori, G.; Pioli, D. Random multiaxial fatigue: A comparative analysis among selected frequency and time
domain fatigue evaluation methods. Int. ]. Fatigue 2015, 74, 107-118. [CrossRef]

12.  Cima, M,; Solazzi, L. Experimental and analytical study of random fatigue, in time and frequencies domain, on an industrial
wheel. Eng. Fail. Anal. 2020, 120, 105029, ISSN 1350-6307. [CrossRef]

13. Xiandong, L.; Haixia, W.; Yingchun, S.; Tian, H. Construction of road roughness in left and right wheel paths based on PSD and
coherence function. Mech. Syst. Signal Process. 2015, 60-61, 668—677. [CrossRef]

14.  Zhao, H.; Gui, L. Nonparametric and parametric methods of spectral analysis. MATEC Web Conf. 2019, 283, 07002. [CrossRef]

15.  Jwo, D.-J.; Wu, I.-H.; Chang, Y. Windowing Design and Performance Assessment for Mitigation of Spectrum Leakage. E3S Web
Conf. 2019, 94, 03001. [CrossRef]

16. Gupta, H.; Mehra, R. Power Spectrum Estimation using Welch Method for various Window Techniques. Int. J. Sci. Res. Eng.
Technol. 2013, 2, 389-392.

17. Welch, P. The use of fast Fourier transform for the estimation of power spectra: A method based on time averaging over short,

modified periodograms. IEEE Trans. Audio Electroacoust. 1967, 15, 70-73. [CrossRef]


http://doi.org/10.1016/j.ymssp.2017.12.016
http://doi.org/10.1016/j.engstruct.2015.08.009
http://doi.org/10.1016/j.jsv.2017.11.052
http://doi.org/10.1016/j.net.2014.10.002
http://doi.org/10.1016/j.compstruc.2014.10.011
http://doi.org/10.1016/S0022-460X(03)00785-5
http://doi.org/10.1016/j.finel.2017.04.003
http://doi.org/10.1016/j.ymssp.2019.03.015
http://doi.org/10.1016/j.ijfatigue.2012.07.005
http://doi.org/10.1016/j.ijfatigue.2015.01.003
http://doi.org/10.1016/j.engfailanal.2020.105029
http://doi.org/10.1016/j.ymssp.2015.01.034
http://doi.org/10.1051/matecconf/201928307002
http://doi.org/10.1051/e3sconf/20199403001
http://doi.org/10.1109/TAU.1967.1161901

Materials 2023, 16, 1007 19 of 19

18.
19.
20.
21.
22.
23.
24.
25.
26.
27.

28.
29.

30.
31.

32.
33.
34.
35.

36.

Matsuishi, M.; Endo, T. Fatigue of metals subjected to varying stress. Jpn. Soc. Mech. Eng. 1968, 68, 37-40.

Downing, S.D.; Socie, D.F. Simple rainflow counting algorithms. Int. J. Fatigue 1982, 4, 31-40. [CrossRef]

Miner, M. Cumulative Damage in Fatigue. J. Appl. Mech. 1945, 3, 159-164. [CrossRef]

Niestony, A.; Lagoda, T.; Walat, K.; Kurek, M. Multiaxial fatigue behaviour of AA6068 and AA2017A aluminium alloys under
in-phase bending with torsion loading condition. Mater. Werkst. 2014, 45, 947-952. [CrossRef]

Bernasconi, A.; Filippini, M.; Foletti, S.; Vaudo, D. Multiaxial fatigue of a railway wheel steel under non-proportional loading. Int.
J. Fatigue 2006, 28, 663—672. [CrossRef]

Nesladek, M.; Razi¢ka, M.; Lutovinov, M.; KuzZelka, J.; Prochazka, R.; Rund, M.; Mést'anek, P. Thermo-Mechanical Fatigue of a
CrMo Steel Applicable to Steam Turbine Shafts. Procedia Struct. Integr. 2019, 19, 231-237. [CrossRef]

Nesladek, M.; Jurenka, J.; Bartosak, M.; Razi¢ka, M.; Lutovinov, M.; Papuga, J.; Prochdzka, R.; DZugan, J.; Mést'anek, P.
Thermo-mechanical fatigue analysis of a steam turbine shaft. Acta Polytech. CTU Proc. 2018, 20, 56—64. [CrossRef]

Pyttel, B.; Schwerdt, D.; Berger, C. Very high cycle fatigue—Is there a fatigue limit? Int. ]. Fatigue 2011, 33, 49-58. [CrossRef]
Marines, I.; Bin, X.; Bathias, C. An understanding of very high cycle fatigue of metals. Int. ]. Fatigue 2003, 25, 1101-1107. [CrossRef]
Kalavsky, A.; Hunady, R.; Kicko, M. Calculation of the Fatigue Life of a Dynamically Loaded Component. Am. . Mech. Eng.
2017, 5, 252-256.

Kal'avsky, A.; Hunady, R. Fatigue analysis of a notched beam in frequency domain. AIP Conf. Proc. 2019, 2198, 4. [CrossRef]
Dirlik, D.; Benasciutti, D. Dirlik and Tovo-Benasciutti Spectral Methods in Vibration Fatigue: A Review with a Historical
Perspective. Metals 2021, 11, 1333. [CrossRef]

Dirlik, T. Application of computers in fatigue analysis. Ph.D. Thesis, University of Warwick, Coventry, UK, 1985.

Benasciutti, D.; Tovo, R. Comparison of spectral methods for fatigue analysis of broad-band Gaussian random processes.
Probabilistic Eng. Mech. 2006, 21, 287-299. [CrossRef]

Lalanne, C. Mechanical Vibration and Shock Analysis. In Fatigue Damage; Wiley-ISTE: London, UK, 2009; Volume 4.

Tovo, R. Cycle distribution and fatigue damage under broad-band random loading. Int. J. Fatigue 2002, 24, 1137-1147. [CrossRef]
Bishop, N.W.M. The use of frequency domain parameters to predict structural fatigue. Ph.D. Thesis, University of Warwick,
Coventry, UK, 1988. Available online: http://webcat.warwick.ac.uk/record=b1453628~{}S1 (accessed on 3 March 2020).
Basquin, O. The Exponential Law of Endurance Tests. ASTM Proc. 1910, 10, 625-630. Available online: https://www.scribd.com/
document/465517629 / Basquin-The-Exponential-Law-of-Endurance-Tests-pdf (accessed on 2 November 2020).

Reyes, J.; Forgach, C. Evaluation of the Minimum Size of a Window for Harmonics Signals. ]. Signal Inf. Process. 2016, 7, 175-191.
[CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://doi.org/10.1016/0142-1123(82)90018-4
http://doi.org/10.1115/1.4009458
http://doi.org/10.1002/mawe.201400214
http://doi.org/10.1016/j.ijfatigue.2005.07.045
http://doi.org/10.1016/j.prostr.2019.12.025
http://doi.org/10.14311/APP.2018.20.0056
http://doi.org/10.1016/j.ijfatigue.2010.05.009
http://doi.org/10.1016/S0142-1123(03)00147-6
http://doi.org/10.1063/1.5140868
http://doi.org/10.3390/met11091333
http://doi.org/10.1016/j.probengmech.2005.10.003
http://doi.org/10.1016/S0142-1123(02)00032-4
http://webcat.warwick.ac.uk/record=b1453628~{}S1
https://www.scribd.com/document/465517629/Basquin-The-Exponential-Law-of-Endurance-Tests-pdf
https://www.scribd.com/document/465517629/Basquin-The-Exponential-Law-of-Endurance-Tests-pdf
http://doi.org/10.4236/jsip.2016.74017

	Introduction 
	Theory Background 
	Design of Experiment 
	Setting the Shape of PSD Functions 
	Time Signals 
	PSD Calculation by Welch Method 
	Fatigue Life Calculation 

	FEM Supported Fatigue Life Analysis 
	Conclusions 
	References

