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Abstract: Bending and membrane components of transverse forces in a fixed square isotropic plate
under simultaneous compression and transverse loading were established within the first-order
shear deformation theory (FSDT), the simple first-order shear deformation theory (S-FSDT), and the
classical plate theory (CPT). Special attention was drawn to the fact that bending components were
accompanied by transverse deformations, whereas membrane components were not, i.e., the plate
was transversely perfectly rigid. In the FSDT and the S-FSDT, double assumptions concerning trans-
verse deformations in the plate hold. A new formulation of the differential equation of equilibrium
with respect to the transverse direction of the plate, using a variational approach, was proposed. For
nonlinear problems in the mechanics of thin-walled plates, a range where membrane components
should be considered in total transverse forces was determined. It is of particular significance as far
as modern composite structures are concerned.

Keywords: nonlinear theories of plate structures; CPT; FSDT; S-FSDT; shear forces; bending and
membrane components of transverse forces; transversally inextensible plate; square plate

1. Introduction

Reissner [1,2] proposed to extend the Timoshenko linear beam theory accounting for
a transverse shear effect on the plate theory based on the stress approach 75 years ago.
A few years later, Mindlin [3] developed a displacement-based theory, in which it was
assumed that transverse shear stresses were constant through the plate thickness. In the
case of plates transversely perfectly rigid and at the Mindlin shear correction coefficient
k? = 5/6, the same stresses were obtained from the Reissner and Mindlin plate theories [4].
Therefore, they are referred to under the common name of the Reissner-Mindlin plate
theory. Theoretical considerations and a comparison of both the theories are to be found,
for instance, in [5-7]. Shear theories of higher orders were discussed in [8-13]. In [13], for
the functionally graded materials (FGM) plates, a general third-order shear plate theory,
in which geometrical nonlinearities were analyzed, was presented. Simplifications of the
general theory with 11 general displacements up to 5 displacements for the Reddy third-
order theory through the first-order plate theory and to 3 displacements in the classical
plate theory (CPT) were proposed.

In [14-16], particular attention was focused on the Reissner boundary effect by an
introduction of the rotary potential being a fast-variable solution to the boundary layer.
Expressions for the mixed finite element based on the mechanism of a shear locking
phenomenon were introduced in [17]. The shear locking phenomenon for the boundary
layer in membrane elements was discussed in [6,17-19] and was devoted to the finite
element method. In the finite element method (FEM), the shear locking phenomenon
occurs because a fast-variable solution to the boundary layer cannot be approximated with
shape functions [14,20].
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Within plate theories covering shearing the first-order shear deformation theory
(FSDT), other approaches were developed as well, namely: a two-variable refined plate
theory discussed in, for example, [21-27] and a single-variable refined theory [28].

Endo and Kimura [21] proposed the simple first-order shear deformation theory (S-
FSDT). According to this theory, not the angle of rotation in bending but deflection is the
primary variable. It imposed simultaneous restrictions on neglecting Reissner boundary
effects [2,15]. A number of equations was reduced, and the boundary conditions were
altered. In [25-27], two independent variables ¢ and ws were considered, which yielded
two differential equations together with boundary conditions. These differential equations
are uncoupled in the static analysis, and thus the boundary conditions should be uncoupled
as well, however it is impossible. It follows from the fact that a variation in operation of
transverse forces is expressed through a difference in virtual displacements. Hence, the
fundamental principle of independence of variations is not fulfilled, similarly as it takes
place in the FSDT.

A more comprehensive literature survey was presented in [29]. Special attention
was paid to membrane components of transverse forces which accompany an appearance
of membrane forces in the plate, as predicted by the nonlinear theories: the CPT, the
S-FSDT, and the FSDT. It is necessary to apply nonlinear theories to analyze post-buckling
equilibrium paths, and in the cases when the plate is subject to loading (e.g., with a
transverse load) leading to finite deflections of the plate.

Bending components of transverse forces depend on derivatives of moments, which
are accompanied by transverse deformations. These components of forces are linearly
dependent on deflection. Membrane components are related to projections of membrane
forces on the transverse direction and are nonlinearly dependent on deflection, or more
precisely, on deflection raised to the third power. Membrane components of transverse
forces do not affect transverse deformations; that is to say, the plate is perfectly rigid with
respect to the z axis for these components. Thus, in the nonlinear theories—the FSDT
and the S-FSDT—double assumptions hold in regard to transverse deformations. For
the CPT, an assumption of the plate being perfectly rigid transversely, in which linear
bending components, referred to as equivalent Kirchhoff forces and nonlinear membrane
components occur, holds. In [29], resultants of these forces were called total equivalent
Kirchhoff forces. According to a particular case of Stokes’ theorem, i.e., Green’s theorem, in
which the surface integral for the equilibrium equations changes into a plate circumference-
oriented integral (i.e., for the boundary conditions), a concept of total equivalent Kirchhoff
transverse forces has to be introduced [30].

A transverse shear effect exerts an important influence on the behavior of composite
materials characterized by low values of properties referring to transverse shearing [31,32].

The achievements of the last decade in the shear deformation theory of thin-walled
structures have been discussed in review articles [33-42], among others.

In the present study, the authors continue their considerations included in [29] in
regard to components of transverse forces within the FSDT, the S-FSDT, and the CPT.
A detailed analysis is devoted to a square steel plate fixed along all edges and subject
to simultaneous compression and transverse loading. Such an example was assumed
due to an easy interpretation of the results. In [29], the equations of equilibrium and the
boundary conditions following from a variation of the system total energy were derived
in detail. The Reissner boundary effect was neglected in the FSDT and the S-FSDT. In the
variational approach to the CPT, total equivalent Kirchhoff forces ‘emerge themselves’ in
the equations [29]. In the present study, only fundamental equations and their solution for
the plate under consideration within the Reissner’s FSDT and the Mindlin’s approach to
the S-FSDT (i.e., for two independent functions of displacements along the z axis—the total
lateral displacement w and the bending deflection ¢) and the CPT are discussed.

The three theories presented here, as well as the example, have been known for a
long time. Special attention is paid to two components of total transverse forces, i.e.,
bending components, which are accompanied by transverse deformations, and membrane



Materials 2021, 14, 2154

30f20

components, which are not accompanied by transverse shear deformations. Thus, various
assumptions in regard to transverse deformations for components of transverse forces are
discussed. The above remarks contribute to a disputable nature of this paper.

2. Formulation of the Problem

A nonlinear problem of the distribution of transverse forces in thin-walled plates under
simultaneous compression along one direction and the transverse load g was investigated.
The problem was solved for a square isotropic plate fixed along the whole circumference.
The material the plate was made of was assumed to be ruled by Hooke’s law.

Attention was drawn to the theoretical background related to components of trans-
verse forces and a detailed analysis of the distribution of transverse shear forces was carried
out. In the analysis, three thin-walled plate theories were considered: the classical plate
theory (CPT) (i.e., the Kirchhoff plate theory), the simple first-order shear deformation
theory (S-FSDT) in a version of the two-variable refined plate theory, and the Reissner plate
theory (FSDT).

The equations of equilibrium and the boundary conditions for the above-mentioned
three theories were derived in detail within a variational approach in [29]. In the Appendix A
to this study, only the equations necessary to make the paper more articulate are included.
A solution for the square isotropic plate, with special attention focused on membrane and
bending components of transverse forces, is presented as well.

Total transverse shear forces (cf. FSDT (A13), S-FSDT (A21), CPT (A28) in the
Appendix A, respectively) have two components. Bending components are expressed
with the formulas (A11)-FSDT, (A19)-S-FSDT, (A26)-CPT, correspondingly, and they de-
pend on the derivatives of inner moments in the plate. On the other hand, membrane
components are expressed with (A12)-FSDT, (A20)-5-FSDT, (A27)-CPT and are related to
projections of membrane forces on the direction perpendicular to the central plate plane.

The problem under discussion was solved with two nonlinear equations within the
nonlinear theories. One of the them is an equation of inseparability of deformations
dependent on the function of forces F and the deflection w. The second equation is an
equation of equilibrium of transverse projections of inner forces on the transverse direction,
where we account for the transverse loading g, which is written in a simplified version
for the three theories under consideration according to (A14), (A22), and (A29) (see the
Appendix A) as

0 b
// KQA’S‘X T ng) + (@i,x + Qi,y) + q} dwdxdy =0 ()
00

where the upper index § = F, S, C refers to the FSDT, the S-FSDT, and the CPT, correspondingly.

Hence, further on, the following indexes are introduced: C for the CPT; S for the
S-FSD, and F for the FSDT, respectively.

In the first round bracket in (1), linear bending components of transverse forces
occur, whereas nonlinear membrane components are to be found in the second bracket.
According to (A11) for the FSDT, bending components are expressed as a sum of partial
derivatives of the bending moment and the torque. In regard to the S-FSDT, it is a similar
sum, with such a difference that there is a factor 2 at the torque derivative (cf. (A19)
to (All)). Thus, bending components in the S-FSDT are higher than in the FSDT. For
the CPT, formula (A26) is identical as for the S-FSDT. It should be remembered that the
expressions for the component moments are, however, different. According to (A61), the
respective membrane components of transverse forces @Z, @g in (1) for the three theories

under consideration are identical, because they depend solely on the variables F, w, which
do not affect transverse deformations.
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Equation (1) has been expressed in an unusual way in order to draw attention to total
transverse forces. When relationships (A13), (A21), and (A28) concerning total transverse
forces are considered, Equation (1) can be formulated ultimately as

l b
// QY.+ Qvg,y +gléwdxdy = 0 )
00

In the above-mentioned two equations, a variation with respect to the defection w
is included. For the equations derived in [29] in regard to the FSDT and the S-FSDT,
components of transverse forces on possible displacements are, respectively

e FSDT

L b
[ [1Qu( = ) + Quo(ay — pyldxdy ©
00
e S-FSDT
b
//[Qx‘s(w,x — @x) + Qyd(wy — ¢y)ldxdy 4
00

when a variation in the plate total potential energy is used.

According to variational principles, Equations (3) and (4) have to be formulated with
mutually independent variations of displacements, which is not satisfied in this case. From
the authors’ viewpoint, it causes the differential equations to be uncoupled with respect to
variations, although the boundary conditions are coupled [29].

Equation (1) for the CPT, when (A24) and two first equations (A10) are accounted for
according to (A8) and (A25), leads to one of the commonly known von Karman equations
and the second equation is an equation of inseparability of deformations (A9).

¢ b
/ / [Wxxxx + 2Wxxyy + Wyyyy + Fyy ex — 2FyW xy + Fxxtw yylowdxdy =0 (5)
00

3. Results of the Calculations

A square steel plate (Figure 1) characterized by the geometrical dimensions and
material constants equal to: 2 = 100 mm, i = 1 mm, E = 200 GPa, v = 0.3 was analyzed
in detail.

A

\J

Figure 1. Square plate fixed along all edges and subject to simultaneous compression and uniform
transverse load.

The perfect plate was fixed along each edge and uniformly compressed with the
stresses p along the x axis direction and subject to the transverse load 4. The boundary
conditions for the three theories under analysis are to be found in the Appendix A.

In the theoretical solution to the nonlinear problem, a simultaneous interaction of
the compression p and the transverse load g was considered so that membrane inner
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forces could occur, and, consequently, membrane components of transverse forces. In the
numerical calculations, two particular cases were analyzed, namely:

e Case A—p® #0and g¢ =0;
e CaseB—p® =0and g¢“ # 0.
It results from the fact that for the compressive load p® in the membrane component

(A42) QS along the compression direction for the CPT, the last term is linearly dependent
on the deflection W, similarly as the bending components. The remaining components of
membrane forces are nonlinear with respect to W.

In Table 1, results of calculations for both the cases of loads for the assumed values
of the dimensionless deflection W/h equal to 0.5, 1.0, 1.5, 2.0, respectively, are presented.
For the compressive load (Case A), a critical value of load was given and a value of
compressive stress, maximal absolute values of bending and membrane components, and
total transverse forces were defined for the CPT for the fixed deflection. In regard to the
transverse load (Case B), values of the load g, maximal absolute values of bending and
membrane components, and total transverse forces were determined at the given deflection
as in the former case. Concerning the S-FSDT and the FSDT, values of the reduction factor
(A45) « = 1/(1 + 1) and values of total transverse forces only for both the cases were
given additionally.

Table 1. Values of loads of the square plate and values of absolute maximal components and total
transverse forces.

Symbole Load
Case A Case B
Theory  Symbol Unit W/h
0.5 1.0 15 20 05 1.0 15 20
S, MPa 192.8 0.0
pC - 203 236 291 368 0.0
q¢ MPa 0.0 0.075 017 032 054
0S|, N/mm 210 420 630 840 210 420 630 840
o) N/mm 210 420 630 840 210 420 630 840
CPT max
‘Qf N/mm 008 072 294 740 013 106 356 8.44
max
o¢ N/mm 013 106 356 844 013 106 356 8.44
]/ max
‘@g N/mm 206 479 895 153 222 516 963 164
max
‘Qg N/mm 222 516 963 164 222 516 963 164
max
3, MPa 192.6 0.0
,X _ 0.9989
‘Qg N/mm 205 479 895 153 222 516 962 164
max
S-FSDT ‘@; N/mm 221 516 962 164 222 516 962 164
max
‘Qf ‘NJSC - 004 015 033 048 006 020 037 051
max max
‘@3 05| - 006 020 037 051 006 020 037 051

max

max
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Table 1. Cont.

Symbole Load

pk, MPa 192.6 0.0

« - 0.9989

lgg N/mm 167 400 778 137 182 437 845 149
max

FSDT ’@ N/mm 181 437 845 149 182 437 845 149

max

‘@5 /‘Qg - 005 018 038 051 007 024 042 057
max max

‘@5 /|QF| - 007 024 042 057 007 024 042 057
max max

Values of bifurcational loads for the FSDT (A58) and the S-FSDT (A44) were the same
and inconsiderably lower (by a factor «) than for the CPT (A39). According to (A45), the
reduction factor was a = 0.9989 for the assumed data.

For the case of compression (Case A), values of the maximal absolute bending com-
ponents of transverse forces |Q(rj |max and C‘ for the CPT, i.e., equivalent Kirchhoff
forces, were identical due to two axes of symmre??;y of the system. Values of the maximal

absolute membrane components ‘Qx and ’Qy ‘ differed as a linear relationship
ma

between load and deflection occurred in the last term of the first equation of Equations
(A42) (for a detailed analysis, see the Appendix A). It caused the total transverse forces

(i.e., total equivalent Kirchhoff forces) ‘Qf and ’ch
max max

ima of the bending and membrane force components were various for the coordinates x
and y, which resulted in the fact that values of maximal total transverse forces did not
sum algebraically. For the values of the dimensionless deflection W/h < 1.5, values of
bending components were significantly higher than membrane components. For W/ = 2.0,
membrane and bending components were almost equal. That rapid increase in membrane
components followed from a cubic dependence on the deflection W. For the case when
only transverse load appeared (Case B), components of transverse forces were equal for the
given load due to two axes of symmetry of the system. The remaining results were identical.
For W/h = 2.0, the value of the transverse load was g = 0.54 MPa, which corresponded
to uniform loading on the plate surface equal to 5.4 kN. As can be concluded from the
above-mentioned considerations, membrane components began to play a significant role
starting from deflections equal to the plate thickness.

For the S-FSDT, conclusions are the same in practice as for the CPT due to a reduction
factor close to 1. Differences are to be found in the third or fourth significant figure.

to be different as well. Max-

Therefore, only maximal values of the absolute forces 'QS and ‘Qy‘ are listed in

Table 1. For the FSDT, the value of critical load was identical to the one for the S- FSDT,
as the reduction factors « were the same for both the theories. The bending components

\Q§ |max and ‘Qly: ‘max in (A60) were lower than the bending components (A51) for the S-

FSDT, because in the second term in the bracket (A60), the factor was equal to 2, whereas in
(A51) for the assumed constants, when (A41) was considered, the factor was (3 —v) = 2.7.
It should be remembered that the membrane components (A61) for the three theories were
the same.

Table 1 presents also values of the ratios ’@z o
ma.

~ 79 ~
/|Q¢  and |Qy] /|Q)

X max max max
(where 0 = S, F) to evaluate how membrane components affected total transverse forces.
As can be easily noticed, for W/h > 0.5 that effect was at least 15%, and for W/h = 2.0, it was
as high as 50%. It can be said on this basis that for the linear theories S-FSDT and FSDT,
membrane components of transverse forces can be neglected for W/h < 0.5 (the error was up
to approx. 15%). For higher deflections of W/h, a nonlinear analysis should be conducted,
which enforces the consideration of membrane components of transverse forces.
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In Figures 2—7, contour-plane charts of the transverse forces Qg, Qg p 65,65 , ng Qf
for Case A and the deflection W/h = 2.0 are presented for the CPT. It should be remembered
that transverse forces are the anti-symmetry forces on the axes of symmetry. It causes the

Ac ~C = . . . .
transverse forces QF, Qy, QY to be anti-symmetrical with respect to the axis y =a/2 = 50 mm

(see Figure 2, Figure 4, and Figure 6, respectively), and the forces Qg , @5 , Q‘y: with respect
to the axis x = a/2 = 50 mm (see Figure 3, Figure 5, and Figure 7, respectively). In Figures 8
and 9, contour-plane charts for Case B and the deflection W/h = 2.0 are depicted also for the
CPT. All transverse forces are practically identical for the CPT and the S-FSDT; moreover,
they are higher for the S-FSDT than for the FSDT.

At Q.( [N/mm]
Q. [N'mm] ois0
6.760
5070
3320
1690
0.000
«1.690
23380
5070
4760
8450

P S . <

S e S

-

(¥foea] 0/ [Nmm)

X [mm]

Figure 4. Contour-plane chart of CS for Case A.
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X [mm]

Figure 5. Contour-plane chart of @5 for Case A.

X [mm]

Figure 6. Contour-plane chart of QS for Case A.

Q' [N/mm]

1650

-13.20
-16.50

X [mm]

Figure 7. Contour-plane chart of Qf for Case A.

Q‘ [N/mm]

16.5%

X [mm]

Figure 8. Contour-plane chart of QS for Case B.
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X [mm])

Figure 9. Contour-plane chart of Qg for Case B.

The contour-plane charts for the bending components QF, Q;: (Figures 2 and 3) are
identical, which can be easily noticed when we turn in mind one of them by an angle of
90 deg. The charts have two global extrema and four distinct local extrema each. The charts

of the membrane components Qf,@f (Figures 4 and 5) have only two distinct extrema

. . . —=C
each, however their absolute magnitudes are different. The extreme values Q, are lower
. . . . —=C
due to the linear term dependent on deflection and compressive load in contrast to Q, . The

total transverse forces ég, éf/: (Figures 6 and 7) arose from a superposition of the charts
of components, respectively. Hence, there are two global extrema and four local ones on
them like for the bending components. Of course, the relationship QS < Qg holds for
the extrema. For the assumed value of the deflection W/h = 2.0, extreme values of the
membrane and bending components are almost the same. Thus, the total components are
twice as high in practice as the bending components.

In the formula for the membrane component of the force QS (A42), we have a term
dependent on the compressive load, which vanishes for the uniform transverse load (Case
B). Thus, the charts with the corresponding pairs of the components of transverse forces are
of course equal when rotated by an angle of 90 deg (i.e., QS = QA;:, fo = @;: ,Q¢ = Q?)
Due to the above-mentioned reasons, only charts for the total transvers forces Q;f, éf are
shown for Case B (Figures 8 and 9). The extreme values are the same for both forces of
course. In the cases of global extrema in Figures 2-9, high gradients of transverse forces
can be observed.

From the authors’ viewpoint, the total transverse forces @g, @5 are crucial and they
should be used in failure criteria, particularly while referring to composite structures.

In [15], Vasiliev proposed to call the version of S-FSDT accounting for the Reissner
effect (i.e., the boundary layer) a modern form of the classical plate theory. In the light of
the doubts in regard to the FSDT and the S-FSDT presented here, the authors lean to this
suggestion, which is reflected in the title of the present study.

4. Conclusions

An influence exerted by bending and membrane components of transverse forces on
total transverse forces was analyzed within the following three theories: the CPT, the S-
FSDT, and the FSDT. For the S-FSDT and the FSDT, it was shown that bending components
were accompanied by transverse deformations, whereas in regard to the membrane compo-
nents, the plate was perfectly rigid transversely. For both the theories, various assumptions
referring to transverse deformations of plates held. Bending transverse components were
linearly dependent on the plate deflection, whereas membrane components—nonlinearly.
Membrane components played a more and more important role with an increase in deflec-
tions above half the thickness of the plate and were higher than membrane components for
the deflection corresponding to the doubled thickness of the plate.
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Attention was also paid to a wrong formulation of the variation in operation of trans-
verse forces that consisted in mutually dependent variations of displacements for the
first-order shear deformation theory (Reissner-Mindlin plate theory). A modified formula-
tion of the differential equilibrium equation on the transverse direction was proposed.

In composite materials, transverse shear effects exert a significant influence on struc-
ture delamination, which affects considerably integrity and failure of the structure. An
effect of membrane components of transverse forces is neglected in composite failure
criteria. From the authors’ point of view, transverse components are predominant in the
nonlinear problems of delamination. Thus, they should be included in composite failure
criteria, e.g., the Hashin failure criterion for 3D, LaRC04(3D), and matrix failure under the
additional condition of o33 = 0.
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Notation

a,h geometrical dimensions of the plate

D plate bending stiffness

E G Young’s and Kirchhoff’s modulus

F function of Airy forces

Ny, Ny, Nxy inner in-plane sectional forces

Mé, Mg, ng inner bending moment-sectional forces

e, ?gr critical stress, dimensionless critical stress

7,7 transverse loading, dimensionless transverse loading

@Z,QZ membrane components of transverse forces

QY Qg bending components of transverse forces

Qf, Qg total components of transverse forces

U, v, w components of the plate displacement along the axis x, y, z

Ws shear deflection

o reduction factor

Bx, By angles of transverse shear

€xr€ys Ty membrane strains

dimensionless amplitude deflection

i dimensionless coefficient

0 =FS,C upper index referring to the FSDT, the S-FSDT, the CPT

Kx, Ky, Kxy bending strains

v Poisson’s ratio

@ function of potential

PPy angles of rotation of the transverse normal due to bending
Appendix A

Appendix A.1. FSDT, S-FSDT, and CPT-Fundamental Equations

The equations for the three theories: the first order shear deformation plate theory
(FSDT), the simple first-order shear deformation theory (S-FSDT), and the classical plate
theory (CPT), were derived in [29]. The equations of equilibrium and the boundary condi-
tions were obtained within a variational approach. In this Appendix, only fundamental
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equations of these theories, supplemented with an additional inclusion of the transverse
load g in comparison to [29], are presented.
The geometrical relationships for the FSDT were assumed as

€y = Uy + %w,zx
_ 1.2
gy = Uy + 305 (A1)

sty = ')’xy =Uy +0x+ W W,y

and
Ky = — Py, Ky = —lpy,y} Kyy = —(lpx,y + lpy,x) (A2)

where: u, v, w—components of the vector of the plate displacement along the axis x, y, z
direction, respectively; 1y, {,—angles of rotation of the transverse normal due to bending
about the axis x, y, correspondingly; x — y—central plane prior to buckling; moreover, the
notations, e.g., u y = du/dx, are introduced.

In the transverse shear plate theory (FSDT), it was assumed that full angles of rotation
of the normal to the central surface in two planes were as follows [29]:

Wy =Px+Px wy=1y+ Py (A3)

where By, B,—angles of transverse shear.
The inner sectional forces were written as

Ny = 15’:/2 (ey + vex) (A4)
_ _Eh_1—
Ny = 1 527

Pyy + Viprx) (A5)
My, = —DLZE (Yry + y )

Q§ = k2Gh(w,x — x)

N (A6)
Q§ = k2Gh(wy — ¢y)
where the upper index f refers to the FSDT.
System of Equation (A1) can be brought to the form
Exyy + &y xx — Yayxy = w,zxy — WxxW,xy (A7)

When relationships (A4) are accounted for and the function of Airy forces F defined as

Nx == Uxh = F’yy
Ny = 0yh = Fa (A8)
Nyxy = Tayh = —Eyy

is introduced, then finally the equation of inseparability /continuity of deformations is
obtained [29]:

VVF = Faxex + 2Fxayy + Eyyyy = E(Why — 0,000,1y) (A9)

The above-mentioned equation is linear with respect to F and nonlinear with respect
to w.
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Appendix A.1.1. FSDT

For the FSDT, the equations of equilibrium within the variational approach are as
follows [29]:

[N,x + Nyy,yloudxdy =0

[Nay,x + Ny y]ovdxdy = 0

[QFx +Qfy + (Nxw,x + Nuywyy)  + (Nuytw,x + Nywy) , + qlowdxdy =0 (A10)

[Mix =+ Mfy,y - Qi}(slpxdxd]/ =0

Ot O O O O |
Cres P = P O P

[MS, , + M}, — Qf16¢ydxdy = 0

The first two equations are satisfied identically by the function of forces F (A8).
The following relationships result from the last two relationships (A10):

Q§ = Mﬁ,x + Maliy,y (A11)
Q§ = M;y + Mﬁy,x

These bending components of transverse forces depend on derivatives of inner mo-
ments (A5). The angles of transverse shear B, By in (A3) correspond to bending compo-
nents only.

In [29], the following membrane components of transverse forces were introduced:

—F
Qx - wa,x + nyw,y

= (A12)
Qy = Nywy + Nyyw x
The above-mentioned forces are dependent on projections of membrane forces on the
transverse direction and do not affect membrane deformations, i.e., membrane components
are not accompanied by deformations in contrast to bending components in the FSDT.
Thus, we deal with two different assumptions for bending and membrane components.
According to (A11) and (A12), a concept of components of total transverse forces Q§
and Q§ was introduced. They are expressed as

~ J—
Q)lj = QE +Qy = (Malj,x + MJIEy,y) + (wa,x + Nx]/w/y)

AF — AF L AF F F (A13)
Qy = Qy + Qy = (My,y + Mxy,x) + (Nyw,y + nyw,x)

When (A12) is taken into consideration in the third relation (A10), an equation of
equilibrium is obtained:

l b
[ [ 1@k +Qhy) + @, +Qy,) + qléwdxdy = 0 (A14)
00

As can be easily noticed, membrane and bending components of transverse forces, as
well as the load g, occur in the above equation.

On the basis of the analysis of relations (A5) and (A6), it can be stated that the
bending components of transverse forces Qf and Q5 are linearly dependent on the variables
¢x, Py, w. In turn, the analysis of Formulas (A8) and (A9) referring to the membrane
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components @i and @5 points out to nonlinear dependencies on the variables F, w. Hence,
Equation (A14) depends on w raised to the third power.

Appendix A.1.2. S-FSDT

If the angles of rotation 1, ¥y (A2) are expressed with a new function of poten-
tial @(x,y) [29], such that ¢ » = ¢y, ¢, = ¢, and, moreover, if for (A3) the following
relationships B = ws,x, By = wsy hold, then

Wx = @Qx + ,Bx = Qx + Ws,x w’y = Q),y + ,By = ql)’y + ws,y (A15)

An introduction of the function of deflection in bending ¢ causes the Reissner bound-
ary effects to be neglected [15,29], and the shear deflection is equal to ws = w — ¢. Moreover,
the number of variables equal to five (i.e., u, v, w, Py, Py) for the FSDT is reduced to four
variables u, v, w, ¢ in the case of the S-FSDT [29]; however, the number of boundary
conditions for each boundary does not alter. Thus, boundary conditions are coupled for
the S-FSDT formulated in such a way.

To attain uncoupled boundary conditions, the Reissner boundary effect should be
accounted for. Then, the equations of equilibrium ought to be supplemented with the
second-order equation for the rotary potential (the so-called Helmholtz equation) being a
fast-variable solution to the boundary layer. This equation increases the system order up to
the sixth. Hence, the boundary conditions are uncoupled.

The Reissner boundary effect occurs under special boundary conditions only. In
the FEM analysis, there is a mechanism of the shear locking phenomenon, because a
fast-variable solution to the boundary layer cannot be approximated with shape functions.

When (A15) is accounted for, inner forces (A5) and (A6) for the S-FSDT are written as

MJSC = _D(q),xx + V(P,yy)
My = =D(@yy + V@xx) (A16)
M;f’;y =-D(1- v)q),xy

Q;Sc = k2Gh(w,x — i)
Qy = k2Gh(wy — ¢y)

and the equations of equilibrium [29], when the load g is taken into consideration, are

(A17)

(b

105, + y + (Nxwyx + Nyywy) 4 (Nxyw + Nyw,y)’y + qlowdxdy =0

00
. (A18)
Of LOf x xx T ZMJS(y Xy + Mﬁyy QJSc,x - Qi,y]éq)dxdy =0

where the upper index ° denotes the S-FSDT.

System of Equations (A18) should be supplemented by Equation (A9).

The bending components of transverse forces dependent on the variable ¢ are ex-
pressed with the relationships

S _ AMS S
Q Mx xt 2Mxy Y (A19)
Qy = My, +2M3, .

whereas the membrane components of transverse forces dependent on the variables F, w
take the form

—=S

= N,yw x + Nyyw
8; R (A20)
Q]/ - Nyw,y + nyw,x
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By analogy to (A13), the components of total transverse forces Q5 and Q; for the
S-FSDT are expressed as

QS =05+ Q; = (MS, +2M3y 1) + (Nxwx + Neywyy)

(A21)
Q) =0y +Qy (Mj, +2M3, ) + (Nyw,y + Nyyw )

Comparing the formulas for the bending components of transverse forces (A11) and
(A19), one can easily see that we have a factor 2 at the derivative of torque Mxy for the
S-FSDT, which is 1 in the FSDT. Formulas (A12) and (A20) are identical for the membrane
components of transverse forces.

When (A20) is taken into account, the first Equation (A18) takes the form

L b
[ [ U@+ Q5,) + (@5, +Qj,) + qléwdady = 0 (A22)
00

The above equation has the same structure as (A14). It should be remembered that
bending components are expressed with various formulas (cf. (A11) and (A19)).

Analogously to the FSDT, the bending components of transverse forces QS and Q;
are linearly dependent on the variable ¢, and thus w as well, whereas the membrane

components @i and @; are nonlinearly dependent on the variables F, w.

Appendix A.1.3. CPT

Transverse forces are disregarded in the classical plate theory (CPT) (A6) and it should
be additionally assumed that 8, = B, = 0in (A3), which leads to the equality

Wy = Py
Wy =1y
When (A23) is considered in (A5), then for the CPT,

(A23)

—D(wxx + v,y )
D(w,yy + vt xx) (A24)
Mg, = —D(1—v)w,yy

where the upper index © refers to the CPT.
When the above relations are included, the equation of equilibrium takes the form [29]

{ b
/ / [MS 1 +2M$, iy + MG, + (Netw + Neyioy) + (Nuyto e + Nywy) |+ qlowddy = 0 (A25)
00

The second equation is an inseparability Equation (A9).
In the history of the CPT, equivalent Kirchhoff transverse forces were defined as

Qg = ng +2ngy

A c c (A26)

Qy = My, +2My
These are bending components of transverse forces and their structure is analogous to

(A19). Like for the FSDT and S-FSDT, the membrane components of transverse forces are

assumed as

—C
Qy = Nxwyx + Nyyw,y

—c (A27)
Qy = Nywy + Nyxyw x
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Thus, the above-mentioned components of transverse forces are the membrane com-
ponents of Kirchhoff forces and they have an identical structure as for the FSDT and the
S-FSDT.

Considering (A26) and (A27), the total equivalent Kirchhoff transverse forces QS and
Qg for the CPT are expressed in the following form:

~ A —C
Q;(cj = QC + Qx = (ng +2M§yy) (wa,x + nyw/y)

- (A28)
Qs =Qy +Qy (My, +2Mg, ) + (Nyw,y + Nxyw,)

When (A28) is accounted for in (A25), the equation of equilibrium is written as

l b
[ [ QS+ Q5,) + (@5 +Qyy) + qléwdady = 0 (429)
00

Formulas (A22) and (A29) are built analogously, but these equations have two vari-
ables w, ¢ for the S-FDST and only one variable w for the CPT. As in the FSDT and the
S-FSDT, the bending components of transverse forces Q¢ and Qg are linearly dependent on

. —=C —C .
the variable w, whereas the membrane components Q, and Q, are nonlinearly dependent
on the variables F, w.

Appendix A.2. Nonlinear Problem of Distributions of Transverse Shear Forces in the Square Plate
Subject Simultaneously to Compression and Transverse Loading

A square isotropic plate fixed along all edges and simultaneously subject to the
compression p along the x axis direction and the constant transverse load g (Figure 1)
was analyzed. The plate characterized by the length a4, the thickness 1, and the material
constants Young’s modulus E and Poisson’s ratio v was investigated in an elastic range
only. The problem was solved within the first-order nonlinear approximation.

Appendix A.2.1. Equation of Inseparability of Deformations

The equation of inseparability of deformations (A9) is identical for the three theories
under investigation.

The deflection of the plate fixed along all edges within the first-order approximation
was approximated with the following function [43]:

w = W sin? % sin? % (A30)

which fulfilled the following boundary conditions:

wx=0)=wx=a)=wy=0)=wly=a)=0
) = w(x =) = wly = 0) = wly = a) o)
wy(x=0)=wy(x=a)=wy(y=0) =wy,(y =a) =0
After submission of (A30) into (A9), a function of Airy forces F was defined:
F=-— py + EW?( 35 cos 2% + 4 os2n] icos‘lﬂ—icosw

4ﬂ 2@ 2 dmy 1 2mc 2my
+800 cos cos +800 cos <2 cos 7 %4 COS == COs — )
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from the above and from (A8) it follows

Ny =F,, = —p—i—EWz(ﬂ) [— écos Tt 5c osﬂ— fmcosﬂcoszny

— 5 coszﬂcos Y 4+ L cos 22 cos 27Ty]

Ny = Fax = EW2(7) [~ 4 cos 2 4 L cos 47— L cog 47X o5 2TY (A33)
— 555 €08 22X cos 47Ty + £ cos X cos Zﬂ]

Nyy = —Fxy = —EWZ(E) [1(1)0 sm‘Lﬂ sin 27ry + 100 sin <X 2"" sin 4ﬂy 116 sinz% sin 2%]

Functions of forces (A33) fulfill the boundary conditions [30,33]:

u(x =0) = u(x =a) = const Nyy(x = 0 (A34)
v(y =0) =v(y = a) = const Nyy(y = 0

A.2.2. CPT-Solution to the Nonlinear Problem of Stability

In regard to the CPT, the Galerkin—-Bubnov method was used to solve the nonlinear
problem of stability (A25) or (A29) with respect to w. When the function of forces (A32) and
the function of deflection w (A30) were introduced, a nonlinear equation of equilibrium of
the square plate subject to simultaneous compression and the uniform transverse loading g
was attained for the CPT within the first approximation [43]:

5337% 5 372 27t

_ 2t =C et s 5C
3200 a2 P cTaao T (A35)
where: c o c 4
= _ P4 —c_q4a _
Pr="gz 0 A and { =W/h (A36)

For Equation (A35), two particular cases can be considered, namely:

e p% # 0and g© = 0 (the plate subject to uniform compression, transverse loading
neglected)

In this case, we have a nonlinear stability problem of the plate in compression and
Equation (A35) is simplified to

53374 —c -
o0 & T (Pa P =0 (A37)
where: c )
P = Pot” _ 87 —dimensionless critical stress. (A38)

En?2  9(1-12)
The critical stress, according to (A38), can be expressed as
32Dn? D
c
= ——— =10.67—— A39

p cr 3 a2 h ﬂz h ( )

The value of the critical stress for the first approximation was deviated by 1.6% with
respect to the accurate value of 10.5 [43].

e P° = 0and g° # 0 (the plate subject to uniform transverse loading, compression
neglected)

In this case, we have a nonlinear problem of deflection of the thin plate, accompanied

by an appearance of membrane forces (A33):

5337 5 27 _c
3200 ¢ 32 =1

(A40)
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The determined dimensionless deflections ( for the assumed value of transverse load
from Equation (A40), within the first-order approximation, were lower by 3.5% with respect
to the accurate solution [43].

The equivalent Kirchhoff transverse forces (A26), i.e., the bending components of
transverse forces, when (A30) is considered, are expressed with the following relationships:

Qg = Ma(c:x +2M§yy

Qf = Mg, +2M§, . = DW(%)?’(smzﬂ— (3 —v) cos 2% sin 27'(y)

a

2DW(Z)? sin 2% — (3 — v) sin 2% cos 2y
() )

As one can easily notice in (A41), the bending components are linearly dependent on
the deflection W.
When we take (A30) and (A33) into account, the membrane components (A27) are

as follows:
of — — 3 ()31 27TJ 1 y drx 27ry
Qy = Nxwy + Nyywy = —EW3h(Z)’[(§ cos ¥ — 5 cos “2¥ + sbs cos 42X cos =04 +
4 2 2
= cos 2% cos =2Y — f—écoszﬂcos ny)smzﬂ(% - %cosﬂ)—i-
2 4 2 )
(15 sin 222 sin =¥ 4 7l sin 2% sin =7 — L sin 2% gin <7Y) (1 — 1 cos 272 ) sin <Y ] —
2
pCWh( )smzﬂ(% Jcos 7Y (A42)
_EW3 Zﬂ _ 1 4ﬂ 4ﬂ ZW
Q = Nyw, + Nywy = —EW>h(Z ) [(§ cos 45 cos 42X + L cos A7 cos T+
4 2 2
2(1)0 cosmcosﬂ—%coszﬂcosﬂ)(% %coszﬂ)sm Zit
2 4 2 2
(15 sin 2% sin 2+ L gin 2700 gin 7 — L gjn 2712 gin 2V gjn 273 (1 — 1 cos )]

The membrane components (A42) are nonlinearly dependent on the deflection W, or
strictly speaking, on W raised to the third power. The last term in the first equation is
linearly dependent on W for the case of compression, whereas when we have the transverse
load g only, this term becomes zero.

The total components of transverse forces, i.e., total equivalent Kirchhoff forces, are
expressed with Formula (A28).

A.2.3. S-FSDT-Solution to the Nonlinear Problem of Stability

A solution to system of Equation (A18) for the S-FSDT is predicted as (A30) with
respect to the variable w and for the variable ¢ in the form

S 2
¢ = ®° sin’ — p (A43)

When variables (A30) and (A43) are substituted into (A16)-(A19) into the second
equation, the following relationship is obtained:

2%
5= —— =aW (A44)
1+7
2
where: 77 = ﬁ (%) , and, moreover, the reduction factor

a=1/(1+7) (A45)

When (A44) is taken into account, the first nonlinear Equation (A18) is solved with
the Galerkin—-Bubnov method to obtain

5337* 5, 3% _g 2t s
3200 ° & P ST amo e = (A46)
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where: . s 4
=S _ P4 s g4
Po= 2% ~ Eid (A47)

Like for the CPT, two particular cases were considered for (A46), namely:
o 7° #0andg° = 0 (the plate subject to uniform compression, transverse loading neglected)
In this case, (A46) is simplified to

5337 5
200 &+ (P —P7)E =0 (A48)

where the dimensionless critical load, when (A39) is accounted for, can be written as

S 2 2
s _ P _ 87t

_ =C
pcr_ Eh2 _9(1_1/2)0‘_;)070‘

(A49)

o 7° =0andg° # 0 (the plate subject to uniform transverse loading, compression neglected)

In this case, we have a nonlinear problem of deflection of the plate, accompanied by
an appearance of membrane forces:

53374 4

3200

27T

_ =S
3(1_1/2)04@— q (A50)

>+

The bending components of transverse forces for the S-FSDT, when (A41) and (A44)
were accounted for, are expressed with the formula

Qi = Qe Qy = Qju (A51)

Similarly as for the CPT, the bending components are linearly dependent on the
deflection W.

The membrane components of transverse forces for the S-FSDT, according to (A20)
and (A27) and when (A42) was considered, have the form

7577

cC =S HC
0,=0; Q,=0, (A52)
whereas the components of total transverse forces—(A21), correspondingly.

Appendix A.2.4. FSDT-Solution to the Nonlinear Problem of Stability

For the FSDT, a solution to the system of the last three Equations (A10) was predicted
like (A30) with respect to the variable w and for the variables iy, iy in the form

¢y = YL sin 2% sin? %
F in2 X oin 271Y (A53)
Py =¥ sin® 7= sin =2=
When variables (A30), (A53), and (A45) were substituted, the following relationships
were obtained:

F _ wF _ T 2
vE—yF = sz( : ) (A54)
5337* 5 3m%_p 2t _r
200° 4 P T aao e (4%9)
where: o Ea
F_Pa _p_4q4a
P =T = e (A%0)

Like for the CPT and S-FSDT, two particular cases were considered for (A55), namely:
o pf #0andg" = 0 (the plate subject to uniform compression, transverse loading neglected)
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In this case, (A55) simplifies to

5337t 5 _p
where the dimensionless critical stress, when (A49) and (A39) were considered, takes
the form N )
_ a 87 _ _
Ph= T = gy = Pl = P (A58)

ER2 — 9(1
o pf =0and gt # 0 (the plate subject to uniform transverse loading, compression neglected)

The nonlinear problem of deflection of the thin plate, accompanied by an appearance
of membrane components, was expressed as

53374 4

3200

277

3
Cr3a-n

af =7 (A59)

When (A59) and (A50) are compared, one can see that ﬁs = ﬁF .
The bending components of transverse forces according to (All) are equal to

Q§ = Mf,x + MJFcy,y
Q; - M;y + ng,x = 2DW(§)3 (sin 2 9 cos 27X sin Zﬂy)“

a a a

3/ . .
=2DW(Z) (smz% — Zsmzaﬂcos 2%)11

(A60)

Like for the CPT and S-FSDT, the bending components are linearly dependent on the
deflection W. Comparing (A60) and (A51), we can see that there is a factor equal to 2 at the
second term in the bracket for the FSDT, whereas for the S-FSDT, the factor is (3-v).

The membrane components of transverse forces (A12) for the FSDT are identical as in
the case of the S-FSDT and the CPT (A52):

—F =S —C —F =S —C

Qr = Qs =0y Q, =0, =0, (A61)
whereas the components of total transverse forces are the same and are given in (A13),
(A21), and (A28), respectively.
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