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Abstract: As is known to all, the incapacity to nucleate holes automatically in the design domain is
one of the main issues of the classical level set topology optimization method. To solve the issue of
hole nucleation, this paper employs the bi-directional evolutionary structural optimization (BESO)
method based on the material removal scheme and the frequently used topological sensitivity and
proposes the combining BESO and topological sensitivity (CBT) method for level set topology opti-
mization. This method can replace the existing hole nucleation method for level set topology opti-
mization. First, the topological sensitivity is combined with BESO, and the BESO method based on
topological sensitivity is proposed. Second, the method is integrated into level set topology optimi-
zation to solve the issue of hole nucleation. Two sensitivity thresholds are defined depending on the
evolutionary volume ratio and boundary topological sensitivity, respectively, and the smaller one
is used as the sensitivity threshold for hole nucleation. The material is removed from the design
domain to nucleate holes based on this threshold. Three classical two-dimensional numerical exam-
ples are used to validate the proposed hole nucleation method.

Keywords: BESO; hole nucleation; level set method; topological sensitivity; topology optimization

1. Introduction

The topology optimization method can achieve the optimal distribution of materials
in a specific area according to the given design domain, boundary conditions and loads.
This method, which is not restricted by the experience of designers, can obtain novel high-
quality structural configurations. It is convenient for designers to explore structures with
better performance. It has been proven to be a powerful tool for optimal material distri-
bution during the part design process and has a wide range of application prospects.
There are many methods proposed for structural topology optimization, such as the ho-
mogenization method [1-5], solid isotropic material with penalization (SIMP) method [6—
9], (bi-directional) evolutionary structural optimization method [10-14], moving mor-
phable components (MMC) method [15-18], level set method [19-25], etc. In particular,
the level set method can naturally perform boundary merging and movement. The level
set method was first proposed by Osher and Sethian [26] to track and simulate the evolu-
tion of the dynamic boundary. Since it can implicitly describe the topological boundary,
the level set method is applied to the field of structural topology optimization. The level
set topology optimization method embeds the n-dimensional structural boundary into the
(n + 1)-dimensional level set function, and the updated structural boundary is obtained
via the evolution of the level set function. The form of implicit representation can avoid
the slack of design variables and have high computational accuracy. Furthermore, the
level set function can implicitly describe boundaries, which avoids numerical instability.
These characteristics make the level set topology optimization method research focus on
the field of structural optimization.
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In the classical level set topology optimization method, the level set function is de-
fined by a signed distance function. Since the level set function is reinitialized to maintain
the signed distance function during the optimization process, the holes cannot be nucle-
ated automatically in the design domain [20,27]. The level set topology optimization
method employing the Hamilton—Jacobi equation as the boundary evolutionary equation,
s0 it can be categorized as a shape optimization method. In other words, the topological
changes of the level set topology optimization method can only be realized by the existing
topology splitting and merging. Therefore, most of the classical level set topology optimi-
zation iterates from the initial structure with many holes, which makes the optimization
result rely on the distribution of the initial holes. However, it is not easy to find an appro-
priate initial structure. At present, researchers have proposed related solutions to the is-
sue. In particular, the method of nucleating holes using topological sensitivity is used
widely. Allaire et al. [28] periodically compared the topological sensitivity values during
the level set optimization process to insert holes in the design domain. However, this
method is not easy to program and easily leads to accidental hole nucleation. Challis [21]
and He et al. [29] added topological sensitivity to the Hamilton—Jacobi equation as a dif-
fusive term. In this method, the premise that holes can be naturally nucleated during
structural evolution is an appropriate parameter. In addition, Xia et al. [30] proposed a bi-
directional evolutionary structural optimization (BESO) method based on the material re-
moval scheme which automatically inserts holes in the optimization process. The concept
of this evolution-based method is simple but lacks theoretical support. Yaghmaei et al.
[27] proposed a filtering-based level set method, which can overcome the nucleation of
holes and reinitialization of the level set function. However, the above methods based on
the Hamilton-Jacobi evolution equation require a reasonable selection of parameters to
make the optimization results converge stably. Furthermore, there are some level set var-
iant functions that can achieve the effect of automatically nucleating holes. For example,
the parameterized level set method (PLSM) based on radial basis functions (RBFs) pro-
posed by Wang et al. [31-33] does not need to initialize the structure and can automati-
cally nucleate holes during the optimization process. Compared with the method based
on the Hamilton-Jacobi evolution equation, however, the computational cost of PLSM is
expensive.

The above methods are only effective for hole nucleation under suitable parameters
or specific conditions. In the present paper, the combining BESO and topological sensitiv-
ity (CBT) method is proposed as an effective alternative method for hole nucleation. This
method combines the BESO with the concept of topological sensitivity frequently used in
hole nucleation. Then the CBT method is integrated into the level set topology optimiza-
tion method to realize the automatic nucleation of holes during the optimization process.

BESO is developed from evolutionary structural optimization (ESO). ESO was origi-
nally proposed by Xie and Steven [13] in 1992. This method is based on a simple algorithm,
i.e., gradually removing low-efficiency materials in the structure to evolve the structure
into an optimal result. Although this method can theoretically obtain the optimal solution,
it will produce numerical problems such as checkerboard and mesh dependency. The
main reason is that the ESO method can only remove low-efficiency materials but cannot
add high-efficiency materials so that some materials with higher utilization are removed
accidentally. In response to the above problems, Xie et al. [14] proposed the BESO that can
remove low-efficiency materials and add materials simultaneously at key positions. This
method is widely used in the engineering field because of its simple algorithm and easy
programming.

In this paper, topological sensitivity is used as an important parameter of the hole
nucleation method. The idea of topological sensitivity was first proposed by Eschenauer
et al. [34], and then Sokolowski and Zochowoski [35] gave the definition of topological
sensitivity and proposed a method for solving topological sensitivity based on shape sen-
sitivity. Based on their topological sensitivity calculation method, Novotny et al. [36,37]
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calculated the topological sensitivity of two- and three-dimensional linear elastic prob-
lems. Otomori [22] obtained the topological sensitivity of the minimum compliance prob-
lem of the three-dimensional elastic continuum. The emergence of these efforts makes the
application of topological sensitivity being further promoted.

BESO removes low-efficiency materials or adds high-efficiency materials to optimize
the structure according to a certain criterion. Topological sensitivity describes the impact
of optimization objective as inserting holes in the design domain. Therefore, using topo-
logical sensitivity as the criterion for adding or removing materials in the BESO accords
with physical meaning. In this paper, topological sensitivity is used as the criterion for
adding or removing materials in the BESO method and integrated into the classical level
set topology optimization method to solve the problem that the classical level set method
cannot automatically insert holes. This method fully combines the characteristics of stable
material removal of BESO and easy calculation of topological sensitivity. Furthermore, the
algorithm has the advantages of simple logic and easy programming and can be easily
applied to various fields.

The rest of this paper is organized as follows. Section 2 describes the level set topol-
ogy optimization method. Section 3 reviews the BESO method and the topological sensi-
tivity. Section 4 proposes an improved BESO method based on topological sensitivity.
Section 5 introduces the optimization problem, i.e., the CBT level set topology optimiza-
tion. In Section 6, three numerical examples are used to analyze and demonstrate the
method proposed in this paper. Finally, this paper is summarized in Section 7.

2. Level Set Topology Optimization Method

In the continuum structure level set topology optimization, an optimal design ( is
sought in the design domain D, and 0€) is the boundary of Q. The topology of the structure
is described by the implicit level set function @(x) as:

P(x)>0 xeQ
@(x) =0 x €00 1)
d(x) <0 x€EDNQ

where x is an arbitrary point in the design domain D. Introducing the virtual time f, the
Hamilton-Jacobi partial differential equation used to update the level set function is ex-
pressed as:

(]
——kIvo| =0 @
where Vi is the evolutionary velocity of the boundary. The equation can be solved by the
upwind finite difference scheme. Given the characteristics of the level set function, re-
initialization needs to be performed periodically during the optimization.
Employing the level set function @(x), the level set topology optimization problem is
written as follows:

min J(u,®) = jf(u)H((D)dx = fEe(u)-e(v)H(cb)dx
0 )

s.t. a(u,v,®) = L(v,®) 3)
Vv eU ulr, =up
V(®) < Vy

where u is the displacement field, E is the elasticity tensor of the material, € is the strain
tensor, P is the body force, 7 is the boundary force, I}, is Dirichlet boundary conditions,
Vi is the maximum admissible volume, a(u,v, ®), L(v,®) and V(@) are expressed as:



Materials 2021, 14, 2119 4 of 25

a(u,v,®) = fEe(u) -e(V)H(P)dx
Lv,®) = vaH(cb)dx+f wé(P)|VP|ds 4)
n a0

V(®) = f H(®)dx

where H (+) is the Heaviside function, which is defined as:

1x=>0

H(x) = {0 x<0 ©®)

0 (+) is the Dirichlet function, and its relationship with the Heaviside function is as follows:
dH(x

5 = ) ®)

To solve the Hamilton—Jacobi partial differential equation, the concept of shape sen-
sitivity is introduced to calculate the velocity field Vi of the level set function. The Murat
and Simon analysis [38] based on the Hadamard variational method was used to calculate
shape sensitivity. Considering a smooth initial shape (o, all admissible shapes ) are ob-
tained by applying a smooth vector field 6:

Q={x+6(x), xeQy} 7)

The above equation shows that all admissible shapes are represented by a vector 6,
so Equation (7) is also written as:

Q= (Id+6)(Q) (8)

where (Id + 0) is the diffeomorphic mapping of (o.

Then, the shape sensitivity can be defined by the derivative with respect to 0. The
shape expression Equation (7) means that all admissible shapes will have the same topol-
ogy as the initial shape Qo. Therefore, the topology cannot be changed by continuously
transforming the initial shape (o, which theoretically answers the reason why the level
set topology optimization method cannot automatically nucleate holes.

Based on the above assumptions, the shape sensitivity of the objective function J(Q2)
on Qo can be defined as the Fréchet derivative at = 0:

J((1d + 8)(0)) = J(©0) +1'(2)(6) + 0(6), where lim X! = o ©)

where J(Q)) has first-order continuous differentiability at 6 = 0. According to the definition
of shape sensitivity, shape sensitivity Equation (9) is rewritten as:

! . 1d+6)(Q0))—-J(Q,
J'(Qe)(0) = gg(l)w 10)

Wang and Allaire have already calculated the shape sensitivity of the optimization
problem Equation (3). This paper will directly quote the results, and the detailed process
can refer to the work of Wang and Allaire [20,21].

Lemma 1. The shape sensitivity of objective compliance is:

J'(Q)(6) = fFN (2 [a(;-lu) +Hr u+ Pu] —Ee(u) - e(u)) 0 - nds

+ fFD(EE(u) -e(u))6 - nds

(11)

Lemma 2. The shape sensitivity of the volume constraint is:
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V(®)(8) = f 0(x) - n(x)ds (12)

a0

3. Bi-Directional Evolutionary Structural Optimization (BESO) and Topological Sensi-
tivity
3.1. BESO

The topology optimization problem is often to maximize the stiffness (or minimize
the compliance) of the structure under a given volume constraint. In BESO, the sensitivity
number is used to remove low-efficiency materials or add high-efficiency materials. In
other words, materials are removed from or added to the design domain by comparing
the value of the sensitivity number. Therefore, BESO regards the structure itself as the
design variable of the optimization problem. The optimization problem is expressed as:

min C = Ffu=u"Ku

N
s.t. ZVixi <fVr=Vy
i=1

(13)
F =Ku
0
X; = {1

where compliance C is the objective of the optimization problem, F is the load vectors, u
is the displacement vectors, K is the global stiffness matrix, Viis the elemental volume, V"
is the total volume of the design domain, fis the volume fraction, and N is the number of
elements in the design domain, and the design variable xi is the elemental density with xi
=0 for a void element and xi= 1 for a solid element.

When a solid element is removed from the structure, the change of the mean compli-
ance or total strain energy is equal to the elemental strain energy. This change is defined
as the elemental sensitivity number:

aie = ACl = u?Kiui (14)

When the structural meshes non-uniformly, the influence of the elemental volume
needs to be considered, so the sensitivity number is changed to:

T
e u; I(iul‘
a;, = —

== (15)
When the elements are void, the above sensitivity number is always 0, and no mate-
rial can be added in the design domain. A sensitivity filter scheme is introduced to obtain
the sensitivity number of the void elements. In addition, this filter method can solve the
checkerboard and mesh dependency.
The formulation of sensitivity filter scheme is written as:

_ Zjezvi(0(7”1']‘)067'1

B ZjeNe w(rij) (16)

i
where ai is the elemental sensitivity after filtering, and ' is the elemental sensitivity be-
fore filtering. The neighbor elements set Ni of element i is defined as all elements whose
spatial distance from the central cell i is less than or equal to the filtering radius Rui.. The
weight factor w(rij) of the spatial distance is:

w(7;;) = Ropin — 13 (17)

where ri is the spatial distance between element j and central element i, defined as | | xj—
xill.
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Although sensitivity filter can solve checkerboard and mesh dependency, the result
is still a chaotic phenomenon, and the optimization fails to converge. The sensitivity num-
ber of the previous iteration is integrated into the sensitivity filter scheme to solve the
instability phenomenon. In BESO, the average sensitivity number is frequently used to
update the sensitivity, which is written as:

af + ak™t

5 (18)

a; =
where k is the current iteration number.

Before adding materials to or removing materials from the current structure, the tar-
get volume V*1 for the next iteration needs to be given. Since the volume constraint Vm
can be larger or smaller than the initial structure volume, the target volume in each itera-
tion can be gradually reduced or increased until the constraint volume is reached. There-
fore, the target volume can be expressed as:

Vk+1 — Vk(l i Cer) (19)

where c.r is the evolutionary volume ratio. If the current structure volume is equal to the
volume constraint, the target volume V*! will remain V.

After the above steps are completed, the structure can be updated according to the
elemental sensitivity value a: after finite element analysis and sensitivity filtering. The
elements are sorted according to the sensitivity number. The solid elements satisfying
Equation (20) will be removed, and the void elements satisfying Equation (21) will be
added.

a; < afly (20)

a; > alhy (21)

where afft and all, are the sensitivity thresholds of removing and adding elements,

respectively. Generally, let ath, =alli, = a'®, where a'" is determined by Equation
(19). The detailed calculation of a®* can refer to Reference [10]. The finite element analy-
sis, sensitivity filtering, and structure update are continuously looped until the volume

constraint and the convergence criterion Equation (22) are satisfied.

IZY Crmivr — 2F Chon—is1l
= <
2 Croisn -

where e is the change of objective, 0 is the tolerance factor, and N is a positive integer.

) (22)

3.2. Topological Sensitivity

The topological sensitivity defines the impact on the objective when a small hole is
inserted at a certain position in the design domain. As shown in Figure 1, Q €R?is an open
bounded domain, and its boundary 0Q2 is smooth enough, i.e., there is a normal vector n
at an arbitrary point on the boundary. Inserting a small circular hole Br with a radius of r
at the point x Q) will produce a new bounded domain Q= Q — B, with a boundary of
0Q)r=00) - 0B-. Therefore, the topological sensitivity of the objective J(Q) in a given design
domain is defined as:

0,.) -]\
Dy () = tim 2L 3)
where M(r) is the measure of the hole Br. According to reference [39], this paper takes the
Lebesgue measure which can be written as:

limM(r) =0 (24)
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00

0B-

Figure 1. Initial definition of topological sensitivity.

As shown in Figure 1, a hole appears in the design domain (2, which causes the to-
pology changes of the design domain, i.e., () and Q are not homeomorphism. Therefore,
topological sensitivity Equation (23) cannot be directly calculated.

To calculate the topological sensitivity, a new homeomorphic design domain needs
to be reconstructed. According to the design domain - with circular holes, a small vari-
ation dr is employed to the initial radius r. The hole Br becomes a new hole By with a
radius of r+dr, so the design domain has also changed accordingly, from Qr to Qr+sr= Q-
Br+r, as shown in Figure 2. The modified topological sensitivity is defined as:

Do) = tim [ gim L) TJ@ N T @) =] (0
T TS0 \srooM(r + 6r) — M(r) - Jrr—;oo M(r + 6r) — M(r) (25)

aQr+5r

Figure 2. Modified definition of topological sensitivity.

According to the topological-shape sensitivity method [39], topological sensitivity
can be solved by shape sensitivity. For the calculation of topological sensitivity, assume
Orer=Q and Qr=0o, then 0Qr+r=00 and 002:=0Q0. Using the topology-shape sensitivity
method, the relationship between shape sensitivity and topological sensitivity is ex-
pressed as:

D = DEOr) = L 1 4w
r(x) = Dr(x) = rg’&mw

(26)
6=0
This paper aims to study the topology optimization problem based on compliance,
so it is necessary to solve the topological sensitivity of objective compliance. According to
the research of Novotny et al. [36,37], the topological sensitivity of compliance is:
ford=2

DrJ(x) = %(4;1Ee(u) ce(uw) + (A — u)tr(Ee(u))tr(e(u))) €3] (27)

ford=3
Do) = L2 (0 Eeu)- 31— 2p)tr(E 28
rJ(x) = m( HEe(u) - €(u) + (34 — 2u)tr( 6(“))”(6(11))) (x) (28)

where A and p are the Lamé moduli of the material, which satisfy:
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Ev
=1 )

_ E
H=2d+v) (30)

4. BESO Based on Topological Sensitivity

In this paper, CBT is used as a hole nucleation method for level set topology optimi-
zation. CBT replaces the sensitivity number in BESO with topological sensitivity. This sec-
tion will describe the improved BESO method.

According to the definition of topological sensitivity, topological sensitivity is the
impact of the objective with inserting a small hole in the design domain. BESO is to re-
move low-efficiency materials in the design domain based on a specific criterion. In other
words, BESO can remove materials that have less impact on the objective, which is iden-
tical to the definition of topological sensitivity. This section combines BESO with topolog-
ical sensitivity and uses topological sensitivity as the criterion for removing or adding
materials to achieve the least impact on the objective, i.e., to achieve the optimal objective.
Put simply, when the topological sensitivity value of a solid element is small, it means
that removing the element has less impact on the objective. On the contrary, when the
topological sensitivity value of void elements is large, it means that this position has a
greater impact on the objective, so it is necessary to add materials here. Therefore, the
sensitivity number i of BESO can be replaced with the topological sensitivity:

Di = lim;w
T €-0 M'(E)|VN| deé

(31)
=0

According to the topological sensitivity of compliance, Equation (31) can be changed

to:
ford=2

L= % (4/1E6(u) ce(w) + (A — ,u)tr(Ee(u))tr(e(u))) ) (32)
ford=3

(A + 2w

L= m(ZOuEe(u) ~e(uw) + (31 — Zu)tr(Ee(u))tr(e(u))) x) (33)

Correspondingly, to obtain the topological sensitivity of void elements while avoid-
ing numerical instability, the same sensitivity filter method as traditional BESO is imple-
mented, as shown in Equations (34) and (35). The subsequent target volume calculation
and structure update are the same as the traditional BESO method, as shown in Equation
(36), Equation (37) and Equation (38), respectively.

. Yjen, w(ry)D]

DL = (34)
T ZjeNe w(rij)
-k \k+1
Di = (br)” + (Pr) (35)
T 2
Vk+1 — Vk(l i Cer) (36)
D < Dryeyy (37)

Df > Drgiy (38)
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The optimization process of BESO based on topological sensitivity is as follows:

—_

Discretize the design domain and initialize the structure;

Perform finite element analysis, and calculate the elemental topological sensitivity
using Equation (31);

Filter topological sensitivity using Equations (34) and (35);

Calculate the target volume using Equation (36);

Update the structure using Equations (37) and (38);

Check whether the convergence condition is satisfied. If not, return to step 2 for a
new iteration.

L

SRS

The BESO optimization process based on topological sensitivity is shown in Figure

3.
START

Initialize and discretize the design
domain

'

— Finite element analysis

'

Calculate topological sensitivity

'

Filtering topological sensitivity

'

Calculate the target volume

'

Update design domain

Yes

Figure 3. Flowchart of bi-directional evolutionary structural optimization (BESO) based on topo-
logical sensitivity.

To prove that topological sensitivity can be combined with BESO, a simple bridge
beam and L-shaped beam are taken as numerical examples. When the optimization pa-
rameters and boundary conditions are the same, the traditional BESO and the improved
BESO method are used to calculate the optimization problem, and the optimization results
of the two methods are compared and analyzed.

Example 1. Simple bridge beam.

The design domain of a simple bridge beam is a rectangular area with a ratio 2:1 of
length L to height H, meshed with 80 x 40 = 3200 elements, as shown in Figure 4a. The
shape is fixed at the bottom corners and a vertical load P =1 is applied at the middle of
the bottom side. In this setting, the Young’s modulus of the solid material is E1= 1, the
Young’s modulus of the void material is Eo= 10-, and the Poisson’s ratio is 3 = 0.3. The
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volume fraction upper fis limited to 0.5, the evolutionary volume ratio cer is set to 0.02 and
the filter radius Rwmin is taken as 3. The initial shape is displayed in Figure 4b. Using tradi-
tional BESO to optimize the problem, the optimized shape is shown in Figure 5, and the
evolution of the volume fraction and the compliance in the course of the optimization
process are shown in Figure 6.

2
80x40 1
frot frorrt
Pl
(a) (b)
Figure 4. Optimal design problem of two-dimensional simple bridge beam, (a) design domain and boundary conditions;

(b) initial shape.

Figure 5. Optimized shape of simple bridge beam by traditional BESO.

15 1< S
™~ —Compliance
13 e 08
.
. .
« = 8
21y T 10.6 5
k: ~. £
£ — £
S [ 4
S 9 04 3
>
7 0.2
5 : \ ‘ 0
0 10 20 30 40
Iteration

Figure 6. Convergence history of the compliance and volume fraction for two-dimensional simple
bridge beam by traditional BESO.

Then using the improved method to optimize the problem, the optimized shape is
shown in Figure 7, and the evolution of the volume fraction and the compliance in the
course of the optimization process are shown in Figure 8.
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Figure 7. Optimized shape of simple bridge beam by the improved method.

15 < 1
.. ——Compliance
~. -~ .
e ===Volume fraction
13 RN 0.8
.
e =
211 T 065
E T -
“—:'- ______________ o
E g
S gl i
o9 04 %
=
Tr 102
5 ' ' 0
0 10 20 30 40
Iteration

Figure 8. Convergence history of the compliance and volume fraction for two-dimensional simple
bridge beam by the improved method.

Comparing the traditional BESO with the improved method, the topology of the final
optimized shape is similar. As shown in Table 1, the compliance and the number of itera-
tions are almost equal. Therefore, the topological sensitivity can be used to replace the
sensitivity number in the traditional BESO for topology optimization.

Table 1. Results for topology optimization of the simple bridge beam.

Traditional BESO The Improved Method
Total element number 3200 3200
Volume fraction 0.5 0.5
Evolutionary volume ratio 0.02 0.02
Filter radius 3 3
Compliance 9.596 9.601
Total iteration 45 45

Example 2. L-shaped beam.

The design domain of this optimization problem is an L-shaped area with a ratio 1:1
of length L to height H, meshed with 4800 elements, as shown in Figure 9a. The shape is
clamped at its upper side and a vertical load P =1 is applied at the middle of its right-
hand side. In this setting, the evolutionary volume ratio is ce-= 0.04, and other optimization
parameters are the same as those of the simple bridge beam. The initial shape is displayed
in Figure 9b. Using traditional BESO to optimize the problem, the optimized shape is
shown in Figure 10, and the evolution of the volume fraction and the compliance in the
course of the optimization process are shown in Figure 11.
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(a) (b)

Figure 9. Optimal design problem of L-shaped beam, (a) design domain and boundary conditions;
(b) initial shape.

Figure 10. Optimized shape of L-shaped by traditional BESO.

80 ' !
\\ —Compliance
72 0s
g
3 o4l 106 5
: 8
Z 56| |42
>
i 02
40 ; ' X
0 5 10 15 20 23 30

Iteration

Figure 11. Convergence history of the compliance and the volume fraction for L-shaped beam by
traditional BESO.

Then using the proposed method to optimize the problem, the optimized shape is
shown in Figure 12, and the evolution of the volume fraction and the compliance in the
course of the optimization process are shown in Figure 13.
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Figure 12. Optimized shape of L-shaped by the improved method.

80 T 1
AS ——Compliance
=-=Volume fraction
72 0.8
g
dodf 1065
=] &
L
=]
Ss6f loa
o ]
=
48 0.2
40 - " 0
0 5 10 15 20 25 30

Iteration

Figure 13. Convergence history of the compliance and the volume fraction for L-shaped beam by
the improved method.

Comparing the traditional BESO with the improved method, the topology of the final
optimized shape is similar. Table 2 shows that the compliance is almost equal, so the top-
ological sensitivity can be used to replace the sensitivity number in the traditional BESO
for topology optimization.

Table 2. Results for topology optimization of L-shaped beam.

Traditional BESO The Improved Method
Total element number 4800 4800
Volume fraction 0.5 0.5
Evolutionary volume ratio 0.04 0.04
Filter radius 3 3
Compliance 70.965 71.102
Total iteration 26 26

The above two numerical examples prove that the method proposed in this paper
can make the optimization problem converge to the optimal result. In other words, it is
effective to use topological sensitivity to replace the sensitivity number in the traditional
BESO method.
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5. Combining BESO and Topological Sensitivity (CBT) Level Set Topology Optimiza-
tion

In this paper, the Lagrangian method is used to solve the level set topology optimi-
zation problem Equation (3), which transforms the optimization problem into the Lagran-
gian unconstrained minimization problem. Therefore, the topology optimization problem
can be rewritten as:

L, 4y) =](Q) = £(V(P) — Vi) + g(V(‘P) — Vi)? (39)

where £ and y are the Lagrangian multipliers and the penalty factors of the constraint
function respectively, and their update rules are:

€n+1 =M — yn(Vn((p) _ VM)

yn+1 — ﬁ]’n (40)
The shape sensitivity of the augmented Lagrangian function can be derived as:
L@e)©) =) @O —¢ [ 0-nds+yV@) =) [6-nds (@)
2 0

Based on the shape sensitivity, the normal evolution velocity Vi of the Hamilton-
Jacobi equation can be obtained as:

Vo = Ee(u) -e(u) = £+ y(V(®) = Vi) (42)

In Section 4, topology sensitivity is integrated into the BESO method, which is to
prove that BESO can be combined with topology sensitivity. Next, CBT will be introduced
to nucleate holes during the level set topology optimization. According to the idea of CBT,
adding materials to and removing materials from the current structure requires the topo-
logical sensitivity threshold D;*". The threshold is usually determined according to a
given evolutionary volume ratio. Assuming that there are N elements in the design do-
main, the topological sensitivity D4 of all elements are sorted depending on the value,
thatis D} < D < --- < DY < -+ < DY. According to Equation (19), V elements are required
to maintain holes (i.e., N-V solid elements), then the topological sensitivity threshold is:

D" = DY (43)

However, only using the threshold in Equation (43) is likely to cause unstable opti-
mization. The BESO method will remove materials from the boundary of the structure
when the structure is close to the optimization result. In this case, the boundary based on
the evolution of the level set method will continue to be updated, and the material will be
added at the position where the material was removed by the BESO method, which will
easily cause numerical instability and fail to obtain the optimization result. Therefore, an-
other topological sensitivity threshold Dy ;h needs to be introduced in the optimization,
and its value is determined according to the average topological sensitivity of the struc-
ture boundary 0Q. The boundary threshold can be described as:

DrY' = BDr (44)

where 0 < § <1 is a user-defined threshold factor, and Dy is the average topological sen-
sitivity of the structure boundary 0Q.

Therefore, the topological sensitivity threshold DTthof adding and removing materi-
als can be defined as:

D" = min(D;5*, DY (45)
The holes are nucleated every j iteration in the CBT method. After some iterations, if

the topological sensitivity in the solid domain is greater than or equal to the threshold
D", the hole nucleation process ends.
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The detailed description of the CBT level set topology optimization procedure is as
follows:

1.  Define the design domain and initialize level set function;

2. Solve linear elasticity equation via the finite element method;

3. Calculate shape sensitivity, topological sensitivity and the normal evolution velocity
Vos
Solve the Hamilton-Jacobi equation to update the level set function;

5. If the current iteration number is an integer multiple of j, nucleate hole by Equation
(45), then go to step 6. Otherwise, go to step 7;

Calculate the topological sensitivity threshold D;™;
Reinitialize the level set function;

Check whether the convergence criteria are satisfied. If not, repeat steps 2-8 until
convergence.

The flowchart of CBT level set topology optimization is shown in Figure 14.

START

No

mod(k,j)=0?
Define design domain and initialize
level set function @ Yes
l Calculate the topological sensitivity

threshold and nucleate holes

» Finite element analysis l

! .

> Reinitialize the level set function

Calculate sensitivity and normal
evolution velocity Va

l

Solve the H-J equation to update the
level set function

Figure 14. Flowchart of the combining BESO and topological sensitivity (CBT) level set topology
optimization.

6. Numerical Examples

In this section, three numerical examples are presented to validate the CBT method
for nucleating holes. The objective of the optimization problem is to minimize the compli-
ance of typical two-dimensional structures. In all cases, the material properties and loads
are dimensionless. The materials for all numerical examples are isotropic. Assume that
the Young’s modulus of the solid material is E1= 1, the Young’s modulus of the void ma-
terial is Eo= 107, and the Poisson’s ratio is 9 = 0.3. All examples adopt four-node rectan-
gular elements to mesh the design domain.

6.1. Simple Bridge Beam

The design domain of the simple bridge beam is meshed with 80 x 40 =3200 elements,
as shown in Figure 4a. In this setting, the volume fraction is f = 0.4. First, using the classical
level set topology optimization to optimize the problem, the initial shape and the opti-
mized shape are displayed in Figure 15, and the evolution of the volume fraction and the
compliance in the optimization process are shown in Figure 16.
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@) (b)
Figure 15. Optimal design problem of simple bridge beam by classical level set topology optimization, (a) initial shape;
(b) optimized shape.
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Figure 16. Convergence history of the compliance and the volume fraction for simple bridge beam
by classical level set topology optimization.

Second, let the evolutionary volume ratio is cer= 0.02, the filter radius Rmin=3, and j =
5. Assume that the optimization problem is iterated from the full structure. The CBT level
set method is used to optimize the problem. The optimization results are shown in Figure
17, where (a) is the initial shape, (b—d) are the intermediate results, and (e) is the final
optimized shape. The evolution of the volume fraction and the compliance in the optimi-
zation process are shown in Figure 18.




Materials 2021, 14, 2119 17 of 25

(d) (e)

Figure 17. Optimal design problem of simple bridge beam by CBT level set topology optimization,
(a) initial shape; (b) iteration 10; (c) iteration 20; (d) iteration 40; (e) optimized shape.
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Figure 18. Convergence history of the compliance and the volume fraction for simple bridge beam
by CBT level set topology optimization.

Figure 18 shows that the compliance and volume fraction converge smoothly after 55
iterations. As shown in Table 3, the compliance and the number of iterations are almost
equal to that of the classical level set method. Comparing the optimization results of the
classical level set method and the CBT level set method, the topology of both is similar,
while the initial structure of the CBT level set method is simpler, which is of great signif-
icance in practical engineering applications. For engineering designers, it is not necessary
to guess the distribution of holes in the initial structure before optimization, which can
reduce the design workload remarkably. This example proves that the CBT is effective in
nucleating holes.

Table 3. Results for topology optimization of simple bridge beam.

Classical Level Set Method CBT Level Set Method

Total element number 3200 3200
Volume fraction 04 04
Evolutionary volume ratio _ 0.02
Filter radius _ 3
Compliance 11.399 11.526
Total iteration 58 55

Itis known that the BESO method can be optimized from an initial guess shape which
has a volume equal or close to the objective volume. Next, an initial shape with a volume
fraction of 0.75 will be optimized. The initial shape and the final optimized shape are
shown in Figures 19 and 20, respectively. The evolution of the volume fraction and the
compliance in the optimization process are shown in Figure 21.
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Figure 19. Optimal design problem of simple bridge beam with a volume fraction of 0.75.

Figure 20. Optimized shape of simple bridge beam with a volume fraction of 0.75.
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Figure 21. Convergence history of the compliance and the volume fraction for simple bridge beam
by CBT level set topology optimization.

As shown in Figure 20, a similar optimization result is obtained when the initial vol-
ume fraction is 0.75. Although a structure with a smaller volume fraction can reduce the
computational cost of finite element analysis, the number of iterations has not been re-
duced, causing the optimization problem to fail to converge. To make the optimization
algorithm more robust, it is recommended to start optimization from the full structure.

6.2. Cantilever Beam

The design domain of the cantilever beam is a rectangular area with a ratio 2:1 of
length L to height H, meshed with 80 x 40 = 3200 elements, as shown in Figure 22. The
shape is fixed at its left-hand side and a vertical load P =1 is applied at the bottom of its
right-hand side. In this setting, the volume fraction is f= 0.4. First, using the classical level
set topology optimization to optimize the problem, the initial shape and the optimized
shape are displayed in Figure 23, and the evolution of the volume fraction and the com-
pliance in the optimization process are shown in Figure 24.
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Figure 22. Design domain and boundary conditions of cantilever beam.

(@) (b)

Figure 23. Optimal design problem of cantilever beam by classical level set topology optimization, (a) initial shape; (b)
optimized shape.
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Figure 24. Convergence history of the compliance and the volume fraction for cantilever beam by
classical level set topology optimization.

Second, let the evolutionary volume ratio is cer= 0.02, the filter radius Rmin=3, and j =
5. Assume that the optimization problem is iterated from the full structure. The CBT level
set method is used to optimize the problem. The optimization results are shown in Figure
25, where (a) is the initial shape, (b—d) are the intermediate results, and (e) is the final
optimized shape. The evolution of the volume fraction and the compliance in the optimi-
zation process are shown in Figure 26.
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(a)
(b) (c)
(d) (e)
Figure 25. Optimal design problem of cantilever beam by CBT level set topology optimization, (a)
initial shape; (b) iteration 20; (c) iteration 40; (d) iteration 60; (e) optimized shape.
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Figure 26. Convergence history of the compliance and the volume fraction for cantilever beam by
CBT level set topology optimization.

The cantilever beam topology optimization problem can converge smoothly from a
full structure after 80 iterations. Comparing the traditional level set method with the CBT
level set method, the topological shape of the optimized structure is similar. As shown in
Table 4, the difference of compliance is small, and the number of iterations is lower than
that of the classical level set method. The optimized results can confirm the validity and
usefulness of CBT level set topology optimization.
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Table 4. Results for topology optimization of cantilever beam.

Classical Level Set Method CBT Level Set Method

Total element number 3200 3200
Volume fraction 0.4 0.4
Evolutionary volume ratio _ 0.02
Filter radius _ 3
Compliance 93.150 92.064
Total iteration 96 80

6.3. L-Shaped Beam

The design domain of the L-shaped beam is meshed with 4800 elements, as shown in
Figure 9a. In this setting, the volume fraction is f = 0.4. First, using the classical level set
topology optimization to optimize the problem, the initial shape and the optimized shape
are displayed in Figure 27, and the evolution of the volume fraction and the compliance
in the optimization process are shown in Figure 28.

(a) (b)

Figure 27. Optimal design problem of L-shaped beam by classical level set topology optimization,
(a) initial shape; (b) optimized shape.
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Figure 28. Convergence history of the compliance and the volume fraction for L-shaped beam by
classical level set topology optimization.

Second, let the evolutionary volume ratio is ce-= 0.04, the filter radius Rmin=3, and j =
5. Assume that the optimization problem is iterated from the full structure. The CBT level
set method is used to optimize the problem. The optimization results are shown in Figure
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29, where (a) is the initial shape, (b—d) are the intermediate results, and (e) is the final
optimized shape. The evolution of the volume fraction and the compliance in the optimi-
zation process are shown in Figure 30.

(a)
(b) (c)
(d) (e)

Figure 29. Optimal design problem of L-shaped beam by CBT level set topology optimization,
(a)initial shape; (b) iteration; 10 (c) iteration 20; (d) iteration 30; (e) optimized shape.
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Figure 30. Convergence history of the compliance and the volume fraction for L-shaped beam by
CBT level set topology optimization.

The L-shaped beam topology optimization problem converges smoothly from a full
structure after 65 iterations. Comparing the traditional level set method with the CBT level
set method, the topological shape of the optimized structure is similar. As shown in Table
5, the difference of compliance is small, but the number of iterations increases. Since the
initial shape of the classical level set method has more holes, it tends to the target volume
fraction faster.

Table 5. Results for topology optimization of L-shaped beam.

Classical Level Set Method CBT Level Set Method

Total element number 4800 4800
Volume fraction 0.4 04
Evolutionary volume ratio _ 0.04
Filter radius _ 3
Compliance 90.126 87.835
Total iteration 50 65

The above three numerical examples effectively prove that CBT topology optimiza-
tion can iterate from the full initial structure to the optimal solution. Therefore, this
method can be deemed to a new hole nucleation method and provides a new solution to
the limitations of the classical level set method.

7. Conclusions

In this paper, the CBT level set topology optimization is proposed. The proposed
method can achieve the automatic nucleation of holes in the optimization process. The
optimization results of three two-dimensional numerical examples prove the effectiveness
of the CBT method. In the CBT level set topology optimization, the sensitivity threshold
DY is calculated by the evolutionary volume ratio and the boundary sensitivity threshold
Dy is obtained to ensure the stability of the optimization. The CBT method is easy to pro-
gram and, therefore, more acceptable to engineers. However, the analysis of topology sen-
sitivity is complicated. Therefore, we do not claim that the proposed method is the best
option for hole nucleation in all level set topology optimization problems. The proposed
method should be considered as a good alternative to other successful hole nucleation
methods. In future work, the CBT method can be applied to buckling problems or geo-
metric non-linear problems and can be easily extended to multi-material topology opti-
mization.
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