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1. Materials and Experiments 

In this study, a Bruker D8 Advance X-ray diffractometer with CuKα
 radiation was 

used (Kaunas, Lithuania). The powder X-Ray diffraction was taken at 40 kV and 40 mA, 

and recorded from 20 to 70 degrees for 2θ at a scanning speed of 2.5 degrees/minute and 

a step size of 0.02 degrees. The XRD patterns were studied by High Score X’Pert software 

(version 4.9.0) analysis and exported ASC suffix and cif files. Natural bones of cow were 

prepared from a Maxima LT shop (according to the EU Regulation-Lithuanian breeds). A 

white and clean hydroxyapatite was obtained. The model of the ball mill was planetary 

Fritsch Pulverisette-5. The model of the furnace was E5CK-AA1-302 (Snol 6, 7/1300) (Lith-

uania, Kaunas). A pulse echo method was used for the measurement of sound velocity 

for both transverse and longitudinal ultrasonic waves, as well as the probs were used 

related to the size of specimens accordingly (Iran, Isfahan). The model pulser receiver was 

Panametrics Co (Waltham) and the osciloscope was an Iwatsu (100 MHz, Japan). In addi-

tion, the model of mechanical machines were CD04-Z and CIP, Model CP 360 tandemly 

(Iran, Tehran). Furthermore, three dimension (3D) geometry of crystal structures were 

designed by Crystal Maker software (Version 10.2.2). The theoritical calculations were 

done by utilizing materials studio 6.0 software at generalized gradient approximation 

(GGA) method, employing the Perdew-Burke-Ernzerhof (PBE) functional with dispersion 

correction basis set. 

2. Preparation of Hydroxyapatite Powder 

Bovine bones (femur) of cow (Maxima LT shop, Kaunas, Lithuania) were prepared 

and first of all they were boiled in hot water for two h to eliminate meats and fats on the 

surface of the bones. Then, immersed into the acetone for one h to remove collagen and 

fat (step 1, Figure S1). In next step, bones were washed by distillated water and dried two 

times. Then, bones were placed in separate steps into the furnace under ambient condi-

tions and the rate of increasing temperature was 10 °C/min. In step 2, bones were fired at 

950 °C for 2 h to allow diffusion of proteins, such as collagens, from inside of bones to the 

surface, and burning at high temperatures and finally, they were cooled inside the furnace 
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very slowly (step 3). Following this process, the first black fired bones (due to carbon re-

lease) turned into a white granular bulk. Furthermore, bones were transformed to fully 

crystallized hydroxyapatite at 950 °C [1]. Hydroxyapatite extracted from cow bones was 

placed into the planetary ball mill machine involving a bowl (tungsten carbide) and balls, 

to fabricate fine particles after heat-treating (step 4). The feed ratio was 30 g powder to 300 

g of balls (1 to 10 weight ratio), the speed was fixed at 250 rpm and the milling time was 

adjusted at 2 h with pause and reverse mode, according to the previous citations of Ref 

[2,3]. In ball mill process, collision between balls and powders has provided plastic defor-

mation of particles extremely, and with repeat of this process the nano crystalline powders 

will be created [4]. The images of production routes (summary) of hydroxyapatite are pre-

sented in Figure S1. 

 

Figure S1. Images of production route of hydroxyapatite obtained from cow bones. 

Table S1. Crystallographic parameters of XRD pattern related to the natural hydroxyapatite obtained from cow bones. 

2ϴ 
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(Degree) 
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cosϴ 

(Degree) 

1/cosϴ 
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Ln(1/cosϴ) 
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4 sinϴ 

(Degree) 

β(Radian).c

osϴ 

(Degree) 

hkl 
dhkl 

(Å) 

22.02 0.11 11.01 0.9816 1.01875 0.01858 0.00192 −6.25550 0.7639 0.00188 020 4.0703 

23.13 0.20 11.565 0.9797 1.02072 0.02051 0.00349 −5.65766 0.8019 0.00342 111 3.8898 

26.12 0.13 13.06 0.9741 1.02655 0.02621 0.00227 −6.08845 0.9039 0.00221 002 3.4650 

28.35 0.10 14.175 0.9696 1.03140 0.03092 0.00175 −6.35081 0.9795 0.00169 102 3.1882 

29.22 0.14 14.61 0.9677 1.03342 0.03287 0.00244 −6.01434 1.0090 0.00236 210 3.0769 

31.93 0.13 15.965 0.9614 1.04012 0.03933 0.00227 −6.08845 1.1002 0.00218 211 2.8122 

32.41 0.13 16.205 0.9603 1.04137 0.04054 0.00227 −6.08845 1.1163 0.00218 112 2.7890 

33.18 0.14 16.59 0.9584 1.04344 0.04252 0.00244 −6.01434 1.1421 0.00234 300 2.7135 

34.34 0.14 17.17 0.9554 1.04665 0.04559 0.00244 −6.01434 1.1808 0.00233 202 2.6384 

35.70 0.08 17.85 0.9519 1.05057 0.04934 0.00140 −6.57395 1.2261 0.00133 301 2.5267 

39.47 0.10 19.735 0.9413 1.06240 0.06053 0.00175 −6.35081 1.3507 0.00164 130 2.2578 

40.05 0.15 20.025 0.9395 1.06435 0.06236 0.00262 −5.94534 1.3697 0.00246 310 2.2578 

42.27 0.20 21.135 0.9327 1.07212 0.06964 0.00349 −5.65766 1.4423 0.00326 032 2.1364 

44.11 0.10 22.055 0.9268 1.07895 0.07599 0.00175 −6.35081 1.5020 0.00162 040 2.0352 

45.56 0.20 22.78 0.9220 1.08460 0.08121 0.00349 −5.65766 1.5488 0.00322 023 2.0090 

46.91 0.15 23.455 0.9174 1.09007 0.08624 0.00262 −5.94534 1.5921 0.00240 222 1.9449 

48.36 0.16 24.18 0.9123 1.09618 0.09183 0.00279 −5.88081 1.6384 0.00255 320 1.8676 

48.85 0.13 24.425 0.9105 1.09829 0.09376 0.00227 −6.08845 1.6540 0.00207 230 1.8676 

49.72 0.15 24.86 0.9073 1.10213 0.09724 0.00262 −5.94534 1.6816 0.00238 213 1.8473 

50.78 0.15 25.39 0.9034 1.10692 0.10158 0.00262 −5.94534 1.7151 0.00237 321 1.8033 

51.56 0.15 25.78 0.9005 1.11053 0.10484 0.00262 −5.94534 1.7397 0.00236 042 1.7549 
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52.33 0.15 26.165 0.8975 1.11417 0.10811 0.00262 −5.94534 1.7638 0.00235 033 1.7590 

53.39 0.18 26.695 0.8934 1.11931 0.11271 0.00314 −5.76302 1.7970 0.00281 004 1.7325 

56.10 0.15 28.05 0.8825 1.13310 0.12495 0.00262 −5.94534 1.8810 0.00231 050 1.6281 

57.36 0.14 28.68 0.8773 1.13984 0.13089 0.00244 −6.01434 1.9197 0.00214 501 1.5850 

60.16 0.20 30.08 0.8653 1.15563 0.14465 0.00349 −5.65766 2.0048 0.00302 331 1.5281 

60.65 0.13 30.325 0.8632 1.15851 0.14714 0.00227 −6.08845 2.0196 0.00196 043 1.5270 

61.90 0.18 30.95 0.8576 1.16602 0.15360 0.00314 −5.76302 2.0572 0.00269 124 1.5096 

63.26 0.18 31.63 0.8515 1.17446 0.16081 0.00314 −5.76302 2.0977 0.00267 510 1.4621 

64.32 0.40 32.16 0.8466 1.18125 0.16657 0.00698 −4.96452 2.1291 0.00591 511 1.4306 

65.29 0.20 32.645 0.8420 1.18761 0.17194 0.00349 −5.65766 2.1577 0.00294 332 1.4275 

66.64 0.20 33.32 0.8356 1.19672 0.17959 0.00349 −5.65766 2.1973 0.00292 143 1.4082 

 

Figure S2. EDX spectrum and stoichiometric composition of hydroxyapatite obtained from cow 

bones. 

3. Elastic Stiffness Constant and Elastic Compliance 

The crystallographic nature of the hexagonal structures is shown in Figure S3. 

Forthermore, in Figure S3a, the unit cell has two axes a1 and a2 of equal length inclined at 

60°, and an orthogonal axis of different length of c. Figure S3c, submits the principal crys-

tallographic directions in the (0001) that fundamental plane expressed in the Miller-Bra-

vais system, utilizing four axes composed of three planar a1 axes at 120° to each other and 

the orthogonal c axis [5]. Figure S3d presents the relationship between the orthogonal axes 

and crystallographic directions. In Figure S3a, the unit cell has two axes a1 and a2 of equal 

length inclined at 60°, and an orthogonal axis of different length of c. Figure S3c, submits 

the principal crystallographic directions in the (0001) that fundamental plane expressed 

in the Miller-Bravais system, utilizing four axes composed of three planar a1 axes at 120° 

to each other and the orthogonal c axis [6]. Figure S3d presents the relationship between 

the orthogonal axes and crystallographic directions. When ascribing and measuring com-

pliance and stiffness constants it is most important that the orthogonal axes a1, a2 and c 

conform to standardised orthogonal directions in the hexagonal crystals. These directions 

are shown in Figure S3d. Mostly, S and C constants are reported with respect to these axial 

directions. For example σ33 and ε33 are attribuated to the tensile stresses and strains in 

the [0001] direction and S33 and C33 are related to the compliance and stiffness constants, 

measured in the [0001] direction. Generally, elastic compliance is derivative of strain with 

respect to stress or derivative of displacement with respect to force and it is demonstrated 

with sign of Sij. 
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Figure S3. (a) Raw hexagonal structure, (b) fundamental axis, (c) principal crystallographic direc-

tions and (d) between the orthogonal axes and crystallographic directions. 

4. Computational Details 

All geometry optimization and elastic constant calculation was done by CASTEP 

module of Material studio 6.0. For exchange-correlation interactions we used generalized 

gradient approximation (GGA) level, employing the Perdew-Burke-Ernzerhof (PBE) func-

tional. For geometric optimization step, the semi-empirical Tkatchenko and Scheffler (TS) 

dispersion correction was used to consider van der Waals’ interactions. Unit cell is ex-

tracted from CIF data file of Wilson et al. works [7]. Extracted unit cell is shown in Figure 

S4. Due to the non-physical duplication of each OH group in the unit cell, the symmetry 

should be reduced to the P63 space group before simulation. This modification has been 

used before in many theoretical studies of HA [8–10]. 

 

Figure S4. Transfer of hydroxyapatite unite cell in P63/m to P63 space group. 

To calculate the accurate density of the electronic states, Brillouin zone integrations 

were performed using Monkhorst and Pack k-point meshes (4 × 3 × 3). We considered 380 

eV energy cutoff for wave function expansion. Self-consistent field tolerance was set to 

10−6 eV/atom. The convergence criterion of total force acting on each atom was set below 

0.008 eV/Å . The maximum displacement and stress were 10−4 nm and 0.015 GPa, respec-

tively. 

5. Ultrasonic Method 

 

Figure S5. Schematic of a design of cutted samples. 

Table S2. The values of Longitudinal and Transvers velocity of samples. 

Longitudinal Velocity 

(m/s) 
Transvers Velocity (m/s) 

Quasi-Longitudinal or Quasi-Transverse 

(m/s) 

V1/1 = 6798.42 V2/3 = 3769.01 V12/12 = 3845.09 

V2/2 = 6813.51 V1/3 = 3825.23 V13/13 = 4095.23 

V3/3 = 7810.39 V1/2 = 3838.61 V23/23 = 3983.65 



Materials 2021, 14, 2949 5 of 58 
 

 

6. Calculations of Planar Density of (a) (020) Unit Cell, (b) (020) Super Cell, (c) (111) 

Unit Cell, (d) (111) Super Cell, (e) (002) Unit Cell, (f) (002) Super Cell, (g) (102) Unit 

Cell and (h) (102) Super Cell 

(a) (020), Unit Cell 

 

(b) (020), Super Cell 

 

(c) (111), Unit Cell 

 

 

(d) (111), Super Cell 
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(e) (002), Unit Cell 

 

(f) (002), Super Cell 

 

(g) (102), Unit Cell 
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(h) (102), Super Cell 
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Area of the (300): 𝑠 = 𝑎 × 𝑐 = 9.4 × 6.93 = 65.142 A°2 

Number of atoms in the plane (300)×area of each atom in the plane (300)  

= 1 +
1

2
 × 𝜋 ×  1)2 +  

122

139
+

126

139
+  

122

139
×

139

148
  × 𝜋 ×  1.4)2 = 4.712 +

16.062 = 20.774 𝐴°2 

O atom 

no.1 

O atom 
no.2 

 

O atom 

no.3 

 

Ca atom  

Planar density =
 𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑎𝑡𝑜𝑚𝑠 𝑖𝑛 𝑝𝑙𝑎𝑛𝑒 300) ∗ 𝑎𝑟𝑒𝑎 𝑜𝑓 𝑒𝑎𝑐ℎ 𝑎𝑡𝑜𝑚 𝑖𝑛 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 300) 

𝑎𝑟𝑒𝑎 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 (300)
=

20.774

65.142

= 0.319 
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2
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2
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1
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  9.4)2  9.4)2  
1
2
 

2
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1
2
 

2

 

= 0.4 → 𝜃 = 66.3° 

Area of the plane (202): S = 𝑎 × 𝑥 × sin 66.3°) =  9.4) ×  5.839) ×

sin 66.3°) = 50.258A°2  

Number of atoms in the plane (202)×area of each atom in the plane (202) 

= 
17

19
 ∗ 0.57 × 𝜋 ×  1)2 +  

4

27
+  

5

27
×

139

148
 +  

5

18
  × 𝜋 ×  1.4)2 = 1.6 +

3.694 = 5.294 𝐴°2 

Planar density = 
 𝑁𝑢𝑚𝑏𝑒𝑟  𝑜𝑓  𝑎𝑡𝑜𝑚𝑠  𝑖𝑛  𝑝𝑙𝑎𝑛𝑒  202)×𝑎𝑟𝑒𝑎  𝑜𝑓  𝑒𝑎𝑐ℎ 𝑎𝑡𝑜𝑚  𝑖𝑛  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  202) 

𝑎𝑟𝑒𝑎  𝑜𝑓  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  (202)
=

5.294

50.258
= 0.105 

O atom 

no.1 

 

Ca atom 
O atom 

no.2 

 

O atom 

no.3 
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= 0.206 → 𝜃 = 78.112° 

Area of the plane (301): S = 𝑎 × x × sin78.112°= 9.4 × 7.605 × 0.979 =

69.954A°2  

Number of atom in the plane (301)×area of each atom in the plane (301) 

=   
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= 10.111 + 1.44 + 0.008 = 11.559 

Planar density= 
 𝑁𝑢𝑚𝑏𝑒𝑟  𝑜𝑓  𝑎𝑡𝑜𝑚𝑠  𝑖𝑛  𝑝𝑙𝑎𝑛𝑒  301)∗𝑎𝑟𝑒𝑎  𝑜𝑓  𝑒𝑎𝑐 ℎ 𝑎𝑡𝑜𝑚  𝑖𝑛  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  301) 

𝑎𝑟𝑒𝑎  𝑜𝑓  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  (301)
=

11.559
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O atom 
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no.2 

 

O atom 

no.3 

 

O atom 

no.4 

 

O atom 

no.5 

 

O atom 

no.6 

 

Ca atom 

H atom 

no.1 

 

H atom 

no.2 
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=
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𝑥2 =  
𝑎

3
 

2

+  
𝑐

2
 

2

=  
9.4

3
 

2

+  
6.93

2
 

2

= 21.824 → 𝑥 = 4.672 

Angle between two miller hexagonal directions: 

 𝑢1 𝑣1 𝑤1 <  𝑢2 𝑣2 𝑤2      −1 0 0 ⩻  0 
−1

3
  

1

2
   

𝑐𝑜𝑠𝜃 =
𝑎2  𝑢1𝑢2 + 𝑣1𝑣2 −

1
2
 𝑢1𝑣2 + 𝑣1𝑢2) + 𝑐2𝑤1𝑤2

 𝑎2 𝑢1
2 − 𝑢1𝑣1 + 𝑣1

2) + 𝑐2𝑤1
2  𝑎2 𝑢2

2 − 𝑢2𝑣2 + 𝑣2
2) + 𝑐2𝑤2

2

=
 9.4)2  0 + 0 −

1
2
 (−1)(

−1
3

) + 0  +  6.93)2 × 0

  9.4)2  −1)2 − 0 + 0) + 0   9.4)2  0 − 0 +  
−1
3

 
2

 +  6.93)2 ×  
1
2
 

2

=
 9.4)2  

−1
6

 

 6.4)  9.4)2  
1
9
 +  6.93)2(

1
4

) 

= −0.335 → 𝜃 = 109.573° 
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Cosine’s rule: 𝑥2 =  
𝑎

2
 

2
+  

𝑎

2
 

2
− 2  

𝑎

2
  

𝑎

2
 𝑐𝑜𝑠120° =

𝑎2

2
+

𝑎2

4
=

3

4
𝑎2 

→ 𝑥 =
 3

2
𝑎 =

 3

2
×  9.4) = 8.141 

𝑦2 =  
𝑎

2
 

2

+  
𝑐

2
 

2

=  
9.4

2
 

2

+  
6.93

2
 

2

= 34.0962 → 𝑦 = 5.839 

Area of the plane (222):𝑠
𝐻𝑒𝑟𝑜 𝑛 ′ 𝑠 𝑙𝑎𝑤
          𝑠 =  𝑝 𝑝 − 𝑦) 𝑝 − 𝑦) 𝑝 − 𝑥) 

𝑝 =
𝑥 + 𝑦 + 𝑦

2
=

2 ×  5.839) + 8.141

2
= 9.91 

𝑠 =  (9.91) 9.91 − 5.839)2 9.91 − 8.141) = 17.045 𝐴°2 

Number of atoms in the plane (222)×area of each atom in the plane (222) = 

0.57 ×  
29

34
 × 𝜋 ×  1)2 = 1.527 𝐴°2 

Planar density =

=
 𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑎𝑡𝑜𝑚𝑠 𝑖𝑛 𝑝𝑙𝑎𝑛𝑒 222) × 𝑎𝑟𝑒𝑎 𝑜𝑓 𝑒𝑎𝑐ℎ 𝑎𝑡𝑜𝑚 𝑖𝑛 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 222) 

𝑎𝑟𝑒𝑎 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 (222)

=
1.527 

17.045
= 0.0896 
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Cosine’s rule: 𝑥2 =  
𝑎

3
 

2
+  

𝑎

2
 

2
− 2  

𝑎

3
  

𝑎

2
 𝑐𝑜𝑠120° =  

9.4

3
 

2
+  

9.4

2
 

2
−

2  
9.4

3
  

9.4

2
 𝑐𝑜𝑠120° = 46.634 → 𝑥 = 6.829 

𝑦2 =  
𝑎

3
 

2

+ 𝑐2 =  
9.4

3
 

2

+  6.93)2 = 57.843 → 𝑦 = 7.605 

𝑍2 = (
𝑎

2
)2 + 𝑐2 =  

9.4

2
 

2

+  6.93)2 = 70.115 → 𝑧 = 8.373 

 

Area of the plane (321):𝑠
𝐻𝑒𝑟𝑜 𝑛 ′ 𝑠 𝑙𝑎𝑤
          𝑠 =  𝑝 𝑝 − 𝑥) 𝑝 − 𝑦) 𝑝 − 𝑧)  

𝑝 =
𝑥 + 𝑦 + 𝑦

2
=

 6.829) +  7.605) + 8.373

2
      𝑝 = 11.404 

𝑠 =  11.404 11.404 − 6.829) 11.404 − 7.605)(11.404 − 8.373) 

𝑠 = 24.510 𝐴°2 

Number of atoms in the plane (321)×area of each atom in the plane (321) 

= 
44

82
×

139

148
 × 𝜋 ×  1.4)2 +  

2

61
 × 𝜋 ×  1)2 +  

18

24
× 𝜋 ×  0.1)2 = 3.304 +

0.103 + 0.0235 = 3.431 𝐴°2 

Planar density=
 𝑁𝑢𝑚𝑏𝑒𝑟  𝑜𝑓  𝑎𝑡𝑜𝑚𝑠  𝑖𝑛  𝑝𝑙𝑎𝑛𝑒  321)×𝑎𝑟𝑒𝑎  𝑜𝑓  𝑒𝑎𝑐ℎ 𝑎𝑡𝑜𝑚  𝑖𝑛  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  321) 

𝑎𝑟𝑒𝑎  𝑜𝑓  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒   321)
=

3.341

24.510
= 0.140 

O atom 

 

Ca atom H atom 
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𝑥2 =  
𝑎

3
 

2

+  
𝑐

3
 

2

=  
9.4

3
 

2

+  
6.93

3
 

2

= 15.154 → 𝑥 = 3.893 

Angle between two miller hexagonal directions: 

 𝑢1 𝑣1 𝑤1 <  𝑢2 𝑣2 𝑤2      −1 0 0 ⩻  0 
−1

3
  

1

3
   

𝑐𝑜𝑠𝜃 =
𝑎2  𝑢1𝑢2 + 𝑣1𝑣2 −

1
2
 𝑢1𝑣2 + 𝑣1𝑢2) + 𝑐2𝑤1𝑤2

 𝑎2 𝑢1
2 − 𝑢1𝑣1 + 𝑣1

2) + 𝑐2𝑤1
2  𝑎2 𝑢2

2 − 𝑢2𝑣2 + 𝑣2
2) + 𝑐2𝑤2

2
 

𝑐𝑜𝑠𝜃 =

 9.4)2  0 + 0 −
1
2
  −1)  

−1
3

 + 0  +  6.93)2 ×  0)

  9.4)2  −1)2 − 0 + 0) +  6.93)2 0)2   9.4)2  0 − 0 +  
−1
3

 
2

 +  6.93)2 ×  
1
3
 

2

 

𝑐𝑜𝑠𝜃 =
 9.4)2  

−1
6

 

  6.4)2  9.4)2  
1
9
 +  6.93)2(

1
4

) 

= −0.402 → 𝜃 = 113.732° 
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Area of the (004): s=a×a×sin120°= (9.4)×(9.4)×sin120°=76.522 𝐴°2 

Number of atoms in the plane (004)×area of each atom in the plane (004) 

=  4 ×
120

360
×

16

82
 +  4 ×

60

360
×

10

82
 + (6) × 𝜋 ×  1.4)2 +   1) +  2 × 0.56) ×

𝜋 ×  1)2 +  3 × 𝜋 ×  0.31) = 39.348 + 6.66 + 0.906 = 46.914 𝐴°2 

Planar density=
 𝑁𝑢𝑚𝑏𝑒𝑟  𝑜𝑓  𝑎𝑡𝑜𝑚𝑠  𝑖𝑛  𝑝𝑙𝑎𝑛𝑒  004)×𝑎𝑟𝑒𝑎  𝑜𝑓  𝑒𝑎𝑐ℎ 𝑎𝑡𝑜𝑚  𝑖𝑛  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  004) 

𝑎𝑟𝑒𝑎  𝑜𝑓  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  (004)
=

46.914

76.522
= 0.613 

O atom 

Corner 1 

Ca atom 

no.1 
O atom 

Corner 2 

 

O atom 

Center 

 

Ca atom 

no.2 

 

P atom 

Area of the (050): s=a×c= (9.4)×(6.93) =65.142 𝐴°2 

Number of atoms in the plane (050)×area of each atom in the plane (050) 

=  
22

138
×

139

148
 +  

22

138
 + (

54

138
) × 𝜋 ×  1.4)2 +  

14

99
 × 𝜋 ×  1)2 = 4.313 +

0.444 = 4.757 𝐴°2 

O atom 

no.1 

 

O atom 

no.2 

 

O atom 

no.3 

 

Ca atom 

Planar density=
 𝑁𝑢𝑚𝑏𝑒𝑟  𝑜𝑓  𝑎𝑡𝑜𝑚𝑠  𝑖𝑛  𝑝𝑙𝑎𝑛𝑒  050)×𝑎𝑟𝑒𝑎  𝑜𝑓  𝑒𝑎𝑐 ℎ 𝑎𝑡𝑜𝑚  𝑖𝑛  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  050) 

𝑎𝑟𝑒𝑎  𝑜𝑓  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  (050)
=

4.757

65.142
= 0.073 
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Number of atoms in the plane (501)×area of each atom in the plane (501) 

=  
106

119
 +  

116

119
 +  

6

119
 +  

2

119
×

139

148
 +  2 ×

16

119
× 0.5 +  2 ×

30

119
× 0.5  ×

𝜋 ×  1.4)2 +  
8

43
 ∗ 𝜋 ×  0.31)2 +  0.5 ×

22

28
× 2 × 𝜋 ×  0.1)2 = 14.275 +

0.0562 + 0.0247 = 14.356  𝐴°2 

Planar density=
 𝑁𝑢𝑚𝑏𝑒𝑟  𝑜𝑓  𝑎𝑡𝑜𝑚𝑠  𝑖𝑛  𝑝𝑙𝑎𝑛𝑒  501)×𝑎𝑟𝑒𝑎  𝑜𝑓  𝑒𝑎𝑐ℎ 𝑎𝑡𝑜𝑚  𝑖𝑛  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  501) 

𝑎𝑟𝑒𝑎  𝑜𝑓  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒   501)
=

14.356

66.910
= 0.213 

O atom 

no.1 

 

O atom 

no.2 

 

O atom 

no.3 

 

O atom 

no.4 

 

O atom 

no.5 

 

O atom 

no.6 

 

P atom H atom  
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Cosine’s law: 𝑥2 =  
𝑎

3
 

2
+  

𝑎

3
 

2
− 2  

𝑎

3
  

𝑎

3
 𝑐𝑜𝑠120° =  

9.4

3
 

2
+  

9.4

3
 

2
− 2 ×

 
9.4

3
 ×  

9.4

3
 ×  −0.5) = 29.453 → 𝑥 = 5.427 

𝑦2 =  
𝑎

3
 

2

+ 𝑐2 =  
9.4

3
 

2

+  6.93)2 = 57.843 → 𝑦 = 7.605 

Area of the plane (331):𝑠
𝐻𝑒𝑟𝑜 𝑛 ′ 𝑠 𝑙𝑎𝑤
          𝑠 =  𝑝 𝑝 − 𝑥) 𝑝 − 𝑦) 𝑝 − 𝑦)  

𝑝 =
𝑥 + 𝑦 + 𝑦

2
=

5.427 + (2 × 7.605)

2
= 10.319 → 

𝑠 =  10.319 10.319 − 5.427) ×  10.319 − 7.605) × (10.319 − 7.605)

= 19.283 𝐴°2 

Number of atoms in the plane (331)×area of each atom in the plane (331) 

=  0.5 ×
56

108
 +  0.5 ×

16

108
  × 𝜋 ×  1.4)2 +  0.56 ×

34

40
 × 𝜋 ×  1)2 +

 0.5 ×
10

19
 × 𝜋 ×  0.1)2 = 2.053 + 1.495 + 0.0083 = 3.556 𝐴°2 

Planar density=
 𝑁𝑢𝑚𝑏𝑒𝑟  𝑜𝑓  𝑎𝑡𝑜𝑚𝑠  𝑖𝑛  𝑝𝑙𝑎𝑛𝑒  331)×𝑎𝑟𝑒𝑎  𝑜𝑓  𝑒𝑎𝑐ℎ 𝑎𝑡𝑜𝑚  𝑖𝑛  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  331) 

𝑎𝑟𝑒𝑎  𝑜𝑓  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  (331)
=

3.556

19.283
= 0.184 

O atom 

no.1 

 

O atom 

no.2 

 

Ca atom 

H atom 
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𝑥2 =  
𝑎

4
 

2

+  
𝑐

3
 

2

=  
9.4

4
 

2

+  
6.93

3
 

2

= 10.859 → 𝑥 = 3.295 

Angle between two miller hexagonal directions: 

 𝑢1 𝑣1 𝑤1 <  𝑢2 𝑣2 𝑤2      −1 0 0 ⩻  0 
−1

4
  

1

3
   

𝑐𝑜𝑠𝜃 =
𝑎2  𝑢1𝑢2 + 𝑣1𝑣2 −

1
2
 𝑢1𝑣2 + 𝑣1𝑢2) + 𝑐2𝑤1𝑤2

 𝑎2 𝑢1
2 − 𝑢1𝑣1 + 𝑣1

2) + 𝑐2𝑤1
2  𝑎2 𝑢2

2 − 𝑢2𝑣2 + 𝑣2
2) + 𝑐2𝑤2

2
 

𝑐𝑜𝑠𝜃 =

 9.4)2  0 + 0 −
1
2
  −1)  

−1
4

 + 0  +  0)

  9.4)2  −1)2 − 0 + 0) + 0   9.4)2  0 − 0 +  
−1
4

 
2

 +  6.93)2 ×  
1
3
 

2

 

𝑐𝑜𝑠𝜃 =
 9.4)2  

−1
8

 

 9.4)  9.4)2  
1

16
 +  6.93)2(

1
9

) 

= −0.357 → 𝜃 = 110.9° 

Area of the plane (043): S = 𝑎 × x × sinθ =  9.4) ×  3.295) × sin 110.9°) 

s = 28.935 A°2  

Number of atoms in the plane (043)×area of each atom in the plane (043) 

=  
92

106
× 0.5 ×

110.9

360
 +  

92

106
× 0.5 ×

69.1

360
 +  

44

106
 +  

36

106
×

139

148
  × 𝜋 ×  1.4)2 =

5.856 𝐴°2 

Planar density=
 𝑁𝑢𝑚𝑏𝑒𝑟  𝑜𝑓  𝑎𝑡𝑜𝑚𝑠  𝑖𝑛  𝑝𝑙𝑎𝑛𝑒  043)×𝑎𝑟𝑒𝑎  𝑜𝑓  𝑒𝑎𝑐ℎ 𝑎𝑡𝑜𝑚  𝑖𝑛  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  043) 

𝑎𝑟𝑒𝑎  𝑜𝑓  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒   043)
=

5.856

28.935
= 0.202 

O atom 

no.1 

 

O atom 

no.2 

 

O atom 

no.3 

 

O atom 

no.4 

 

𝑥2 = (
𝑐

4
)2 +  𝑎)2 =  

6.93

4
 

2

+  9.4)2 = 91.362 → 𝑥 = 9.558 

𝑦2 =  
𝑐

4
 

2

+ (
𝑎

2
)2 =  

6.93

4
 

2

+  9.4/2)2 = 25.092 → 𝑦 = 5.009 

Cosine’s rule:𝑧2 = 𝑎2 + (
𝑎

2
)2 − 2 𝑎)  

𝑎

2
 𝑐𝑜𝑠120°=  9.4)2 +  

9.4

2
 

2
−

2 9.4)  
9.4

2
 𝑐𝑜𝑠120 = 154.63 → 𝑧 = 12.435 

Area of the plane (124):𝑠
𝐻𝑒𝑟𝑜 𝑛 ′ 𝑠 𝑙𝑎𝑤
          𝑠 =  𝑝 𝑝 − 𝑥) 𝑝 − 𝑦) 𝑝 − 𝑧) 
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𝑝 =
𝑥 + 𝑦 + 𝑦

2
=

9.558 + 5.009 + 12.435

2
= 13.501 

𝑠 =  13.501 13.501 − 9.558) 13.501 − 5.009)(13.501 − 12.435)

= 21.952 𝐴°2 

Number of atoms in the plane (124)×area of each atom in the plane (124) 

=  2 ×
32

108
× 0.5 +  

68

108
×

139

148
 +  

52

108
×

139

148
  × 𝜋 ×  1.4)2 = 8.25  𝐴°2 

Planar density=
 𝑁𝑢𝑚𝑏𝑒𝑟  𝑜𝑓  𝑎𝑡𝑜𝑚𝑠  𝑖𝑛  𝑝𝑙𝑎𝑛𝑒  124)×𝑎𝑟𝑒𝑎  𝑜𝑓  𝑒𝑎𝑐ℎ 𝑎𝑡𝑜𝑚  𝑖𝑛  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  124) 

𝑎𝑟𝑒𝑎  𝑜𝑓  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  (124)
=

8.25

21.952
= 0.376 

O atom 

no.1 

 

O atom 

no.2 

 

O atom 

no.3 

 

Cosine’s rule: 𝑥2 =  
𝑎

5
 

2
+ 𝑎2 − 2  

𝑎

5
  𝑎)𝑐𝑜𝑠120° =  

9.4

5
 

2
+  9.4)2 − 2 ×

 
9.4

5
 ×  9.4) ×  −0.5) = 109.566 → 𝑥 = 10.467 

Area of the plane (510):𝑠 = 𝑐 × 𝑥 =  6.93) × 10.467 = 72.536 𝐴°2 

Number of atoms in the plane (510)×area of each atom in the plane (510) 

=  4 × 0.5) +  
76

128
 +  

52

128
 +  

52

128
×

139

148
  × 𝜋 ×  1.4)2 +  4 × 0.5 × 𝜋 ×  0.1)2) =

20.822 + 0.0628 = 20.885 𝐴°2 

Planar density=
 𝑁𝑢𝑚𝑏𝑒𝑟  𝑜𝑓  𝑎𝑡𝑜𝑚𝑠  𝑖𝑛  𝑝𝑙𝑎𝑛𝑒  510)×𝑎𝑟𝑒𝑎  𝑜𝑓  𝑒𝑎𝑐ℎ 𝑎𝑡𝑜𝑚  𝑖𝑛  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  510) 

𝑎𝑟𝑒𝑎  𝑜𝑓  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  (510)
=

20.885

72.536
= 0.288 

O atom 

edge 

 

O atom 

no.1 

 

O atom 

no.2 

 

O atom 

no.3 

 

H atom 
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Figure 6. Array and position of the involved atoms such as (a) 210, (b) 211, (c) 112, (d) 300, (e) 202, 

(f) (301), (g) (130), (h) (310), (i) (032), (j) (040), (k) (023), (l) (222), (m) (320), (n) (230), (o) (213), (p) 

(321), (q) (042), (r) (033), (s) (004), (t) (050), (u) (501), (v) (331), (w) (043), (x) (124), (y) (510), (z) (511), 

(a1) (332) and (b1) (143) for unit-cell of hydroxyapatite. 

 

Area of the plane (143): S = 0.5 ×  𝑥) ×  𝑦) × sin 𝜃 = 0.5 ×  9.68) ×  3.295) ×

sin 100.313) = 15.96 A°2  

Number of atoms in the plane (143)×area of each atom in the plane (143) 

=  
88

102
×

100.313

360
 +  

28

102
×

139

148
  × 𝜋 ×  1.4)2 = 3.068 𝐴°2 

Planar density=
 𝑁𝑢𝑚𝑏𝑒𝑟  𝑜𝑓  𝑎𝑡𝑜𝑚𝑠  𝑖𝑛  𝑝𝑙𝑎𝑛𝑒  143)×𝑎𝑟𝑒𝑎  𝑜𝑓  𝑒𝑎𝑐ℎ 𝑎𝑡𝑜𝑚  𝑖𝑛  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  143) 

𝑎𝑟𝑒𝑎  𝑜𝑓  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒   143)
=

3.068

15.69
= 0.196 

O atom 

no.1 

 

O atom 

no.2 
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Area of the (300): 𝑠 = 2a × 2c =  18.8) × (6.93 × 2) = 260.568 A°2 

Number of atoms in the plane (300)×area of each atom in the plane (300) 

=  2 ×
1

2
 + (6 × 1) × 𝜋 ×  1)2 +   6 ×

122

139
 +  4 ×

126

139
 +  2 ×

122

139
×

139

148
  ×

𝜋 ×  1.4)2 =  21.99 + 64.905 = 86.9 𝐴°2 

Planar density

=
 𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑎𝑡𝑜𝑚𝑠 𝑖𝑛 𝑝𝑙𝑎𝑛𝑒 300) × 𝑎𝑟𝑒𝑎 𝑜𝑓 𝑒𝑎𝑐ℎ 𝑎𝑡𝑜𝑚 𝑖𝑛 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 300) 

𝑎𝑟𝑒𝑎 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 (300)

=
86.9

260.568
= 0.33 

O atom 

no.1 

O atoms 
no.2 

 

Ca atom 

edge 
Other Ca 

atom 
O atoms 

no.3 
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Cosine’s rule: 𝑥2 =  2𝑎)2 +  
2𝑎

3
 

2
− 2 2𝑎)  

2𝑎

3
 𝑐𝑜𝑠120° =  18.8)2 +  

18.8

3
 

2
−

2 18.8)  
18.8

3
 𝑐𝑜𝑠120° = 510.524 → 𝑥 = 22.595 

Area of the plane (130):𝑠 = 𝑥 ×  2𝑐) = 22.595 ×  2 × 6.93) = 313.164𝐴°2 

Number of atoms in the plane (130)×area of each atom in the plane (130) 

=  8 ×
1

2
 +  

122

125
×

139

148
 +  

68

125
×

139

148
 +  

70

125
×

139

148
 +  

70

125
× 5 +  

122

125
× 3 +

 
68

125
× 3 +  

104

125
× 6 +  

52

125
× 4 +  

32

125
 +  

36

125
× 4 +  

16

125
× 3  × 𝜋 ×

 1.4)2 +  2 ×  
8

9
 × 𝜋 ×  1)2 +  8 ×

1

2
× 𝜋 ×  0.1)2 = 133.997 + 5.585 +

0.126 = 139.708𝐴°2 

Planar density=
 𝑁𝑢𝑚𝑏𝑒𝑟  𝑜𝑓  𝑎𝑡𝑜𝑚𝑠  𝑖𝑛  𝑝𝑙𝑎𝑛𝑒  130)×𝑎𝑟𝑒𝑎  𝑜𝑓  𝑒𝑎𝑐ℎ 𝑎𝑡𝑜𝑚  𝑖𝑛  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  130) 

𝑎𝑟𝑒𝑎  𝑜𝑓  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  (130)
=

139.708

313.164
= 0.446 

O atom 

edge 

O atom 

no.1 

O atom 

no.2 

 

O atom 

no.3 

 

O atom 

no.4 

 

O atom 

no.5 

 

O atom 

no.11 

 

O atom 

no.10 

 

O atom 

no.9 

 

O atom 

no.8 

 

O atom 

no.7 

 

O atom 

no.6 

 

Ca atom H atoms 
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Cosine’s rule: 𝑥2 =  2𝑎)2 +  
2𝑎

3
 

2
− 2 2𝑎)  

2𝑎

3
 𝑐𝑜𝑠120° =  18.8)2 +  

18.8

3
 

2
−

2 18.8)  
18.8

3
 ∗ (−0.5) = 510.524 → 𝑥 = 22.595 

Area of the plane (310):𝑠 = 𝑥 ∗  2𝑐) = 22.595 ∗  2 ∗ 6.93) = 313.167 𝐴°2 

Number of atoms in the plane (310)×area of each atom in the plane (310) 

=  8 ∗
1

2
 +  2 ∗

52

125
 +  2 ∗

90

125
 +  4 ∗

28

125
  ∗ 𝜋 ∗  1.4)2 +  2 ∗ 1) ∗ 𝜋 ∗  1)2 +

 4 ∗
6

23
 ∗ 𝜋 ∗  0.31)2 +  8 ∗

1

2
 ∗ 𝜋 ∗  0.1)2 = 44.137 + 6.283 + 0.315 +

0.126 = 50.861 𝐴°2 

Planar density=
 𝑁𝑢𝑚𝑏𝑒𝑟  𝑜𝑓  𝑎𝑡𝑜𝑚𝑠  𝑖𝑛  𝑝𝑙𝑎𝑛𝑒  310)∗𝑎𝑟𝑒𝑎  𝑜𝑓  𝑒𝑎𝑐ℎ 𝑎𝑡𝑜𝑚 𝑖𝑛  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  310) 

𝑎𝑟𝑒𝑎  𝑜𝑓  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  (310)
=

50.861

313.167
= 0.162 

O atom 

edge 

O atom 

no.1 

O atom 

no.2 

 

O atom 

no.3 

 

Ca atom 

H atoms P atom 
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𝑥2 =  𝑎)2 +  
2𝑐

3
 

2

=  9.4)2 +  
2 ∗ 6.93

3
 

2

= 109.704 → 𝑥 = 10.474 

Angle between two miller hexagonal directions: 

 𝑢1 𝑣1 𝑤1 <  𝑢2 𝑣2 𝑤2      −1 0 0 ⩻  0  
−1

2
  

1

3
   

𝑐𝑜𝑠𝜃 =
𝑎2  𝑢1𝑢2 + 𝑣1𝑣2 −

1
2
 𝑢1𝑣2 + 𝑣1𝑢2) + 𝑐2𝑤1𝑤2

 𝑎2 𝑢1
2 − 𝑢1𝑣1 + 𝑣1

2) + 𝑐2𝑤1
2  𝑎2 𝑢2

2 − 𝑢2𝑣2 + 𝑣2
2) + 𝑐2𝑤2

2

=
 9.4)2  0 + 0 −

1
2
 (−1)(

−1
2

) + 0  +  6.93)2 0)

  9.4)2  −1)2 − 0 + 0) + 0   9.4)2  0 − 0 + (
−1
2

) +  6.93)2  
1
3
 

2

=
 9.4)2  

−1
4

 

 9.4)  9.4)2  
1
4
 +  6.93)2 ∗

1
9

 

= −0.449 → 𝜃 = 116.662° 

Area of the plane (023): S =  2a) ∗  x) ∗ sin 116.662°) =  18.8) ∗  10.474) ∗

sin 116.662°) = 175.973 A°2  

Number of atoms in the plane (023)×area of each atom in the plane (023) 

=  
76

112
∗ 2 +  

36

112
∗ 2 +  

63.338

360
∗

92

112
 +  

116.662

360
∗

92

112
 +  

92

112
∗ 0.5  ∗ 𝜋 ∗

 1.4)2 +   2 ∗
8

41
  ∗ 𝜋 ∗  1)2 +   

12

20
 ∗ 2 ∗ 𝜋 ∗  0.31)2 = 17.364 + 1.226 +

0.362 = 18.952A°2   

Planar density= 
 𝑁𝑢𝑚𝑏𝑒𝑟  𝑜𝑓  𝑎𝑡𝑜𝑚𝑠  𝑖𝑛  𝑝𝑙𝑎𝑛𝑒  023)∗𝑎𝑟𝑒𝑎  𝑜𝑓  𝑒𝑎𝑐ℎ 𝑎𝑡𝑜𝑚  𝑖𝑛  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  023) 

𝑎𝑟𝑒𝑎  𝑜𝑓  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  (023)
=

18.952

175.973
= 0.108 

O atom 

no.1 

 

O atom 

no.2 

 

O atom 

no.3 

 

O atom 

no.4 

 

O atom 

no.5 

 

Ca atom P atom 
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Cosine’s rule: 𝑥2 =  𝑎)2 +  𝑎)2 − 2 𝑎) 𝑎)𝑐𝑜𝑠120° = 3𝑎2 

→ 𝑥 =  3𝑎 = 16.281 

𝑦2 =  𝑎)2 +  𝑐)2 =  9.4)2 +  6.93)2 = 136.385 → 𝑦 = 11.678 

Area of the plane (222):𝑠
𝐻𝑒𝑟𝑜 𝑛 ′ 𝑠 𝑙𝑎𝑤
          𝑠 =  𝑝 𝑝 − 𝑥) 𝑝 − 𝑦) 𝑝 − 𝑦) 

𝑝 =
𝑥 + 𝑦 + 𝑦

2
= 19.819 

𝑠 =  19.819 ∗  19.819 − 16.281) ∗  19.819 − 11.678)2 = 68.171 𝐴°2 

Number of atoms in the plane (222)×area of each atom in the plane (222) 

=0.57 ∗  
29

34
 ∗ 𝜋 ∗  1)2 +

14

18
∗ 𝜋 ∗  0.31)2 +   

18

49
 +  

40

49
 +  

28

49
 +  

22

49
 +  1) +

 
14

49
∗

139

148
  ∗ 𝜋 ∗  1.4)2 = 1.527 + 0.235 + 21.385 = 23.144  𝐴°2 

Ca atom 
P atom  

O atom 

no.1 

 

O atom 

no.2 

 

O atom 

no.3 

 

O atom 

no.4 

 

O atom 

no.5 

 

O atom 

no.6 
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Cosine’s rule: 𝑥2 =  𝑎)2 +  
2𝑎

3
 

2
− 2 𝑎)  

2𝑎

3
 𝑐𝑜𝑠120° =  9.4)2 +  

2∗9.4

3
 

2
− 2 ∗

 9.4)  
2∗9.4

3
 𝑐𝑜𝑠120° = 186.537 → 𝑥 = 13.658 

Area of the plane (320):𝑠 = 𝑥 ∗  2𝑐) = 13.658 ∗  2 ∗ 6.93) = 189.298 𝐴°2 

Number of atoms in the plane (320)×area of each atom in the plane (320) 

=  8 ∗
1

2
 +  2 ∗

52

60
 +  

2∗16

60
 +  2 ∗

24

60
 +  

2∗32

60
  ∗ 𝜋 ∗  1.4)2 +   2 ∗

6

23
 +

 2 ∗
14

23
  ∗ 𝜋 ∗  0.31)2 +  8 ∗

1

2
 ∗ 𝜋 ∗  0.1)2 = 50.081 + 0.525 + 0.126 =

50.732 𝐴°2 

Planar density=
 𝑁𝑢𝑚𝑏𝑒𝑟  𝑜𝑓  𝑎𝑡𝑜𝑚𝑠  𝑖𝑛  𝑝𝑙𝑎𝑛𝑒  320)∗𝑎𝑟𝑒𝑎  𝑜𝑓  𝑒𝑎𝑐ℎ 𝑎𝑡𝑜𝑚  𝑖𝑛  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  320) 

𝑎𝑟𝑒𝑎  𝑜𝑓  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  (320)
=

50.732

189.298
= 0.268 

O atom 

edge 

O atom 

no.1 

O atom 

no.2 

 

O atom 

no.3 

 

O atom 

no.4 

 

P atom 

no.2 

 

P atom 

no.1 

 

H atoms 
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Cosine’s rule: 𝑥2 =  𝑎)2 +  
2𝑎

3
 

2
− 2 𝑎)  

2𝑎

3
 𝑐𝑜𝑠120° =  9.4)2 +  

18.8

3
 

2
−

2 9.4)  
18.8

3
 𝑐𝑜𝑠120° = 186.538 → 𝑥 = 13.659 

Area of the plane (230):𝑠 = 𝑥 ∗  2𝑐) = (13.659) ∗  6.93 ∗ 2) = 189.298𝐴°2 

Number of atoms in the plane (230)×area of each atom in the plane (230) 

=  8 ∗
1

2
 +  2 ∗

56

60
 +  2 ∗

40

60
 +  4 ∗

8

60
  ∗  𝜋 ∗  1.4)2) +  8 ∗

1

2
∗ 𝜋 ∗  0.1)2 =

47.618 + 0.126 = 47.744 𝐴°2 

Planar density=
 𝑁𝑢𝑚𝑏𝑒𝑟  𝑜𝑓  𝑎𝑡𝑜𝑚𝑠  𝑖𝑛  𝑝𝑙𝑎𝑛𝑒  230)∗𝑎𝑟𝑒𝑎  𝑜𝑓  𝑒𝑎𝑐ℎ 𝑎𝑡𝑜𝑚  𝑖𝑛  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  230) 

𝑎𝑟𝑒𝑎  𝑜𝑓  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒   230)
=

47.744

189.298
= 0.252 

O atom 

edge 

O atom 

no.1 

O atom 

no.2 

 

O atom 

no.3 

 

H atom 

Angle between two miller hexagonal directions: 

 𝑢1 𝑣1 𝑤1 <  𝑢2 𝑣2 𝑤2      
+1

2
 0

−1

3
 ⩻  0 1 

−1

3
   

𝑐𝑜𝑠𝜃 =
𝑎2  𝑢1𝑢2 + 𝑣1𝑣2 −

1
2
 𝑢1𝑣2 + 𝑣1𝑢2) + 𝑐2𝑤1𝑤2

 𝑎2 𝑢1
2 − 𝑢1𝑣1 + 𝑣1

2) + 𝑐2𝑤1
2  𝑎2 𝑢2

2 − 𝑢2𝑣2 + 𝑣2
2) + 𝑐2𝑤2

2

=
 9.4)2  0 + 0 −

1
2
 

1
2

(1) + 0  +  6.93)2 ∗ (
−1
3

)

  9.4)2   
1
2
 

2

− 0 + 0 +  6.93)2  
−1
3

 
2

   9.4)2 0 − 0 + 12) +  6.93)2 ∗  
−1
3

 
2

=
−16.754

9.679 ∗ 5.237
= −0.33 → 𝜃 = 109.3° 

𝑥2 =  𝑎)2 +  
2𝑐

3
 

2

=  9.4)2 +  
2 ∗ 6.93

3
 

2

= 109.704 → 𝑥 = 10.474 

𝑦2 =  2𝑎)2 +  
2𝑐

3
 

2

=  18.8)2 +  
2 ∗ 6.93

3
 

2

= 374.784 → 𝑦 = 19.360 

 

Area of the plane (213): S = 𝑦 ∗ 𝑥 ∗ 0.5 ∗ sin 109.3°) =  19.360) ∗  10.474) ∗

 0.5) ∗ sin 109.3°) = 95.690 A°2  

Number of atoms in the plane (213)×area of each atom in the plane (213) 
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=0.56 ∗  
58

69
 ∗ 𝜋 ∗  1)2 +   

26

52
∗

139

148
 +  

16

52
 +  0.5 ∗

42

52
 +  

8

52
 +  

32

52
 +  

42

52
 +

 
14

52
∗ 2 +  

35

52
∗

109.3

360
  ∗ 𝜋 ∗  1.4)2 +   

4

19
 +  

12

19
  ∗ 𝜋 ∗  0.31)2 = 1.479 +

21.557 + 0.254 = 23.29 𝐴°2 

Planar density=
 𝑁𝑢𝑚𝑏𝑒𝑟  𝑜𝑓  𝑎𝑡𝑜𝑚𝑠  𝑖𝑛  𝑝𝑙𝑎𝑛𝑒  213)∗𝑎𝑟𝑒𝑎  𝑜𝑓  𝑒𝑎𝑐ℎ 𝑎𝑡𝑜𝑚  𝑖𝑛  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  213) 

𝑎𝑟𝑒𝑎  𝑜𝑓  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  (213)
=

23.29

95.69
= 0.243 

O atom 

no.1 

O atom 

no.2 

 

O atom 

no.3 

 

Ca atom 
O atom 

no.4 

 

O atom 

no.5 

 

O atom 

no.6 

 

O atom 

no.7 

 

O atom 

no.8 

 

P atom 

no.1 

 

P atom 

no.2 
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Cosine’s rule: 𝑥2 =  
2𝑎

3
 

2
+  𝑎)2 − 2  

2𝑎

3
  𝑎)𝑐𝑜𝑠120° =  

18.8

3
 

2
+  9.4)2 −

2  
18.8

3
  9.4)𝑐𝑜𝑠120° = 186.538 → 𝑥 = 13.658 

𝑦2 =  
2𝑎

3
 

2

+  2𝑐)2 =  
18.8

3
 

2

+  2 ∗ 6.93)2 = 231.371 → 𝑦 = 15.211 

𝑍2 = 𝑎2 +  2𝑐)2 =  9.4)2 +  2 ∗ 6.93)2 = 280.460 → 𝑧 = 16.747 

 

Area of the plane (321):𝑠
𝐻𝑒𝑟𝑜 𝑛 ′ 𝑠 𝑙𝑎𝑤
          𝑠 =  𝑝 𝑝 − 𝑥) 𝑝 − 𝑦) 𝑝 − 𝑧)  

𝑝 =
𝑥 + 𝑦 + 𝑦

2
=

 13.658) +  15.211) +  16.747)

2
      𝑝 = 22.808 

𝑠 =  22.808 22.808 − 13.658)2 22.808 − 15.211) 22.808 − 16.747) 

𝑠 = 98.027𝐴°2 

Number of atoms in the plane (321)×area of each atom in the plane (321) 

=  
22

53
∗

139

148
 +  

30

53
∗ 2 +  

10

53
 +  

48

53
 +  

20

53
 +  

42

53
  ∗ 𝜋 ∗  1.4)2 +

 
36

38
∗ 𝜋 ∗  1)2 +  

16

22
∗ 𝜋 ∗  0.1)2 = 23.313 + 2.976 + 0.031 = 26.320𝐴°2 

Planar density=
 𝑁𝑢𝑚𝑏𝑒𝑟  𝑜𝑓  𝑎𝑡𝑜𝑚𝑠  𝑖𝑛  𝑝𝑙𝑎𝑛𝑒  321)∗𝑎𝑟𝑒𝑎  𝑜𝑓  𝑒𝑎𝑐ℎ 𝑎𝑡𝑜𝑚  𝑖𝑛  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  321) 

𝑎𝑟𝑒𝑎  𝑜𝑓  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  (321)
=

26.320

98.027
= 0.269 

O atom 

no.1 
O atom 

no.2 

 

O atom 

no.3 

 

O atom 

no.4 

 

O atom 

no.5 

 

O atom 

no.6 

 

Ca atom H atom 
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Area of the plane (032): S =  2a) ∗  x) ∗ sinθ =  18.8) ∗  8.373) ∗

sin 106.299°) = 151.086A°2  

Number of atoms in the plane (042)×area of each atom in the plane (042) 

=  2 ∗
48

108
 +  2 ∗

72

108
 +  2 ∗

64

108
  ∗ 𝜋 ∗  1.4)2 +  2 ∗

14

20
∗ 𝜋 ∗  0.31)2 =

20.981 + 0.423 = 21.404 𝐴°2 

Planar density=
 𝑁𝑢𝑚𝑏𝑒𝑟  𝑜𝑓  𝑎𝑡𝑜𝑚𝑠  𝑖𝑛  𝑝𝑙𝑎𝑛𝑒  042)∗𝑎𝑟𝑒𝑎  𝑜𝑓  𝑒𝑎𝑐ℎ 𝑎𝑡𝑜𝑚  𝑖𝑛  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  042) 

𝑎𝑟𝑒𝑎  𝑜𝑓  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  (042)
=

21.404

151.086
= 0.142 

O atom 

no.1 

 

O atom 

no.2 

 

O atom 

no.3 

 

P atom 
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𝑥2 =  
2𝑎

3
 

2

+  
2𝑐

3
 

2

=  
18.8

3
 

2

+  
2 ∗ 6.93

3
 

2

= 60.616 → 𝑥 = 7.786 

Angle between two miller hexagonal directions: 

 𝑢1 𝑣1 𝑤1 <  𝑢2 𝑣2 𝑤2      −1 0 0 ⩻  0 
−1

3
  

1

3
   

𝑐𝑜𝑠𝜃 =
𝑎2  𝑢1𝑢2 + 𝑣1𝑣2 −

1
2
 𝑢1𝑣2 + 𝑣1𝑢2) + 𝑐2𝑤1𝑤2

 𝑎2 𝑢1
2 − 𝑢1𝑣1 + 𝑣1

2) + 𝑐2𝑤1
2  𝑎2 𝑢2

2 − 𝑢2𝑣2 + 𝑣2
2) + 𝑐2𝑤2

2
 

=

 9.4)2  0 + 0 −
1
2
  −1)  

−1
3

 + 0  +  6.93)2 ∗  0)

  9.4)2  −1)2 − 0 + 0) +  6.93)2 0)2   9.4)2  0 − 0 +  
−1
3

 
2

 +  6.93)2 ∗  
1
3
 

2

 

𝑐𝑜𝑠𝜃 =
 9.4)2  

−1
6

 

  9.4)2  9.4)2  
1
9
 +  6.93)2(

1
9

) 

= −0.402 → 𝜃 = 113.732° 

Area of the plane (033): S =  2a) ∗  x) ∗ θ =  18.8) ∗  7.786) ∗ sin 113.732°) =

133.992 A°2  

Number of atoms in the plane (033)×area of each atom in the plane (033) 

=  
44

107
∗

139

148
∗ 2 +  

104

107
∗ 2 +  

92

107
∗

113.732

360
 +  

92

107
∗

66.268

360
 +  

60

107
∗ 2 +

 
40

17
∗ 2 +  

88

107
∗ 2 +  

92

107
∗ 0.5  ∗ 𝜋 ∗  1.4)2 = 43.657 𝐴°2 

Planar density=
 𝑁𝑢𝑚𝑏𝑒𝑟  𝑜𝑓  𝑎𝑡𝑜𝑚𝑠  𝑖𝑛  𝑝𝑙𝑎𝑛 𝑒 033)∗𝑎𝑟𝑒𝑎  𝑜𝑓  𝑒𝑎𝑐ℎ 𝑎𝑡𝑜𝑚  𝑖𝑛  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  033) 

𝑎𝑟𝑒𝑎  𝑜𝑓  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒   033)
=

43.657

133.992
= 0.326 

O atom 

no.1 

 

O atom 

no.2 

 

O atom 

no.3 

 

O atom 

no.6 

 

O atom 

no.7 

 

O atom 

no.5 

 

O atom 

no.4 

 

O atom 

no.8 
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Area of the (050): s= (2a)×(2c) = (18.8)×(2×6.93) =260.568 𝐴°2 

Number of atoms in the plane (050)×area of each atom in the plane (050) 

=  2 ∗
22

138
∗

139

148
 +  6 ∗

22

138
 +  

92

138
∗ 4 +  

8

138
∗ 4  ∗ 𝜋 ∗  1.4)2 +

 4 ∗
20

25
∗ 𝜋 ∗  0.31)2 = 25.582 + 0.966 = 26.548 𝐴°2 

Planar density=
 𝑁𝑢𝑚𝑏𝑒𝑟  𝑜𝑓  𝑎𝑡𝑜𝑚𝑠  𝑖𝑛  𝑝𝑙𝑎𝑛𝑒  050)∗𝑎𝑟𝑒𝑎  𝑜𝑓  𝑒𝑎𝑐ℎ 𝑎𝑡𝑜𝑚  𝑖𝑛  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  050) 

𝑎𝑟𝑒𝑎  𝑜𝑓  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  (050)
=

26.548

260.568
= 0.102 

O atom 

no.1 

 

O atom 

no.2 

 

O atom 

no.3 

 

O atom 

no.4 

 

P atom 
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𝑥2 =  
2𝑎

5
 
2

+  2𝑐)2 =  
18.8

5
 
2

+  2 ∗ 6.93)2 = 206.237 → 𝑥 = 14.361 

Angle between two miller hexagonal directions: 

 𝑢1 𝑣1 𝑤1 <  𝑢2 𝑣2 𝑤2      0 1 0 ⩻  
−1

5
 0   1  

 

𝑐𝑜𝑠𝜃 =
𝑎2  𝑢1𝑢2 + 𝑣1𝑣2 −

1
2
 𝑢1𝑣2 + 𝑣1𝑢2) + 𝑐2𝑤1𝑤2

 𝑎2 𝑢1
2 − 𝑢1𝑣1 + 𝑣1

2) + 𝑐2𝑤1
2  𝑎2 𝑢2

2 − 𝑢2𝑣2 + 𝑣2
2) + 𝑐2𝑤2

2

=
 9.4)2  0 + 0 −

1
2
 0 + (1 ∗

−1
5

)  +  6.93)2 ∗  0)

  9.4)2 0 − 0 + 12) +  6.93)2 ∗ 0   9.4)2   
−1
5

 
2

+ 0 + 0 +  6.93)2 ∗ 12

=
 9.4)2  

1
10

 

 9.4)  9.4)2  
1

25
 +  6.93)2 

= 0.131 → 𝜃 = 82.473° 

Area of the plane (501): S =  2a) ∗  x) ∗ sinθ =  18.8) ∗  14.361) ∗

sin 82.473°) = 267.66 A°2  

Number of atoms in the plane (501)×area of each atom in the plane (501) 

=  
106

119
∗ 2 +  

116

119
∗ 2 +  

6

119
∗ 2 +  

2

119
∗

139

148
∗ 2 +  2 ∗

16

119
∗ 0.5 +

 2 ∗
30

119
∗ 0.5 +  

48

119
∗ 2 +  

72

119
∗ 4 +  

80

119
∗ 2 +  

48

119
∗

139

148
∗ 2 +  

16

119
 +

(
30

119
) ∗ 𝜋 ∗  1.4)2 +   

16

43
∗ 2 +  

42

43
∗ 2  ∗ 𝜋 ∗  1)2 +  

8

43
∗ 2 ∗ 𝜋 ∗  0.31)2 +

  0.5 ∗
22

28
∗ 2 +  

22

28
  ∗ 𝜋 ∗  0.1)2 = 61.364 + 8.475 + 0.112 + 0.049 =

70.00 𝐴°2 

Planar density=
 𝑁𝑢𝑚𝑏𝑒𝑟  𝑜𝑓  𝑎𝑡𝑜𝑚𝑠  𝑖𝑛  𝑝𝑙𝑎𝑛𝑒  501)∗𝑎𝑟𝑒𝑎  𝑜𝑓  𝑒𝑎𝑐ℎ 𝑎𝑡𝑜𝑚  𝑖𝑛  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  501) 

𝑎𝑟𝑒𝑎  𝑜𝑓  𝑡ℎ𝑒 𝑝𝑙𝑎 𝑛𝑒   501)
=

70

267.66
= 0.262 

O atom 

no.1 

 

O atom 

no.2 

 

O atom 

no.3 

 

O atom 

no.4 

 

O atom 

no.5 

 

O atom 

no.6 

 

O atom 

no.7 

 

O atom 

no.8 

 

O atom 

no.9 

 

O atom 

no.10 

 

O atom 

no.11 

 

O atom 

no.12 

 

Ca atom 

no.1 

Ca atom 

no.2 P atom 

H atom 

no.1 
H atom 

no.2 
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Cosine’s law: 𝑥2 =  
2𝑎

3
 

2
+  

2𝑎

3
 

2
− 2  

2𝑎

3
  

2𝑎

3
 𝑐𝑜𝑠120° =  

18.8

3
 

2
+  

18.8

3
 

2
+

(
18.8

3
)  

18.8

3
 = 117.813 → 𝑥 = 10.854 

𝑦2 =  
2𝑎

3
 

2

+  2𝑐)2 =  
18.8

3
 

2

+  2 ∗ 6.93)2 = 231.371 → 𝑦 = 15.211 

Area of the plane (331):𝑠
𝐻𝑒𝑟𝑜 𝑛 ′ 𝑠 𝑙𝑎𝑤
          𝑠 =  𝑝 𝑝 − 𝑥) 𝑝 − 𝑦) 𝑝 − 𝑦)  

𝑝 =
𝑥 + 𝑦 + 𝑦

2
= 20.638 → 

𝑠 =   20.638) 20.638 − 10.854) ∗  20.638 − 15.211)2 = 77.117𝐴°2 

Number of atoms in the plane (331)×area of each atom in the plane (331) 

=  0.5 ∗
56

108
 +  0.5 ∗

16

108
 +  

48

108
 +  

64

108
 +  

40

108
 +  

44

108
 + (

68

108
∗

139

148
) ∗ 𝜋 ∗

 1.4)2 +   0.56 ∗
34

40
 +  

8

40
  ∗ 𝜋 ∗  1)2 +  

16

19
 ∗ 𝜋 ∗  0.31)2 +  0.5 ∗

10

19
 ∗ 𝜋 ∗

 0.1)2 = 16.868 + 2.124 + 0.254 + 0.0083 = 19.254 𝐴°2 

Planar density=
 𝑁𝑢𝑚𝑏𝑒𝑟  𝑜𝑓  𝑎𝑡𝑜𝑚𝑠  𝑖𝑛  𝑝𝑙𝑎𝑛𝑒  331)∗𝑎𝑟𝑒𝑎  𝑜𝑓  𝑒𝑎𝑐ℎ 𝑎𝑡𝑜𝑚  𝑖𝑛  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  331) 

𝑎𝑟𝑒𝑎  𝑜𝑓  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  (331)
=

19.254

77.117
= 0.250 

O atom 

no.1 

 

O atom 

no.2 

 

O atom 

no.3 

 

O atom 

no.4 

 

O atom 

no.5 

 

O atom 

no.6 

 

O atom 

no.7 

 

Ca atom 

no.1 
Ca atom 

no.2 P atom 
H atom 
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𝑥2 =  
𝑎

2
 

2

+  
2𝑐

3
 

2

=  
9.4

2
 

2

+  
2 ∗ 6.93

3
 

2

= 43.434 → 𝑥 = 6.59 

Angle between two miller hexagonal directions: 

 𝑢1 𝑣1 𝑤1 <  𝑢2 𝑣2 𝑤2      −1 0 0 ⩻  0 
−1

4
  

1

3
   

𝑐𝑜𝑠𝜃 =
𝑎2  𝑢1𝑢2 + 𝑣1𝑣2 −

1
2
 𝑢1𝑣2 + 𝑣1𝑢2) + 𝑐2𝑤1𝑤2

 𝑎2 𝑢1
2 − 𝑢1𝑣1 + 𝑣1

2) + 𝑐2𝑤1
2  𝑎2 𝑢2

2 − 𝑢2𝑣2 + 𝑣2
2) + 𝑐2𝑤2

2
 

𝑐𝑜𝑠𝜃 =

 9.4)2  0 + 0 −
1
2
  −1)  

−1
4

 + 0  +  0)

  9.4)2  −1)2 − 0 + 0) + 0   9.4)2  0 − 0 +  
−1
4

 
2

 +  6.93)2 ∗  
1
3
 

2

 

𝑐𝑜𝑠𝜃 =
 9.4)2  

−1
8

 

 9.4)  9.4)2  
1

16
 +  6.93)2(

1
9

) 

= −0.357 → 𝜃 = 110.9° 

Area of the plane (043): S =  2a) ∗ x ∗ sinθ =  18.8) ∗  6.59) ∗ sin 110.9°) 

s = 115.740 A°2  

Number of atoms in the plane (043)×area of each atom in the plane (043) 

=  
92

106
∗ 0.5 ∗

110.9

360
 +  

92

106
∗ 0.5 ∗

69.1

360
 +  

92

106
∗ 0.5 +  2 ∗

16

106
  ∗ 𝜋 ∗  1.4)2 +

  
4

38
 +  0.56) ∗  

4

38
  ∗ 𝜋 ∗  1.4)2 = 5.867 + 0.516 = 6.383 𝐴°2 

Planar density=
 𝑁𝑢𝑚𝑏𝑒𝑟  𝑜𝑓  𝑎𝑡𝑜𝑚𝑠  𝑖𝑛  𝑝𝑙𝑎𝑛𝑒  043)∗𝑎𝑟𝑒𝑎  𝑜𝑓  𝑒𝑎𝑐ℎ 𝑎𝑡𝑜𝑚  𝑖𝑛  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  043) 

𝑎𝑟𝑒𝑎 𝑜𝑓  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒   043)
=

6.383

115.740
= 0.055 

O atom 

no.1 

 

O atom 

no.2 

 

O atom 

no.3 

 

O atom 

no.4 

 

Ca atom 

no.1 

Ca atom 

no.2 
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Cosine’s rule: 𝑥2 =  
2𝑎

5
 

2
+  2𝑎)2 − 2  

2𝑎

5
  2𝑎)𝑐𝑜𝑠120° =  

18.8

5
 

2
+  18.8)2 −

2  
18.8

5
 ∗  18.8) ∗  −0.5) = 438.266 → 𝑥 = 20.935 

Area of the plane (510):𝑠 =  2𝑐) ∗  𝑥) =  2 ∗ 6.93) ∗ 20.935 = 290.159 𝐴°2 

Number of atoms in the plane (510)×area of each atom in the plane (510) 

=  8 ∗ 0.5) +  
76

128
∗ 2 +  

52

128
∗ 3 +  

52

128
∗

139

148
 +  

60

128
∗ 3 +  

88

128
∗ 2 +

 
120

128
∗ 3 +  

120

128
∗

139

148
 +  

60

128
∗

139

148
  ∗ 𝜋 ∗  1.4)2 +  2 ∗

12

46
∗ 𝜋 ∗  1)2 +

 8 ∗ 0.5 ∗ 𝜋 ∗  0.1)2) = 84.372 + 1.639 + 0.126 = 86.137 𝐴°2 

Planar density=
 𝑁𝑢𝑚𝑏𝑒𝑟  𝑜𝑓  𝑎𝑡𝑜𝑚𝑠  𝑖𝑛  𝑝𝑙𝑎 𝑛𝑒  510)∗𝑎𝑟𝑒𝑎  𝑜𝑓  𝑒𝑎𝑐ℎ 𝑎𝑡𝑜𝑚  𝑖𝑛  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  510) 

𝑎𝑟𝑒𝑎  𝑜𝑓  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  (510)
=

86.137

290.159
= 0.297 

O atom 

edge 

 

O atom 

no.1 

 

O atom 

no.2 

 

O atom 

no.3 

 

O atom 

no.4 

 

O atom 

no.5 

 

O atom 

no.6 

 

O atom 

no.7 

 

O atom 

no.8 

 

Ca atom 

H atom 
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Cosine’s rule: 𝑥2 =  
2𝑎

5
 

2
+  2𝑎)2 − 2  

2𝑎

5
  2𝑎)𝑐𝑜𝑠120° =  

18.8

5
 

2
+  18.8)2 −

2 ∗  
18.8

5
 ∗  18.8) ∗ 𝑐𝑜𝑠120° = 438.266 → 𝑥 = 20.935 

𝑦2 =  
2𝑎

5
 

2

+  2𝑐)2 =  
18.8

5
 

2

+  2 ∗ 6.93)2 = 206.237 → 𝑦 = 14.361 

𝑍2 = (2𝑎)2 +  2𝑐)2 =  18.8)2 +  2 ∗ 6.93)2 = 545.540 → 𝑧 = 23.357 

 

Area of the plane (511):𝑠
𝐻𝑒𝑟𝑜 𝑛 ′ 𝑠 𝑙𝑎𝑤
          𝑠 =  𝑝 𝑝 − 𝑥) 𝑝 − 𝑦) 𝑝 − 𝑧)  

𝑝 =
𝑥 + 𝑦 + 𝑦

2
=

20.935 + 14.361 + 23.357

2
= 29.327  

𝑠 =  29.327 29.327 − 20.935) ∗  29.327 − 14.361) ∗  29.327 − 23.357)

= 148.288𝐴°2 

Number of atoms in the plane (511)×area of each atom in the plane (511) 

=  
60

114
∗ 0.5 +  

24

114
∗ 0.5 +  

20

114
∗ 2 +  

24

114
∗ 2 +  

88

114
 +  

60

114
 +  

32

114
 +

 
8

114
 + (

104

114
∗

139

148
) ∗ 𝜋 ∗  1.4)2 +  (

4

41
) ∗ 𝜋 ∗  1)2 +   

24

42
∗ 0.5 +  

24

42
∗ 1  ∗

𝜋 ∗  0.1)2 = 22.452 + 0.306 + 0.857 = 23.615 𝐴°2 

Planar density=
 𝑁𝑢𝑚𝑏𝑒𝑟  𝑜𝑓  𝑎𝑡𝑜𝑚𝑠  𝑖𝑛  𝑝𝑙𝑎𝑛𝑒  511)∗𝑎𝑟𝑒𝑎  𝑜𝑓  𝑒𝑎𝑐ℎ 𝑎𝑡𝑜𝑚  𝑖𝑛  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒  511) 

𝑎𝑟𝑒𝑎  𝑜𝑓  𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒   511)
=

23.615

148.288
= 0.159 

O atom 

no.1 

 

O atom 

no.2 

 

O atom 

no.3 

 

O atom 

no.4 

 

O atom 

no.5 

5 

O atom 

no.6 

 

O atom 

no.7 

 

O atom 

no.8 

 

O atom 

no.9 

 

Ca atom 

H atom 

no.1 

H atom 

no.2 
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Figure 7. Array and position of the involved atoms such as (a) 210, (b) 211, (c) 112, (d) 300, (e) 202, 

(f) (301), (g) (130), (h) (310), (i) (032), (j) (040), (k) (023), (l) (222), (m) (320), (n) (230), (o) (213), (p) 

(321), (q) (042), (r) (033), (s) (004), (t) (050), (u) (501), (v) (331), (w) (043), (x) (124), (y) (510), (z) (511), 

(a1) (332) and (b1) (143) for super-cell (2×2×2) of hydroxyapatite. 

Table S3. Young's modulus values of hydroxyapatite related to the literatures and present study. 

(hkl) 

Young Modulus (E), (Gpa) Extracted by (hkl) 

Theory. (Ching et al) 
Theory. 

(Leeuw et al) 

Experiment. (Katz et 

al) 

Theory. 

This Study 

Experiment. 

This Study 

020 116.18447 103.93059 114.25529 112.59849 109.57044 

111 120.48590 121.24439 107.30784 123.31862 108.39178 

002 137.53147 133.50251 138.41771 141.12597 144.56056 
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210 116.18447 103.93059 114.25529 112.59849 109.57044 

211 118.21117 113.33961 109.06593 118.28854 107.87865 

112 127.20060 133.36361 112.73424 133.33722 117.15015 
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040 116.18447 103.93059 114.25529 112.59849 109.57044 

023 129.97919 134.95579 117.76339 136.11104 122.93008 

222 120.48590 121.24439 107.30784 123.31862 108.39178 

320 116.18447 103.93059 114.25529 112.59849 109.57044 

230 116.18447 103.93059 114.25529 112.59849 109.57044 

213 127.00021 133.18648 112.42518 133.11216 116.77725 

321 116.96204 107.85168 111.66391 114.95348 108.58244 

042 119.5493 118.28301 107.68201 121.38559 107.95993 

033 125.61747 131.70198 110.50149 131.45553 114.37075 

004 137.53147 133.50251 138.41771 141.12597 144.56056 

050 116.18447 103.93059 114.25529 112.59849 109.57044 

501 116.77849 106.96407 112.19366 114.41932 108.77045 

331 116.73515 106.75115 112.32552 114.29131 108.81863 

043 122.65824 126.75128 107.76429 127.20659 110.27998 

124 130.05772 134.97962 117.92523 136.18079 123.10982 

510 116.18447 103.93059 114.25529 112.59849 109.57044 

511 116.665 106.40389 112.54463 114.08263 108.89975 

332 118.28095 113.61989 108.96335 118.46111 107.86429 

143 121.45516 123.92263 107.31185 125.14745 109.09707 

 

Figure S8. (a) The un-symmetry of two unit cells and (b) symmetry of eight unit cells of hydroxyapatite. 

7. Uncertainty in Measuring Elastic Modulus 

To measure the Young's modulus by ultrasonic, we need velosity values to obtain 

longitudinal and transverse ultrasound waves. Error model is an algebraic expression that 

quantifies the total error of the result based on combination all the errors of the measure-

ment variables. To form the error model, the equation used to measure the Young's mod-

ulus must be derived with respect to all parameters with summation over all those to-

gether [11]. 

E = ʄ L, ts, tl) (1) 

εE =
∂E

∂L
εL + 

∂E

∂ts
εts

+ 
∂E

∂tl
εtl

= aLεL + atsεts + atl
εtl

 (2) 

The above Equations (1) and (2) mean that the measurement of errors in L, ts and tl 

leads to measurement error in E. In Equation (3), constant density is considered and there-

fore a derivative with respect to the density is zero. The density value is obtained 2937.87 

Kg/m3. If n factors creat a measurement error, the uncertainty of the result R is obtained 

according to the Equation (3) [12]: 

uR = tϑ,95 = [∑(axi
uxi

)
2

n

1

]

1
2

 (3) 
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In Equation (3), uxi is uncertainty of xi and axi is sensitivity coefficient of xi. The degree 

of participation of xi in uncertainty of R property is estimated by axiuxi. tν,95 and ν are the 

distribution coefficient and the degree of freedom, respectively and they are determined 

based on the number of repetitions of the measurements. Equation (3) is utilized to deter-

mine the uncertainty in measuring the Young's modulus. This equation by considering 

the sources of error in measuring the Young's modulus will be as follows (Equation (4)): 

uE = tϑ,95  [ aLuL)
2 +  atsuts)

2 +  atl
utl

)2]
1
2 (4) 

tl and ts, L are measured independently with respect to each other, therefore there is 

no correlation between errors. Identify the errors of a measurement to estimate the uncer-

tainty is essential. Measuring Young's modulus by ultrasonic method involves errors 

causes by measured tl and ts, L as stated as follows: 

εL = εL,ran + εL,sys (5) 

εts = εts,ran + εts,sys (6) 

εtl
= εtl,ran

+ εtl,sys
 (7) 

In Equations (5) to (7) the sys subtitle indicates a systematic error and the ran subtitle 

indicates a random error. The accuracy of length and time measuring instruments is equal 

to 0.01. 

Uncertainty of measurement, such as measurement errors are divided into two cate-

gories: systematic and random. Therefore, each source of error has two uncertainties: 

UL,sys, Uts,sys and Utl,sys are systematic uncertainties. These uncertainties are due to the 

accuracy of the device and by the manufacturer of the device is announced. Systematic 

uncertainties are considered equal to half the accuracy of the device [7], so we will have: 

uts,sys
= utl,sys

= 0.005 μs  (8) 

uL,sys = 0.005 mm    (9) 

uL,ran, uts,ran and utl,ran are random uncertainties. This type of uncertainty are deter-

mined by statistical calculations of measurement data of Table S4. Because of number of 

repetitions are less than 30, so for statistical calculations, finite-sized statistics and Stu-

dent's t-distribution are used. Hence the random uncertainties are calculated by following 

equations: 

In Equations (10) to (12), Si are standard deviation of mean values of i source and is 

calculated by Equation (13). 

uL,ran = SL (10) 

uts,ran
= Sts

 (11) 

utl,ran
= Stl

 (12) 

Si =
Si

 5
 (13) 

In Equation (13), Si are deviation of 5 measurement repetitions for each source of er-

ror. Consequently, random uncertainties are as follows: 

uL,ran = 0.01 mm (14) 

uts,ran
= 0.005 μs (15) 

utl,ran
= 0.007 μs (16) 

To calculate the uncertainty of an error source, the summation of the roots square of 

the systematic and random uncertainties of that source of the error is used [7]: 
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uL =  uL,sys
2 +uL,ran

2  = 0.011 mm (17) 

uts =  uts,sys
2 + uts,ran

2  = 0.0071µs (18) 

utl
=  utl,sys

2 +utl,ran
2 = 0.0087 µs (19) 

Sensitivity coefficients for these error sources in Equation (2), are also calculated by: 

aL =  
∂E

∂L
 
 L,ts,tl)=(L,ts,tl)

= −3.25 × 109 Pa/mm (20) 

ats =  
∂E

∂ts
 
 L,ts,tl)= L,ts,tl)

= −3.0 × 1015 Pa/s (21) 

atl
=  

∂E

∂tl
 
 L,ts,tl)= L,ts,tl)

= 3.0 × 1015 Pa/s (22) 

Finally, given that the number of repetitions of the measurements is equal to 5, so the 

degree of freedom υ is equal to 4 and the distribution coefficient is equal to t4.95 = 2.77. 

Uncertainties calculated in Equations (17) to (19) and the sensitivity coefficients cal-

culated in Equations (20) to (22) are replaced in Equation (4), and the uncertainty of the 

Young's modulus measurement is obtained by ultrasonic method. Therefore, the values 

of the Young's modulus and the uncertainty of its measurement by ultrasound is as fol-

lows: 

uE = t4,95[ alul)
2 +  atsuts)

2 +  atl
utl

)2]
1

2 = 0.14 GPa (95%) 

E = 113.08 ± 0.14 GPa (95%) 

(23) 
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