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Abstract: In this study, an approach is developed to estimate the density and effective elastic modulus
of a lightweight bulk filling material made up of expanded polystyrene (EPS) and cement-reinforced
clay (matrix). First, a representative volume element (RVE) is composed of cell A (an EPS and matrix)
and cell B (matrix only). Then, an elastic interface is introduced to describe the discontinuity of
displacement at the interface between EPS beads and matrix. Third, an Eshelby compliance tensor
is modified in cell A to include the effects of imperfect interface and the compressibility of EPS
beads. Finally, the approach for the density and effective elastic modulus of the EPS beads mixed
cement-reinforced clay is verified with experimental data. The compressibility ratio of lightweight
clay is compared under different confining pressures and curing times. It is found that the imperfect
interface has salient impacts on the effective elastic modulus with the increase of volume fraction
of inclusions. The interface parameters (α and β) vary with curing time and confining pressure.
At the same curing time, the parameter α is almost constant regardless of confining pressure but the
parameter β changes with confining pressure. The compressibility ratio is smaller for longer curing
time if the confining pressure is constant.

Keywords: lightweight material; mean field homogenization; expended polystyrene beads; imperfect
interface; density; effective elastic modulus

1. Introduction

Lightweight bulk filling material may be lightweight clay or lightweight concrete as shown in
Figure 1. It has been widely used in construction, soft ground treatment and highway embankments.
The expanded polystyrene (EPS) has some excellent physical and mechanical properties such as
lightweight, excellent thermal and structural damping. Thus, the mechanical properties of lightweight
materials have been investigated by experiments or modeling. For example, Solak et al. [1] proposed
five different methods to quantify the segregation phenomenon in lightweight aggregate concretes
(LWAC). Dixit et al. [2] developed a lightweight EPS cement composite material (LECC) with enhanced
insulation and satisfactory compressive strength for structural applications. Gao et al. [3] studied the
dynamic characteristics of expanded polystyrene (EPS) composite soil under complex stress paths.
The characteristics of skeleton curve, dynamic shear modulus and damping ratio for EPS composite
soil were analyzed. Herki et al. [4] studied the effects of the stabilized polystyrene (SPS) on the physical
and mechanical properties of concrete. Wang et al. [5] explored the roles of expanded polystyrene
(EPS) beads in the reinforcement of soft soil highway embankments through experimental study and
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numerical simulation. Miled et al. [6] tested five volume fractions of different expanded polystyrenes.
They found that the EPS particle size affects the compressive strength of EPS concrete. Gao et al. [7]
conducted a series of triaxial undrained creep tests to investigate the creep behaviors of EPS composite
soil. Nguyen-Sy et al. [8] considered the orientations of hemp particles and imperfect particle-binding
interfaces. They explored the effects of volume fraction of hemp particles on the overall thermal
conductivity of hemp concrete. Further, the dynamic properties of ultra-high performance concrete
(UHPC) were investigated with numerical simulations and artificial intelligence approach [9,10].
These investigations show that the physical and mechanical properties of lightweight bulk filling
material vary with the volume fraction of inclusions and the interface properties. However, an approach
is still unavailable to estimate the mechanical properties of lightweight bulk filling material.
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An approach is necessary to analyze and evaluate the performance of lightweight materials
and to design new lightweight materials [13–16]. The performance of a lightweight material can be
measured by two key parameters: density and effective elastic modulus. The density of the lightweight
material is very important to the structure sensitive to self-weight. Effective elastic modulus refers
to the macroscopic elastic modulus of lightweight materials and is the primary consideration for
new construction materials. Nguyen and Fatahi [17,18] presented a constitutive model for the fibre
reinforced cement treated soil. Wang et al. [19] proposed a simple homogenization approach to calculate
the deformation and strength parameters of composite soils which is composed of well-mixed soft and
stiff soils. Chen et al. [20] presented a homogenization-based effective thermal conductivity model
for unsaturated compacted bentonites (a kind of compacted soils). It is worth noting that most of the
above studies have focused on the mechanical properties of fiber-reinforced soil or cement-reinforced
clay. Their inclusions are incompressible. So far, the mechanical properties of composite materials with
highly compressible inclusions have not been paid attentions yet.

The estimation of overall mechanical properties of composite materials with particulate inclusions
is still a challenge [21]. Eshelby tensor-based homogenization schemes have been extensively studied
when estimating the mechanical properties of composite material under elastic deformation [22–24].
In these schemes, the internal interaction among different inclusions is ignorable [25–27]. Such an
approximation is questionable for high inclusion content where the interaction may be strong. For this
interaction, Mori-Tanaka tensor-based schemes have been proposed and the effects of interface
debonding on the macroscopic behavior of composite material were considered [28,29]. Imperfect
interface refers to the discontinuity of displacement at the interface due to non-conformal deformation
of the matrix and inclusions. The concept of imperfect interface was firstly proposed by Benceniste
and Hashin [30–32]. This interaction among inclusions and the imperfect interface between inclusions
and matrix are important factors affecting the effective properties of lightweight bulk filling material,
thus should be carefully included.
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In recent years, the study on imperfect interfaces between substrates and inclusions has gradually
become a research hotspot [33–36]. For example, the homogenization schemes were proposed
based on matched asymptotic method [37], periodic variational principle [38] and the two-scale
asymptotics [39]. A boundary integral equation for imperfect interface was obtained with a plane
electrostatic Green’s function [40,41]. However, most of the above studies focus on fiber-reinforced
composites or cement-reinforced clay. The EPS beads mixed cement-reinforced clay have seldom been
investigated so far.

This paper is to propose an approach to estimate the effective physical and mechanical properties
of lightweight clay. The complex effects of different components and their interfaces are introduced
into the estimation approach for the macroscopic mechanical behaviors. Particularly, the density
and the effective elastic modulus of lightweight bulk filling material are estimated. The paper is
organized as follows. In Section 2, a density estimation approach is proposed and verified by the
density data of our EPS mixed cement reinforce clay. Section 3 proposes a linear elastic spring model
to describe the imperfect interface between the EPS beads and the matrix. The effective stiffness
coefficient of a representative volume element (RVE) is derived based on the homogenization scheme.
In Section 4, the effects due to the non-conformal deformation between matrix and inclusions are
described through modifying the Eshelby tensor. An approach for calculating the effective elastic
modulus of RVE unit with imperfect interface is obtained. In Section 5, the estimations with this
approach are compared with experimental measurements at different curing times and confining
pressures. The influences of imperfect interface displacement parameters on macroscopic elastic
modulus are analyzed. The conclusions are drawn in Section 6.

2. An Approach for Density Estimation of EPS Beads Mixed Cement-Reinforced Clay

Density is an important physical parameter of EPS beads mixed cement-reinforced clay or
lightweight clay. The lightweight clay is composed of EPS beads, cement, water and marine clay and
can be used as a bulk filling material in construction or geotechnical engineering. Cement-reinforced
clay (called matrix later) is composed of cement, water and marine clay. EPS beads are lightweight,
bulk and highly compressible. Therefore, this lightweight clay can be regarded as a two-component
medium made up of EPS beads and matrix.

2.1. An Approach for the Density Estimation of Lightweight Clay

The EPS beads are assumed to be evenly distributed in lightweight clay. For the convenience of
homogenization process, this lightweight material is assumed to be made up of Cell A and Cell B in a
RVE unit as shown in Figure 2. A simple homogenization scheme was proposed for the lightweight
clay based on the concept of components [19]. Here we use cells instead of components to estimate the
density of this clay as:

ρRVE =

(
bρs − 1

)
f + 1

bρs f
ρCell_A +

1− f
ρCell_B

(1)

where ρRVE,ρCell_A,ρCell_B are the homogenized density of RVE unit, Cell A and Cell B, respectively. f
denotes the volume ratio of EPS beads to the lightweight clay. bρs is a parameter related to the density
ratio of EPS beads to matrix as:

bρs =

√
ρeps

ρm (2)

Cell B does not contain any EPS beads, so its density is the same as that of matrix. Cell A contains
only one EPS bead, thus its homogenized density is approximately expressed as:

ρCell_A = φρρeps + (1−φρ)ρm (3)
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Combining Equation (3) with Equation (1) gets the density estimation of EPS beads mixed
cement-reinforced clay as:

ρRVE =

(
bρs − 1

)
f + 1

bρs f
φρρeps+(1−φρ)ρm +

1− f
ρm

(4)

where ρeps,ρm are the density of EPS beads and matrix, respectively. φρ is the volume ratio of EPS to
Cell A and is determined by data curve fitting (in the calculation of density, the imperfect interface is
regarded as a part of EPS volume).
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Figure 2. Components of lightweight bulk filling material.

2.2. Verification of Proposed Density Estimation Approach

This proposed density estimation approach is verified by two sets of experimental data in available
literature. The model parameters are listed in Table 1 and the estimated densities are presented in
Figure 3. These figures indicate that this approach has a good capability to fit these experimental data
of density for lightweight clay.

Table 1. Components of lightweight clay.

Cement Content bs φρ ρeps(kg/m3) ρm(kg/m3) Experimental Data Sources

C/S = 10% 0.1153 0.8985 20 1504.4 Wang et al. [11]
C/S = 15% 0.1161 0.9090 20 1483.4 Wang et al. [11]
W/C = 45% 0.0904 0.9518 20 2449.2 Xu et al. [12]
W/C = 55% 0.0916 0.9110 20 2381.4 Xu et al. [12]

C/S denotes the mass ratio of cement to clay; W/C is the mass ratio of water to cement.Materials 2020, 13, x FOR PEER REVIEW 5 of 16 
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3. A Homogenization Approach for Effective Modulus Estimation

The microstructure of the EPS beads mixed cement-reinforced clay is usually unknown, but the
volume fraction and elastic modulus of each component can be measured. The effective elastic modulus
of the RVE unit can be estimated through a simplified homogenization approach. For simplification,
both stress and strain are homogenized in either Cell A or Cell B. This treatment may introduce the
micro un-equilibrium at the boundaries of different cells, but it provides a good approximation for
the micro-stress distribution without periodic conditions. Therefore, the stress in a RVE unit can be
expressed as: [

σRVE
]
=

[
ERVE

][
εRVE

]
(5)[

ERVE
]
=

[
ECell_AECell_B

]
[C] (6)

where σRVE, εRVE are the homogenized stress and strain tensor of the REV unit, respectively. ERVE is
the effective elastic modulus of RVE. ECell_A, ECell_B are the effective elastic moduli of Cell A and Cell B,
respectively. A localization tensor [C] is taken as following (see [19] for details) to consider the effect of
the local distribution of stress and strain:

C =


bs

(bs−1) f+1 I, in Cell A
1

(bs−1) f+1 I, in Cell B
(7)

Substituting Equation (7) into Equation (6) obtains the effective elastic modulus of RVE as:

ERVE =
(bs − 1) f + 1
bs f

ECell_B +
1− f

ECell_A

(8)

This is an approach to estimate the effective elastic modulus of RVE unit if the volume fraction of
cell B and the elastic modulus of each cell are known. I is the fourth-order unit tensor (its component
is Ii jkl). bs is a parameter related to the interaction in the microstructure of the lightweight clay.
Generally, the interaction between different cells introduces series and parallel mechanisms. These two
mechanisms in a truly random material occur in the same space and at the same time. Thus, this study
proposes the following formula for parameter bs:

bs =

√
ECell_A

ECell_B
(9)

where ECell_A and ECell_B are the effective elastic moduli of Cell A and Cell B, respectively. ECell_B is the
same as the elastic modulus of matrix.

4. Calculation of ECell_A Considering the Imperfect Interface

The ECell_A depends on the microstructure of Cell A. Because the EPS bead is usually much softer
than matrix, the deformation of the EPS bead is much larger than that of the matrix. This may cause
non-conformal deformation at the interface between EPS beads and matrix, thereby affecting the
effective elastic modulus of Cell A.

4.1. Establishment of Interface Model

An ideal interface has continuous displacement and traction across the interface [16]:

∆ui = uS+
i − uS−

i = 0 (10)

∆σi j =
[
σS+

i j − σ
S−
i j

]
= 0 (11)
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where S represents the interface, uS+
i , uS−

i , σS+
i j , σS−

i j mean the displacements and tractions at the
interface, respectively.

In deformation process, the interface between EPS beads and matrix may have non-conformal
deformation. This interface with non-conformal deformation is called an imperfect interface.
The imperfect interface model in Cell A is shown in Figure 4, where the stress is continuous but the
displacement is discontinuous:

∆σi jni =
[
σS+

i j − σ
S−
i j

]
ni = 0 (12)

∆uknl = ηklpqσ
f
pq (13)
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For a linear spring interface, the fourth-order elastic compliance tensor ηklpq is:

ηklpq = αδklδpq + (β− α)
(
δkpδql + δkqδpl

)
(14)

where n j is the normal direction vector of the interface S. ηklpq = 0 corresponds to the perfectly bonded
interface or ideal interface, and ηklpq →∞ represents the completely debonded interface. δkq is the
Kronecker delta. α and β are the parameters of lightweight clay related to the sliding and separation of
the interface, respectively:

Kim =
1

3α+ 6β
, and Gim =

1
4(β− α)

(15)

where Kim, Gim are the bulk and shear modulus of imperfect interface model.

4.2. Strain of Cell A

The deformation of Cell A is contributed from three components: the deformation of matrix,
the deformation of EPS beads, and the displacement of the imperfect interface. Therefore, the homogenized
strain of Cell A is:

εCell_A =
1
V

y

V
εdV = φ

(
εeps + ε f

)
+ (1−φ)εm = φεeps+ f + (1−φ)εm (16)

where the inclusion contains both EPS bead and interface. εeps+ f and εm represent the homogenized
strain of the inclusion and the matrix, respectively. φ denotes the volume ratio of the inclusion in
Cell A.

Combining the discontinuity of displacement at the interface and the displacement of the inclusion
inside Cell A gets [42]:

ueps+ f
i = ueps

i + u f
i =

y

Ω

∂2G∞mnkl
∂y j∂y j

E0
i jmnε

∗eps
kl dV+

{

S

∂G∞mnkl
∂y j

E0
i jmn∆uknldS (17)
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where ueps
i and u f

i signify the displacement of EPS bead and interface, respectively. E0
i jmn is the

effective elastic stiffness of matrix, G∞mnkl represents the Kelvin’s fundamental solutions, and ε∗eps
kl is the

eigenstrain of EPS bead.
By using the Gauss theorem to convert volume integral into area integral (in the first part of

Equation (17)), the strain of the inclusion in Cell A can be written as:

ε
eps+ f
i j = ε

eps
i j + ε

f
i j =

{

S
E0

i jmnε
∗eps
kl ΓklmndS +

{

S
E0

i jmn∆uknlΓklmndS (18)

where:

Γklmn =
1
2

∂2G∞mnkl
∂y j∂y j

+
∂2G∞mnkl
∂yi∂yi

 (19)

The strain of EPS bead in Cell A is expressed in terms of Eshelby tensor Si jkl as:

ε
eps
i j =

{

S
E0

i jmnε
∗eps
kl ΓklmndS = Si jklε

∗eps
kl (20)

where the Eshelby tensor for linearly elastic materials (ν0 is the Poisson’s ratio of matrix) is [42]:

Si jkl =
(5ν0 − 1)δi jδkl + (4− 5ν0)

(
δi jδkl + δilδ jk

)
15(1− ν0)

(21)

In the linear-spring model, the stress caused by the eigenstrain of imperfect interface should be
consistent with the stress caused by EPS bead deformation. Therefore, the stress between the interfaces
can be expressed as:

σ
f
i j = E f

i jklε
∗ f
kl = Eeps

i jkl

(
ε

eps
kl − ε

∗eps
kl

)
(22)

where ε∗ fkl and ε∗eps
kl mean the eigenstrain of the interface and the EPS bead. εeps

kl is the strain of the EPS

bead. E f
i jkl and Eeps

i jkl represent the elastic stiffness of the interface and EPS beads, respectively.

Simultaneous Equations (13), (18), (20) and (22), the strain of the imperfect interface ε f
kl is:

ε
f
i j = ηklpqEeps

pqst

(
Si jkl − Ii jkl

)
ε

eps
st (23)

Substituting Equation (23) into Equation (18) gets the strain induced by the deformations of the
inclusion in Cell A as:

ε
eps+ f
i j = ε

eps
i j + ε

f
i j =

[
Ii jst + ηklpqEeps

pqst

(
Si jkl − Ii jkl

)]
ε

eps
st = S∗i jstε

eps
st (24)

Thus, a modified Eshelby tensor S∗i jst is obtained for inclusion. The imperfect interface becomes
perfect when η : Eeps : (S− I) = 0 or η = 0.

From Equation (24) to Equation (16), the homogenized strain of Cell A can be written as:

εCell_A = φS∗εeps + (1−φ)εm (25)

According to the Eshelby equivalence equation, the stress caused by the effect of the EPS bead is
the same as that of the matrix. Hence, this relationship is:

Eeps(εm + εeps) = E0(εm + εeps
− ε∗eps) (26)

where Eeps, E0 are the effective stiffness of the EPS bead and matrix, respectively.
Substituting Equation (26) into Equation (25) obtains the homogenized strain of Cell A as:
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εCell_A =
{
φ[I + ηEeps(S− I)]S

(
E0
− Eeps

)[(
Eeps
− E0

)
S + E0

]−1
+ (1−φ)I

}
εm (27)

4.3. Effective Elastic Modulus of RVE Unit

When a body is subjected to the traction boundary condition with a constant stress tensor,
the average stress over the entire body is the same as the boundary pressure, regardless of stress
complexity within the domain [43]. Therefore, the traction boundary condition is:

σi jn j
∣∣∣
s = σi jn j (28)

Through the homogenization approach, the average stress of Cell A can be obtained as:〈
σi j

〉
=

1
V

y

V
σi jdVx =

1
V

(y
Veps

σi jdVx +
y

Vm
σi jdVx

)
= φσ

eps
i j + (1−φ)σm

ij (29)

where Veps, Vm are the volume of EPS bead and matrix, respectively. σeps
i j , σm

ij are the average stress of
inclusion and matrix, respectively.

According to Equation (20) and Equation (26), the average stress σeps
i j caused by the EPS bead and

discontinuous displacement at the interface can be expressed as:

σ
eps
i j = Eeps : εeps = Eeps : S :

(
E0
− Eeps

)
:
[(

Eeps
− E0

)
: S + E0

]−1
: εm (30)

Substituting the Equation (30) into Equation (29) obtains the homogenized stress of Cell A as:

σCell_A =
{
φEepsS

(
E0
− Eeps

)[(
Eeps
− E0

)
S + E0

]−1
+ (1−φ)E0

}
εm (31)

According to Equation (27) and Equation (31), the effective modulus of Cell A is obtained as:

ECell_A =

 φ
[(

Eeps
− E0

)
S + E0

]−1
S(

E0
− Eeps

)
Eeps + (1−φ)E0


 φ

[(
Eeps
− E0

)
S + E0

]−1
S
(
E0
− Eeps

)
[I + η : Eeps : (S− I)] + (1−φ)I


−1

(32)

Therefore, the effective modulus of RVE unit is obtained from Equation (32) and Equation (8).
This effective modulus is the result after combining the modified Eshelby tensor with imperfect
interfaces and the multi-scale homogenization approach for a RVE unit. In this estimation approach,
the parameters α and β are for imperfect interface and may lead to a distinct change in the effective
modulus of the lightweight bulk filling material.

5. Validation of the Proposed Homogenization Approach for Effective Modulus

This estimation approach is firstly verified by our experimental data. The effects of curing time,
confining pressure and imperfect interface parameters are then investigated. For the lightweight
clay [11], the basic parameters are listed in Table 2.

Table 2. Mechanical properties of components and parameters of imperfect interface model.

Curing
Time (days)

Confining
Pressure (kPa)

φ
Interface Parameters EPS Beads Matrix

α (×10−7) β (×10−7)
Elastic

Modulus (MPa)
Poisson’s

Ratio
Elastic

Modulus (MPa)
Poisson’s

Ratio

3 0 π
6 5.0 3.8 5.112 0.4 26.8 0.3

7 0 π
6 6.0 3.5 5.112 0.4 40.7 0.3

28 0 π
6 6.8 3.5 5.112 0.4 61.4 0.3

7 50 π
6 6.0 3.2~5.2 5.112 0.4 31.0 0.3

7 100 π
6 6.0 3.5~5.5 5.112 0.4 22.2 0.3

7 150 π
6 6.0 3.2~5.2 5.112 0.4 26.4 0.3

7 150 π
6 5.0~9.0 3.25 5.112 0.4 26.4 0.3

Experimental data from Wang et al. [11].
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5.1. Effect of Curing Time

Four estimation models are compared with the experimental effective elastic moduli of lightweight
clay at the curing time of 3 days, 7 days and 28 days [11]. The first estimation model is the series
model, where the effective elastic modulus of the composite material is calculated by the weighted
average of the elastic moduli of matrix and inclusions. The weight is usually taken as volume fraction.
The second one is the parallel model, where the effective elastic modulus of composite material is
obtained through the weighted average of the reciprocal of the elastic moduli of matrix and inclusions.
Wang et al. [19] proposed an estimation model based on homogenization approach (called Wang’s
model (2002)), but this model did not consider the effects of imperfect interfaces. Figure 5 compares
the effective elastic moduli predicted by these four estimation models. When the curing time is 3 days,
the prediction results of series-parallel model and Wang’s model are larger than the experimental
data. Our prediction model is in good agreement with the experimental data. The series and parallel
models can roughly estimate the effective elastic modulus of composite materials when the volume
fraction of inclusions is less than 40% (as shown in Figure 5b). However, the results predicted by
the series and parallel models are significantly higher than the experimental data when the volume
fraction of inclusions is more than 40%. As the volume fraction of inclusions increases, the imperfect
interface increases and has a significant influence on the elastic modulus of the composite material.
Wang’s model (2002) is the average of the series and parallel models, thus its prediction result is always
between the prediction results of the series model and the parallel model. Therefore, the approach
proposed in this study can predict the effective modulus more accurately due to the consideration of
imperfect interfaces.Materials 2020, 13, x FOR PEER REVIEW 10 of 16 
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Figure 5. Comparison of effective elastic modulus predicted by models with experimental data from
Wang et al. [11]. (a) 3 curing days. (b) 7 curing days. (c) 28 curing days.

The elastic modulus of matrix increases with curing time. At the zero confining pressure, the elastic
modulus of matrix is 26.8 MPa at 3 days, 40.7 MPa at 7 days, and 61.4 MPa at 28 days. This indicates
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that the strength of matrix has not been completely stabilized within the short curing time. Therefore,
the deformation of matrix is greater at the earlier curing time. The influence of the imperfect interface
between the matrix and the inclusions is significant as the volume fraction of the inclusions increases.

5.2. Effect of Confining Pressure

Confining pressure affects the compressibility of matrix and EPS inclusions, thereby affecting
the imperfect interface. The experimental data at 7-days curing time are taken for further analysis.
The results are presented in Figure 6 for β effect and in Figure 7 for α effect. At this time, the elastic
modulus of matrix is 31 MPa, 22.2 MPa, and 26.4 MPa when the confining pressure is 50 kPa, 100 kPa,
and 150 kPa, respectively. In order to further explore the influence of imperfect interface on the elastic
modulus of lightweight clay at different volume fractions, Figure 6 presents the effect of interface
parameter β on the effective elastic modulus. The prediction curve gradually approaches to the curve
of the homogenization approach as the β increases. The model with β = 3.7 × 10−7 can well predict the
experimental data when the confining pressure is 50 kPa. When the confining pressure is 100 kPa,
the model with β = 3.8 × 10−7 can well predict the experimental data. β = 3.25 × 10−7 is the best one to
predict the experimental data when the confining pressure is 150 kPa. Further, Figure 7 shows that the
curvature of the predicted curve decreases with the increase of the parameter α, which is the same
change as the parameter β, but the change of α is not as salient as that of the parameter β.

Generally, the prediction curve is approaching to the curve of homogenization approach as the
parameters of imperfect interface increase. This implies that larger interface parameter has less obvious
non-conformal deformation at the interface. Under different confining pressures, the parameter β has a
greater impact on the change of prediction curve than the parameter α. The prediction curve is far
from the curve of the homogenization approach when the confining pressure is larger. This means that
confining pressure has a significant effect on imperfect interface.Materials 2020, 13, x FOR PEER REVIEW 11 of 16 
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Figure 6. Effects of imperfect interface parameter β on effective elastic modulus under different
confining pressures. (a) 50 kPa. (b) 100 kPa. (c) 150 kPa.
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Figure 7. Effect of imperfect interface parameter α on effective elastic modulus under confining pressure
of 150 kPa.

5.3. Variations of Interface Parameters with Curing Time and Confining Pressure

The variations of interface parameters with curing time and confining pressure are investigated
here. Figure 8 presents the relationship between curing time and imperfect interface parameters.
Figure 8a presents the effective elastic modulus of lightweight clay with the volume fractions of
inclusions when the curing time is 3 days. With the increase of confining pressure, the parameter α is
constant, while the parameter β increases first and then decreases. A similar phenomenon is observed
when the curing time is 7 days (see Figure 8b). Figure 8c indicates that the material is fully cured at
the 28-days curing time. At this time, the elastic modulus of the matrix decreases with the increase of
confining pressure. Under the same volume fraction, greater confining pressure makes the lightweight
clay have lower elastic modulus. The β changes differently at 3-days and 7-days curing time from the
28-days. At the curing time of 28 days, the β decreases gradually as the confining pressure increases.
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Figure 8. Variation of effective elastic modulus with volume fraction at different curing times and
confining pressures (a) 3-days curing time; (b) 7-days curing time; (c) 28-days curing time.
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The relationship between the parameters of imperfect interface and the compressibility ratio
is presented in Figure 9. The compressibility ratio is defined as the ratio of the elastic modulus
of EPS beads to the elastic modulus of matrix. This figure indicates that the compressibility ratio
decreases with the curing time at the same confining pressure. This is because the elastic modulus
of matrix increases with curing time before 28 days. In a shorter curing time, the compressibility
ratio increases first and then decreases as the confining pressure increases. At the 28-days curing
time, the compressibility ratio increases with the increase of confining pressures. When the confining
pressure is constant, the compressibility ratio of lightweight clay decreases with the increases of
curing time. Figure 9a indicates that the parameter α does not change with confining pressure if
the curing time is the same. Under the same confining pressure, the parameter α increases as the
compressibility ratio decreases. Figure 9b indicates the change of the parameter β. Under the same
confining pressure, longer curing time corresponds to smaller parameter β. The parameter β decreases
as the compressibility ratio decreases.Materials 2020, 13, x FOR PEER REVIEW 13 of 16 
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of curing time, confining pressure, and interface. When the volume fraction of inclusions increases, 
the deformation at the interface is more non-conformal due to the large difference in elastic modulus 
between the matrix and the inclusions. When the compressibility ratio is low, the difference between 
the elastic moduli of the EPS beads and the matrix becomes large and the effect of imperfect interface 
becomes salient. This greatly damages the effective elastic modulus of the lightweight filling material. 
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Figure 9. The compressibility ratio at different curing times (a) parameter of interface model α;
(b) parameter of interface model β.

6. Conclusions

This study proposed an approach to estimate the density and effective elastic modulus of
a lightweight bulk filling material. The lightweight clay is made up of expanded polystyrene
(EPS) beads and cement-reinforced clay. The physical and mechanical properties of EPS beads and
cement-reinforced clay are different and may induce non-conformal deformation at the interface
between different components under compression. This non-conformal deformation is described by
the imperfect interface model and introduced into the modified Eshelby tensor. Finally, an approach
to estimate the density and effective elastic modulus of the lightweight filling material is developed
through a homogenization approach. This estimation approach was verified by the experimental data
at different confining pressures and different curing times. The effects of interface parameters were
also explored. Based on these investigations, following conclusions can be drawn.

Firstly, this estimation approach is the extension of homogenization approach through a composite
RVE unit. This extension can well describe the microstructure of the EPS mixed cement-reinforced clay.
The non-conformal deformation at the imperfect interface is included through a modification of the
Eshelby tensor, and the effective strain and effective stress in Cell A are derived.

Secondly, the effective elastic modulus of lightweight clay decreases with the increase of volume
fraction of inclusions. This change is modified by curing time and confining pressure. The imperfect
interface parameters α and β vary with the curing time and confining pressure. At the same curing
time, the parameter α is almost constant regardless of confining pressure but the parameter β changes
with confining pressure. As the curing time increases, the parameter α increases while the parameter
β decreases. This indicates that both curing time and confining pressure have a great impact on the
non-conformal deformation at the imperfect interface.
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Finally, a compressibility ratio is an important parameter to affect the non-conformal deformation
of EPS beads and matrix in lightweight clay. It can comprehensively explain the effects of curing time,
confining pressure, and interface. When the volume fraction of inclusions increases, the deformation at
the interface is more non-conformal due to the large difference in elastic modulus between the matrix
and the inclusions. When the compressibility ratio is low, the difference between the elastic moduli
of the EPS beads and the matrix becomes large and the effect of imperfect interface becomes salient.
This greatly damages the effective elastic modulus of the lightweight filling material.
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