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Abstract: In this study, we use a multi-parameter perturbation method to solve the problem of a
functionally graded piezoelectric cantilever beam under combined loads, in which three
piezoelectric coefficients are selected as the perturbation parameters. First, we derive the two basic
equations concerning the Airy stress function and electric potential function. By expanding the
unknown Airy stress function and electric potential function with respect to three perturbation
parameters, the two basic equations were decoupled, thus obtaining the corresponding
multi-parameter perturbation solution under boundary conditions. From the solution obtained,
we can see clearly how the piezoelectric effects influence the behavior of the functionally graded
piezoelectric cantilever beam. Based on a numerical example, the variations of the elastic stresses
and displacements as well as the electric displacements of the cantilever beam under different
gradient exponents were shown. The results indicate that if the pure functionally graded cantilever
beam without a piezoelectric effect is regarded as an unperturbed system, the functionally graded
piezoelectric cantilever beam can be looked upon as a perturbed system, thus opening the
possibilities for perturbation solving. Besides, the proposed multi-parameter perturbation method
provides a new idea for solving similar nonlinear differential equations.

Keywords: functionally graded piezoelectric materials; cantilever beams; multi-parameter
perturbation method; piezoelectric coefficients

1. Introduction

Functionally graded piezoelectric materials (FGPMs) have been increasingly used in
piezoelectric sensors and actuators [1,2]. The FGPMs inherit the advantages of functionally graded
materials (FGMs) and piezoelectric materials. The FGMs consist of two or more materials in which
the composition of the materials varies continuously in certain directions, and there is no obvious
interface in FGMs [3]. Therefore, the stress concentration problem caused by the bonding of the two
materials can be avoided by using FGMs. The advantage of piezoelectric materials is their good
conversion ability between mechanical energy and electric energy. Piezoelectricity is very suitable
for physical sensors and biosensors construction [4] and there are many valuable applications in
engineering fields (for example, structural health monitoring [5]). Piezoelectric materials
characterization is a challenging problem involving physical concepts, electrical and mechanical
measurements, and numerical optimization techniques [6,7]. Thus, the analysis of piezoelectric
materials and structures becomes more and more important. However, the difficulties in studying
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FGMs and piezoelectric materials are also inherited by FGPMs, and the nonlinear differential
governing equations of the FGPM structures are usually difficult to be analytically solved.

Over the past few decades, researchers have devoted a lot of effort to the problems of FGMs
and FGPMs and have harvested some fruits. Eshraghi et al. [8]. studied the bending and free
vibrations of FGM annular and circular micro-plates under thermal loading. Kim and Reddy [9]
derived the equations of motion for FGM plates with surface-mounted piezoelectric layers by using
Hamilton’s principle, in which the gradient elasticity was accounted for through the modified
couple stress model and linear piezoelectricity. Kahya and Turan [10] presented a finite element
model for free vibration and buckling analyses of FGM sandwich beams on the basis of first-order
shear deformation theory. By using Hamilton’s variational principle and the classical plate theory,
Arshid and Khorshidvand [11] studied the free vibration analysis of saturated porous FGM circular
plates integrated by piezoelectric actuator patches via a differential quadrature method. On the
basis of classical plate theory, Zur presented the analysis and numerical results for the free
axisymmetric and non-axisymmetric vibrations of FGM circular plates elastically supported on a
concentric ring [12] and annular plates elastically supported on the ring support [13] via
quasi-Green’s function method. Zhu et al. [14,15] originally introduced the concept of FGMs into
piezoelectric materials, and successfully manufactured FGPM actuators. Shi et al. presented the
solution of FGPM cantilever beams subjected to different loadings [16], and investigated the
electrostatic behavior of piezoelectric cantilevers with a nonlinear piezoelectric parameter [17].
Huang et al. proposed a piezoelasticity solution for FGPM cantilever beams under different loading
conditions [18] and a unified solution for an anisotropic FGPM cantilever beam subject to sinusoidal
transverse loads [19]. Zhong and Yu obtained a solution for FGPM cantilever beams under different
loadings by assuming that the mechanical and electrical properties of the material have the same
variations along the thickness direction [20], and proposed a general solution for FGPM cantilever
beams with arbitrary graded material properties along the beam thickness direction by expressing
the Airy stress function and the electric potential function in finite power series [21]. Yang and Xiang
[22] and Komeili et al. [23] investigated the static bending FGPM beams under combined
thermo-electro-mechanical loads. Based on the modified strain gradient theory and Timoshenko
beam theory, Li et al. [24] developed a size-dependent FGPM beam model by using variational
formulation, and solved the static bending and free vibration problems of a simply supported
FGPM beam. Lin and Muliana [25] studied the nonlinear electro-mechanical responses of FGPM
beams undergoing small deformation gradients. Pandey and Parashar [26] investigated the static
bending of the FGPM beam under electromechanical loading, in which the effective material
properties of the FGPM beam are graded according to sigmoid law distribution. Duc et al. [27]
investigated the nonlinear dynamic response and vibration of an eccentrically stiffened FGPM plate
subjected to mechanical and electrical loads in a thermal environment. Su et al. [28] dealt with the
electro-mechanical vibration characteristics of FGPM rectangular plates with different boundary
conditions based on first-order shear deformation theory. More recently, He et al. [29] presented an
electroelastic solution for FGPM beams with different moduli in tension and compression. Given
that there are many relative works in this field, we do not review them in detail.

From the above studies, we may see that in the analysis of FGPM beams, the number of basic
equations used for the solution of the problem is so large that it is difficult to solve them analytically;
at least the process is relatively complex. In addition, the basic equations are generally presented in
the form of a high-order partial differential equation, which further aggravates the complexity of
the solution. For this purpose, we need to seek an effective mathematical method for similar
boundary value problems.

The parametric perturbation method (PPM) proposed by Poincaré [30] is one of the standard
analytical methods used for the solution of nonlinear problems in applied mechanics and physics.
Many studies have indicated that this method is a general analytical method for obtaining
approximate solutions of nonlinear differential equations in initial or boundary value problems. In
PPM, the solution of the nonlinear differential equation is constructed by developing an asymptotic
series with respect to a certain parameter. The so-called perturbation is generated in the
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neighborhood of the solution of the unperturbed equation, so that the known properties of the
unperturbed linear system can be used to obtain the solution of the perturbed system. More recently,
this basic idea of perturbation was demonstrated again by Lian et al. [31], in which the Hencky
membrane problem without a small-rotation-angle assumption was solved by perturbation to the
corresponding classical small-rotation-angle problem. Originally, there was only a single
perturbation parameter in the PPM, which was called the single-parameter perturbation method
(5-PPM), and many classical works were based on the PPM. Later, as the method was continuously
studied, scholars began to discover if multiple parameters are introduced, the perturbation solution
characterized by these parameters may well describe the separate influence of each parameter on
the nonlinearity of the problem. The earlier work can be seen from Nowinski and Ismail [32], in
which a multi-parameter perturbation method (M-PPM) was proposed to solve the deformation
problem of a cylindrical orthotropic circular plate. The pioneer work in nonlinear beam problems
was done by Chien [33], in which a biparametric perturbation method (B-PPM) was initially applied
to solve the classical Euler-Bernoulli equation of beams with a height difference between the two
ends from a practical engineering problem. Later, He et al. successfully used the so-called B-PPM to
solve large deflection beam problems which Chien dealt with [34] and large deflection circular plate
problems with a bimodular effect [35]. However, the application of the real M-PPM which contains
three or more perturbation parameters has not been found yet.

In this study, we extended the traditional S-PPM and B-PPM to M-PPM which contains three
perturbation parameters and solved the governing equations of the FGPM cantilever beam under
combined loads. The piezoelectric coefficients are selected as perturbation parameters. Thus, from
the point of view of the perturbation idea, if the pure FGM cantilever beam is regarded as an
unperturbed system, the FGPM cantilever beam can be looked upon as a perturbed system. In the
next section, the mechanical model of a FGPM cantilever beam under the combined action of a
uniformly distributed load, concentrated force, and bending moment is presented. In Section 3, the
perturbation solution of the FGPM cantilever beam is obtained. In Section 4, based on a numerical
example, the variations of the elastic stresses and displacements, as well as the electric
displacements, are shown and some important issues are discussed. Section 5 is the concluding
remarks.

2. Mechanical Model and Basic Equations

In this study, the mechanical model of the FGPM cantilever beam is established by using
two-dimensional elastic beam theory and neglecting shear deformation, since what we consider
here is a relatively shallow beam. Generally speaking, the mechanical and electrical parameters of
FGPMs change along one direction only. In this study, we assume that the mechanical and electrical
parameters of the FGPM cantilever beam vary along the thickness of the FGPM cantilever beam. As
shown in Figure 1, an FGPM cantilever beam is fixed at its right end and subjected to uniformly
distributed loads g on its upper surface, a concentrated force P, and a bending moment M at its left
end, in which [, b, and h (h << I) denote the length, width, and height of the beam, respectively. A
rectangular coordinate system is introduced with the upper and lower surfaces of the beam lying in
z=-h/2 and z=h/2. The mechanical and electrical parameters of the FGPM cantilever beam
vary along the z coordinate, such that

_ o0 az/h _ 40 jaz/h _ 10 Jaz/h
s; =5, dl,], —dije , Aii —)\i],e , (1)

where « is a gradient exponent; 5/ d,.j , and /\i], are the elastic coefficient, piezoelectric coefficient,

and dielectric coefficient, respectively; and s;, d., and )\?]. are values of the corresponding

ij ’ ij /

material parameters at z =0, respectively.
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Figure 1. Scheme of a functionally graded piezoelectric cantilever beam.

By neglecting body forces and free charges, the mechanical equation of equilibrium and the
electrical equation of equilibrium are

Jdo. Ot

a X + alx — O
X 4
or oo @)
=4z
ox 0z
and
oD oD
L+—=2=0, 3)
ox oz

where o ,0,, and 7 are the stress components; and D, and D, are the electric displacement

components. The constitutive equations of the materials are

€, =5,0,+5,0, +d,E

£, =530, +5;,0, +d,E

Voo =S4T, +dE, ’ 4)
D, =dgr +4,E,

D, =d; o, +d,0, +A,E,

where & ,¢ , and y_ are the strain components; and E and E  are the electric field

components. The geometric equations give

ou ow ou ow
= = — 4+

-, &, =, — 5
T T w T ©)
where u and w are the displacement components. The strain compatibility equation is
o’e, 0%¢, &
ix + 2% STy, (6)
oz°  ox* 0zox
The relationships between the electric field components and the electric potential are
oD oD
E=—o E=—0 %)
ox 0z

where @ is the electric potential function. By introducing Airy stress function U(x, z), we may
express the stress components as
o'u o’u o’u

o = , 0. =——, T_=— . 8
o ozox ®
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Substituting Equations (4), (7), and (8) into Equations (3) and (6), the governing equations for the
Airy stress function U(x, z) and the electric potential function ®@(x, z) are

azu azu a3u
( 31 ) ( 33 ) 15 a Z( 33 a ) lll (9)
and
52 a2u o'u, o o’u o'tu o'tu
( 11 A2 T 2 ) ( 4 5 2 )+513 T~ 2 VS8 L1
0z ox 0z ox“oz ox“oz ox
o oD 62 ’ (10)
- 5(% Dl ( Py
where dgl, 33, and do in the piezoelectric coefficients d,, d,,, and d, may be selected as the

perturbation parameters. When d, =d;, =d,. =0, Equation (10) may be regressed into the
governing equation of the pure functionally graded cantilever beam (Equation (11) in [36]), i.e.,
62 au ll o’u, o o’u o'u o'u

( P ox* )+ _( S 8x262)+sl3 ox*oz* i ox* =0. b

The mechanical and electrical boundary conditions are given as follows:

jm T dzzz, J'h/2 odz=0 and j’1/2 zo dz=M, at x=0, (12)
—h/2 b —h/2 X —h/2 x b
o, =1,=0, atz=h/2 a3)
o, =q, 7,=0, at z:—h/ZI
h/2
Ddz=0, at x=0 and x =1
-h/2 (14)
D_ =0, atz=h/2 and z=-h/2
and
u:w:@:o,a’c z=0 and x=I. (15)
ox
3. Perturbation Solution
Substituting Equation (1) into Equations (9) and (10), we have
d0a6u+0aaz doas (d )a:"—uz Oza;‘).'_oaz_q).k Oaz_q)
311152 ”haz ox*oz  Choz Por TMax?
yatotu  , ot otu 0a6U o°u  ,o0'u ,o'u
th_z 0z* +Sl3h_2 ox? ey h & 44) h ox*0z T oz* e ox* (16)
o'u a® oD a &*® 63 oD a 0D
Hou25) e = oY nor o T T g T e

From the piezoelectric parameters of the five kinds of piezoelectric materials listed by Ruan et
al. [37], it can be seen that the piezoelectric coefficients are usually very small. So, they can be
selected as perturbation parameters to meet the requirement of convergence in perturbation
expansions. Thus, from the point of view of the perturbation idea, if the pure FGM cantilever beam
is regarded as an unperturbed system, the FGPM cantilever beam can be looked upon as a

s

d33 , and d15r as follows:

perturbed system. By selecting d, and d,, as perturbation parameters, we may expand @

317 337

and U with respect to d;,,
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O =) + Dy, +D)dy + DLy + D] (dy, ) + D (dy,)’

17
SO ()P + I, + U, + 4
and
U= u°+u{d; +ULAY, + UL + UM () + U (dS,)?
1 I 70 40 I 70 40 I 70 30 4 (18)
+U, ( ) +U,dyd, +U dyd +U dyd

where @) and U], @ and U (i=123), and @ and U' (i=1,2,3,..,6) are unknown
functions of x and z.

Substituting Equations (17) and (18) into Equation (16), as well as into the boundary conditions,
Equations (12)-(14), we may obtain a series of decomposed differential equations and the

corresponding boundary conditions by comparing the coefficients of the same power of d,

and d..

317 33 4

1. By comparing the coefficients of (d3,)°, (d%)°, and (di,)" in Equation (16), we may obtain

the differential equations for ®) and U,

a acDU 62(1)0 aZcD[]
PR Y
ot o*Uu’° a? o*U° a o*U° 3U0
Sflh_2 e +S?3h_2 P T, o +Qs 4 h ox*oz’ (19
o'’ o'u’ otu’
+s), 8240 +5s3, 8x40 +(sg, +28), 8x2a;2 =
which may be solved under the boundary conditions
h2 w2 & LIO 6 u’ M
dz=0 and Sdz=",atx=0, 20
[ azax> = o= [z o= (20)
o*u’ o*u’
0= —_0-0, atz=h/2
ox* 0z0x
oru’ GRON @D
L=q, —>=0, at z=-h/2
ox 0z0x
and
au, 0P,
Im (-d,;—=>-24,—>)dz=0, atx=0and x=1
AR ox
o°U U oD ' 22)
dy —=-+d, —A,—2=0, atz=h/2 and z=-h/2
0z > ox?
Suppose
=x? 81 (z) +xg2(z)+g3(z)
(23)

= ?ff(Z) +xf)(@)+ £(2)

where ¢)(z) and f’(z) (i=1,2,3) are unknown functions of z. After Substituting Equation (23)
into Equation (19), it is found that
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§'(z)=B’+Bl "

§(z)=B +Bk I (24)

2 Al Al _a
g5(z)=B. +Be " —2;%—01sz+2;%332€ h

33 33

and

2 (z)=C)+Clz+(CJ +Clz)e *

F22)=C0+C0z+(CO+Cl2)e "

2
F(2)=C+Cz+(C +Coz)e ' —6Z—0(3s$3cf 340, gc‘; +8.C0%) (25)
11

2
Z 0 ~0 o M 0. 0,0 T
——(3s;,C5 = 3s,, 5C4 +5,,C,z)e

11

where B? (i=1,2,3,..,6 ) and Cf) (i=1,2,3,..,12) are undetermined constants which can be
determined by Equations (20)-(22), please see Appendix A.

2. Similarly, by comparing the coefficients of (dy,)', (d3,)', and (d);)' in Equation (16), we
may obtain the differential equations for ®! and U; (i=1,2,3), respectively, for term (dy,)":

na 6CI)I GZCDI /11 GZ(DI GZUS N 631,[3
33 h a 33 a 2 1 h azz 823
, atoul  , Qtotu o, alU o a o°U, o',
511 h_z_azzl +513 h_2 o 21 + S11 Z 6231 +(2513 44) I o 26 Sll ?41, (26)
, 0'U; o'u;  @* 0w, _ad®, 83<I>8
o ot +(ou+255) oot W oz +2Z oz’ i oz’
for term (dy,)":
Pt aacpz 20 82(13I /11 (’)ZCI)I 62U° 63U°
“H o P Mk hoc | oo
a? U, , a azu‘ a o°U, a o°U,
;)1 hz o2 2 +5?3 h_2 axzz +2s ?1 I 8232 +(25§)3 +SZ4)E6.X'2822 ’ (27)
otu! o'u, o'u, 83CD°
+S$1 42 +S§3 4 ( +2 13) 2 > 0
0z ox arora ax 0z
and for term (d})":
0 O 8(DI , 07D 62CDI 631,18
Ay — h oz 33 P 111 xz axzaz
a2 aZuI a 82u1 a a3u1 a a3u1
S o TSR o TNy o TSty e (28)
o*u! o', o'U, o°0) q0’D,
+S?1 43 +S§3 4 ( +2s 13) A2 Ao
0z ox X~0z ox’oz h ox’
which may be solved under the boundary conditions
28U oru! 2 02U
f_’,//zz( oz 0, [ “5dz=0 and j',//z Sd2=0 (i=123)at x=0, (29)

—h/2 a
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oru! o*u!
== L=0, atz=h/2
L= L=0, atz=-h/2
ox* 0z0x
and
0 llI E)CI)I
jh/z( s —ﬂn Ydz=0, atx=0 and x=1
—hi2 0z0x .
22U 22U 5(1)1 (i=1,2,3).
d3]?2'+d33?—133 =0, atz=h/2 and z=-h/2
Suppose

D) = x°g}, ,(2) +xgy, 4 (2)+ 85,(2)

= Fia (4 f (D4 Fi2)

(i=1,2,3),

8 of 24

(30)

@31)

(32)

where gf(z) and fil(z) (i=1,2,3,...,9) are unknown functions of z. After Substituting Equation

(32) into Equations (26)—(28), it is found that

¢'(z)=B'+Ble " -
33

2
¢ (z)=B,+Bje " -——

33

gi(z)=BL+Ble "

g'(z)=B.+Ble "

¢'(z)=B. +BLe W /10 [(

gl (z)=B, +Ble "

g:(z)=B,, +B.e i

¢ (z)=B. +B., ’TZ—iE(CO
/133 a

f31 2 (Z) C121 + CiZI
fSIi—l(Z) = 12: +C;21

and

_a,
0 h
5 C,ze

=,
0 h
Cyze

-2, 1 hos s?
g(z)=B,+Be " — /10 (ﬁZC0 S Cg +24)B)+ 2/133 - Clz],
11 3311
hl s« /10
+Z[EA_O(_SLO3ECO 44 CO CO CO +2ﬂ.10132)
33 11 11 33
1 s° a S, +5, -2,
+ S 13 h g 44 CO A‘ll CO)Z+ ZCE 2]
213 ]] 33 '11 33

2C0—24% Bzt~ ZC”ZZ+(2/11°18; Coze ]

+ zﬁlolBiS) 1 (4 h A’IOIBi4 - ZCO CZZ)ZeiﬁZ
33 o
Z+(C1219+Ci218 )ah (i=1,2,3)
z+(Cl,, . +Cl,._ z)e72

(33)

(34)

(35)

(36)
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AO
Fi(z)=C +Clz+(C +Cz)e ' —g(3smc‘+3s44ﬁc‘+6h A0 g0 40 Clz)

1 33
z’ 0 ~I o M1 0 A ‘%Z
——(3s,,C; =35, ;C4 +5,,C,z)e
1
2
fl(z)=Ch +Chz+(Chy +Ch2)e " _6_(3513CI +3s) hCi4+sf3Ci4z)
s
" , (37)

h

i -,
CI +6— B0+sl3Ci6z)e h

(3

13 15
ll

1Chs + 355, ECI +6ZB°+513C;6Z)

flz)=CL+CLz+(CL +C.z)e "

11

2 a
Z 0 ~I o b 0 ~1 e
-— (3s,C,, —3s,, ZCZS +5,,C02)e

11

where BZ.I (1=1,2,3,...,18) and C:(i=1,2,3,...,36) are undetermined constants which can be
determined by Equation (29)—(31), please see Appendix A.

3. Similarly, by comparing the coefficients of (d3,)*, (ds)*, (dy)’, dydy, dyd), and dyd;.
in Equation (16), we may obtain the differential equations for @ and U' (i=12,3,..6),

respectively, for term (d,)*:

AO a a(DH an)H Al aZ(DII aZu; . a3ui
“hooz s ozt ! h? o
SO a_za uiI +SO a_za uiI + SU gasuil +(2SO )a a3uH S a4uil
11 hZ aZZ 13 hz 8 2 11 h aZ3 13 44 h a 26 11 624 4
a4uII a4uH 2 0(1)1 an)I a (DI
5~ + (54, +2513) ——=— s I .
ox x°0z° h° Oz h oo oz

(38)

+5

for term (d,)*:

AO a aq)H aZ(DH Al a q)H aZuI aSuI
33 33 2 1 2 2
h oz 0z h ox ax 0z
az a uII az a uH a a3uH ' a a uII
Sy Sy —— + sfl— 2 +(2sp, +5 )— .
h™ oz h® ox h oz 2oz
64UII 0 a4uII a4uII 63(1)12

0 2
480 —2 450 —2 4 (s), +250) ——2
R AR S T % 202 oz

(39)

for term (d);)*:

o adol ach“ 0 00 O
“hooz VoY axloz
2 6 uH s o 2 62uH . SO Z@fﬁug +(250 )a aSUn S a4u;1
11 2 2 13 2 2 11 3 13 44 2 11 4 7
h* oz h* ox h o0z h 0x*0z 0z
a4ull a4ull a3cD[ 6 @[
+(s,, +2s =—
(5 * 255) oo ooz hoax

(40)

0
33

+s

0 70 .
for term dd., :
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e a G(DH ézd)n /11 0 CDH 82U; N 63U; +262U; N 83Ui
S hooz A 0z° o h o2 o2 h o oxoz
2 a uII 2 6 uII a aBuH a3uII a4uH
11 T2 2 + ;]3 2 2 + Sfl_ +(2 13+ 44) 2 S +S;)1 44 ’ (41)
h™ oz h® ox h 8z° h ox°0z 0z
a4uII a4uH az acDI a aZ(DI 63(1)1 aS(DI
+50 +(s), +2s =——242-—Z24+ 241
¥ ot (5 +2555) ox*oz KW 0z h o2 8 oxlez
for term dyd..:
Pra.s a 6<DH GZCI)H ﬂq 82(DH azu; N 63LI; B 831,1;
B hooz & 07> P P
2 aZuII 2 aZUII a3ull aSuII a4ull
0 5 0 5
11 hz a 2 +s 13 hz a 2 + sll h 62 +(2 13+ 44)h a 262+511 6 4 4 (42)
g 64U;I +(s g ) 84UH az 6@13 +2a 82(1)13 +63CD; 83<DI 62<I>I
» oxt oot W oz hoo? o oxtor h o’
and for term dy,d;_ :
T a 6(1316I 62®H /11 0 CDH GZU; N 63U; B 63U;
P hooz s 0z B N
2 a UH 2 a2uH a 63uH aSUn a4uH
11 hz a 2 + ?3 hz a 2 + Sglz 8236 +(2'S§)3 44)h a za Sll 8246 4 (43)
+SO a4ull ( +2 ) a4ull 63(1); ~ 83(1)1 a q)l
P oxt oo over over h o
which may be solved under the boundary conditions
hich may b lved under the b dary diti
) oru” oru” oru”
[ -SZiyz=0, [~ dz=0 and j " d2=0(i=1,2,3,..,6),atx =0, (44)
-hi2" OzOx -hi2 gz? oz’
6ZU‘II aZuH
—=——7—=0, atz=h/2
ox? 0z0x / 2123 .6
azuin azu? (l_ J ey Ty ey ) (45)
e =—azax=0, at z=-h/2
X
and
oru” oo"
Jm (-d,——-A1,—)dz=0, atx=0and x=1I
-2t P azax M o .
82uH aZuH a(I)II (l = 1'2’3"”’6 )' (46)
., 6221 +d., 8x21 — Ay 621 =0, atz=h/2 and z=-h/2
Suppose
O =x?gl (2)+xg5 ,(2)+ g5 (2)
(1=1,2,3,..,6), (47)

uiH: 5 2(Z)+xf 1(Z)+f (2)

where ¢'(z) and f'(z) (i=1,2,3,..,18) are unknown functions of z. After Substituting Equation
(47) into Equations (38)—(43), it is found that
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g;_z(z) = Bgi—s + Bgi—z;eizz
g' (z)=B! ,+B! e " (i=1,2,3,...,6), (48)
_a, 0 20 e,
Sh@)=Bl, +Ble 2l g o Mg
33 33
1 hoo 1 C' « h o -2,
£ :CIH+27Biz+C§z——[ZTB;+C;I— — (—z+1)+Cf—(ﬁz+1)]e h
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25;)1 130355)1 a 13 I’l 1 442 11711 1) S?I (Sfl 1 2 2)
0 2 3 4 2
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o _ ~I I 1T
3i-1 _C 7 +C 62+(C 12i—

12i- 12i— 12i—
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11

2 a
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-—— (3s,,C,, —3s,, ;CZS +5,C52)e

3
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0 0 0
n=ChaClzr Bz 2B Ch+ Lol - Lo al- el - (L,
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where Fi (i=1,2,3), Gi (i=1,2,3), Hi (i=1,2,3), and i (i=1,2) can be found in Appendix A,
and B! (i=1,2,3,..,36) and C!' (i=1,2,3,..,72) are undetermined constants which can be
determined by Equations (44)—(46) , please see Appendix A.

Thus, the expression of the electric potential function ®(x, z) and Airy stress function U(x, z)
may be obtained by means of Equations (17) and (18), Equations (23)-(25), Equations (32)—(37), and
Equations (47)—(51). Substituting Equations (17) and (18) into Equations (7) and (8), the electric field
components and the stress components may be expressed as

{Ex = —(2xg] + g} ), —(2xg} + gé)d0

, ' / (52)
=—(x°g) +x8; +8 )y — 8¢z — &' s
and
2
o 2% 10" +xf! o L o" H”(d ) ur/ ) +fu”d0 do + u"do do
o =f : (53)
sz —X 1 ’ 20'

And substituting Equations (52) and (53) into Equation (4), the electric displacement
components and the strain components may be written as

= _[ﬂ‘lol(zxgi +g; )Y, + A0 (2xg + g0)dY +(xf) + £, )l Je "
SR M e 64
(x*g) +xgy +g8)dy, +ghde, + g d) A% e "

and

2
0 X or 0 or on 1 2 I 1 0 \2
& :[(Sll 7 1 TSuX, +511 3 +S13f1 )+(511 3 X & _ng — 83 )(d31)

i (g 17\ 70 40 Wi 0 10 /h
11 9 ( ) +(511 12 ~ 86 )d3ld33 (11 15 g9 )d3]d15] “

2
o X om0 . cOn on " ;10 \2 I 17 70 \2
g, :[(513? 1 153X, +513 3 +533fl )+513 3 (d31) — 8 (d ) +513 9 (dIS) : (55)

nr 2 I

+(513 2 TX & _xgz - )do do +513 1151”d0 do 89 do do ]eaZ/h
Voo =L + )55 + (2287 + 8)(d)5) + (238, + 8, )yl Je"

Substituting Equation (55) into the first two items of Equation (5), and integrating with respect
to x and z, respectively, the displacement components may be obtained as
x3 2 x3 2
u= [(_ S?] 10 + _Sn 20 + xs?]f; + xs%flI ) _(_ gz + xgs _xsn 3H )(dgl )2
2 (56)
+xs11 ;l”(d ) _x(g 11 1121” )do do x(g 11 11;" )do do ]eaZ/h +8,(2)

and
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A 08 = 10 _ﬁco hs44 Co h 2*101 Co__Co Zhﬂlole)
- h /133 h Ay S as), a g, h
s +2s
2 O 44 CO 7C:O O1 ;)
250 +50 0 A a
—C 11 CO ZS _CO
A ] 4h(6 0 h

11 33 11 33

~(C" —gcg +C0z)e™ M |(d2, ) +sfs[%(5c§5 —2Cly

Jr{[%(B;‘l +

+S$3G2 - h 13 2]Z +[513(H 2)__( g (ZCO

h h2°

a 1 s
el (T3
1

+C0%)]2? +[s2 (1, - %

3

3h

hZ SO O a
z' 42— 8 C)-CJ + 44 Y+ ) i B, +— Coz e*"d’ d° + 13 G,-—F)z
) 2’3035;?1(}1 ’ 13 : ?3 h : } it Sll [( P h 3)
2 2
+(H3_£G3) __H _(Z_BI_’_ih_CO_’_zih_/ln az/h]dU dO
2h 3h Ay a /133 a

132

1 a az
+ﬂ_0[(h A5, Bl +C°)z+E(C;J —ZC;’)ZZ —aijf +;(C‘; +24) BL)e“ M dy.d). + g, (x)

where ¢,(z) and g,(z) are unknown functions of x and z, respectively. Substituting Equations

(56) and (57) into the third item of Equation (5) yields,

dg] (Z) k x3

d
k2 4z ke ™k~ =k ko kxs 8 (58)

dx

where
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o’ o?
k=——s°CO+——C%° 4°
1 2h2 138 2h2ﬂ,§3 877337731
2
k, =2s° gCO—S0 a—C0+SO gCO+ a Cod° d° — Blg+ a CHA° 4°
2 13 h 8 13 h2 7 44 h 8 hﬂ303 8731715 ( 4 h hﬂ,??s 8) 337731

k, = —Bld’ &% — BLd%.d° — ) C°

31715 15715

(24
_ _plg0 50 0 ~0, 0 & -0
ky =—=Bydyds —5,,Cs +5, -C;

1o’ 1 o (59)
k :__S& L Codgldgl
e Mt 3o2mal
1a’ 1 o
ks :__55)1 E[S)__ nggldgl
20 2 WA
ko= D00 4o Lo oo G A e NI g
7 11 12 13 3 444 44 3 4 1160 14
h? h h . h Ay
2B 4% — B E (0 ) 0‘_2 0 (4032 4 (2B " F 0140 40
+ 2) 31715 Zh( 31) +h2 sll 36( 15) +( 2 48 hsll) 31733
By letting
d d
k2 +kz+ ke +k, —% — ko +k +k7x+% =, (60)
where v is an undetermined constant, we have
d
_g;(z) =kz* +kz+ke”" +k,—v
z
1
dg, (x) 3 2 ©h
R =—k,x’ —kx" -kx+v
Integrating Equation (61), one has
g,(z)= 1klz3 + lkzz2 + ﬁkse"z”’ +k,z—vz+u,
3 2 a
, (62)

1 1 1

g,(x)= —Zk_,,x4 —Ekéx3 —Ek7x2 +ox+w,
where u, and w, are undetermined constants. The undetermined constants v, u,, and w, may
be determined by Equation (15) (please see Appendix A for details). Substituting Equation (62) into
Equations (56) and (57), the final expression of the displacement components may be obtained.

4. Results and Discussions

In the governing equation, Equation (16), U and ® are coupled with each other. By using
M-PPM, Equation (16) is decoupled and simplified, as shown in the decomposed differential
equations, i.e., Equation (19), Equations (26)—(28), and Equations (38)—(43). Thus, the perturbation
solution of the governing equations can be easily obtained under boundary conditions. From
Equations (52) and (54), it can be seen that there are only the first-order perturbation items in the
electric field components (E, and E_) and electric displacement components (D, and D, ), which

are deduced from the first-order perturbation solutions of the electric potential function, @}
(i=1,2,3). While in the stress components (¢, o, and r_), strain components(s_, ¢, and y_),

and displacement components (¢ and w), there are the zero-order and second-order perturbation
items, which are deduced from the zero-order and second-order perturbation solutions of the Airy

stress function, Ug and U? (i1=1,2,3,..,6 ). This phenomenon can be explained by Figure 2.
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Figure 2 shows the relationship between the applied mechanical and electrical loads and the each
order perturbation expressions of the Airy stress function and electric potential function.

e (0.5 vy — Us Ul (=123 U (=123...6)
Y SO QP

Figure 2. Relationship between the applied loads and the each order perturbation expressions.

From Figure 2, it may be seen that the mechanical loads (g, P, M) giverise to U, , U, gives rise
to ® (i=1,2,3), and then ®! (i=1,2,3) gives rise to U' (i=12,3,..6), while @, U]
(1=1,2,3), and (I)ZI.I (i=1,2,3,...,6) have no effect on the stress, strain, displacement, and electric

displacement components because the applied electrical loads are 0. Therefore, for the sake of
simplification, Equations (17) and (18) may also be written as

D= (Didgl + q)Izdgs + q)gdfs (63)
and
U =Uy +U; () + U5 (d3)* + U3 (dy)* + Uy daydy, +Ugdydy +Ugdydy, . (64)

Next, based on the presented perturbation solution, let us consider a functionally graded
piezoelectric cantilever beam with /=1 m and h=0.2 m subjected to transverse uniformly
distributed loads g=1 N/m? to discuss some related issues. The elastic, piezoelectric, and dielectric

constants at z=0 are shown in Table 1 [37].

Table 1. Elastic, piezoelectric, and dielectric constants of the cantilever beam at z=0.

Elastic Constant Piezoelectric Constant Dielectric Constant
(1012 m?/N) (1012 C/N) (108 F/m)
0 0 0 0 0
Sfl SfS 51(3)3 S44 d 31 d 33 d15 j'J.O]. /133
124 -5.52 16.1 39.1 -135 300 525 1.301 1.151

Figure 3 shows the variation of the stress components (o , o, and r_), the horizontal
displacement (), and the electric displacement components (D_ and D, ) of the cantilever beam at

x=1/2with z/h, and the variation of the vertical deflection w at z=0 with x/I, when « takes
-2,-1, 1, and 2, respectively.
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...... a=-21 a ':.'
——— =] '5/’.
———g=1
—_—a=2
25 0.2 0.4 0.6 0.8 1 185 -0.25
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(e) N
4x 10 }
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.:" ’ - ~-~_\ ==o= -]
2o s ey =
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DN \\\“ "I
~,
45 -0.25 0 0.25 0.5
z/h
(8)

Figure 3. Variation of stresses, displacements, and electric displacements: (a) Variation of o_ with
z/h at x=1/2; (b) Variation of o, with z/h at x=1/2; (c) Variation of 7z with z/h at
x=1/2; (d) Variation of u with z/h at x=1/2; (e) Variation of w with x/I at z=0; (f)
Variation of D, with z/h at x=1/2;(g) Variationof D, with z/h at x=1/2.
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From Figure 3a,c,d it may be seen that, o =0, u=0, and the maximum shear stress (i.e.,

) take place at the same z/h when « takes the same value, and this z/h moves toward

szma_x
z/h=-0.5 with the increase of «.For o, when >0 (or a<0), the maximum compressive
stress (or the maximum tensile stress) takes place at z/h=-0.5 (or z/h=0.5), but the maximum
tensile stress (or the maximum compressive stress) does not always take place at z/h=0.5 (or

z/h=-0.5), especially when the absolute value of a (i.e., a|) is relatively large. In addition, the

O

xXmax

maximum absolute value of o_ (i.e., yand z__ always take place at the side of az/h<0

max
(which means o and z are always contrary positive or negative signs since h>0) and increase

with the increase of |a|. It is easily seen from Figure 3b that o, decreases with the increase of « .

From Figure 3e, it may be seen that, when a <0, w decreases with the increase of «, while a >0,
the regulation is contrary. Besides, the w when « >0 is larger than the one when a <0. From
Figure 3f,g, it may be seen that the absolute value of the maximum electric displacements (i.e.,
|D and |D ) always takes place at the side of az/h>0 (which means o and z are always

xmax zmax

identically positive or negative signs since /> 0), because the piezoelectric coefficient d, = dg.e‘“/ "

D

X max

at the side of az/h>0 is larger than the d,.]. at the side of az/h<0. In addition, and

|D

also increase with the increase of |a| .

zmax

5. Concluding Remarks

In this study, by extending the traditional single-parameter and biparametric perturbation
method to the multi-parameter perturbation method, we solved the problem of a functionally
graded piezoelectric cantilever beam under the combined action of uniformly distributed loads,
concentrated load, and bending moment. The following main conclusions can be drawn.

(i) By selecting the piezoelectric coefficients as perturbation parameters, the multi-parameter
perturbation method can be used to decouple and simplify the governing equations of the
functionally graded piezoelectric cantilever beam.

(ii) The expansion expression of the Airy stress function and electric potential function with
respect to the perturbation parameters, i.e., Equations (17) and (18), can be simplified to Equations
(63) and (64), when only mechanical loads are applied on the functionally graded piezoelectric
cantilever beam.

(iii) The

o and

xmax

and r___ always take place at the side of az/h<0, and the |D

xmax

|D

always take place at the side of az/h >0, but they all increase with the increase of |a| .

It should be pointed out that the analytical results found in the sample example should be
validated by comparison with other numerical methods (e.g., Finite Element results) and/or
experimental tests. Besides, the multi-parameter perturbation method may also be applicable to the
problem of other functionally graded piezoelectric structures under electrical loads or
electro-mechanical loads. In these cases, different boundary conditions concerning mechanical or
electrical properties will inevitably introduce some new influences on the final results. Due to the
fact that the analytical expressions obtained are expressed in terms of the piezoelectric coefficients,
we can see clearly how the piezoelectric effects influence the behavior of the functionally graded
piezoelectric structural element, which is exactly the benefit of parameter-based perturbation
solutions. Therefore, as far as the practical application of the work is concerned, the results obtained
in this study may serve as a theoretical guide for the design of smart structures with functionally
graded piezoelectric structural elements.

Finally, it should be noted here that in our multi-parameter perturbation method, the
parameters are not dependent on each other, thus leading to a large number of independent
perturbation equations. However, in the literature, there exists an alternative and much more
efficient method [38-42], in which all the parameters (irrespective of their number) are perturbed
together along straight lines in the parameter space, thus formally re-conducting the
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multi-parameter case to that of a single parameter. At the end of the procedure, however, the
parameters can be varied independently, since the exploring straight line can be freely chosen. It
can be expected that this procedure can be used to solve this kind of problem effectively, and
possibly be contrasted to the results obtained in our work. We will study these interesting issues in
the future.
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Appendix A
oo a2e” -a’-2a-2) o0 - qga’
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0 0 0 0 0
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where

C=C=C=C=C=C=C=(,=C,=0
C;3 :CL; :Cis :Cie :Cis :C;9 :Céo :Cia :C;zl =0. (A6)
C;5 :Cée :C; :Cis :C;o :C; :Céz :Cés :Cée =0

1 a
B, =Fa(C2—ZC§)/N3

33
I _ 0 & ~o 0
B, _(C4 —an)/Zﬂ%
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I a 20 1
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a w O a h
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ho1 b oo, (A8)
B, =—;/1—303(C§+;C2)
1 a
;3 = 20 [a(Cf _ch)_cgNs]/Ns
1
BL; :Bia =0
1 a A9
B]ISZ/II_O[oa(cg—E(:;’)—CgNS]/N3 (A9)
1
1 1 h h
Bis :m(cgl\h+EC2N5_C§;N3_C2;N4)
1 B! a C°
Cf =0, C;‘ =—27Bi, C;I =—272, Cf =Z 020
11 11 sll 33
BI CO
b
11 11 Sll 33
1
Cill:(_2]1h_G1N4_H1N5_11N6)/N3_STBé ’ (A10)
11
h h
Cg =[N3(—I<1N2 +H,N, +IlN7)—(;N3 +N4)(2]lh+HlN5 +IlN6)]/[(;N3 +N,)N,
W h Wl 1, sha o Sy o Ao o 0 ol
—(?N3+;N4+N5)N3]—;/1—;3€(—£ZC3+ﬁC4—T:C4—h—2C12+2/1“B2)



Materials 2018, 11, 1222

F=Cl+— B
11
11 S a 3s° A0 a’
G] :;l—OST(—E;S%ZCg + 044 Cg —%CE —h—chz"rzﬂ,]O]B;)"rC]Hz
33 “11 11 11 33
0 0 _ .0 20 0 0 0 0
Rt A - B R = ey - L )
33 S11 S11 SH 33 11 Sll 33 SH a
:ilg 0 iZii  -Ch
Doesy Ay sy b to6s) ks Ayt
1 1 & a
I Z—Fm;(sfs—cf +53,C; +2455),B))
11 33711
1S
Lo 32,
Ci=C,=C;;=C =C;y=C}, =C, =C,, =C,, =0,
Cp=Cy =Cy =Cy =Cy =Cy =C5, =0
h h 1 a
ch-bal i ma-teiN NN,
h1 a o’ a?
C;Ié=2—TBi3h(N3+ZN4)/(N§—h—zNi+h—2N5N3)
11
Ch =l =l =l =l =l =Cl =0
C,, =—(%%ka+G2N4 +H,N,+L,N,)/N, +LO%E(C§ +£CZ)
/133 11 33 11 a
111 h 11 ’
Cfs =[(——OTCSN2 +H,N,+I,N,)N, - (N, +—I\73)(—OTth+H2N5
32’33 Sll a 33 sll
h h? h 1 1h
+LN)/I(N, +—=Ny)N, —(—5 N, + =N, + N,)N, ]+ ———C"
o o o 33 “11
where
1 1h h 1 1h
R R R Y
Aoy Sy @ a Ay 81y @
1 a s, 0 +s0 a 11 S0
H=—B+%%cn SuBuen o &2 oo Sien
T e, e T g

I~ _ 0~~~ AT
C49 _Cso _CSI - Csz - C54 - Css _C56 =0

33

1 1 hAl
RN P LT

0 0
11 33 o 133

where

h 1 h
Co =[(2;Bih+/1—0;(cgJ +24) B )hi—-G,N,—-H,N,)/ N, -B,1/s,, ,

20 of 24

(A11)

(A12)

(A13)

(A14)

(A15)

(A16)



Materials 2018, 11, 1222

21 of 24

E =B +s)CL, G, =s,Cy +2 21 /1“ B, ——C0 :—iUij. (A17)
4 33 33 33

Co =Cp =C =Cyy =Cq =Cy =C =C;, =C;, = 0. (A18)

B! =Bl =B! =B!' = B!' =0

B = B! = B} = B}, = B, =0

Bl = B, =B, =B, = B, =0 o
BH=BH=BH=BH=BH=0. ( )
19 20 21 22 24

By, =By =By, =By =By =0

By =B;, =By =B, =B, =0

The solving process of undetermined constants v, u,, and w,: substituting Equations (49) and (50)
into Equation (15), we have

l a o 0 Pa 0 I’ a 0 ~0 0 ~0 0 0
=0 =TT 5,C, + 6hZSHC T 11C - thC8 hsC l+thCl
L 55,Cy I—Es Col+(s),G, — 11Fz+iEC°+ B,y ds, + (G, — +—C0
a " /133 h -
a 0 70 I 0 ~I I P a 1
+ZB 2 B! ld,d, +(—s Cs hSnC 2 B, )l(d ) [—E(—ZB2 , (A20)
a a a h 1 as’ s? 0
P 4) _( e 4 0 Cg)_{—_BéZ___g(__ ]03 C3 icz_hcg
ZM, 2 h h/133 h Ay hs), " -
C0 +22) B +(s),G, - h sy )Ny, )? +§k3+u0:0
h 13 0 0 S?S h 0 0 13 0 2
Wl,_o =—(5 =55, —C, =5, ——C,)-(s —=C))— —
;? a( 33 1 13 S% 44 S;]] a 2) ( 33 13 Sg)l )az [2,23 ?l ( 13 h
2 2 2
+%@+2%Bﬂ—ﬁ}%@+h;%%ﬂ$w %fﬂd+upp@@
3311 33 “11 33
% n? 1 8% W2 Spy 1 K 1 h
_ 2&_31 _ﬁ_co_’_ OdO __CO___CO dO 2 (Azl)
( ?1 az 1 233 11 2 2 13(33 11 2 ill 31 15 (133 a /10 )( 33)
h? 1 L sy, 1 h st a
22— — B (Y[R ——CO 44 C? +2A° BH1(42)?
a 11 ° 13( 15) 0 153 ;)1 ? ’ Sfl 133 az Sll h 11 ’ ﬂ‘ll l)]( 31)
—iksl4—%kéls—%k712+vl+wo =0
and
ow
EZZO :—k513 —k612 —k7l+U=0 . (AZZ)
x=l

From Equations (A20)—(A22), it can be obtained that

v=kI’+k]I*+k1, (A23)
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l"‘oc“ Lo s2.C g L+ Lt 2850 01— L0 01— 250 Cl
o =gyt 6h2“ _Eh_ AR +ZS hs o U
h o o 0 1h o a, 0 50 1, o,
+ZS44C21_(511G2 h 111:2 +/1—33;C4 +ZB12)ld3ld (G L F3 +/1—;3C3 +ZB18
o’ a
—2 B 4" — (st —22 ?ICQL—2 BL,)I(dy;)° —[——(—— - C,) (A24)
h? h ZIMO3
hl, as 5, A I
-—(-=—B, - CO) él———(——ﬁcg ﬁC“ 1CO——C0 +2/1101B2)l
2" h h/lo N a iy hs) ;)1 Ay h?
h
+(s;’1G1— sy E)(dy,)? —Ek3
and
h 0 13 0 O 0 h 0 0 13 0
w0=——(533C —513 5 —=C, —s,, 0 —C, )+(s C, —513 5 G, )——[ 70 (1311
11 11 11 a 133 11
2 0 2 2
e ans B L S LR cram
3311 a 33 11 33 0.’
0 2 2 0 2 0 0 2
1, 1 sy, b 0 1 s h 050 S5 S h™
+(2S:’_Bl /10 13 Ct Aosﬁ - 1 13)d31d15 0 /1;)313?]_ ; (A25)
S?S 1 hz SO CU 44 CO 2 OBI]d (1 hz CO (d
—_——_— e [ —— — + p— —_———
s?l /1303 aZ( 11 h 11 ’ AM 1) ( ) A’O ) )
W1 , 3., 2 4 1.,
+2ES11 13 13( ) —stl —gkél —§k7l
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