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Abstract: The PEM fuel cell model presented in this paper is based on modelling species
transport and coupling electrochemical reactions to species transport in an innovative way.
Species transport is modelled by obtaining a 2D analytic solution for species concentration
distribution in the plane perpendicular to the gas-flow and coupling consecutive 2D
solutions by means of a 1D numerical gas-flow model. The 2D solution is devised on a
jigsaw puzzle of multiple coupled domains which enables the modelling of parallel straight
channel fuel cells with realistic geometries. Electrochemical and other nonlinear
phenomena are coupled to the species transport by a routine that uses derivative
approximation with prediction-iteration. A hybrid 3D analytic-numerical fuel cell model of
a laboratory test fuel cell is presented and evaluated against a professional 3D
computational fluid dynamic (CFD) simulation tool. This comparative evaluation shows
very good agreement between results of the presented model and those of the CFD
simulation. Furthermore, high accuracy results are achieved at computational times short
enough to be suitable for system level simulations. This computational efficiency is owed
to the semi-analytic nature of its species transport modelling and to the efficient
computational coupling of electrochemical kinetics and species transport.

Keywords: fuel cells; species transport; electrochemical kinetics; analytic modelling;
numerical modelling
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Nomenclature:

Symbols

A Channel cross-sectional area

A Velocity potential in channel domain

A concentration in channel domain

a water activity

arg Argument of a nonlinear function

B Butler-Volmer function

B Velocity potential in GDL#1 domain

B concentration in GDL#1 domain

C,Cy Water vapour concentration

C Velocity potential in GDL#2 domain

C concentration in GDL#2 domain

C.Hs03 Membrane sulphonic group concentration

Cy Concentration of dissociated protons in membrane
Co Total molar concentration of gas

Cp catalyst surface concentration of reaction product
Cr catalyst surface concentration of reactant

Cref reference concentration

Csat concentration of saturated water vapour

D Gaseous binary diffusion constant

D, diffusion constant of protons in membrane

D,, diffusion constant of water in membrane

D,,d, coefficient of proportionality of proton diffusivity to water content
Dy, dy coefficient of proportionality of water diffusivity to water content
F Faraday constant

fr Linearised nonlinear function

fne Nonlinear function

G Either B or C

h Sum of channel height and GDL thickness

h1 GDL thickness

h2 Channel height

i Electric/proton current density

loy Cathode catalyst effective exchange current density
JJw Molar flux of water

Molar flux of protons

Length of representative unit
Depth of slice

Index of modes along y coordinate

Coordinate normal to boundary plane/index of modes along x coordinate

Molar flux
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Narg Electroosmotic drag coefficient

p Pressure

R Gas constant/membrane ohmic resistance

s Source or sink term for species concentration

t time

T Temperature

U Velocity potential in xy plane

u Velocity vector (3D)

%4 Electric potential

Vop Operational voltage

AVom Membrane overpotential

v Velocity

v Average velocity

w Sum of w1 and w2

wl Width of GDL#1 domain

w2 Width of GDL#2 domain

X Coordinate perpendicular to membrane

y Coordinate perpendicular to channel gas-flow and parallel to membrane
z Coordinate parallel to direction of channel gas-flow

Z concentration defined in (A2)

Greek Letters

a Cathode catalyst electron transfer coefficient/any of btm, lft,rgh, top
B Velocity vector in xy plane (2D)

) Membrane thickness

K Volume fraction of non-solid space in GDL

A Membrane water content

Amn Eigen value of ¢, ,, eigen function

& Integration constant

IT Predictor value

o Source or sink term for U velocity potential

Y Dimensionless shape of velocity profile

D, Oery Cathode Galvani potential

®° Cathode open circuit Galvani potential at reference conditions
o° Cathode open circuit Galvani potential at standard conditions
P> Pn Eigen function for flow from boundary

Ymn Eigen function for channel flow terms

Q Ohmic function

W Geometrical factor

Superscripts or Subscripts

1

GDL#1 domain/argument 1
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2 GDL#2 domain/argument 2
AND Anode

btm Bottom boundary

C Channel domain

cnv Either snk or src

CTH Cathode

d(a) diffusion from boundary «
GDL Gas diffusion layer

H, Hydrogen

Ift Left boundary

M Membrane domain

N Number of modes taken into account
0, Oxygen

pr Previous (upstream)

rgh Right boundary

snk Sink

src Source

top Top boundary

w Water

1. Introduction

Proton exchange membrane fuel cells (PEMFC) are emerging as an advantageous power source in
the alternative power sources segment due to their high power density and zero tank-to-wheel
emissions. However, as analysed in [1], commercialization of fuel cell technology is lagging behind
owing to several disadvantageous characteristics of the fuel cell, summarised by [2] as: cost and
complexity, immaturity, and its role as replacement technology. These facts call for increased
application of advanced mathematical modelling and simulation tools to efficiently address and tackle
the shortcomings of today’s fuel cell technology [2]. PEMFC are characterized by fully interrelated
transports of mass, charge and heat, which are governed by convection, diffusion, phase transition and
electrochemical reactions. Many fuel cell models can be found in the literature or are available as
packages in commercial software as systematically analysed in [3—5]. Among these models the most
comprehensive are the ones based on 3D computational fluid dynamic (CFD) modelling with extended
capabilities of solving electrochemical reactions (e.g., [6-9]). CFD-based models indeed provide
insight into detailed phenomena along with high level of predictability and high accuracy; however,
they are also characterized by very long computational times inherent to their comprehensive
modelling framework. Long computational times are a major disadvantage whenever a large number
of simulation results are required to be obtained in reasonable amount of time which is typical for tasks
such as: (a) rapid testing of different design options [10,11] including the ultra large scale [9];
(b) modelling of larger systems powered by fuel cells, e.g., the entire fuel cell powered vehicle [12,13];
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(c) modelling transient operation of the fuel cell powered systems [14,15] and (d) development of
control functionalities [15,16]. Among these, fast computation is of most crucial importance in models
for which real time capability is mandatory such as in [12,14,16] or any hardware-in-the-loop model
application. Models featuring shorter computational times can be categorised as:

- Fully empirical models such as equivalent circuits, neural-network models, support and
relevance vector machines which are all highly accurate and require very short computational
times. However, these, unlike the CFD models, lack any predictability since they are
characteristic of a specific (i.e., non general) system part and are thus useful in simulations
only as computer model representation of an existing or a non-modifiable component.
Examples found in references: [17-20].

- 1D models that are usually mechanistic and 0D models that are often fully analytic. These
require short computational times which, however, come at the expense of lower accuracy.
Examples found in references: [21-27].

- Reduced dimensionality models which are predictable mechanistic models that feature reduced
computational load yet retain higher accuracy of current density predictions. These are
typically 2D models (e.g., [28], the 2D model in [29]) modelling straight channel fuel cell
configurations (such as depicted in Figure 1) solving governing equations in the plane that is
parallel to the gas flow and perpendicular to the membrane (e.g., green plane in Figure 1).
Further simplification of 2D models leads to the so called 1D + 1D (e.g., [30]) models where
mathematical treatment of the dimension that runs along direction of gas flow addresses only
the most dominant physical phenomena (e.g., mass transport via bulk gas flow in channel).
Applying these 2D models to a fuel cell geometry such as presented in Figure 1 leads to certain
systematic discrepancies since the area through which mass is exchanged between the gas
diffusion layer (GDL) and the channel is considerably smaller than the area where mass is
exchanged between the membrane and the GDL. To compensate for this discrepancy some
models employ additional correction parameters, obtained through fitting results of full 3D
CFD models or experimental data, yielding pseudo 3D models (e.g., [31,32] and Sherwood
number adjusted 2D model in [29]). An alternative to this pseudo 3D modelling is the so called
2D + 1D approach (as found in [29]) where the physical phenomena are fully addressed in the
plane perpendicular to the gas flow and the reduced treatment of the 1D + 1D approach is used
in the direction of gas flow.

These pseudo 3D and 2D + 1D models aim to take into account all three dimensions whilst being
considerably faster than 3D CFD simulations. However with the exception of [31], they are still much
slower than 1D models due to their inherent numerical nature. The model found in [31] features
computational times comparable to 1D models owing to its analytic nature. However the approximate
analytic solution for direct liquid fuel cells in [31] is only valid when the velocity along channels can
be approximated as constant.

An article by Tav¢ar and KatraSnik [33] proposes a hybrid 3D analytic numerical approach to modelling
species transport (HAN-ST) in a PEM fuel cell as a way to achieve full 3D resolution whilst featuring short
computational times. The principles of HAN-ST modelling in [32] are presented on a theoretical straight
channel co-flow fuel cell of very simple geometry and its core principle can be summarized as:
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Figure 1. Schematic breakdown of fuel cell geometry onto elementary units for HAN-FC
computation. The blue and the spotted translucent regions represent the membrane and
GDL respectively, the green surfaces represent the plane of symmetry across the middle of
a rib and the yellow surfaces the plane of symmetry between two ribs. (a) A five-rib
parallel channel co-flow fuel cell geometry. The two symmetry planes that apply to all ribs
are shown on one half of rib defining the representative unit; (b) Representative unit with
indicated slice (red); (¢) Slice as a sliced-out section of the representative unit that has
sufficiently small depth to be treated as a 2D object and (d) Slice domains from top to
bottom: cathode channel domain, cathode GDL domains (left cathode GDL#1, right
cathode GDL#2), MEA domain, anode GDL domains (left anode GDL#1, right anode
GDL#2), anode channel domain.

(a) Fuel Cell (b) Representative  (c) Slice (d) Slice domains
unit

A quasi 3D model constructed by taking a 1D numerical model for the gas-flow along the channel
and superimposing onto it a 2D analytic solution for the plane perpendicular to the gas-flow. This
proves to be computationally efficient due to the additional computational load introduced by the
calculation of 2D analytic solution being of the same order of magnitude as the computational load of
the base 1D calculation. It was shown in [33] that for the simple theoretical geometry of fuel cell (FC),
HAN-ST enables resolving a 3D species transport with very high accuracy while preserving
computational speed characteristic for 1D models owing to its partially analytic nature. Due to its high
accuracy and computational efficiency the HAN-ST model offers a promising basis for an efficient
standalone PEM fuel cell model suitable for system level simulations. HAN-ST as presented in
article [33] is a species transport sub-model and needs to be coupled to an electrochemistry sub-model
in order to yield a full standalone fuel cell model. Additionally the simple theoretical geometry of
HAN-ST from [33] enables devising the 2D analytic solutions on a single domain which is practically
impossible in cases of more complex realistic geometries.

As a full realistic standalone PEMFC model derived from the HAN-ST of [33], this paper presents
and describes an innovative isothermal standalone hybrid 3D analytic numerical fuel cell model
(HAN-FC) featuring:

1. The HAN-ST principle extended to more general realistic straight parallel channel FC
geometries by devising the 2D analytic solution on a jigsaw puzzle of multiple domains and
2. An electrochemistry sub-model efficiently coupled to this extended HAN-ST sub-model.
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Thus, in terms of categorization introduced above, this is a 2D + 1D model resembling that found
in [28], with the difference that it features analytically (instead of numerically) resolved species
concentration in the 2D cross-sectional plane in both GDL and channel, making it computationally
much faster. The nature of HAN-FC’s analytic solution also fundamentally differs from the one in [31]
where the 2D analytic solution is obtained for the plane that is parallel to the gas flow and
perpendicular to the membrane. Differences of HAN-FC from other similar models found in literature
are further discussed in Section 3.

The model assumptions and geometry of HAN-FC are outlined in Section 2 and the underlying
governing equations of the species transport and electrochemical reactions are given in Section 3.
For validation the simulation results of the HAN-FC is benchmarked with the results obtained by a
professional 3D CFD tool: the simulation setup of HAN-FC and CFD is presented in Section 4, and the
comparative results and their analysis is provided in Section 5. In all instances the accuracy of
HAN-FC is to be understood as the accuracy relative to the CFD results, which is typically done for
the 2D and pseudo 3D models [28,29,31,33]. Section 6 summarizes the main conclusions. Detailed
mathematical derivation of the model is given in Appendix.

2. Model Assumptions and Geometry

The modelled fuel cell is a straight, co-flow, hydrogen-oxygen type PEM fuel cell (FC) with its
geometry taken from a laboratory test fuel cell. The fuel cell topology and geometry are illustrated in
Figure 1 where the following sub-elements can be distinguished: cathode channels, cathode-side gas
diffusion layer (GDL), thin catalyst layer for oxygen reduction, hydrated proton exchange membrane,
thin catalyst layer for hydrogen oxidation, anode-side GDL, anode channels. Due to the symmetric
geometry of the fuel cell a half of one rib, as depicted in Figure 1, is taken as the representative unit of
the fuel cell. The derivation of HAN-FC is based on three sets of assumptions: (1) regarding gaseous
species transport, (2) regarding species transport in membrane and (3) regarding electrochemical
reactions. The gaseous species transport assumptions are summarised as follows:

L. A steady state solution of the problem is sought.

II. The problem is isothermal meaning a constant uniform temperature is assumed for the
whole fuel cell and no energy equation is calculated.

I1I. The gases are treated as ideal.

IV. There is no liquid water in GDLs and Channels.

V. Pressure variations are small enough that constant pressure is assumed in gas equations and
the gas flow is assumed incompressible over the whole fuel cell. This is justifiable due to
very small pressure variations in the fuel cell owing to the short straight channel geometry.

VL The diffusion system is always bi-componential (either oxygen and water vapour or
hydrogen and water vapour) with a constant binary diffusion coefficient.
VIL The effective (macroscopic) diffusion constant used in GDL is the diffusion constant for
empty space (which applies in the channel) divided by the tortuosity of GDL.
VIIIL. Diffusion in gas in the direction of channel gas-flow is neglected due to the large aspect
ratio of the relevant fuel cell dimensions.
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IX. In GDL there is no convective transport in the direction of channel gas flow. The very small
pressure drop from inlet to outlet produces only negligible convective flow in the GDL in
the direction along channel length.

X. The flow in channels is laminar.

HAN-FC extends the assumptions regarding membrane species transport made by HAN-ST
amounting to the following:

XI. There is no gas crossover in the membrane. Thus water is the only species transported
through the membrane besides protons.

XII. The mobility of both water molecules and protons (in form of hydronium ions) at a given
point in membrane are linearly proportional to the membrane water content at that point.

XIII.  Species transport within the membrane only occurs in the direction perpendicular to the
membrane sheet.

XIV. The average number of water molecules dragged by the electro-osmotic pull of each proton
is an independent constant.

XV. The concentration of mobile protons is constant within the whole membrane. This is due to
the humidification of membrane being always sufficiently high that full or close to full
proton dissociation can be assumed.

XVI. The membrane water content at the membrane/gas boundary is in equilibrium with water
vapour concentration in the gas.

The assumptions regarding electrochemical reactions inherent to HAN-FC are:

XVII.  Only the electrochemical kinetics of oxygen reduction on the cathode catalyst is considered.
The electrochemical kinetics of hydrogen oxidation on the anode catalyst is much faster and
its contribution to the over-potential is several orders of magnitude smaller and thus neglected.

XVIII. The catalyst layer is infinitely thin and characterised by an effective exchange current
density as current per unit area [A/m’].
XIX. The electrical resistance of the GDL is neglected and uniform constant electrical potential is
assumed within the whole GDL.

All the above assumptions follow the assumptions made by other models of comparable modelling
depth presented in the introduction.

3. Governing Equations

The modelled fuel cell is made of number of equal parallel symmetrical ribs where a half of one
such rib is indicated between the green and the yellow plane in Figure la. The symmetry condition
between ribs is defined in the GDL and membrane (yellow surfaces in Figure 1) requiring that there be
no species flux across the symmetry plane. In the case of the two outermost ribs the wall boundary of
the fuel cell also allows no species flux across that boundary. Thus, taking into account that zero
velocity in the direction of channel gas flow is assumed in GDL (assumption 1X), this wall boundary
condition is the same as the symmetry condition allowing treating all ribs as identical. Since the two
halves of one rib are mirror images and since all ribs are identical the so defined half of one rib is a
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representative unit of the fuel cell. This representative unit is sliced along the direction of gas flow into
a number of thin slices as depicted in Figures 1b,c. Within each slice only variation of variables in the
plane perpendicular to channel gas flow is addressed effectively making a slice a 2D object. The slice
has three parts: the cathode gas part, the membrane electrode assembly (MEA) part and the anode gas
part. The three parts are, as discernible form Figure 1d, further divided onto seven computational
domains: each gas part is divided into one channel domain and two GDL domains (GDL#1, GDL#2 as
depicted in Figure 2) whilst the whole MEA part is contained within its MEA domain. The so defined
computational domains, depicted in Figure 2 as shallow rectangular cuboids, share the 2D nature of
the slice and are thus simple rectangles. An analytic 2D solution for the distribution of species

concentration in a slice is sought as a jigsaw puzzle of seven individual 2D solutions for each domain
that are appropriately coupled to one another.

Figure 2. Detailed schematic of gas part comprising three computational domains. The top
cuboid is the channel domain, bottom left cuboid GDL#1 domain and bottom right cuboid
GDL#2 domain. The “Source” arrow represents the convective inflow of species from the
channel domain of the previous upstream slice and the “Sink™ arrow represents the outflow
into the channel domain of the next downstream slice. Blue arrows represent the molar
fluxes of water traversing the borders between domains that serve as boundary conditions
for the individual solutions in domains. The ribbed purple surface represents the catalyst
layer, i.e., the MEA/GDL interface. At the grey surfaces, i.e., the walls, and at the green
and yellow surfaces, i.e., the two symmetry planes, the boundary condition requires zero

flux through the boundary.
A‘ B Channel
‘ | domain
| |
| |
‘ \
' \
“ hZ‘ GDL#2
‘ | domain
|
h=h1+h2 “
|
i |
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The analytic solutions for the consecutive slices are, due to assumptions VIII, IX and XIII, coupled
only via the two bulk gas flows in channels. The cross-sectional velocity profile of the gas flow (i.e.,
profile in the 2D plane of a slice) is assumed to take on the dome shape of laminar flow (graphically
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shown in Section 5.2). This is similar to the 1D laminar velocity profile used in [34] and [28] however,
unlike [28] where this profile does not change along the channel, in the HAN-FC model the profile
scales with average cross-sectional gas velocity that varies along the channel. This variation of average
gas velocity along the channel is calculated stepwise from slice to slice, i.e., as a numerical 1D pipe
flow model. The net convective transport into and out of the 2D plane of a slice is then obtained
by multiplying the 2D velocity profile by the 2D species concentration distribution profile. This 2D
profile of convective transport thus differs from the uniform plug flow used in [29]. HAN-FC
essentially treats the bulk gas flow as a 1D flow with a superimposed simple 2D velocity profile of
laminar flow and a 2D species concentration profile which enables coupling of the 2D solutions of
consecutive slices. The two 1D gas flows are calculated numerically meaning that the change in mean
gas velocity is calculated stepwise from slice to slice.

Obtaining 2D analytical solutions for slices that are coupled to one another via the perpendicular
numerically resolved 1D gas flow gives this approach the name “hybrid 3D analytic-numerical”. The
HAN-FC model thus gives full 3D information on species concentration distribution, differing from
the approach of [31] where the model is essentially 2D and the effects in the third dimension are
accounted for by means of calibration parameters.

The division of the gas part onto three computational domains is inherent to HAN-FC and differs
from HAN-ST of [33] where the very simple geometry allows each gas part to be contained within a
single computational domain. Sections 3.1 and 3.2 describe in detail the equations governing
production, consumption and transport of species in the different types of calculation domains,
Subsection 3.3 describes the coupling conditions between domains of one slice and Subsection 3.4
describes the procedure for obtaining a solution for the whole fuel cell by finding consecutive solutions
for all the slices.

3.1. Gas Part

In the gas part only species transport takes place. The species transport in an ideal gas is modelled
by Stefan—Maxwell diffusion equations which, for the case of binary gas mixtures (i.e., gas mixtures of
two components) as assumed in VI, read [35]:

Jw =uc, —DVg, (1)
Jr =uc, —DVc, (2)

where vectors J,, and J, are the molar fluxes of the two components: the water vapour and the reactant
(either oxygen for cathode gas part or hydrogen for anode gas part) respectively, c¢,, and c, are the
corresponding molar concentrations, u is the net molar velocity of the gas, D is the binary diffusion
coefficient for the binary solution of the two components and V = (Ox, dy, 6Z)T is the 3D nabla

operator. Due to assumptions II and V, the temperature and pressure are constant and thus the total

molar concentration ¢y = ¢, + ¢, = }% is also constant which means that ¢, and ¢, are

complementary and the distribution of both concentrations can be obtained by solving only for c,, and
obtaining the other by:

Cp = Co— Cy 3)
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Taking the latter into account and adding together Equations (1) and (2) the expression for net molar
velocity is obtained:
]W + ]T
u=——-
Co

(4)

All the subsequent derivation of governing equations for species transport in gas will be aimed at
finding the distribution of only water vapour concentrations by means of solving Equations (1) and (4)
since the reactant concentration is directly given by Equation (3) and thus the subscript w shall
be omitted.

The requirement for a steady state solution is expressed as:

%:_v.]zszc—V-(uc)=0 (5)

where c is the water vapour molar concentration and J the corresponding molar flux. The assumption
of incompressible flow (V) requires that divergence of velocity be zero:

divu=V-u=0d,u, +9d,u, +d,u, =0 (6)

At this point it is worth introducing a distinction that splits the general 3D notation into a 2D + 1D
notation reflecting the different treatment of physical phenomena in the dimension along the channel
gas-flow and in the dimensions perpendicular to the channel gas-flow. This distinction will be used in
deriving the “2D + 1D type” equations in the following two subsections. Placing the gas part into the
coordinate system defined in Figure 2 a 2D nabla operatorV, a 2D Laplace operator V2, a 2D velocity
B and a velocity component along the direction of channel gas flow v are defined in the cross-sectional
plane as:

d u
() v () e
(the 3D nabla V is not to be confused with its 2D versionV). The condition in Equation (6) can be thus
rewritten as:

OxUy + dyu, + d,u, =0=>Vp =—0,v (8)
Rewriting Equation (5) using the 2D + 1D notation and taking into account the assumption of no
2
diffusive transport along the z coordinate (VIII), leading to neglecting the term D %, reads:
dc d(we) d(wc)
— =DV%c—|V- =DV?c—-V- - =0
ot ‘ ( B+, ) . B -5, ©)
1D

Equation (9) is solved for each computational domain. In favour of finding an analytic solution for
species transport in the xy plane within a computational domain the term V - (f ¢) in equation (9) is
approximated as:

V-(Bc)=¢V-B (10)

where € is the average concentration in the relevant computational domain. B, being a 2D vector field,
can be represented as a sum of gradient of a scalar field U(x, y) and “2D curl” of a scalar field A(x, y):
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_ (%Y +( %4 ) =VU+VxA
F=\o,u)*\5,4) (D
where the “2D curl” is defined as V X= (_aay ) Since divergence of curl is zero (i.e., V- (VX A) = 0),
Equation (9), together with approximation (10) reads:
dc 5 _
EZV(DC—CU)—GZ(UC)ZO (12)
2D 1D

where the fact that D and ¢ are constants in the relevant channel domain is taken into account. In the
following manipulations of the species transport equation for the three calculation domains that
constitute a gas part in a slice the following subscript notation is used to distinguish quantities in
different calculation domains: subscript ¢ (as in e.g., c., B, U.) pertains to the channel domain,
subscript 1 pertains to the GDL#1 domain and subscript 2 to the GDL#2 domain.

3.1.1. GDL Domains
Assumption IX infers that the velocity of gas is in GDL has zero component along z coordinate,

i.e., v = 0. Thus, Equation (12) in GDL simplifies to:

dc(x,y)
ot

where Dgp, is the effective binary diffusion coefficient in GDL. Furthermore, gas-flow in GDL is

= Vz(DGDL cx,y)—¢ U(x,y)) =0 (13)

governed by Darcy’s law:
k
ﬁz—‘l—le=VU (14)

where k is the permeability of GDL and u viscosity of the gas. Since Equation (14) is a form of
Equation (11) with A =0 and U = —Ep the gas flow in GDL is fully defined by scalar field U,

in other words: gas-flow in GDL is potential. The definition region of Equation (13) is a “w1 by h1”
rectangle for GDL#1 domain and a “w2 by h1” rectangle for GDL#2 domain as discernible from
Figure 2. For devising analytic solutions in the GDL domains also boundary conditions at the four
boundaries must be defined for each GDL domain.

The requirement that there is no total gas-flow through walls and across the symmetry planes yields
the boundary conditions of zero velocity component perpendicular to these boundaries:

aUZ(x!y) — aUZ(x!:V) — aU1(x'}’)

=0 15
0x o1 dy dy (15)

y=0

y=w

where x = hl, y =w and y = 0 denote the positions at: wall on top of GDL#1 domain, the
symmetry plane on the left side of GDL#1 domain and the symmetry plane on the right side of GDL#2
domain respectively. Since there can be no species flux through these boundaries either there has
to be, in addition to zero velocity component, also zero concentration gradient perpendicular to
these boundaries:

dcy(x,y)
ox

_96(x,y)
x=h1 ay

_ 0@y

3y =0 (16)

y=0
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The molar flux of water vapour from MEA into GDL, schematically represented with the two
narrower vertical blue arrows in Figure 2, defines two boundary conditions:

dcy(x,y) a(DGDLcl(x':V) - 51U1(x'}’))
K\ Dp, ——F5— — 4B (x=0y) | =k = ju-1(y) 17
0x vo 0x ro (17)
a(DGDLCZ(xr y) — &Us (%, y)) iy
K e = ju-2(¥) (18)
x=0

where k is volume fraction of the gaseous phase in the GDL, x = 0 denotes the position at GDL/MEA
interface and jj,_,4 and jj,_,, are the molar fluxes of water exiting MEA and entering GDL#1 and
GDL#2 domains respectively.

According to Equation (4) the molar fluxes of water exchanged between MEA and GDL and the
consumption of reactant at the MEA/GDL interface define the boundary condition for net molar gas
flow at this interface:

U (x,y) . .
ok ——=| = jua () —jn () (19)
x=0
U, (x,y) . .
cok = = jua2 () 2 () (20)
x=0

where j,.; and j,, are the molar fluxes of reactant consumed at the interface between MEA and GDL#1
and GDL#2 domains respectively.

Species molar flux between GDL#1 and GDL#2, schematically represented with the blue horizontal
arrow in Figure 2, defines the boundary condition at the border plane between the two GDL domains:

« a(DGDLcl(x' y) — ¢ U (x, }’)) a(DGDLCZ(x' y) — &U,(x, Y))

= Jo1(x) =k 21)
Oy y=wl Ox y=wil
and similarly, the continuity condition for the net molar gas flow:
6U1(x:3’) _ _ aUZ(xry)
| =Rl = =5 22)
y=wl y=wl

where y = w1 denotes the position at the border between the two GDL domains, j,_,; is the molar flux
of water vapour exiting GDL#2 and entering GDL#1 and f,.; the gas velocity component
perpendicular to the boundary between GDL#1 and GDL#2 evaluated at that boundary. GDL#2
exchanges species also with the channel domain, defining a boundary condition:

y a(DGDLcl(x' y) — ¢ U (x, J’))
d0x

= Jj1-c(¥) (23)

x=h1l

where x = h1 denotes the position at the border between the GDL#1 and the channel domain and j, .
is the molar flux of water exiting GDL#1 domain and entering the channel domain at that
channel/GDL boundary. The boundary condition for the velocity potential U at that channel/GDL
interface is obtained by assuming uniform pressure in the channel region and thus defining the value of
U at that boundary according to Equation (14):
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k
Up(x = hl,y) = ~ P (24)

where p,. = p, is the pressure in the adjacent channel domain.

The 2D analytic general solution of species concentration distribution ¢ and the velocity potential
distribution U for every GDL domain is obtained as a linear combination of eigen functions of the DV?
operator. As defined in Subsection A.1.2 of Appendix A, there are two families of these eigen functions:

- the first, defined by Equation (A31), deals with species transport induced by convective transport
along the z coordinate, and thus does not apply to GDL domains;

- the second, defined by Equation (A41), deals with species transport induced by the boundary
conditions at the boundaries of the 2D computational domains and applies also to GDL domains.

The general solution for each GDL domain (represented by Equations (A56) to (A60) in
Appendix A) is obtained by treating the molar fluxes at its boundaries as input parameters. The full
derivation is given in Subsection A.1 of Appendix A.

3.1.2. Channel Domain

Governing equations of gas flow in a channel are of Navier -Stokes type and thus generally the flow
in channels is not potential i.e., the scalar field A in Equation (11) is not zero. However, since in any
case the non-potential part of the 2D velocity profile B vanishes in Equation (12) the subsequent
derivation of species transport equations in the channel domain neglects the non potential part of
velocity field in the cross-sectional plane.

According to assumption VIII and IX the channel domain is the only domain type in which species
transport along z coordinate takes place thus the term d,(v ¢) in Equation (12) is nonzero only in the
channel domain. The core of the numerical treatment of the gas flow in channel is the following
finite-difference approximation for the derivative d,(v c.):

dve,) 1
0z 1

where | = Z,,it — Zenter 15 the depth of slice with z,,,;., and z,,;; denoting the value of z coordinate at

R

(CXDIE N —. (25)

the points where gas-flow enters and exits the channel domain respectively as indicated in Figure 2.
Using approximation (25) in (12) yields:
dc

. 1
iUl A, (@ Oymss = ¥ Dz ) = 0 26)

1D

Equation (26) can be interpreted as a simple species transport equation in a 2D plane with source
and sink terms where the source term is % (v cc)lz=2,,,,,, (i-e., the species inflow contribution) and the

sink term is —7(17 cc)lz=2,,;, (i-e., the species outflow contribution). This interpretation enables the
species transport along the z coordinate and in the xy plane to be treated within a channel domain with
a single 2D differential equation:

dc.(x,y)

o = VD ce(x,y) = & UG, y)) +57(x,y) = s (x,y) = 0 (27)
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src snk

where the source term s°7¢ and the sink term s°™*, schematically represented by the yellow arrows in

Figure 2, are expressed as:

1
sTCny) = 7P y)cl (x,y) (28)

1
$7(x,y) = 70X V)ee(Y) 29

where v(x, y) is the cross-sectional profile of the z-component of velocity and superscript pr denotes
the values from previous channel domain i.e., the channel domain in the upstream neighbour slice.
The velocity profile always has, according to assumption X, the same dome-like shape of laminar
flow (as found in Section 5.2) scaled by the average z-component velocity in the channel domain
in question:

v(x,y) =9 Y(x,y) (30)

where ¥ is the average z-component velocity (obtained according to 1D gas-flow Equation (85) or
(86)) and Y(x, y) is the unit-less dome shape as given in [33].

The definition region of Equation (27) is, for the channel domain, a “w1 by h2” rectangle whose
four edges represent the boundaries of channel domain with: two walls (gray surfaces in Figure 2), one
symmetry plane (translucent yellow surface in Figure 2) and one channel/GDL boundary (translucent
dotted surface in Figure 2). There are two types of boundary conditions on the four edges:

1. The total molar gas flow and the molar flux of water vapour between the channel and

the GDL, schematically represented with the wider vertical blue arrow in Figure 2, manifest as
boundary conditions:

, 0(Dectny) - U y)

e . = ji-c(¥) 31)
and:
AU (x,y)
- a— . = P1-c(¥) (32)

where x = h1 denotes the position at the GDL/channel boundary and f;_. is the gas velocity
component perpendicular to the boundary between GDL#1 and channel evaluated at that boundary.

2. Analogous to conditions (15) and (16) there is no flux through walls and across the symmetry
plane, leading to the boundary condition for the other three edges:

U y)|  _ 90U (xy) _ UGy
ox | _, dy yewi dy =0 (33)
and:
dece,y)|  _ 9cc(x,y) _ Oyl _
Ox vh dy _— dy =0 (34)

where x =h, y=w2 and y =0 denote the position at the two walls and the symmetry
plane respectively.
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The 2D analytic general solutions of species concentration and velocity potential distribution for a
channel domain are obtained as a linear combination of both families of eigen functions of the DV?
operator since species transport in the channel domain is induced both by the convective transport along z
coordinate and by the boundary condition at the boundary between channel domain and GDL#1 domain.

A general solution for a channel domain (represented by Equations (A53) to (A55) in Appendix A)
is obtained by treating the average z-component velocity of gas flow, the molar fluxes from GDL and
the source term as input parameters. The full derivation is given in Subsection A.1 of Appendix A.

3.2. MEA Part

Contrary to the two gas parts that are each split onto three computational domains the whole MEA
part is contained within one computational domain as discernible from Figure 1 and Figure 3.

Figure 3. Schematic representation of species production, consumption and transport in the
MEA. The two ribbed purple surfaces represent the catalyst layers at the MEA/GDL
interfaces. The brown arrows represent the species transport from/to cathode gas part,
whilst cyan arrows indicate the species transport from/to the anode gas part and the grey
arrow represents the proton flow across the membrane. Hydrogen and oxygen are
consumed on the anode and cathode catalyst layer respectively. All the water is produced
on the cathode catalyst layer and the molar flux of water traversing the membrane is equal
to the flux entering the anode gas part.

I~
(I

= 'J—{"n 7 /7]'”';\
Calloae

In the MEA part, two types of physical processes are distinguished:

e species transport across the membrane (water molecules and hydronium ions represented by the
cyan “H,0” and the gray “H" arrow in Figure 3);

e gpecies production and consumption by the electrochemical reactions on the catalysts that are
on the top and bottom boundary of the MEA domain as observed in Figure 3.

The following two subsections thus deal with the species transport and electrochemical
reactions respectively.

3.2.1. Species Transport across Membrane

The equations for membrane species transport are derived with membranes for low temperature
PEMFCs in mind; however, as indicated in Section 3.5, they are also applicable to membranes for high
temperature PEMFCs.
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The following equations governing species transport across the membrane are expressed with
respect to the orientation of the coordinate system indicated in Figure 3 which is such that x = 0
represents the position at the anode catalyst layer and x = 9 the position at the cathode catalyst layer.
According to assumption XIII the species transport in the membrane takes place only along x
coordinate, thus the dependency of variables with respect to y coordinate is left out from notation in
this subsection (recalling that within a slice the variables are also constant along z coordinate).

Molar fluxes of water j,, and protons j, are defined by equations taken from [34]:

. A .

Jw = _Dwa + Narg J+ (35)
R D av D dc, 36
J+ = RT +Cy Ox + ox (36)
D,, = D, A, D, =D, A (37)

where membrane water content A is the concentration of water normalised with the sulphonic group
concentration, ¢, is the concentration of dissociated protons, ng., is the electroosmotic drag
coefficient, F is Faraday constant, I is electric potential and D, and D, are the diffusion coefficients
of water molecules and dissociated protons (in form of hydronium ions) respectively. According to
assumption XII both these two diffusion coefficients are linear functions of the membrane water
content with their coefficients of proportionality D,, and D, depending only on temperature. The
explicit notation of temperature dependence has been omitted due to the isothermal nature of the

model. Following the assumption XV the concentration of dissociated protons is approximately equal
to the membrane sulphonic group concentration ¢.ygo,:

Cy = C-HSO3 (38)

meaning that any proton concentration gradient is negligibly small and thus the term - D, d,c, in
Equation (36) is neglected and c, is treated as constant along the x coordinate, i.e.,: c, # c,(x).
Following the derivation of [34] and taking into account this simplification of zero proton
concentration gradient, Equations (35) and (36) can be written as:

. a(A%) .

Jw = —de + Narg J+ (39)
_ oV
J+ = _d+Aa (40)

D D o
where the constants d,, and d. are defined as: d,, = 7‘” andd, = FR—;CJr. In steady state the continuity

condition requires that:
0jw oA dc, dj,
—_— ——= —_— = D _—
Y ox ot ot * ox (‘4D

leading to the molar fluxes j,,, and j, being constant along the x coordinate. In the previously defined

0=

coordinate system the membrane water content at the interface with the anode electrode and at the
interface with the cathode electrode are expressed as Aygyp = A(x =0) and Agpy = A(x =9)
respectively and the general solution for j,, and A in differential Equations (39) and (40) can be
expressed as:
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x x
Alx) = \/51\311\11) + (1 - 5) Nery (42)
AZ _ AZ
jo = a, L0 ) ), (43)
9
2 a2 2
where d,, (Aanp=Acrn) _ —d G5 the back diffusion flux of water, is also constant with respect to x

9 Woox
coordinate. Rearranging Equation (40), integrating it over the membrane thickness and taking into
account that j, and d, are independent of x gives:

je (P dx j L)%
0

d+ . m= adx (44)

The integral on the left side of Equation (44) evaluates to:

9 9
f dx _ j (i N2y + (1 _ f) A%TH) dx = w0 (45)
o A ), W 9 Aanp + Aery A

N~

where A is the arithmetic mean of water content at the anode and cathode side, and the integral on the
right side of Equation (44) represents the voltage drop due to the membrane’s ohmic resistance AVq,,:

fﬁan = AV, 46
o 0x X = 2Yam (46)

Taking into account that the proton flux is proportional to the current density i:
i
. == 47
J+ F (47)
Equation (44) can be formulated as the “Ohm’s law” equation for charge transport across
the membrane:
iv 1
Fd, A
29

Fdy(Aanp+AcTH)

=1 R(Agnp, Acrn) = AVom (48)

where R(Agnp, Acry) = is the membrane’s specific ohmic resistance.

3.2.2. Electrochemical Reaction Kinetics

Following assumption XIX, the fuel cell operates at an uniform operational voltage Vy,, # V,,,(y, 2).

|4

bp 18 @ sum of four contributions [36]:

Vop = Panp — AVam + Pery — AV, (49)

where ®4yp and @y are anode and cathode Galvani potentials respectively and AV, and AV, are
voltage losses due to ohmic resistance of proton transport in membrane and electron transport in GDL
respectively. Generally all four depend on current density, however taking the definition of zero
galvanic potential of a standard hydrogen electrode, following assumption XVII that neglects reaction
kinetics effects on the anode and following assumption XIX that neglects electric resistance of GDL
yields ®4yp (v, z) = AVq, = 0. This simplifies Equation (49):

Vop = @ — AV (50)
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where @ = @y (i.e., the subscript CTH in @y is from here on dropped for brevity). Current
density, proportional to the rate of oxygen reduction reaction at the cathode catalyst, is given as a
function of @ by the Butler-Volmer equation:

S
c Fa c F(1-a)
i =B(®,c, cp) =i, <C T oRT(P°-®) _ (_P> e~ —RT (q>0_<1>)> (51)

ref Cre f

where B(db, Cr) cp) denotes a Butler-Volmer function, i,, is the exchange current density defined as
current per unit area of catalyst layer, ¢, and ¢, are the surface concentrations of reactant and product

(in this case oxygen and water) respectively, s is the stoichiometry ratio, F is the faraday constant, « is the
electron transfer coefficient, ¢,.f is the reference concentration and ®Y%s the cathode open circuit Galvani

potential at reference conditions (reference conditions mean that species participating in the cathode
reaction assume reference concentration ¢, ¢ ). The variable represented by (®° — @) is not to be confused
with overvoltage which is the departure from the open circuit potential that would be exhibited at
conditions equal to the actual conditions in the immediate surroundings of the electrode under operation.

Defining the current density i directly by Butler-Volmer (or Tafel) Equation (51) is applicable only
to very thin catalyst layers (CL). In [37] it is shown that when finite thickness of CL is considered the
local current density additionally depends also on the local proton conductivity of the ionomer phase in
the CL. According to Equation (40) the local proton conductivity is linearly proportional to the local
ionomer water content, which means that the current density i additionally depends also on Acry.
In the limit of very small CL thickness this dependency vanishes and the function of current density
reduces to Equation (51). The assumption of negligibly thin CL is typically made by the reduced
dimensionality models, e.g., [28,31,32], it is made by the benchmarking CFD model and thus also used
in the HAN-FC model. However, the function defining the current density in the HAN-FC model can
easily be extended to account also for the effects of non-negligibly thick CL: instead of Equation (51) an
equation for current density i as a function of not only ®, ¢, and ¢, but also Acry, as derived for example
in [37], can be used. This can be done since the approach of derivative approximation and estimation
iteration, described in Section 2.4.1., is applicable to any nonlinear function of any number of arguments.

Expressing AVq,,, from Equation (50), substituting it into Equation (48) and assuming a given
species concentration at boundaries (i.e., Aynp, Acru,Cr and ¢, are treated as parameters) the two
unknowns i and @ are obtained by solving the set of the two transcendent equations:

> —V,,
2
- (52)

i = B(®), i =

Current density in turn also defines the rates of species production and consumption:

[

o, = =37 (53)
. [
hy = o (54)
[
i, = = (55)

where 71y, and n,, are molar consumption/production per unit area of oxygen and water at cathode
catalyst layer and iy, is that of hydrogen at the anode catalyst layer.
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Since the species consumption/production takes place at the boundaries it is at this point worth
defining boundary conditions for the MEA domain in the same fashion as was done for the gas part
domains. As indicated by the cyan “H,O” arrow in Figure 3 the molar flux of water traversing the
membrane is equal to the molar flux of water crossing the interface between the MEA and the anode
gas part:

Janp = —Jw (56)
where j ,, is molar flux of water across the interface between the MEA and the anode gas part and is,
with respect to the orientation of coordinate system in Figure 3, defined as positive when pointing in
the negative x direction. Using Equations (43) and (47) in Equation (56) leads to the boundary
condition at the interface between MEA and anode GDL.:

. dy (Njnp — Abrn) i
Janp = = 3 — Narg F (57)

The steady state condition requires that all water produced at the cathode catalyst layer diffuses to
the anode and the cathode gas parts thus:

Ny = jeru + Jano (58)
where j-ry 1s molar flux of water across the interface between the MEA and the cathode gas part.
Equations (54), (57) and (58) lead to the boundary condition at the interface between the MEA and
cathode the GDL:

. 1 i dy(Manp — Nery)
Jeta = (E'*‘ ndrg) 7 N N[:9 o (59)

3.3. Coupling of General Solutions in Domains

Coupling of general solutions in domains is done by fulfilling the conditions of continuity of species
activity, of species molar fluxes, of net molar gas flows and of pressure at those boundaries that are
shared by two domains. In the gas part the continuity of species activity simply requires continuity of
species concentration. The two couplings between gas part domains are thus straight forward: At the
boundary between the GDL#1 and the GDL#2, domain continuity of activity requires that:

a(xy =wl) =c(x,y =wl) (60)

continuity of molar flux, using Equation (21), requires that:

d(Dgpci(x,y) — E1U1(x,y)) _ 9(Dgprc2(x,y) — E;Uz(x, ¥))

dy - dy - (61)
and continuity of net molar gas flow, using Equation (14), requires that:
i) e
dy ot dy ot (62)

continuity of pressure, using Equation (22), requires that:

Ui(x,y = wl) = U, (x,y = wl) (63)
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Similarly, using Equations (23), (31) and (32), the coupling between GDL#1 and channel domain
requires that:

cc(x =h1,y) =c,(x =hl,y) (64)
d(Dc.(x,y) — cUc(x,y)) . d(Dgpre1(x,y) — 61U (x,¥)) (65)
0x x=h1 0x x=h1
W(xy)  _ Uiy .
ox x=h1 0x x=h1

where the continuity of pressure is already comprehended in the boundary condition (24).

Coupling the MEA domain to the GDL domains has to take into account the fact that water in
membrane is in absorbed liquid phase while in GDL it is in gaseous phase. Activity a of water vapour
is simply its relative humidity:

c

a= (67)

Csat

where ¢4, 1s concentration of saturated water vapor, while activity of absorbed water in membrane
follows the relationship from [23]:

A=A(a) =0.043 +17.8a+39.85a* +36a (68)

Assumption XVI requires continuity of water activity also at the membrane/GDL interface meaning
that the activity of liquid water in membrane at that interface is equal to the activity of water vapour in
GDL at that interface. This equality together with Equation (67) leads to the activity continuity
condition at the boundary between the MEA domain and the domains of anode and cathode GDL:

( (cfNP(x =0,
A<1 ( y)>, 0<y<wlyyp
_ _ Csat
Aanp(y) = A(aAND (3’)) = 9 cAND (x = 0, ) (69)
A( z ’ ), WlAND < y <w
\ Csat
( [(cf™H(x =0,
A<1 ( y)>’ 0<y<wlcy
_ _ Csat
Acry(y) = A(aCTH(y)) = 3 CCTH(X =0,y) (70)
A( z ‘ ), W]-CTH < y <w
\ Csat

where a,yp () and acry(y) are water activity at the anode and cathode MEA/GDL interface and
AND and CTH in superscript or subscript denote values pertaining to the anode and the cathode side
respectively. The continuity of molar fluxes of water vapour from MEA to the anode and the cathode
side, defined as:

. AND

. N iusiOn), 0<y<wlyyp

Jano () = {]11311&% ), Wl <y <w 7
.CTH

. i1, 0<y<wlcry

o) = {0 e 2y =

and continuity of molar fluxes of reactant consumed at the anode and cathode defined as:



Energies 2013, 6 5447

AND
. jra ), 0<y<wlyp
ny, (y) = {I 73
2 5P ), Wlpnp Sy <w (73)
:CTH
: Jri ), 0<y<wlcry
no,(y) = {, 74
o2 2 1), Wlerp Sy <w 79
lead, according to Equations (57), (59), (17) and (18), to equations for water vapour molar fluxes:
dy (A,ZqND (¥) — Ary (}’)) 467)
5 ~Mare T
3(Dyry; cAND (5, y) — GAND[JAND (.
(K (GDLl (x,¥) 1 1 }’)) C 0<y <wlip
dx _ (75)
— x=0
3(Dyry; cAND (x,y) — GAND[JAND (.
” (GDLZ ( }’)axz 3 ( 3’)) Wiy <y <w
x=0
1 467) dw(A,zclND ) — Ary (3’))
2t harg) T T 9
0(DepLcf™ (x,y) — ETHUS™ (x,y) )
K ax ) 0 S y < WlCTH
_ ) Y0 (76)
a(DGDLCZCTH(x: y) = csT Uz (x, }’))
K Ox , W1CTH < y <w
\ x=0
and according to Equations (19), (20), (53), (55), (57), (59) to equations for total gas flow:
oULMNP (x,y)
) Cof ——————— , 0y <wlinp
dy (Mo ) = Meru () (1 ) i) _ ox |, .
19 2 drg F aUé‘lND (x, y) ( )
COKT , WlAND Sy<W
x=0

( oUf™M(x,y)

_ Cok , 0y <wlery
(1 o ) i0)  dw(Manp O~ M) _ |0 x| s
4 drg F 9 BUZCTH(x, y) ( )
CoK  ox , Wilggg Sy <w
x=0

Equations (75) and (76) couple boundary values of water vapour concentration, membrane water
content and current density. The coupling of species concentrations and current density is also required

by the electrochemical Equations (48) and (51). As defined by Equation (3) the concentration of reactant
¢, at the cathode catalyst is an explicit function of the concentration of product i.e., ¢, = ¢y — ¢p. The

Butler-Volmer function can therefore be treated as a function of two variables: B (fb, Cr) cp) =B (fb, cp).
Furthermore, since ¢, is the water vapor concentration at the cathode catalyst surface and since
according to Equation (67) it can be expressed in terms of acry, i.e., ¢, = Csq¢ Acry the Butler-Volmer
function can be expressed as a function of ® and a.ry i.e.,: B(CD, cp) = B(®,acry).

The main governing equations and corresponding boundary conditions are summarised in Table 1.
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Table 1. Summary of key governing equations and their boundary conditions.

GDL domains

Governing equation V2(Dgp, c1(x,y) =&, U(x, ) =0
aCZ(XI'.’y)l =acz(x'Y)| =aC1(x:3’)| =0
0x |x=h1 ay |y=w ay |)’=0
a(DGDLcl(xry) - 51U1(x:3’))| _ a(DGDLCZ(x'y) - EzUz(xJ’))l
ay |y=w1 ox |y=w1
Species transport . d(Dgprci(x,y) — &,U,(x,y) )
P P Boundary conditions K (Dapes o LAC30)] Ju-1)
x=0
a(DGDLCZ(x ng— G U, (x, Y)) )
x=0
6D a(x,y) — 6 U (x,y) .
( eor F] L )I = ji-c()
X x=h1
Governing equation V2U(x,y) = 0
aU,(x,y) _ aU,(x,y) _ U, (x,y) -0
0x x=h1 0}1 y=w ay y=0
U, (x,y) ) )
Cok 1673‘ = ju-1 ) = jr ()
A x=0
Velocity profile . U, (x,y) . .
Boundary conditions Gk — | =m0~ )
x=0
aUl(x:y)l _ aUz(X;Y)l
ay |y=w1 0x y=wl
k
Up(x =hl,y) = ——p,
u
Channel domain
Governing equation V(D c.(x,y) =& U, ) + s(x,y) = s5™(x,7) = 0
1
s y) = 7V (o y)el (x,7)
1
Species t ot s (x,y) = 7700 Y)ec(x,y)
ecies transpo .
P P Boundary conditions decloy)|  _0ccloy)|  _deluy)|
R R
d(Dc.(x,y) — .U (x,y) )
p 2 . ) = j1c()
X |X=h1
. . v(x,y,z =z —v(x,y,Z2 = Z,yy
GOVCI‘nlng equatlon VZU(X, y) — ( ( y enter)l ( y extt))
v(x,y,2) = 5(2)Y(x,y),
Velocity profile Wy Uy _Uyl
Boundary conditions ox | _, 0y |,
U (x,y)
o =fioc®)
x=h1
MEA domain
. . Alyp — A2 i
Governing equation =d, M ~Marg 7
AND — 0
(A( (x= y)> 0<y<wlyp
Csat
AAND(y { AND(X — 0 y)
Species transport N ( Cont ) wlip Sy <w
Boundary conditions T Cx = 0,7)
A( ) 0<y<wlcry
Csat
Acry (V) = TH(x =0,y)
A( ) Wlerg Sy <w
Csat

. .. . Fd,(Aanp + Acrw) . ¢, Faygo_ ¢, \° _Fa-@)0
Electrochemical kinetics = (0= V) —— s = lex T eRr(®°=®) _ () o~ (9°-9)
Cref Cref
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Similarly, the membrane ohmic resistance can, according to Equations (69) and (70), be expressed
as a function of aAsnD and AcTH i.e., R(AANDIACTH) = R(A(aAND), A(aCTH)) = R(aAND,aCTH). The

system of Equations (52) thus reads:
i(y) = B(CD(J’); aCTH(y)) (79)

l(y) — CI)(y) - Vop %
R(aAND ), acm()’)) (30)

Equations (75) to (80) therefore couple the species transport in membrane and electrochemical
reactions on the cathode catalyst to species transport in both gas parts.

3.4. Solution for the Whole Cell

A full 3D solution for the whole representative unit is obtained as series of consecutive 2D analytic
solutions for slices. Each solution for a slice is coupled to the solution for the neighbouring upstream
slice by taking the anode and cathode sink terms of the upstream slice as the source terms for the slice
in question. Obtaining the analytic 2D solution for a slice requires knowing the value of the mean gas
velocity z component in the sink term defined in Equation (29). The mean gas velocity z component is
calculated by equations of 1D gas-flow given in the Subsection 3.4.2. Description of obtaining the
analytic 2D solution for a slice is given in the following Subsection 3.4.1.

3.4.1. 2D Analytic Solution for a Slice

A general solution of the 2D diffusion problem in each of the seven computational domains of
a given slice (Figure 1d) is obtained by finding the domain specific eigen functions (also called
harmonics) of the DV? operator. These harmonics are 2D trigonometric functions characterised by
mode numbers n and m: n numbering modes along x coordinate and the m modes along y coordinate.
(Fully detailed construction of the eigen functions is given in Appendix A). For each domain the full
solution comes in the form of a specific linear combination of its eigen functions, i.e., a type of 2D
Fourier series (Equations (A53) to (A60) in Appendix A). Finding the full solution for water
concentration and velocity potential in a slice thus means finding all Fourier coefficients in the linear
combinations of eigen functions of the seven computational domains. These Fourier coefficients are
defined by the couplings between domains. Two types of coupling are distinguished: coupling between
domains within a slice and coupling between channel domains in consecutive slices.

e  Within a slice the coupling of two domains at their common boundary via the coupling
conditions described in Section 3.3 is, on the level of eigen functions, manifested in algebraic
coupling of the two sets of Fourier coefficients pertaining to the two linear combinations of
harmonics in the two domains as described in Section A.3.1 of Appendix A.

e Coupling to the neighbour upstream slice via the two source terms in cathode and anode
channel domain fully defines the solution for a slice (at a given operational voltage). Coupling
to the downstream slice has no influence on the solution in the slice in question since sink
terms are fully defined by concentration distribution in the two channel domains and are, due to
assumption VIII, not influenced by the conditions in the neighbour downstream slice. Source
terms, defined in Equation (28), also come in the form of a linear combination of eigen
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functions [Equation (A27)] thus the seven linear combinations that constitute the full solution
for a slice are an algebraic function of the two linear combinations of the two source terms.

Equations (27) and (13) that govern species transport in gas parts are linear differential equations
and, within a slice, the couplings between linear combinations of eigen functions of the coupled
domains of gas parts are handled by linear algebra as described in Section A.4 of Appendix A.
Contrary to this, the couplings between MEA and the two gas parts contain the electrochemical
equations and the relationship of activity to water content dependence which are nonlinear. In order to
handle also these nonlinear phenomena with linear algebra the approach of derivative approximation
and estimation-iteration, described in the following paragraph, is used.

The approach of derivative approximation and estimation-iteration is applied to linearly approximating
nonlinear functions such as B(CID(y), Acry (y)), R(aAND ), acry (y)), A(aAND (y)) and A(acm (y)).
This approach assumes that within a slice each argument of these nonlinear functions (i.e., ®(y),
asnp (V) or acry (v)) has only small deviations from its average along the y coordinate. Let f; stand
for any of the aforementioned nonlinear functions and arg,, arg,, ... stand for its arguments:

fne ) = fau(argi(v),arg,(y), ...) (1)

Each argument is split into two parts:

arg(y) = Il + Aarg(y) (82)

where arg stands for any of the arguments, Il is a predictor of the average of arg over y (not
necessarily the average itself but a close enough estimate of it) and Aarg(y) is its deviation from the
predictor IT along y. The assumption of small deviations means that Aarg(y) is sufficiently small to
justify the following derivative approximation:

fu @)=

Of s of .
darg, |&=m Aarg, (y) + darg, |~ Aarg,(y) + - =

arg,=II, arg,=II,

f,(Aarg, (), Aarg,(¥) ...)

where f is a linear function of Aarg; (y), Aarg,(y) ... and due to linear Equation (82) it is thus also a

fr (Mg, Ty ) + s3)

linear function of arg,; (y), arg,(y), .... A nonlinear function fy, is therefore linearised by substituting
it with its corresponding f, (pink box in Figure 4). The specific linearization equations for the
nonlinear functions are given in Section A.2 of Appendix A.

Having all nonlinear functions linearised in this way, all coupling equations become linear and a
fully linear algebraic solution for species concentration distribution in a slice is sought (blue box in
Figure 4). The obtained algebraic solution gives, among others, values of ®(y), ayyp (y) and acry (y)
i.e., the arguments arg,(y),arg,(y), ..... The derivative approximation is repeated this time taking the
average over the y coordinate of each of the arguments as the new value for the corresponding predictors:

J, arg(y) dy
w

I1=arg = (84)

Additionally, the average species concentrations in the corresponding domains, required by
Equations (13), (27) and others, are calculated in this step.
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Figure 4. Calculation procedure for obtaining the solution for the whole fuel cell
as a sequence of solutions for individual slices. Symbols in bold denote sets of variables
of the same type ie, s ={siih, s}, U= {Danp, Vorn} » 1 = {funp,Tcrn} »
arg = {arg,,arg,}, 1 = {II;,11,}; ¥ is the predictor value for mean z-component
velocity. The blue box represents solving the set of linear algebraic equations
described in Subsection A.4 of Appendix A, the pink box represents the derivative
approximation of all nonlinear functions according to (general) Equation (83) or (specific)
Equations (A71), (A75) and (A76) in Appendix A. Purple box represents calculating the

1D gas-flow Equations (85) and (86).
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This procedure of linearising the problem using predictors and re-evaluating the predictors using the
solution of the linearised problem is represented in the flowchart in Figure 4 as the repetition loop that
follows a negative (red box) test of convergence criteria (yellow box). This loop is iterated until
sufficient convergence i.e., until positive outcome (green box) of convergence criteria test. It has to be
noted that the derivative approximation is done only on the level of a slice requiring that the variation
of arguments of nonlinear functions is small only along the y coordinate. Variation of these arguments
along the length of the representative unit (z direction) need not be small since the nonlinear variation
from slice to slice is fully captured through the estimation-iteration procedure.

3.4.2. 1D Gas-Flow Equations

Within the iterative procedure described in previous subsection and depicted in Figure 4 the channel
domain mean gas velocity ¥, needed in Equation (30), is also repeatedly re-evaluated (purple box)
according to the following equations:
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RT
Danp = Tanp + pAin NAND (85)

~ _ ~DT .
Vern = Very T A Tern (86)
bAcrH
where UP" is the gas z-component velocity of gas in channel domain in previous upstream slice,

A=wlXh2
(Agnp = Wlynp X h245p for anode channel and Aqry = Wlepy X h2qpy for cathode) and 7 is the

, as discernible from Figure 2, is the area of channel cross-section

net molar flux added or taken from the gas flow within the slice depth defined as:
w
Tunp = Ny, +1 f Jano (¥) dy (87)
0

w
Nery = No, + lf Jerun(y) dy (88)
0

where w = wlyyp + W2ynp = Wlery + W2ery 1s the width of a slice, j4yp and jory are the molar
fluxes of water from the membrane to the anode and cathode gas parts as defined by Equations (57)
and (59) and ny, and 7y, are the changes in molar flux of hydrogen and oxygen due to consumption at
the catalyst as defined by Equations (53) and (55). Once a converged solution for a slice is obtained,
the sink terms of the anode and cathode channel domains are passed on to the next downstream slice to
serve as the two source terms.

3.5. HAN Concept Extendibility

Assuming no liquid water in the channels and GDL the model is readily applicable to high
temperature PEM fuel cells (HT-PEM) that typically feature only single phase flow. This is owed to
the fact that PBI membranes that are used in HT-PEMs feature linear relationship between
conductivity and relative humidity [38] and no electroosmotic drag [39], making the equations for
membrane species transport as given in Section 3.2 directly applicable also to the PBI membranes.

The presented framework of solving the diffusion equation on rectangular definition regions can be
applied to treat also other phenomena governed by diffusion-type mechanisms such as heat transport,
multi-component diffusion and Darcy-type flow of liquid water induced by gradients of capillary
pressure, leading to a comprehensive treatment of also low temperature PEM fuel cells.

The principles of HAN model have been demonstrated on a simple straight channel fuel cell,
however, the HAN model can be further extended to model also fuel cells with more complex
geometries. In serpentine channel geometries the pressure difference between neighbor channel
menders leads to a bulk gas cross-flow between the meanders, i.e., nonzero flow across the yellow
plane in Figures 1 and 2 (which is thus no longer a symmetry plane). Having a routine for calculating
the pressure drop along the channel as given in [33] and noting that the channel pressure directly
translates to the velocity potential boundary condition, as defined by Equation (24), the velocity field
of this cross-flow is obtained using the formalism in Section 2.1. This leads to coupling each slice not
only to its upstream neighbor but also to its two side neighbor slices.
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4. Simulation Setup
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To make the simulation setup of HAN-FC and CFD models as identical as possible all material and

operational parameters, with the exception of exchange current density, were set to the same values in

both HAN-FC and CFD model settings. The parameter defining the effective exchange current density,

for which the user manual of the CFD software gives insufficient information, was obtained through

calibration procedure performed on a case of higher operational voltage (low current densities) while

the comparative analysis was performed for a case of lower operational voltage (high current densities).

Calibration of HAN-FC for obtaining the parameter of effective exchange current density is described in

Section 5.1 while other parameters used in HAN-FC and CFD models are summarised in Table 2.

Table 2. Operational, geometrical and material parameters used in CFD and HAN-FC models.

Parameter Symbol Value

) 095V,09V,0.85V,
Operational voltage Vop 0.8 V.0.75V
Temperature T 34315 K
Pressure * p 1.0 x 10° Pa
Inlet gas velocity (anode and cathode) Ty 0.3 m/s
saturated water vapour partial pressure at 343.15 K Csat 3.12 x 10* Pa
Inlet gas relative humidity (anode and cathode) a,c/Csut 0.5
H,0(,/O, binary diffusion coeff. (at 343.15 K) ** D 3.01 x 10 m%/s
H,0,/H, binary diffusion coeff. (at 343.15 K) ** D 1.12 x 10" m%/s
Coefﬁc.ient .of proportionality to water content of water diffusion D, 5 1% 107 m¥s
coefficient in membrane (at 343.15 K)
Coefﬁc.ient.of proportionality to water content of proton diffusion D, 1.6 % 107 m¥s
coefficient in membrane (at 343.15 K)
Membrane sulphonic group concentration C.HS0- 1900 mol/m’
GDL gaseous phase volume fraction (anode and cathode) K 0.78
GDL tortuosity (anode and cathode) D/D¢p1 1.34
Cathode charge transfer coefficient a 0.855
Channel height (anode and cathode) h?2 1.5x107° m
Half of anode channel width wlinp 25x10"m
Half of cathode channel width wlcry 3.75%x 10" m
GDL thickness (anode and cathode) hl 2.85x10*m
width of representative unit w 7.5x10* m
length of Representative unit L 2.7x10%m
Membrane thickness J 35x10*m

* In CFD this is the value of outlet pressure, maximal deviations from this value anywhere in the
representative unit are +0.53% and —0.28% justifying assumption V of isobaric HAN-FC; ** In CFD these
are the mean values since the CFD simulation takes into account the dependence of binary diffusion

coefficient on the ratio of two the components. However, the relative standard deviation is below 0.09% with

maximal deviations from the mean value anywhere in the representative unit being +0.45%and —0.26%

justifying the assumption VI, i.e., the use of component ratio independent diffusion coefficient in HAN-FC.
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The gas composition was, according to assumption VI, taken as bi-componential, i.e., H, with H,O(,) for
the anode and O, with H,O(,) for the cathode. The parameters for membrane assumed no gas crossover.

CFD simulation was done using AVL FIRE® v2011 with the “Fuel cell” module (validation of which
is found in references [40] and [41]). Two meshes differing in meshing density shown in Figure 5 were
used for simulations. The denser mesh was used for obtaining results with high spatial resolution
needed for plotting smooth 3D graphs in Section 5. The coarser mesh was used for estimating the
shortest computational times of a CFD simulation that still gives accurate results on current density.
Meshing of the representative unit for CFD simulation shown in Figure 5 was done as follows
(numbers apply to the denser/coarser mesh): the mesh of the representative unit is made of anode and
cathode side meshes containing equal number of subdivisions. Both GDLs are thus sectioned into 12/6
sections along GDL thickness h1, 12/6 along the width of representative unit w and both channels are
sectioned into 12/6 sections along channel height h2, 6/3 along the channel width w1 and the whole
model is sectioned into 80/40 sections along the direction of gas flow (i.e., along the length of the
representative unit L). Meshing of the membrane is done internally by the AVL FIRE fuel cell module as
described in [42] and [33]. AVL FIRE fuel cell module treats the catalyst layers as zero-thickness
surfaces. The isothermal conditions were obtained by omitting calculation of energy equation.

Figure 5. CFD simulation mesh of representative unit as presented in Figure 1. Left is the
coarser mesh, right the denser. Volume elements of cathode channel are coloured blue,
cathode GDL magenta, anode GDL green and the anode channel red. The same symmetry
boundary conditions as presented in Figure 1 apply also to CFD simulation settings.

HAN-FC model was programmed in Wolfram Mathematica 9.0.1. In HAN-FC the representative
unit was sliced into 40 sections (slices) along the direction of gas flow. To study the dependency of
computational efficiency and accuracy of results on the number of harmonics taken into account in the
linear combinations of analytic solutions three HAN-FC models differing in the number of harmonics
taken into account were studied. The three models are labelled HAN;, HANg and HANg and are defined as:

e In HAN; only first 3 modes per each coordinate. (i.e., 3 modes along y and 3 modes along x
coordinate) are taken into account in harmonics in each gas part computational domain.
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e In HAN; first 6 modes per each coordinate are taken into account in harmonics in each gas part
computational domain.

e In HANj first 9 modes per each coordinate are taken into account in harmonics in each gas part
computational domain.

Taking into account a greater number of harmonics brings higher accuracy but also requires longer
computational times as presented at the end of Subsection 5.2 and in Subsection 5.3.

5. Calibration and Results

HAN-FC was calibrated by finding the value of effective exchange current density that leads to the
best agreement between HAN-FC and CFD results on current density at operational voltage of 0.85 V.
The HAN-FC model with the so obtained exchange current density parameter was then evaluated
globally by a comparative plot of the polarisation curve and locally by a detailed comparative analysis
of spatial distribution of key variables at the operating point of highest current.

To aid the interpretation of the graphs in the following figures. Figure 6 shows the modelled
representative unit placed in the coordinate system with respect to which all graphs of CFD and
HAN-FC results are plotted. It should be noted that the choice of directions and origins of coordinates
in Figure 6 is such that it enables easy interpretation of graphs in Section 5.2 and differs from the
choice in Figure 2 or Figure 3 where the coordinate directions and origins are chosen in such a way to
best suit expressions of governing equations in Section 3. Additionally it should be noted that the gap
between anode and cathode GDL in Figure 6 does not reflect the thickness of the membrane but only
the positioning of the meshes of the anode and cathode side in the CFD model as seen in Figure 5.

Figure 6. Representative unit in coordinate system. Cathode channel is coloured blue,
cathode GDL magenta, anode GDL green and anode channel red. The central symmetry
plane of a rib and the symmetry plane between ribs (respectively depicted as green and
yellowish surfaces in Figure 1) that define representative unit are at y = 0 and at y = 0.75 mm
respectively. Anode and cathode inlets are at, z = —13.5 mm outlets at z = 13.5 mm and the
cross-sectional plane midway between inlet and outlet is at z = 0.
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5.1. Calibration

At operational voltages of 0.85 V and lower the Butler-Volmer Equation (51) is well approximated

by the Tafel equation:
S

C Fa c F(1-a) C Fa
i = BV(CD, Cr) Cp) = iex( r eﬁ(d)o—dﬂ _ (_p) e—T(q:O_d))) ~ iex T eﬁ(dnﬂ_db) (89)

Cref Cref Cref
By defining:

F
lox = leox e%(d)o_(be) (90)

where i}, represents a renormalized current density and ®© = 1.229 V is the cathode open circuit
Galvani potential at standard conditions, the Tafel equation can be expressed as:

. . Cr Farno_
[ =gy —T_eRT(®7-®)
Cref

oD

Finding the best fit of HAN-FC to CFD is done by adjusting the parameter iy in Equation (91)
which avoids the need to define the exact value of ®°. The best fit of current density results of
HAN-FC to those of CFD, graphically depicted in Figure 7, is found at i}, = 0.1195 A/m?.

Figure 7. Best fit of results on current density distribution at 0.85 V of operational voltage.
Green are CFD results and brown HANg results.
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5.2. Plots of Comparative Results

In this subsection a number of comparative results are presented where in all graphs the CFD results
are coloured green and are obtained using the denser mesh and HAN-FC results are coloured brown
and are obtained using HANg model. At the end of this subsection also a plot comparing results of
HAN; and HANg is shown.

Figure 8 shows the polarisation curve as calculated by the CFD and by the HAN-FC where the
points representing the CFD results are obtained by calculating current density at five predefined
operational voltages (with all other operational parameters fixed) whereas the points representing the
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HAN-FC results are obtained by finding the values of voltages that give the same current densities as
the CFD results. The lowest operational voltage chosen for CFD simulation was 0.75 V, since at
lower voltages liquid water, which cannot be comprehended by the HAN-FC model, starts occurring at
the outlets.

Figure 8. Polarisation curve. Green are CFD results of current density obtained at voltages:
0.95V,09V,0.85V, 0.8 VandO0.75 V. Brown are HANg results of voltages that give
current densities that match those of CFD.
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Comparison of Figure 7 and Figure 9 shows that the operational voltage of 0.75 V, i.e., the
operational point with highest current density, leads to considerably different operational conditions
compared to the calibration case of 0.85 V. All following analyses are done for the operational point
with the highest current density that fully exposes all governing phenomena that are comprehended in
governing equations of Section 3. These analyses are thus aimed at validating the capability of
HAN-FC to accurately treat these governing phenomena in a general straight parallel channel fuel cell.

As the most important simulation result Figure 9 shows graph of current density distribution. The
primary objective of a fuel cell simulation is obtaining the net eclectic current at given operational
conditions and in this respect the close agreement between HAN-FC and CFD results in Figure 9
speaks of high level of fidelity of the HAN-FC model. However it is instructive to analyse the
underlying physical phenomena responsible for the shape of plots in Figure 9 and validate HAN-FC
model under higher level of scrutiny.

The trend of current density rising with increasing values of z (i.e., from inlet to outlet), as
discernible from Figures 9a,b, and rising with increasing values of y, as discernible from Figured 9b,c,
can be explained by first using the Tafel equation [Equation (91)]. According to this equation the
current density falls with decreasing reactant surface concentration ¢, (plotted in Figure 10) and rises
with decreasing cathode Galvani potential ® (plotted in Figure 11). Since the dependence of current
density on ¢, is linear and dependence on @ is exponential the influence of decrease of Galvani
potential measuring a few hundredths of a volt, as observed in Figure 11, has a much larger effect than
the decrease in oxygen concentration of around ten percent as observed in Figure 10. The decrease
of Galvani potential is, according to Equation (50), equal to decrease of membrane overpotential. A
decrease in membrane overpotential comes as a consequence of decreased membrane ohmic resistance
that is inversely proportional to the mean membrane water content [Equation (48)]. Figure 12 shows
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that the two gas-flows get increasingly more saturated with water vapour on their way from inlet to
outlet and consequentially also the membrane water content rises from inlet to outlet as discernible
from Figure 13. Altogether this means that the increase in membrane hydration increases current
density and indeed the plots of mean water content in Figure 12 and current density in Figure 9a are
very similar. The trend of the increasing current density on the way from inlet to outlet thus reflects the
influence of membrane hydration on fuel cell performance.

Figure 9. Current density distribution at the lowest operational voltage. Green are CFD
results and brown HAN-FC results. (a) 3D plot of current density distribution over whole
catalyst surface of the representative unit (b) 2D plot of current density distribution over
the width of the representative unit at the inlet (z = —13.5 mm), midway (z = 0 mm) and
outlet (z = 13.5 mm) represented by bottom, middle and top curves respectively;
(¢) Close-up 2D plot of current density distribution over the width of the representative unit
midway between inlet and outlet.
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Figure 10. Cathode catalyst surface mole fraction of oxygen €(0,) at 0.75 V of
operational voltage. Green plot are CFD results and brown HAN-FC results.

Figure 11. Cathode Galvani potential distribution at 0.75 V of operational voltage. Green
plot are CFD results and brown HAN-FC results.
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Figure 12. Water activity (relative humidity) on the central symmetry plane of a rib.
Values in the membrane are obtained by interpolating values at the anode and cathode
GDL/MEA interfaces.

o Z [mm]

-1.5 - X [mm]



Energies 2013, 6 5460

Figure 13. Mean membrane water content at 0.75 V of operational voltage. Green plot are
CFD results and brown HAN-FC results.
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Additionally, Figure 13 reveals that the membrane water content rises slightly also with increasing
values of y. This is explained with the help of Figure 2: Water diffusing from MEA into GDL at lower
y values enters GDL#1 domain (as indicated by the left narrower vertical blue arrow) and from there it
diffuses into the channel domain (as indicated by the wider vertical blue arrow) where the stream of
gas-flow caries it away. Water diffusing into GDL at higher y values enters GDL#2 domain (as
indicated by the right narrower vertical blue arrow) and from there it first has to diffuse into GDL#1
domain (as indicated by the horizontal blue arrow) before reaching the gas stream in channel domain.
This leads to a higher water vapour build-up in the GDL#2 domains compared to GDL#1 domains and
consequently regions of membrane adjacent to GDL#2 domains feature higher water content than
regions adjacent to GDL#1 domains. This in turn also explains the higher current densities observed at
higher values of y in Figure 9c.

All comparative graphs of the MEA variables in the yz plane presented in Figure 9, 10, 11 and 13
show close agreement between HAN-FC and CFD results and thus show important agreement of
results on distribution of cathode Galvani potential and mean membrane water content, shown in
Figures 11 and 13, that directly reflect the nonlinear phenomena of membrane ohmic resistance,
electrochemical reaction kinetics and membrane water activity [reflected for example in
Equations (48), (51) and (68)]. This validates the capability of HAN-FC to accurately treat the coupled
linear and nonlinear phenomena through the estimation-iteration loop described in Section 3.4.1.
Furthermore Figure 9b and especially Figure 9c¢ show that HAN-FC with its derivative approximation
is also capable of accurately capturing variation of variables along the y coordinate.

It is also valuable to comparatively validate HAN-FC with results on species concentration
distribution presented in Figures 12 and 14. The brown plot in Figure 14 represents HAN-FC’s full 2D
analytic solution for water vapour concentration distribution in the slice that is midway between inlet
and outlet. Figure 15 shows the x component of net molar gas velocity (i.e., component perpendicular
to membrane) at the GDL/MEA interface. The discontinuity and the notable ondulations in the
HAN-FC plot in Figure 15 are inherent to the domain approach and the finite number of harmonics
used in the HAN-FC model. The comparative graphs in Figure 14 and 15 validate the approach of
splitting diffusion problem into computational domains and finding solutions as linear combinations of



Energies 2013, 6 5461

eigen functions. Figure 12 shows the species concentration distribution on the rib’s central symmetry
plane and thus shows the variations along the length of the representative unit. The variation of
HAN-FC’s results along the length of representative unit reflects the variation of the 2D analytic
solution from slice to slice. Since 2D solutions in consecutive slices depend on the coupling between
slices via sink and source terms the close agreement between HAN-FC and CFD in Figure 12 validates
the approach to treating the convective gas-flow with source and sink terms in conjunction with the 1D
bulk gas-flow model.

Figure 14. Relative humidity in the slice that is midway between inlet and outlet i.e.,
z=0. Green plot are CFD results and brown HAN-FC results.
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Figure 15. 2D plot of distribution of the x component of net molar velocity over the width
of the representative unit at the midway between inlet and outlet (z = 0 mm).

ux[mm/s]
1.5
14
1.3
1.2

1
0 02 04 06 y [mm]

As a CFD simulation result Figure 16 shows a profile of z-component velocity of cathode gas on
the cross section that is midway between inlet and outlet. It is discernible from this plot that gas
z-component velocity in GDL is negligible and that the velocity profile in the channel assumes the
dome shape of laminar flow. This shape of the velocity profile is the same for any cross section
meaning that only the height of the dome shape varies and that z-component velocity in GDL is always
negligibly small. Since the same also holds true for anode gas, this justifies assumption [X.

Overall Figures 9—15 show a very good agreement between CFD and HAN-FC in terms of trends in
analysed variables and in terms of their absolute values. It has been shown that by calibrating the
model on a case where the resulting current density is relatively uniform (Figure 7), very good
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agreement with CFD results were achieved for a case where the variation of current density is
substantial (Figure 9), confirming the capability of HAN-FC to model coupled 3D species transport
and electrochemical phenomena with high fidelity.

Figure 16. Cross-sectional profile of absolute velocity of cathode gas at cross-section
midway between inlet and outlet as obtained by CFD simulation.

Figure 17 shows a comparison between two analytic HAN-FC solutions for a slice where one takes
into account three modes along each coordinate within a domain and the other six modes. The two
analytic solutions are hardly distinguishable from one another with the difference in accuracy being
noticeable only at the interfaces between computational domains where the analytic solutions for
domains are sewed together. This means that as little as three modes per coordinate taken into account
in harmonics of each computational domain already capture the essential features of the concentration
distribution. Furthermore plots of HAN-FC results in Figures 9—15 stay practically identical when
plotted using results obtained with HANj3 instead of HANg indicating that HAN-FC can give accurate
results at low computational demands.

Figure 17. Comparison between HANg (brown) and HANj (yellow). Close-up of the
concentration distribution in cathode GDL domains and part of cathode channel domain of
the slice that is midway between inlet and outlet is shown.
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5.3. Computational Times

Table 3 shows computational times for models with different spatial resolution. The spatial
resolution in case of CFD models is defined by the number of volume elements of the mesh whereas
the spatial resolution of HAN-FC model is defined by the number of harmonic modes per coordinate
taken into account in each computational domain.

Table 3. Calculation times (on a desktop computer).

Model Resolution  No. of iterations * CPU cores used CPU time (s) Total time (s)
CFD(denser) 34,560 vol. el. 10,000 4 38,000 13,000
CFD(coarser) 4320 vol. el. 5000 4 2400 640

HAN; 3 modes 1 1 0.85 0.85

HAN; 6 modes 1 1 3.7 3.7

HAN, 9 modes 1 1 6.0 6.0

* Jterations of obtaining solution for whole representative unit.

The denser CFD mesh features twice as many divisions along each coordinate as coarser one thus
featuring eight times more volume elements. Larger number of volume elements also requires more
iterations to reach adequate convergence. The large difference between computational times of
HAN-FC and those of CFD originates from the fact that CFD requires from a few hundred to a few
thousand iterations of the solution for the whole mesh to reach convergent results, whereas the
isothermal and isobaric HAN-FC calculates everything in one go. This single iteration of the solution
for the whole representative unit is not to be confused with iterations performed within each slice that
are performed by the estimation-iteration routine for treating nonlinear functions. Typically 5 to 6 of
these iterations were required in each slice to reach relative accuracy of 10™* (convergence criteria in
yellow box in Figure 4).

Recalling from Figure 17 the high accuracy of the lower resolution HAN-FC together with Table 3
reveals that HAN-FC gives accurate results at computational times that are two to three orders of
magnitude shorter than that of CFD. The core of computational operations of HAN-FC is the linear
algebraic solving for eigen function coefficients, described in Appendix A, which is in the case of
simulations presented in this paper done using vector algebra as introduced in HAN-ST of [33].
Furthermore, the computational times of HAN-FC model evaluated in this paper have a considerable
margin for additional improvement by programming the model in a programming language such as C
or Fortran that are more suitable for numerical computation than Mathematica and by executing the
simulation on multiple CPU cores.

6. Conclusions

The paper presented a Hybrid Analytic-Numerical approach to fuel cell modelling (HAN-FC)
efficiently applied to modelling a realistic straight parallel channel fuel cell. The HAN-FC approach
efficiently combines three main features:

e The 1D numerical treatment of gas flow;
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e The analytic 2D solution for the species concentration profile in the plane perpendicular to the
gas flow and
e The electrochemical sub-model.

The key to the hybrid 3D solution is constructing it as a series of consecutive 2D analytic solution
that are obtained by splitting the 2D diffusion problem onto separate computational domains which
on one hand enables modelling of realistic fuel cell geometries and on the other hand gives
computationally efficient results with high accuracy already at very moderate number of harmonic
modes taken into account. The efficiency of incorporation of the electrochemical sub-model lies in
the derivative approximation and estimation-iteration approach and is reflected in the fact that
electrochemical calculations do not need a separate routine but are performed alongside calculations of
the nonlinear coupling of water activity in gas to the water activity in membrane. Overall, HAN-FC
proves to be very accurate and computationally efficient and as such a very promising standalone fuel
cell model for system level simulations. Further challenges in developing HAN-FC for system level
simulations remain the treatment of liquid water in GDLs and channels.
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Appendix A

A steady state solution for the whole representative unit is made of consecutive steady state
solutions for each slice. In this Appendix a derivation of the full solution for a slice is presented. First,
general solutions for the seven computational domains (indicated in Figure 1d) shall be constructed
and then the full solution shall be obtained by applying appropriate coupling among the seven
computational domains. The derivation makes the assumptions described in Section 2.

A.1. Gas Part

This subsection deals with obtaining the three general solutions for the three computational domains
of the gas part, schematically depicted in Figure 2, and with coupling of these general solutions. First
the species transport equation in each computational domain shall be split onto sub-equations,
following with the construction of the two types of eigen functions: eigen functions dealing with
species transport induced by the convective transport along the z coordinate (source and sink terms)
and eigen functions dealing with species transport induced by the boundary conditions at the
boundaries of the 2D computational domains. Finally general solutions shall be expressed in form of
Fourier series as linear combinations of eigen functions.

A.1.1. Diffusion Differential Equation

2D species molar flux in the xy plane j can be, analogously to Equation (1), defined as:

j=pBc—DVc=-DVc—¢VU (A1)
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where approximation (10) and neglect of any non-potential part of velocity field have been taken
into account.
By defining a new quantity Z:
Z = ¢U + Dc (A2)

both species transport equations and total gas flow equations are translated into the same diffusion
equation, namely:
Gradients of both U and Z define vector flows:
-VU =g (A3)
—VZ =j (A4)
which are the gas velocity that measures the net gas flow and the species molar flow respectively.
Furthermore the zero velocity divergence requirement (8) in the GDL where the z-component velocity
is zero (v = 0) reads:
—-VB=V?U=0 (AS)
Equation (13) for species transport in the GDL transforms into the same form when expressed with Z:
0.Z =V*Z =0 (A6)
where the diffusion constant assumes value D;p; and steady state conditions are taken into account
(i.e., 0:U = d,c = 0). Similarly the expression for species transport in channel (27) becomes:
0.7 = V2?7 + s57¢ — 55" = (A7)
Using Equation (8) and finite-difference approximation (26) (i.e., l 0,v = v — v,,) the exact same

form is obtained for velocity potential U in the channel:
VB = —0,v = V?U + 05¢ — g™k = 0 (AS)
where the corresponding source and sink terms are defined as 6°"¢ = % and g5 = % Since both U

and Z obey the exact same equations, the following derivation of general solutions for gas part shall be
shown only for Z. Furthermore, because Equations (A4), (A6) and (A7) are classical equations of the
steady state diffusion problem with source and sink terms the quantity Z shall in the following be
referred to as concentration and the corresponding species flux as diffusion.

In the following derivation the subscript position will be used for indexing eigen functions and their
corresponding Fourier coefficients, thus the distributions of concentration Z and velocity potential U
in the channel domain,, GDL#1 domain and GDL#2 domain are renamed:

U.=@A, U, =B, Uu,==¢ (A9)

DCC + 6CUC = A, DGDLcl + 61U1 = ]B, DGDLCZ + 62U2 =C (AIO)

Each computational domain in the gas part is coupled to the neighbour domains via the molar flux
across the boundary reflected in the boundary conditions (17), (18), (21), (23) and (31). Additionally
the channel domain is also coupled to the two channel domains in the upstream and downstream

neighbour slices via the source and sink terms [Equations (28) and (29)]. Each of these couplings
has its own contribution to the inflow (or outflow) of species into (out of) the domain. Thus the
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concentration distributions in the channel domain A, GDL#1 domain B and GDL#2 domain C can be
split into independent contributions reflecting the influx contribution of each of the couplings:

A(x,y) = A5¢(x,y) + AP (x, y) — AT (x, y) (A11)
B(x,y) = B4®M (x, y) + BTN (x, y) + BLOP) (x, y) (A12)
C(x,y) = C4GM (i, y) + €D (x, ) (A13)

where superscript src denotes the contribution to the concentration distribution in respective domain
solely from the source term, snk the contribution solely from the sink term and d(btm), d(top),
d(lft) and d(rgh) the contribution solely from the diffusion from the bottom, top, left and right
boundaries respectively as seen from the viewpoint of Figure 2. The key idea for making the coupling
of general solutions in domains computationally efficient is constructing these contributions in such a
way that each contribution does not interfere with the influx coupling conditions of other contributions.
By doing this each contribution is fully defined solely by its corresponding influx coupling condition.
Thus the overall concentration distribution in a domain is a sum of the individual contributions. The
interdependence of the contributions within a domain is limited to only two conditions: Their sum
must be a stationary solution (i.e., time independent) and the value of their sum at the boundaries with
other domains has to couple appropriately to the water activity in these other domains at those boundaries.

Due to linearity of the diffusion equation, Equation (A7) that applies to the channel domain can
simply be split into sub equations:

aAST'C x,
ai 2 _ g2 psrea,y) + 573, ) (Al4)
aAsnk X,
—at( V) _ G psk (x, y) + s (x, y) (AI3)
aAd(btm) :
— (x,y) — y2pdbtm) (x,7) (A16)

and similarly Equation (A6) that holds for GDL#1 and GDL#2 domains:

9GO (x, y)
at

where G stands for either B or C (GDL#1 or GDL#2) and « stands for any of the btm, top, lft and
rgh representing the four boundaries. Equations (A14) and (A15) already reveal that AS™ and AS™ do

= V*G* @ (x, y) (A17)

not interfere with each other’s influx coupling condition since A*“ assumes no outflow and thus
does not add anything to the s5* term and vice-versa for the A" The three contributions to the
concentration distribution in channel domain satisfy the following boundary conditions:

OALPT™ (x, y) OA ™ (x, )
5 =—7 = jAPIM(y) (A18)
x x=h1 Mptm btm
IALPT™ (x, y)
3 =0 (A19)
n!btm 'btm
9ASTE (x’ y) 3 JASTk (x’ y) — o
on, B on, B (A20)

a a
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where jA‘btm

is the molar flux into the channel domain from the bottom boundary, x = h1 represents
the position at the bottom boundary btm of the channel domain, ! btm represents any of the other three
boundaries (i.e., top, left or rgh) and nyep, Nipem and n, represent coordinates normal to boundaries
btm, ! btm and « (as discernible from Figure 2 nyyy = nyop = x and nype = npgp = y). Similar to

Equations (A18) and (A19) the influx contributions in GDL satisfy the following boundary conditions:

G @ (x, )|  j%(y)
3 = (A21)
Ng . K
9GO (x, y)
——| =0 (A22)
N la

where j®* is the molar flux into the respective GDL domain from boundary a. Equations (A21) and (A22)
state that each contribution from an influx from a boundary has a nonzero derivative normal to the
boundary only at that one boundary and Equation (A20) states that the channel flow contributions (i.e.,
A’ and A*™) have zero normal gradient to all four boundaries. In this way all of the flux that enters
the relevant gas part domain from boundary a, schematically represented by the blue arrows in Figure
2, 1s accounted for by its respective A% or GHD concentration distribution contribution and both
channel flow contributions assume no species influx from any of the four boundaries. In other words
A’ and A*™ do not interfere with influx coupling conditions of A®t™  and GA(®does not interfere
with G*® . The requirement that A2(®*™) also does not interfere with the influx coupling conditions of
A’ and A™ shall be fulfilled after constructing eigen functions for diffusive flux from boundary in
Subsection A.1.2.2.

Referring to the boundary conditions for the overall concentration distribution in each gas part
domain defined in Section 3.1 the molar fluxes into gas part domains are identified as:

JAPE =i, (A23)
JBP = —ji ¢, JEPE = iy, JPTI = jipn (A24)
jeptm = JOUt = —j, . (A25)

It should be noted that while steady state condition requires expressions in diffusion Equations (A6)
and (A7) to equal zero the expressions in their individual sub Equations (A14), (A15), (A16) and
(A17) by themselves do not necessarily equal zero. Only the corresponding sum of the sub equations
needs to equal zero.

A.1.2. Eigen Functions

Any distribution of concentration that satisfies the sub equation and boundary conditions
for a specific contribution can be represented by a linear combination of eigen functions of the
Laplace V? operator. There are two types of sub equations: the ones that include sorce/sink term, i.e.,
Equations (A14) and (A15), and the ones that do not, i.e., Equations (A16) and (A17), leading to two
types of families of eigen functions. Respectively, the two types are named eigen functions for channel
flow terms and eigen functions for flow from boundary.
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A.1.2.1. Eigen Functions for Channel Flow Terms

The source and sink terms apply only to channel domains thus the eigen functions for channel flow
terms are defined only in the channel domain. The two channel flow contributions AS™ and AS™¥ are
governed by diffusion Subequations (A14) and (A1l5) and satisfy boundary conditions (A20). Let
Yma(x,y) be an eigen function of the V2 operator satisfying the boundary conditions (A20), than a
general channel flow concentration distribution satisfying these boundary conditions can be written as:

A (x,y) = z A nYma(x,y) (A26)

where the superscript cnv stands for either src or snk and Ay}, are the coefficients of the series. Any

function defined on h2 X w1 definition region of channel domain as defined in Figure 2 can be
expressed as a linear combination of s, , (x, y) eigen functions and so can be s (x, y):

s (x,y) = Z SmnWmn (X, ¥) (A27)

mn

CTl‘U

where s;;'y are the coefficients. Let 4,,, be the eigen value of ¥, ,(x,y), than Equations (A14)

(or (AIS)) and (A27) give:

0A™ (x, )
— = ZA\ffszwmn(x Y+ ) STn(6,Y)
cnv o cnv (A28)
Zamnzxxmnwmn(x V) ) ST (7
mn
If all eigen functions have nonzero eigen values (4,,, # 0) steady state solution aA;C:v =0 is
obtained when:
sy
An = —— (A29)
Am,n
leading to:
CTLU
A (x,y) == ) TP (x,y) (A30)
mnlmn

However, when sV (x, y) contains among its components also the 1., (x, ¥) eigen function with
the eigen value A,.,., = 0 than its corresponding coefficient Afpr, in A (x,y) needs special

treatment which will be presented after first defining the complete family of i, ,, eigen functions
which are:

32 = c0s () os (1) )

with the definition region hl <x <hA 0 <y <wl, as discernible from Figure 2. i, are
numbered by a double index with n numbering modes in x coordinate and m numbering modes in y
coordinate. The zero gradient normal to the boundary required by (A20) is reflected in the choice of
cos and modes with wavelengths of multiples of h2 and w1 leading to zero normal derivative at all
the boundaries.
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Setting m = n = 0 gives the eigen function 14 (x, y) = 1 which, having the eigen value of zero, is
identified as the aforementioned ,,,, eigen function. The source (or sink) term s (x, y) specifies
the z-component convective flow of species into (or out of) the channel domain. With the exception of
Yoo all Y, , harmonics have zero average on the definition region meaning that the corresponding
SaWmn(x,¥) components of s*¥(x,y) have zero net inflow (or outflow) contribution. The
exception is the s§'3"1g0(x,y) component that defines how much species overall is convectively
entering (exiting) the channel domain along the z-coordinate. With constant net inflow (outflow) the
A™ contribution rises (falls) linearly with time as is revealed by reducing Equation (A14) [or (A15)]
onto the Y o (x, y) component:

( Cnvl/’o o(x, Y))

= 72 (A5 oo (63)) + S50 (x.3) =

aACTlU at a 87'6!7 (A32)
— Yoo, ¥) = 04555 oolx,y) = T 6,0
Equation (A32) is solved by an ansatz Agy’ = A{"™t + Ajjy, with a simple solution for Ag™":
A" =550 (A33)

The definition of the remaining integration constant Aiys, is left for later when it will be treated

together with the integration constants of other contributions. Altogether A™ (x, y) can be expressed as:

ATy, ) = ) AT 00 y) + (AT £+ AGE, o0(r,y)

mn
mAn=0 cnw (A34)
Sm n
= - 1 l/)mn(x y)+scnvt+AlCrrthvg
mn mn
mAn=0

where the latter expression acknowledges that 14 o(x, y) = 1. The second last term in (A34) contains
explicit time dependence which may seem to work against finding a steady state solution, however this
equation applies to one concentration distribution contribution not the total concentration distribution
and since a steady state solution of the total concentration distribution in a domain is sought this leads
to the requirement that the time dependant terms of all the contributions must cancel each other out.
Before defining this condition more concretely the other type of eigen functions needs to be constructed.

A.1.2.2. Eigen Functions for Flow from Boundary

The flux from boundary gives rise to six contributions (pertaining to the three different gas
part domains): A4(®tm) Rdbtm) gd(top) gd(rgh) cdbtm) cdlt) The six families of eigen functions
behind this six contributions are practically the same differing only in their orientation or dimensions
of their definition regions. Thus, as an example, only the family of eigen functions for B4(°P) will be
derived in this subsection with the other five given in Appendix B. The B%(°P) contribution is
governed by Equation (A17) and satisfies boundary conditions (A21) and (A22). Let j®°P(y) be the
molar flux of species from the top boundary into the GDL#1 domain as defined by this boundary
condition, than, expressed as linear combination of cos harmonics i.e., a cos Fourier series,
jP (y) reads:
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. B, _ .B,top mrn
JEEP(y) = Zojm cos (Hy) (A35)
m=

where jﬁ’wp are the corresponding coefficients. Let (pffl'wp (x,y) be an eigen function satisfying the

boundary condition:

dom P (x,y)

Iucop Itop -7
Om " (x,9) dpm " (x,¥) mm (430
K . = KW . = cos (My)
then a linear combination of eigen functions:
Bd(top) (x,y) = Z Bﬁf“”’)@ﬁ“"’(x, ¥) (A37)
m=0
with:
By P = jtop (A38)
satisfies the boundary condition:
daff(to -
OB ff(a:)(x, y) - TZOJEW cos (% y) _ jBtop(y) (A39)
Let, for m # 0, the (pf{mp satisfy also the stationary diffusion equation:
0" s i
=V, = 0 (A40)

The latter implies that for m # 0 all (p,[i’wp eigen functions have zero eigen value. Here again the case
of m = 0 is special and will be dealt with separately. The family of eigen functions <p£i’t0p (e, y),m#0
satisfying boundary conditions (A21) and (A22) is constructed in the following way:

cosh (% x) cos (% y)

K cosh (m‘z? 1)

with the definition region 0 < x < hl1 A 0 <y <wl as discernible from Figure 2. (pff{wp being

om P (x,y) = (A41)

harmonics of the type cos(ky) cosh(kx) indeed have eigen values of zero (Vz(pﬁ.top =0,m# O),
again the exception being the m = 0 case.

In the special case of m = 0, i.e., the constant term in expression (A35) for the molar flux of
species from the top boundary, there can be no nonzero steady state solution. The rationale is similar to
the case of Py o: All the cos (% y) components, with m # 0, in j®°P(y) have zero net contribution

to the flow of species from the top boundary into the GDL#1 domain (the average of cos is zero). The
only term in the Fourier series of j®°P(y) that has nonzero average is the constant term which is the
one with index m = 0. Thus the m = 0 term is the only one that accounts for the net species inflow.
Again, since B%(t°P) assumes no exchange of species across other three boundaries, the constant net
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inflow means that B4(°P) contribution rises linearly with time. Therefore, Equation (A40) does not
hold for m = 0 because the linear rising with time means a constant nonzero temporal derivative, giving:

B,t
6<p op _ VZQD]B,mp — Btop (A42)
at 0

where w™®t% is a geometrical factor to be defined after constructing (pi)B’wp. The boundary conditions
(A21) and (A22) for (p]B P(x,y) read:

090" Ty _ o 990" (y)

an!wp Itop 0x x=h1

=1 (A43)

and the solution for (pf’wp satisfying conditions (A42) and (A43) is constructed as a sum of a spatial

part that is independent of time and a temporal part independent of space:
2

05"y, 6) = =+ E+ OBPL = o (x,y) + € + 0P (Ad4)
where ¢ is an integration constant and the spatial part @, Spp(x y) and temporal part w®°P¢t are
defined as:

2
B,top _
(po_gp ( }’) Khlz (A45)
B,top —
w iz (A46)
Summing all up Equation (A37) in more detail reads:
B (x,y,t) = z By P o P (x,y) =
m=0
. (A47)
_ Z IB;in(toP) [Btop(x y) + Bd(top)((p(u)azstgf(x Y) + wB topt) + Biin(;;p)
where:
d(top) __ d(top)
Bineg = =SBy (A48)

d(top) d(top)
]Bintg ]Bm

The integration constant is, together with other coefficients, defined in the process of

obtaining the full solution for a slice by coupling general solutions of domains.

The derivation of family of eigen functions for B¢(tP) has been shown as an example of family of
eigen functions for flow from boundaries and, as discernible from expressions (B1) to (B6) in
Appendix B, all eigen functions for boundary inflow contributions with m # 0 are of the cos — cosh
type having eigen values of zero. The zero eigen values also mean that in the channel domain the eigen
functions for influx from the bottom boundary, i.e., the ALBtM contribution, do not interfere with the
influx coupling conditions of A°™ since, due to their Laplace being zero, adding them to AS"¢ or AS™*
has no influence on Equation (A14) or (A15). The only interfering components are the ones with the
temporal term pertaining to the m = 0 eigen function which is dealt with in the next subsection.
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A.1.2.3. Additional Conditions for Sum of all Contributions in a Domain

Each contribution contains two terms (the integration constant and the time dependant term)
that must satisfy additional conditions when all contributions in a domain are put together. All
contributions in a domain bring about integration constants that amount to:

d(bt
Aincg = Ainég — Anty + Aty ™ (A49)
d(btm) d(top) d(rgh)
]Blntg I|33mtg + I|33mtg + IBgmtg (AS0)
_d(btm) | ~d(Ift)
Cineg = Clntg + (Cmtg (AS1)

Since only the overall integration constant in each domain is relevant for the full solution for a slice,
its value can be arbitrary distributed among its contributions. The following is chosen:

snk _ md(rgh) _ radft)
Aml:g ALntg' ]Bintg - Bintg ’ (Cintg - (Cintg

(A52)
_ adbtm) _ md(btm) _ nd(top) _ ~d(btm) _
Afrcgg Aintg - intg - IBgintg - (Clntg =0

Using expressions (A29), (A33) and (A34) and applying the pattern of expression (A47) to obtain
expressions for other contributions of flux from boundary the general solutions for contributions in the
three domains read:

e Channel domain

ATy 0= D A6 Y) + ATt

4t (A53)
mAn=0
ATy, 0 = ) AT aACHY) + AFE £ = A
&=t (A54)
mAn=0

ALBE) (y ) ) = Z Ad(btm) Abtm(x y) + Ad(btm)(fp{?f,ff‘(x, y) + C‘)A'wpt) (AS5)
e GDL#1 domain

,SpC

Bd(top)(x, y,t) = Z ]B%fln(top) Btop(x ) + ]Bd(top)((pg%% tOp(x y) + wB topt) (A56)

m=1

BA®Em) y,t) = Z ]Bd(btm) Bbtm(x y) + ]Bd(btm)((p(l?sl;tcm(x’ y) + w[B%,btmt) (A57)

]Bd(rgh) (x’ y, t)

z ]Bd(rgh) Brgh(x y) + ]Bd(rgh)((p]B rgh(x’ y) + (U]B'Tght) + Bineg (AS8)

0,spc

e GDL#2 domain

(Cd(btm)(x y, t) _ Z (Cd(btm) (Cbtm(x y) + (Cd(btm)((pg:sbzf;n(x’ y) + w(C,btmt) (A59)
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d(l " d(l ’
U0y, 0) = ) C P () + €V (5L Y) + 0 + Ty (AGD)
n=1

The diffusion Equation (A7) [or (A6)], being a steady state equation, requires that its solution
contains no time dependence. This means that the contributions in a domain that do contain time
dependence by themselves add together in such a way that this time dependence vanishes. In order to
satisfy the steady state condition for the overall solution of concentration distribution in a gas part
domain the temporal parts of the contributions in a domain cancel each other out:

aA(x, y) _ O(Afrct _ Agnkt 1+ Ag(btm)wA,topt)

~0 (A61)

ot ot
0B(x,y) 0 (BS P wBort + BIOT B 4 BTN g Bro) AG2
_ =0 (A62)

ot at

9 (Cd(btm) ((I,btmt+((:d(lft) Clfty

9C(x,y) _ ( o W o @ )=o (A63)

ot at

leading to the following conditions for coefficients:

Agrc _ Agnk + Ag(btm)w&t‘)p =0 (A64)
]Bg(mp)a)B’tOp n Bg(btm)w[gg,btm + Bg(rgh)wlB,rgh =0 (A65)
(Cg(btm)w((},btm + Cg(lft)a)(c'lft = 0 (A66)

Satisfying conditions (A64), (A65) and (A66) is crucial for obtaining a physically meaningful
steady state solution presented in Section A.3 that deals with algebraic manipulation. Identical
derivation applies also to the total gas velocity field B : equations for U in the three gas part domains
are obtained by substituting A, B, and C with A, B and C in the derivation.

A.2. MEA Domain

A general solution for water concentration and flux in membrane is obtained using Equations (42)
and (43) taking into account that A,yp, Acry are functions of a?¥P (y) and a™ (y):

AGoy) = [502(amo ) + (1 - 5) A2(acrs () (A67)

(A68)

] dw (Az (aAND (}’)) — N (aCTH ()’))) i(y)
Jw (y ) = 9 + Ngrg T

From Equations (A68) and (68) it follows that j,, is linear in i(y) and nonlinear in ayyp(y) and
acry(y). In order to couple j, to other variables using linear algebra the nonlinear dependence is
linearised with the derivative approximation described in Section 3.4.1. The following paragraph gives
derivative approximation specifically for j,,,.

First aynp (V) , acry(y) and i(y) are represented with Fourier series:

[ee]

apc(y) = Z ag"¢ cos (%ﬂ y) (A69)

k=0
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N, o (km
i(y) = Z iy cos (Wy) (A70)
k=0
where ELC stands for either AND or CTH. Second, recognising a5:¢ = ag.-(y) as the average arg
defined in (84) and recognising Y5, at¢ cos (%ﬂ y) = Aag;-(y) as Aarg(y) defined in (82) then,

assuming that deviation is small and taking predictor value for at’¢, the derivative approximation for

. > ket
Jw(@) = ZJ%” cos (Wy) ~
k=0

(A% (a))
da

Jjw () in Equation (A68) reads:

[ee)

km
(Az(af,“ND) — Az(agTH)) + agNP cos (Wy>

W
)

a=ag™? j=1
oo (A71)
(A% () crn (kT
S ai " cos|—y
N P =1 w
Ng = . km
+ Frg z Iy cos (Wy)
k=0
leading to the following equations for Fourier coefficients:
d n
|[ _W(AZ(aélND) _ AZ(agTH)) + %io: k=0
JK (A72)

9
= 4 dw (6(A2 (@) LAND _ 9(1%(a))
. F

L 9 da AND da

a=af
This equation is solved assuming a known i(y). The variable i(y) itself comes as a solution of set

Ngrg .
)_ k%0
a=aCTH

of Equations (79) and (80) which are also nonlinear and the derivative approximation is done in similar
manner as follows. The ohmic current in Equation (80) is expressed as ohmic function Q(y) defined as:

P(y) — Vop = Q(@ (), a*NP(y), a’TH (y))

QO =
@) - <A(aAND (}’)) + A(aCTH (J’)) > (A73)

2

Fourier series of ®(y) is defined as:

P(y) = i Py, cos (%ﬂ y) (A74)
k=0

and again &, = d(y) and Y, P, cos (I;—”y) = AD(y) are recognised as arg and Aarg(y)
respectively. Assuming given values for af"?and a§™" and predictor value for @, as defined in
Equation (84), the Fourier series for Butler-Volmer function, defined in Equation (51), and Fourier
series for ohmic resistance function, defined in (A73), are expressed with derivative

approximation:



Energies 2013, 6 5475

k
BG) = B(®(), acru()) = Z Bicos (—-y) =
k=0

A75)
ke 9B kn (
o)+ 2 v, S ()2, S ()
alTH je= q=qCTH k=1
0
km
Qly) = Z Qp cos( y)
a0 km
~ (P, ag™®, TH)+£ >=0, ZCDR COS( y)
AND AND
CTH_ag H
00 = kn (A76)
+oga| omen ) at”cos(T0y)
aAND—gAND =1
aCTH—CTH
a0 = km
+ oG] ®=%o Z ag™ cos( y)
a @AND_gAND %=1 w
aCTH = CTH

Acknowledging from Equations (79), (80) and (A73) that i(y) = Q(y) = B(y) and assuming given
asnp(y) and acry(y) the equations for Fourier coefficients i, and @, are obtained:

Fork = 0:
B(CDO, aO ) — l — _Q((DCTH AND CTH)
for k > 0:
aB CTH + aB aCTH
a(l) D=2 k aaCTH D= k (A77)
_CTH CTH
a=ag a=ag
a0 a0 00
o CTH AND CTH
i = 3p|  2=% Q7+ 5 AND D=, + 5CTH o=, ai
aAND =g AND aAND g AND aAND =g AND
aCTH=gSTH aCTH=gSTH aCTH=qSTH

A.3. Coupling of Linear Combinations of Eigen Functions

Computational feasibility requires a finite number of harmonics taken into account in the Fourier
series and series of 1, , and @,,,. Greater number of harmonics taken into account improves accuracy
but lengthens computational times. Let N +1 be the maximal number of modes in y coordinate and also
the maximal number of modes in x coordinate, i.e., both index m and index n running from 0 to N
(Generally the maximal number of n and m indices need not be the same, however this was chosen in
this case for simplicity). This means the total number of 1, ;, harmonics is (N + 1)* and the total number
of ¢,, and ¢,, harmonics is N + 1. Thus, in sums of the following expressions the infinity as the upper
summation limit shall be replaced by N (or 2N + 1) in case of MEA domain as explained in A.3.1).

There are two types of couplings:
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e Couplings between domains of a slice that require continuity of water activity and molar
fluxes and

e Couplings between channel domains in consecutive slices that require computing sink terms
that serve as source terms in neighbour downstream slices.

A.3.1. Couplings between Domains of a Slice

The coupling of two domains sharing a boundary is done by equalising the expressions for
water activity and molar flux in each of the two domains at their common boundary. The boundary
values are expressed as Fourier series and thus, the coupling is done by equalising the corresponding
Fourier coefficients.

First let us deal with coupling of the molar fluxes which is due to construction of ¢, very
straightforward. At the boundary between channel domain and GDL#1 domain the continuity
condition, according Equations (A23) and (A24), is expressed as:

jAPE(y) = =P (y) (A78)
which, following the example in Equation (A35), leads to equality of Fourier coefficients:
"™ = =g (A79)
and thus according to Equation (A38) this means:
Adbtm) — _gd(top) (A80)
and similarly for the boundary between GDL#1 and GDL#2 domains:
BACIN) _ _dlrn (AS1)
Analogously, the same coupling conditions apply to the total gas velocity field giving:
AL = _paltor) (A82)
and:
BACIN) _ _ st (AS3)

At the boundary between MEA and the two GDL domains the molar flux is, according to
Equations (71) or (72) and (A24) and (A25), defined as:

‘B,btm
. it (y) 0<y<wl
]ELC(y)—L(C'btm(y) wl<y<w (A84)

where the Fourier series corresponding to the three molar fluxes are:
2N+1

Jec ) = Z Jier¢ cos( ) (A85)

B (y) = Z b cos (S ) (A36)
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mmn
jOPEm(y) = Z Jm™ cos <— (v — W1)> (A87)
w2
The Fourier coefficients ]B M and ](C DM are expressed in terms of coefficients jE€:
2N+1 2N+1
e = Z Bon /B, R = D i JE (A88)
k=0

with:

brm = i fom cos (’;}—” y) cos (%y) dy

1 w

_ (kn ) kn( D\ (A89)
Ckm = cos(——y)cos|{——(y—w y

w2 )1

The corresponding boundary condition for the velocity field is, according to Equations (19), (20)
and (71) to (74), expressed as:

. . _(BBEM(y)y 0<y<wl
Jerc ) —n.(y) = {ﬁc'btm(}/) wl<y<w (A90)
where 1, represents 1y, on the anode side and 7y, 0on the cathode side, B is, analogously to j, the

component of velocity perpendicular to the boundary. The corresponding Fourier series are:
2N+1

kr
i) = ) ncos(—-y) (A91)
k=0
Bt (y) = z]Bbtm cos (2 y) (A92)
mn
jePm(y) = Z jm™ cos (— - w1)> (A93)
w2
The Fourier coefficients f’™™ and Br:""™ are expressed in terms of coefficients jE-¢ and nj:
2N+1 2N+1
B = N T G =) B = Y € GEY — ) (A94)
k=0 k=0

In order for Equations (A88) to have a unique nontrivial solution the number of jEL€ terms must be

B,bt .C,bt .
m ™ terms, i.e., index k must run over

the sum of the number of j,,; terms and the number of j,;
twice as many values as index m.
Coupling the water activity is less straightforward. First let us deal with continuity of water activity.
Water vapour concentration in the domains of the gas parts is, according to Equation (A2) obatined as:
Z—c¢U
D

c= (A95)

At the boundary between channel domain and GDL#1 domain the water vapour concentration
(which is proportional to water activity) is from the two sides expressed as:
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e  From channel domain side taking into account the definition of ¢, ,, in Equation (A31):

A(x = hg,y) —¢.A(x = hg,y)

Cc(x = hg,y) =

D
1 Z mmn
— Asrfk _l_Asr'c _ (dqsnk_l_dqsrc) cos (—y
D(mn( s+ A NG
N
2d0tm) _ & ad(btm) mn
+ ZO e Ay )cos (my)>
m=

e And from GDL#1 side taking into account the definition of ¢,, in Equation (A41):
B(x = hg,y) —&B(x = hg,y)

ei(x=hg,y) = =
mm
— / ]Bd(top) _ = Bd(top) e
Depy, Z ( " “1m )COS (Wl y)
" d(btm) g d(btm)
¢1B,, mmn
* Z osh (1211 os (1,77)
m=0
. wi | (nm (A97)
BACIN _ & gATIWY (_1yn cos (Hy )
+ €1Bn =D nnwl
cosn (200

2
d(rgh) ~ pd(rgh) y .
+ (IBO - CIBO )—K'DGDLwlz + (]Bintg - ClBintg)

In order to be able to equalize the upper two expressions on the level of equalising the Fourier

coefficients also the cosh (Z—Z y) and y? functions have to be expressed in terms of Fourier series:

cosh Z CCY1} cos 1y) (A98)
M
UTT
y? = ZSCYlH cos (ﬁy) (A99)
u=0
where:
CCY1y =—fW1cosh (mr )cos (E )d A100
Y w1t ( )
wil
T
SCY1, =—j y? cos (H y) dy (A101)

Having all terms in form of Fourier series the equation for Fourier coefficients thus reads:
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DgpL (Z((A — E AT+ (A — G A)TE) + (A —¢ ﬂ)“”“’”)

(IB 1B)d(btm)

= (B - B2 +

hi
cosh (mv’;l ) (A102)
+ Z(IB% 1B)d“g")( DrCeyLy + (B - &,B)49M BTN
2
cosh (m}?fl) KDgp w1l

+ (]B - ClB)intg

where abbreviated notation (Z — ¢U)j = Z§ — Uy is used. Similar equation is obtained for the
boundary between GDL#1 and GDL#2 domains:

M
—1)mHCCX1m
(C—&0)*WY 4 Z (C — &,¢)dem) (=1) Y

me=1 cosh (m‘:vréll)
d(rgh)( 1) SCXl o
+ (C—,0), W + (€= 3,0 intyg
(-1)mcex1m
= B- B + Z (B— B " ot
osh( w1 ) (A103)
SCX1, (—=1)™veex1m
(top) d(btm)

+(B-6B)) P s Z (B - &,B),

KDgprhl osh (m\:}rill)

+ (IB 1B)o KDGDthz (IB - ElB)intg

where CCX17' and SCX1,,, similar to CCY1}; and SCY1,,, are defined in Equations (B7) and (B8) in
Appendix B.

At the boundary between MEA domain and the two GDL domains the activity to concentration
relationship (67) is taken into account and same principle as in Equation (A88) is used for coupling
one MEA domain to two GDL domains:

GDL#1 domain

2M+1

ELC
Csat Z ]bk,m

B — & B)4P)
=(B-B)I"™ + (B~ &B)y

mmhl
cosh
( wl ) (A104)
ccy1ir SCY1
% ond(rgh) u _ d(rgh) u
+ Z(B &B)n osh (nnwl) +(B-6B), kDgp w12
h1

+ (]B - ElB)intg
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GDL#2 domain

2M+1
Csat z Ckm agLC
k=0
DHCCY 2R
= (C - &,e)20™ +Z(<c &,0)2 ”()W (A105)
o osh (“577)
1 scyz
+(C— 26)3(”” ————— + (C— &0 g

kDgp w22
where CCY27" and SCY2,, similar to CCY1j; and SCY1,, are defined in Appendix B.

The pressure continuity conditions that apply to the net gas velocity field are somewhat simpler.
Following Equation (A63) continuity of pressure at the boundary between the two GDL domains
requires that:

cawre 4 Z Cd(btm)( DH™YCCX1y pdran) (-nvsex1,
osh (mnhl) 0 kDgpyh12 intg
w2

— Bg(rgh) + Z B;ln(top) —pDmcexiy 'Bd(wp) SCX1,

0 2
m=1 osh (mJVTill) kDgpLhl (A106)

+ Z Bd(btm) (—nm™tveexim Bd(rgh) (-1)vscxi, '
osh (mnhl) 0 kDgpyh12 intg
wl

According to Equation (24) the continuity of pressure at the boundary between the GDL and the
channel requires:

B(x=hg,y)=0=

_Bd(tOP)_l_ d(btm) ZBd(rgh)( 1)nCCY1n
K mnhl nnwl
- sh(“51) (A107)
SC 1
Bd(rgh) B. =0
5 rcD(;DLwl2 mtg

The fact that zero can be put on the right hand side of Equation (A107) comes from the fact that the
velocity field potential U is defined to an arbitrary constant, i.e. f = VU = V(U + constant). Having
uniquely defined velocity potential at the GDL/channel boundary no other additional coupling for
velocity potential needs to be defined.

A.3.2. Coupling between Slices

Coupling between slices is done by taking the sink terms of upstream slice to serve as the source
terms of the slice in question. This is done by having a general expression for the sink term for anode
and cathode side and evaluating it once the full 2D solution for the slice in question is obtained and
passing it to the next downstream slice.
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Using Equations (A11), (A53), (A54) and (A55) and taking into account that steady state condition
means the sum of temporal terms is zero the sink term in (29) is expressed as:

1
Ssnk(x’ y) = T'U(x, y)Cc(xl y)

1
= 77Y(x,) k D (A= e + (A= EADFE b (. 7)

mn
mAn+0
(A108)
— (A= Eineg + z (A = E AN g™ x, )
m=1
+ (A — G AT M (x, )
Expressing the product u(x, y) ¥, » (x, y) as Fourier series:
—Y(x Y)Pmn(x,y) = ZX P () (A109)
where:
1 wil
mn __
Xy,v - l W1 h2 j ,[le(x’ Y)Rbm,n(x’ Y)¢u,v(x: }’) dx dy (Al 10)
and expressing the product u(x, )@ (x, v)(x, y) as Fourier series:
M
—Y(x Ve M (x,y) = z CHERIM 7)) (A111)
uv
where:
i Abt
Em, = Y m
i =TT ha f jh ) oY@ (6 Y)Wy (x, y) dx dy (A112)
the sink term can be expressed in terms of Fourier series as:
S = D s nn(,Y)
mn
mAn#0
= | ) (A= + (A= ) Z X (5,)
mn (A113)

mAn=0

' Z (a- ccc/od(b””)Z CHATMMERY

Renaming m, n on the left side of equals sign into u, v gives equation for Fourier coefficients
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sink =D (Z((A — C AT+ (A — E AN )X + Z (A - cccﬂ)d(btm)",ﬁ”v> (A114)

giving a general expression for the sink term Fourier coefficients.
A similar expression is obtained for o5 (x, y) term from Equation (A8):

M
vx,y) _
o (x,y) = T szgigl/)u,v(x; y) = z Urfﬂflpm,n(x, y) (A115)
v mn
mAn#0
with the equation for Fourier coefficients:
ok = DXy (A116)

A.4. Analytic 2D Solution for a Slice

Equations (A29), (A38), (A72), (A77), (A80), (A81), (A88), (A94), (A102), to (A107), (A114) and
(A116) that equate Fourier coefficients represent a set of linear algebraic equations. While assuming
given Fourier coefficients of the anode and cathode source terms and given predictor values for
derivative approximation solving this set of equations for all remaining Fourier coefficients gives a
unique nontrivial solution. Solving of this set of equations is repeated with re-evaluated predictors as
described in Section 3.4 and Figure 4. The computational efficiency of HAN-FC depends to some
extent also on the approach used for solving this set of equations. The computational times reported in
Table 3 were achieved using vector algebra as described in reference [33].

Appendix B

In this appendix the definitions of eigen functions and Fourier coefficients that were left out from
Appendix A for brevity reasons are given.
List of all types of eigen functions for diffusion from boundary:

|(cosh( 1(h x))cos( 71Ty)

mmh2 ,» m>0 2
ohbtm(y oy = cosh( ot ) ’ whbtm — 3 (B1)
(h=x)* =0
h2z "’
mm mm
cosh (m x) cos (m y) .
mmhl ’ 2
IBtOp(x y) _ K COSh( el ) ) a)]B,tOp — T (B2)
| x? _o
k kh12’ m=
(cosh( T (h1 - x)) cos (% y)
mmhl » m>0 2
[Bbtm(x y) = KCOSh( it ) , wBbtm — = (B3)
(h1 — x)? 0
- m =

kh1z '’
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cos (hl ) cosh (2—7{ y)

nnwl , >0 2
Brgh(x y) = K cosh (T) ’ wBTIh = - (B4)
5 kwl
| =X n=o
KDGDLW12
(cos cosh( (w— y))
<le | ( ) mfmiz , n>0 2
t
=i weosh(%?) o= B9
| (w —y)? -
k kw22 '
mrm
cosh( > (h1 - x)) cos (W (w— y))
(Cbtm mmhl , m>0 Bbt 2
,otm _—
(x,y) = KCOSh( ) ) ) w T X hi2 (B6)
(h1 — x)? — o
kh12 ' m=
List of definitions of Fourier coefficient of Fourier series of square function and cosh function:
h1 mm VI
m_ B7
CCX1T f cosh(W1 )cos(h1 )dx (B7)
1 h1 V1T (Bg)
SCX1, hlf X cos(h1 )dx
ceyzp = L f ¥ cosh (= y) cos (22 y) dy (B9)
h1 h1 w2
1 v 5
SCY2, =— | (y—wl)*cos —(y wl) |dy (B10)
w2 )y,
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