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Abstract: The paper presents a comparison of various CHP system configurations, such as 

Vapour Turbine, Gas Turbine, Internal Combustion Engine, External Combustion Engine 

(Stirling, Ericsson), when different thermodynamic criteria are considered, namely the first 

law efficiency and exergy efficiency. Thermodynamic optimization of these systems is 

performed intending to maximize the exergy, when various practical related constraints 

(imposed mechanical useful energy, imposed heat demand, imposed heat to power ratio) or 

main physical limitations (limited heat availability, maximum system temperature allowed, 

thermo-mechanical constraints) are taken into account. A sensitivity analysis to model 

parameters is given. The results have shown that the various added constraints were useful 

for the design allowing to precise the influence of the model main parameters on the 

system design. Future perspective of the work and recommendations are stated.  

Keywords: thermodynamics; optimization; combined heat and power systems; exergy 

efficiency; First Law efficiency; constraints 

Nomenclature 

C   heat capacity rate [W K−1]; 

cp  mass specific heat at constant pressure [W kg−1 K−1]; 
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XE  exergy rate [W]; 

m   mass flow rate of the working gas in the cycle [kg s−1]; 

I  irreversibility ratio; 

K  heat transfer conductance [W K−1]; 

NTU number of heat transfer units; 
Q   heat transfer rate [W]; 

R  ratio of useful heat transfer rate to useful power; 

S   entropy rate [W K−1]; 

T  temperature [K]; 

t  no dimensional temperature; 

X  temperature difference [K]; 

W  mechanical power [W]; 

Greek symbols 

   heat exchanger effectiveness; 
   efficiency; 

   intermediate variable; 

Subscripts and superscripts 

C  related to the working fluid, at the sink; 

c  consumed or Carnot; 

CHP combined heat and power system; 

ECE external combustion engine; 

ex  exergetic; 

GT gas turbine; 

H  related to the working fluid, at the source; 

i  internal; 

ICE internal combustion engine; 

L  loss; 

PV/T photovoltaic/thermal system; 

R  recuperator; 

SH source; 

SC  sink; 

T  total; 

U  useful; 

I  related to first law; 

0  ambient or imposed value; 

*  optimal 
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1. Introduction 

A cogeneration plant, also called a CHP system (Combined Heat and Power Production), can 

operate at efficiencies greater than those achieved when heat and power are produced in separate or 

distinct processes. For example, efficiency values go from 35%–40% for electrical or mechanical 

production, to 80%–85% for the cogeneration system efficiency [1]. The environmental issue should 

be also considered as an important cogeneration system advantage with respect to carbon dioxide 

emissions, which are mainly responsible for the greenhouse effect. 

In the recent past, due to environmental impact considerations and energy efficient use purposes, a 

renewal and development of combined heat and power systems was increasing from large to small 

scale CHP systems, even μCHP, and for industrial or building applications [1–14]. New configurations 

of CHP systems were studied and among them photovoltaic/thermal (PV/T) configurations [15–17] or 

fuel cell CHP systems [2,4,14] are close to implementation in the near future. Also the fuel disposal 

issue was considered, mainly by various biomass availabilities [16,18,19], or gasoline and hydrogen [10]. 

Analysis of the CO2 mitigation costs of large-scale biomass-fired cogeneration technologies with CO2 

capture and storage was performed [19], showing that biomass-fired cogeneration plants based on 

integrated gasification combined cycle technology (CHP-BIGCC) is very energy and emission 

efficient and also cost competitive compared with other conversion systems. A new analytical 

approach based on the current models of the solid oxide fuel cell and gas turbine was elaborated [20], 

in which multiple irreversibilities existing in real hybrid systems are taken into account. The general 

performance characteristics of the hybrid system (irreversible solid oxide fuel cell-gas turbine) were 

revealed and the optimum criteria of the main performance parameters were determined. Other hybrid 

systems were considered [21], such as bi-energy technologies (gas and electricity), as a path to transfer 

loads from one system to another, so an absolute peak load reduction by 17% at the small scale was 

found. A novel conceptualisation considering the steam cycle of a combined heat and power generator 

thermodynamically equivalent to a conventional steam cycle generator plus an additional virtual steam 

cycle heat pump [22] leads to the conclusion that the performance of CHP will tend to be significantly 

higher than that of real heat pumps operating at similar temperatures. It also shows that the 

thermodynamic performance advantages of CHP are consistent with the goal of deep, long-term 

decarbonisation of industrialised economies.  

Besides the particular look at specific characteristics of CHP systems, various criteria to evaluate 

their performances are used. Multicriteria evaluations according to weighting methodologies have been 

proposed recently [23,24]. Then, First and Second Law analyses of gas engines, fuel cells or hybrid 

solar systems [1,5–7,11,14] have shown that the energy-saving effect increases with the system scale 

because the heat to power ratio of the system decreases [1], or that both the main energy and exergy 

loss take place at the parabolic trough collector [7], and that the polymer exchange membrane fuel cell 

(PEMFC)-based CHP system, operating at atmospheric pressure and low temperature, is the most 

efficient system when compared to a solid oxide fuel cell (SOFC) one [14]. 

Exergy-based criteria were found to give much better guidance for system improvement [3,4,10,12], 

as they account better for use of energy resources. Thus, the comparison of gasoline and hydrogen 

fuelled spark ignition internal combustion engines yielded that the hydrogen fuelled engine had a 

greater proportion of its chemical exergy converted into mechanical exergy, as well as a greater exergy 
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due to heat transfer and smaller combustion irreversibility associated with hydrogen combustion [10]. 

When looking into internal combustion engine (ICE) poly-generation systems [12], the analysis 

provides high primary energy savings and low emissions suggesting that for such systems optimization 

should be done from an economic and environmental point of view. Finally, exergoeconomic analysis 

of CHP applications (engines, gas turbine) [6,8,9] or evaluation of CO2 capture and management  

studies [12,19] complete the overview and come to meet users’ main concerns—available energy and 

CO2 emission price. 

The proposed thermodynamics approach perspective points out cold and heat cogeneration  

systems (CCHP), and also extends to polygeneration systems [24,25]. These concepts and 

methodologies could help better design, manage and integrate these systems in the future, with respect 

to environmental and economic concerns. 

The present analysis focuses on the main CHP systems based on Vapour Turbine, Internal and 

External Combustion Engines and Gas Turbine Engines. They are modelled as thermal machines with 

two heat reservoirs, heat losses between the heat reservoirs, and external irreversibilities due to the 

heat transfer at source and sink. The First Law efficiency and exergetic efficiency criteria are used in 

order to evaluate the CHP performance. The optimization procedure considers several constraints, 

namely, imposed ratio of the useful heat to power, mechanical power load, useful heat load or energy 

rate consumption. The results are given in terms of maximum of the exergy rate of the useful energy 

delivered by the CHP system and the corresponding optimum parameter expression. The specified upper 

bounds (maximum maximorum) correspond to the CHP system based on External Combustion Engines. 

2. Modelling of Various CHP Systems  

Combined Heat and Power systems with heat delivery as by-product are considered here. Although 

this represents a particular case of cogeneration, various processes are possible, characterized by 

systems or cycles referring to different techniques [26]. The first one developed was the CHP with 

vapour turbines that appears as an externally fired engine (by a boiler or a steam generator). Other 

kinds of external combustion engines will be considered hereafter, like Ericsson and Stirling ones. 

Current well developed CHP systems are composed of internal combustion engines of various sizes 

going from 1 kWelec to more than 1 MW for industrial or urban applications. The third main systems 

category used for cogeneration is based on gas turbines, and in this case post combustion could be used. 

Some more recent studied categories using Fuel Cells or Solar Photovoltaic arrays are also added to 

the previously mentioned ones.  

The present analysis is deliberately limited to the main CHP categories, namely Vapour Turbines, 

External Combustion Engines, Internal Combustion Engines, and Gas Turbine Engine. All these 

systems are thermo-mechanical ones, each having a high temperature heat source. Generally, the heat 

is obtained by burning a fuel, whatever the fuel is. Mechanical and then electrical power is produced 

by the engine (the machine). According to the Second Law of Thermodynamics, the machine gives 

back heat (a part of the useful energy delivered by CHP, UE) to a cold sink, before rejecting the 

remaining heat to the environment at T0, the reference temperature. 

The performances of four main engines acting as CHP systems will be compared hereafter. They 

are represented by the Carnot, Stirling or Ericsson, Otto or Diesel, and finally Brayton-Joule  
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cycles [27]. Firstly, the model is developed by means of equilibrium thermodynamics, which provides 

more insight into the CHP system operation by considering heat losses and other irreversibilities. Also 

various possible performance criteria and constraints associated to the objective function that should 

be optimized are used in the model and will be presented in the next sections. 

3. Criteria and Optimizations 

The proposed models were developed for steady state operation assumption in order to get the 

upper bound of obtainable exergy rate of the useful energy delivered by the CHP system 

corresponding to a nominal design point. This is crucial to determine the corresponding exergetic 

efficiency at any rate. The two useful effects of CHP systems are the mechanical power, W  and the 
useful heat transfer rate supplied to the consumer, UQ , both being negatives as the proposed sign 

convention states. In this sign convention each quantity entering the machine is positive, and each 

leaving quantity is negative. 

In most cases the machines are non-adiabatic due to thermal losses to the environment. As a first 

attempt, lumped analysis suggests that these losses can be represented as an equivalent heat loss 
between the highest and lowest temperature of the system. They are summarized as LQ , heat transfer 

rate loss between the hot and cold side (positive quantity). 

3.1. First Law Efficiency Criterion, CHPI  

Whatever the engine is, the energy balance can be written as follows (see Figure 1a): 

0 SCSH QWQ   (1)

where SHQ  is the heat transfer rate input, the so called energy rate consumption (EC), given by: 

LHSH QQQ    (2)

and SCQ  is the heat transfer rate rejected to the sink, expressed as: 

LCSC QQQ    (3)

with ,HQ CQ  the heat transfer rate entering, respectively leaving the converter. 

The model assumption regarding the useful heat transfer rate provided by the engine in cogeneration 

mode operation corresponds to the ideal case of maximum heat transfer rate recovery that yields: 

CU QQ    (4)

The first law efficiency CHPI is defined as the ratio of the usable energy rate (UE) and the energy 

rate consumption, EC. By combining Equations (1), (3) and (4) the first law efficiency with 

cogeneration is given by: 

SH

L

SH

U
CHPI Q

Q

Q

QW









 1  (5)

The consequence is that the first law implies only a “non-adiabatic system efficiency” due to the 

presence of heat transfer rate loss, LQ , whatever the thermo-mechanical CHP system is. If the system 
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is without losses, the limit CHPI  is one because of the ideal case of maximum heat transfer rate 

recovery that was considered, whatever the system is. However, one notes that if it could happen for 

external combustion engines (see Figures 1a,b), it is not the case of internal combustion engines (see 

Figures 1 c,d), due to the fact that corresponding engines are open systems and TU > T0. So, heat losses 

to ambient appear. These dissimilarities are due to the heat transfer particularities. Hence, useful heat 

could be delivered at constant temperature (TSC = TU) in cases a and b, but not for cases c and d, where 

finite heat source effects cannot be neglected. 

Figure 1. Equilibrium Thermodynamics of CHP thermo-mechanical engines: (a) and  

(b) –ECE; (c) and (d) –ICE.  

 

To conclude the temperature level of the useful heat appears important. It is why exergetic criteria 

have to be considered in the analysis. 
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3.2. Exergetic Criterion ex  

Whatever the engine is, the exergy transfer rate of the usable energy is given by [27]: 

U
U

U Q
T

T
WxE 









 01  (6)

The useful thermal exergy corresponds to the case where it is looked from the external utility side 

instead of the working fluid side. This remark confirms the difference between ECE and ICE, as 

mentioned in Section 3.1. 

Then, the difference between the machine (engine) and the system from the exergetic point of view 

is indicated hereafter by using two entropy balances in the case of endo-irreversible thermodynamic 

approach. Their expressions are as follows: 

for the engine: 

0 i
U

U

SH

H S
T

Q

T

Q 


 (7)

for the non-adiabatic system: 

0
0




 T
LU

SH

SH S
T

QQ

T

Q 
 (8)

where iS , internal entropy generation rate of the engine; TS , total entropy generation rate of the system 

including source and sink (the hypothesis is that the useful heat is finally delivered to the environment). 

Upon combining Equations (7) and (8) and calculating, the total entropy generation rate expression 

of the CHP system results as: 




















U
U

SH
LiT TT

Q
TT

QSS
1111

00

  (9)

The exergy rate consumed by the system is expressed as: 

CxE = 









SH
SH T

T
Q 01  (10)

This result confirms the fact that the heat transfer rate loss due to internal irreversibilities, ii STI 
0 , 

have a negative impact on the exergy efficiency of the system. The exergy efficiency of the engine is 
slightly different from that of the system due to the fact that CxE  moves from the preceding expression 

to 









SH
HC T

T
QxE 01 . The same methodology will be applied to ICE hereafter. 

3.3. General Optimization Procedure  

By considering the same hypothesis introduced in Section 2, a two heat conductances model is 

develop here corresponding to the one proposed by Sahin and Kodal [28]. The model corresponds to 

the endoreversible case (without internal irreversibilities), and is also the basic configuration of the 



Energies 2012, 5 

 

3708

CHP vapour turbine system without losses. Then, by means of non-equilibrium Thermodynamics more 

insight in the CHP system operation is achieved by considering external heat transfer irreversibilities at 

source and engine contact and at engine and sink contact (Figure 2). 

The engine entropy balance expression results as: 

0
C

U

H

H

T

Q

T

Q 
 (11)

It is clear that energy efficiency (equal to one in the ideal case without heat loss) does not depend 

on TU, nor TH, TC, but the system exergy efficiency does. By combining Equations (1) - (3), (6), (7), 

the exergy efficiency expression becomes: 




















SHHU

C
CHPex T

T

TT

TT 00 1/1  (12)

Figure 2. Schematic representation of the temperature distribution in a non-equilibrium 

CHP Carnot system. 

 

If SHH QQ    is imposed, the maximum of efficiency gives back the equilibrium case (TC = TSC = TU; 

TH = TSH). But the necessary finite heat transfer rate imposes through the entropy balance a constraint 

relating the two degrees of freedom (TC, TH). 

For the case of linear heat transfer law considered as an example, where: 

)( HSHHH TTKQ   (13)

)( CUCC TTKQ   (14)

The optimization with respect to TC, TH by using Lagrangian method (for details of variational calculus 

see [29,30]) gives: 

0TT

T

T

T

SH

H

U

C   (15)
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C

H

SH
C

H
SH

optH

K

K

T
K

K
TT

T





1

0

 (16)

where the heat transfer conductances KH, KC are parameters associated to a given design. 

Consequently one gets from Equation (6) combined with Equations (1)–(4), and (16): 

 20TT
KK

KK
xE SH

CH

CH
optU 


  (17)

Equation (17) corresponds to the endoreversible case without heat losses and shows that optimal 

exergy does not depend on the level of TU. Furthermore, a constrained dimension imposed to the 

system, namely the total heat transfer conductance, KH + KC = KT, for the case without heat losses, but with 

internal irreversibilities of the convertor yields for Equations (16) and (17) the following expressions: 

iT

UCSHH
optH SK

TTKTK
T 


 0 ; 

0TT

TT
T

SH

optHU
optC   (18)

   0

2

0 TKTK
SK

S
TT

SK

KK
xE CSHH

iT

i
SH

iT

CH
optU 





 




  (19)

This results in a new optimum regarding the finite heat transfer conductances when the total heat 

transfer conductance is fixed.  

By derivation of Equation (19) the best allocation of heat transfer conductances corresponds to: 


















0

0

2

1

TT

TT
SKK

SH

SH
iToptH
 ,


















0

0

2

1

TT

TT
SKK

SH

SH
iToptC
  (20)

Equation (20) expresses that a maximum of the useful heat exergy is obtained at equipartition of the 
heat transfer conductances for the endoreversible case (without internal irreversibilities, iS  = 0): 

2
** T
CH

K
KK 

 
(21)

Hence, the maximum exergy rate of the useful energy supplied by CHP results as: 

 204
TT

K
xEMAX SH

T
optU   (22)

One notes that if lim TC = TU is considered (Chambadal-Novikov limit [31,32]), KC tends to infinity, 

SHH TTT 0
*   whatever KH is. A numerical example considering TSH = 2000 K, T0 = 300 K, will get 
*
HT  = 100 60   775 K which is closed to the common values used today. The main result is that 

Equation (22) is a useful upper bound for all the ECE cases. 
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4. Optimization with Constraints 

The use and design of a CHP system is characterized by the ratio of useful heat transfer rate to 
useful power, WQR U

 / . Two other parameters can be added to this one corresponding to the two 

possible priorities, the mechanical power load, 0W , or the useful heat load, 0UQ . The last more 

significant case could be the hot source heat transfer rate limited to 0SHQ . These alternatives 

correspond to one technical added constraint that suppresses one degree of freedom for the 

optimization. The four previously cited cases will be considered hereafter, and new corresponding 

results for the Carnot endoreversible CHP system without heat losses will be given. 

4.1. Carnot CHP System with R Imposed 

The optimization of the energy efficiency of CHP from a general point of view is the same as the 

optimization of the engine efficiency. By considering the ratio of useful heat transfer rate to useful 

power in the model and after some simple calculations, it comes for the endoreversible system: 

0

0

1 R

R

T

T

H

C


  (23)

where R0 is the imposed value of the R ratio whatever expressions are used for the heat transfer law, 

and the available heat transfer rate at hot source. In the frame of equilibrium thermodynamics, 

Equation (23) becomes: 

0

0

1 R

R

T

T

HS

U


  (24)

One notes that the ratio R0 is fundamentally related to the Carnot efficiency of the engine according to: 

CR /110   (25)

For linear heat transfer law (KH, KC -parameters) considered in the model, the corresponding exergy 

rate of the useful energy supplied by CHP results by combining Equations (6), (13), (14) and (24) as: 

  













0

0
0 1

XT

T
XTT

KK

KK
xE

U
USH

CH

CH
U

  (26)

with: 

0

0
0

1

R

R
X


  (27)

It is easy to demonstrate that optimum optimorum of useful effect is given again by Equation (22), 

but R0, TU, TSH are interrelated at the optimum by: 

0
0

01
TTT

R

R
SHU 


 (28)

This important relation means that for TSH parameter, R0 opt satisfies Equation (28) for a chosen TU 

or TU opt satisfies Equation (28) for an imposed R0. 
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Note that Equation (26) could be enlarged when an irreversibility ratio 0I  is considered. Its 

expression becomes: 

  













0

0
0 1

XT

T
XTIT

KKI

KK
xE

U
USH

CH

CH
U

  (29)

This expression allows an optimum for a specific value of X0 relating TSH, T0 and TU, as expressed 

by Equations (27) and (28). This result is a new one. When imposing finite heat transfer conductances, 
KH + KC = KT, the conductance equipartition is found again for optUxEMAX  .  

4.2. Carnot CHP System with W  Imposed  

The same methodology as for engine optimization [33] is used here, but by adding the constraint 

0WW   , an intermediate variable  appears: 

C

UC

H

HSH

H

H

T

TT

T

TT

T

X 



  (30)

The optimum of UxE  corresponds to equipartition of heat transfer conductances previously found 

for an endoreversible system, and opt  satisfies the following equation that yields by combining 

Equations (14), (21), and (30) together with the constraint 0WW    in Equation (6) and derivation with 

respect to TU: 

      022 00
2  WTTKWTTK USHTUSHT

   (31)

The equilibrium thermodynamics limit is straight forward ( 00 W ), namely, the corresponding limit 

of the energy and exergy efficiency tends to one, for reversible and no heat losses operating regime. 

If 0W  <
 

USH

USH
T TT

TT
K


 2

, an interesting limit appears: 

 USHT
opt TTK

W




 02   (32)

and the corresponding approximated optUXE  yields: 

USH

SH
optU TT

TT
WxE




 0
0
  (33)

Equation (33) shows that the optimized exergy of the useful energy supplied by CHP is 
proportional to the imposed power 0W , but amplified by the temperature ratio (TSH – T0)/(TSH – TU). 

4.3. Useful Heat Transfer Rate Imposed 

The heat utility is the priority in this case by its imposed value, 0UU QQ   . By following the same 

steps as in Section 4.2, one finds that the optimum of UxE corresponds to the equipartition of heat 

transfer conductances, and opt  becomes: 
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0

0

2

2

UUT

U
opt

QTK

Q







  (34)

The corresponding optUxE  results: 

 
0

000
0

4

/4

UUT

UUSHT
UoptU

QTK

TTQTTK
QxE 







  (35)

By derivation of Equation (35) with respect to TU, one can show that an optimum optimorum of 

UxE exists, but it requires: 











 1

4 0
0 T

TTK
Q SHUT

optU
  (36)

Again, Equation (22) is valid for optUxEMAX  . 

4.4. Heat Transfer Rate at the Source Imposed 

The consumed heat transfer rate corresponds to the heat transfer rate input, which is now imposed, 

0SHSH QQ   . The optimum exergy of the useful energy supplied by CHP associated to this constraint 

appears for conductance equipartition, and its expression is: 















TSHSH
SHoptU

KQT

T
QxE

/4
1

0

0
0 

  (37)

Here again a maximum maximorum exists and corresponds to: 

  SHSH
T

optSH TTT
K

Q 00 4
  (38)

It always leads to the Equation (22) for optUxEMAX  . 

4.5. Partial Conclusion 

The models presented in Section 4 point out that in the presence of constraints the optimum of the 

useful exergy function does exist and it is given by the Equations (26), (34), and (36). The optimum of 

these optima [Equation (22)], results by derivation of the previously mentioned relations and it 
corresponds to special values of the constrained parameters. The expression of optUxEMAX   does not 

depend on TU, but is proportional to KT  that relates it to the size of the system. 
Lastly an interesting constraint to discuss is when TSH = TMAX. It was shown that optUxEMAX   is an 

increasing function of TSH. Actually TSH is limited at a given value imposed by the thermomechanical 

strength of materials, which means that one cannot increase it as much as we want. Moreover, it is 

known that for non-adiabatic system this limitation corresponds to the stagnation temperature. This is a 

current practice for solar systems and it could be also for ICE, when considering the stagnation 

temperature to be less or equal to the adiabatic temperature of combustion. However for a  

non- adiabatic system, a new optimum exists, limited by the stagnation temperature of the system [29]. 
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These extensions will be summarized hereafter (Section 5). It has been shown that it comes out 

from material limitations and it is designated by TMAX. 

5. Discussion—Comparisons 

Some results of the model will be exemplified in Table 1 with corresponding comments given 

hereafter. Extensive examination of CHP configurations using thermo-equilibrium thermodynamics 

does not exhibit the optima for the studied systems. Moreover, first law efficiencies are not appropriate 

to qualify performance of these systems, so that exergetic efficiencies are recommended. Actually, 

First Law analysis does not provide an optima of the useful energy rate. It is not the case for exergy 

analysis, where the heat quality is accounted. The present study has been done for evaluating the useful 

exergy rate in relation with finite dimensions of the system given by heat transfer conductances to 

allocate, and with the maximum allowed temperature for the system. 

5.1. Thermodynamic Optimization of Carnot CHP Systems 

It was shown that when Finite Dimensions of the systems are considered, and pre-established 

criteria are used, optimum configurations exist, relative to temperature distribution and design 

variables of the system (heat transfer conductances, heat transfer rate, heat exchanger effectiveness). 

The Carnot cycle was chosen to show the optimization results because it is generally the reference 

cycle regarding steam turbines. Also, the main constraints applied to the cycle appear to move strongly 

the obtained optimal results. In any cases we have got the same upper bound given by Equation (19). It 

represents the upper bound (reference) of the exergy rate obtainable for a Carnot CHP system related 

to finite size through the total heat transfer conductance, KT, and maximum temperature, TSH, with 

regard to environment temperature, T0. 

The proposed model includes heat losses from the system to ambiance, and also internal 

irreversibilities of the converter. The internal irreversibilities can be considered by two ways, (1) 
through entropy rate created inside the system iS  or (2) through an irreversibility ratio, which is the 

most used irreversibility representation.  The Carnot CHP system extensions were reported in [29]. 

Table 1 gives the results obtained for the Carnot adiabatic CHP system and when the irreversibility 

ratio I is considered, and under various proposed added constraints. These results convey to the 

evidence that the optimal allocation of heat transfer conductances does not depend on the added 

constraints. In every case, the results differ from equipartition because: 

11 





I

IK
K

I

K
K T

optC
T

optH  (39)

The optimal temperature of the working fluid depends on the added constraint. The temperature  

TH opt is nondependent explicitly of TU, except when the ratio R = R0 is imposed. The objective function 
of the studied CHP systems is logically the exergy rate, UxE , of the useful energy delivered by CHP. It 

is composed by the sum of the useful mechanical exergy, W , and the useful heat exergy. Its optimal 

value is depending on the studied case, as given in Table 1. 
The maximum maximorum of UxE  corresponds to: 
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(40)

One notes that this value does not depend on TU, the useful heat temperature level. The same 

conclusion holds, if the entropy rate method is chosen: 
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Complementary results have been published, when the CHP system is a non adiabatic one. In that 

case, the maximum attainable temperature of the system, the stagnation temperature TS, is a useful 

quantity to be introduced. Hence, a new compromise between the heat transfer conductances and the 

heat losses has been defined (see [29] for some details). 

Table 1. Carnot CHP system optimization, with added constraint, and irreversibility ratio method. 
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* Some details regarding the derivation of αopt expression are given in the Appendix. 

5.2. Optimization of Other CHP Configurations 

As can be seen in Figure 1, a Stirling or Ericsson engine is an externally fired CHP system. Hence, 

the results have great similarity with the previous examined ones (Section 4). Complementary results 

could be found in a recent report [34]. Contrarily Otto (Diesel) CHP systems, as well as Joule CHP 

systems, are internally fired. Due to this common issue, an insight to CHP system based on gas turbine 
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engine is given hereafter. The optimization corresponds to the constraint of TMAX, the maximum 

imposed temperature, as it is well known that this condition is actually the most limiting one for gas 

turbines, in order to preserve material properties. 

Details of the model can be found in a recently published paper [35]. The heat exchangers model 
uses the NTU-effectiveness model: the corresponding effectiveness is R  for recuperator and U  for 

the useful heat exchanger. For the Joule CHP system cycle illustrated in Figure 1d, the First Law has 

the same expression remains as for all ICE engines: 

0 CUH QQQW   (42)

where: 

 XMAXH TTCQ    (43)

where pcmC    is the heat capacity rate of the working fluid in the cycle, and:  

24 )1( TTT RRX    (44)

The rejected heat transfer rate from the turbine is: 

 YCU TTCQQ  0
  (45)

with: 

24 )1( TTT RRY    (46)

By combining Equations (42)−(46) the mechanical power is: 

  402 TTTTCW MAX    (47)

where T2 results from Equation (7) after some calculations: 

4
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TT
T MAX  (48)

and the irreversibility factor is given by: 

 CSk i
 /exp   (49)

By taking into account the above expressions, Equation (6) becomes for this case: 
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The optimum exergy rate of the useful energy supplied corresponds to the derivation of Equation 

(50) with respect to T2 or T4 that are related by Equation (48). One can easily get: 
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with: 
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The corresponding UxEMAX   is obtained from Equations (50)–(52) as: 
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Equation (55) allows to one to determine the maximum exergy rate of the useful energy supplied 

depending on system parameters, namely the effectiveness of the recuperator and useful heat HEX, 

temperatures and the irreversibility factor. 

All the results detailed in this section are relative to the gas turbine engine configuration where the 

recuperator and the useful heat HEX are connected in series at the turbine exit. Therefore, the 

temperatures constraint should be: TU < TY < T4, in order to ensure the optimisation solution. 

Some limit cases are interesting to note for the previously reported Joule CHP systems: 

 perfect heat recuperation given by εR = 1. It involves: 
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The maximum exergy rate of the useful energy supplied (Equation (55)) results as:  
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 perfect useful heat HEX provided by εU = 1. It involves: 

 
U

U
U

RU
U

RU T

T
a

T

T
b

T

T
a 000 11;111 

















   (58)

For this case Equation (55) with a = aR and b = bR provides the optimum result. 

 perfect heat exchangers: εR = 1 and εU = 1. It involves: 

UT

T
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and: 
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Equation (60) constitutes an upper bound depending on the three temperatures (T0, TU, TMAX) and 

also considering the cycle irreversibilities by the factor k. The endoreversible operation corresponding 

to k = 1 is straightforward. 

 no heat recuperation: εR = 0. For this case: 

1;11 0
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and Equation (55) yields: 
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Figure 3. Evolution of the non-dimensional optimum temperature at the turbine exit, *
4t , as 

a function of TU for TMAX variable.  

 

Figure 4. Evolution of *
4t  as a function of tU for irreversibility factor k as variable.  
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Note that a0 = bR, so one could say that Equation (57) is identical to Equation (62). Although they 

are formally identical, the provided optimum is different due to the variation range of TU which is 

greater for the present case compared to the previous one (εR = 1). Other gas turbine CHP systems 

were studied and these results are currently in press [36,37]. 

Figures 3 and 4 illustrate the influence of TU level on the optimum temperature T4 at the turbine 

exit, for different values of the non-dimensional maximum allowed temperature, respectively, 

irreversibility factor, k. Note that the main parameter of the model is the non-dimensional temperature 

corresponding to the useful heat temperature level, given by: 

0T

T
t U
U   (63)

and the non-dimensional value of the maximum allowed temperature with respect to the ambient one, is: 

0T

T
t MAX

MAX   (64)

So, if the non-dimensional useful heat temperature level, tU, increases, the optimal non-dimensional 

temperature t4 diminishes. This decrease is more pronounced as tMAX increases (Figure 3), and remains 

proportional as k increases (Figure 4). Otherwise, t4 opt increases with the allowed tMAX. For example, 

the non-dimensional optimum temperature at the turbine exit increases twice when the non-dimensional 

value of the maximum allowed temperature with respect to the ambient one increases from 2 to 8. Also,  

t4 opt increases significantly with the internal irreversibility of the turbine that corresponds to the 

decrease of k (Figure 4). Hence, an almost constant growth of 0.35 is registered by t4 opt when k decreases 

with 0.25. These models are presently under development. 

6. Conclusions 

The thermodynamics of Combined Heat and Power Systems has been reviewed, with a particular 

focus on the most common ones which are the thermo-mechanical systems. Two main categories  

were proposed: 

- ECE, External Combustion Engine; 

- ICE, Internal Combustion Engine; 

Optimization criteria for these systems are reviewed. The analysis confirmed that the First Law 

efficiency criterion is only representative of the system thermal losses (non-adiabatic operation), so it 

is recommended to use exergy efficiency, that takes into account the heat quality, and also qualifies the 

irreversibilities of the converter (engine) or of the system depending on the model used (Section 3.2). 

Hence, the exergy analysis is revealed by the present report to be the main tool for CHP systems study 

due to simultaneous consideration of work and heat by their exergy, that differs for the heat from  

its value. 

Furthermore, it was shown by the mathematical approach particularized for Carnot system that 

optimization could be performed only if the finite size of the system is considered; equilibrium 

thermodynamics being not able to provide optima. The finite size optima obtained are coherent with 

the observed ones. 
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Various significant added constraints were proposed, they being useful for the design of specific 

systems and allowing to precise the influence on the design of the model parameters. Upper bound of 

the exergy rate of the usable energy were determined by consideration of the main constraints of the 
CHP systems: (1) imposed heat to power ratio R0; (2) imposed useful power 0W  (electrical or 

mechanical priority), (3) imposed useful heat transfer rate 0UQ  (heat demand priority), and lastly (4) 

imposed available source heat transfer rate 0SHQ . The main tendencies for Carnot CHP system were 

presented in Table 1 proving the optima existence and showing the dependence on the model 

parameters of the optimum temperatures of the working gas at source and sink, and of the optimum 

exergy rate of the usable energy. 

The upper bound of the exergy rate of the useful energy delivered by the Carnot CHP system was 

obtained [Equation (22)]. It is a very important result, as it is the equivalent of the “nice radical” of 

Curzon-Ahlborn approach. Also, its expression contains the total heat transfer conductance to be 

allocated to the system that appears as the size factor of the maximum exergy rate. 

Among other CHP systems that have been examined, the Gas Turbine Engine-based one is 

considered the more representative CHP system for industrial applications. The corresponding 

optimum of the exergy rate of the useful energy delivered by the CHP system was derived and the 

upper bound was determined in the case where maximum temperature of the working gas, TMAX, is 

fixed. This case is the most significant for the present state of the art of Gas Turbine Engine. The 

expressions of the optimum exergy rate of the useful energy delivered to the consumer were presented 

for several limiting case, and have shown the dependence on the recuperator and useful heat exchanger 

effectiveness, temperatures TMAX, TU, T0, and internal irreversibilities by the internal entropy 
generation rate, iS .  

The Gas Turbine Engine CHP system illustrates the Internal Combustion Engine CHP configuration. 

Thus, the present methodology could be applied to Otto or Diesel CHP configurations appropriate for 

small and household applications. Further extension of these models is presently under development in 

order to allow the comparison of different constrained cases and to offer an overview on the 

performance of various existing CHP systems. 

Appendix 

This annex gives the opt  value announced in Table 1: 

If 00 WW   

opt  is the solution of the equation: 
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