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Abstract

Grid-connected inverters with LCL filters regulate the inverter-side current in industrial
products. Their small-signal impedance becomes frequency-coupled because of the phase-
locked loop (PLL), and the remaining industrial control functions—active damping, PCC
voltage feedforward and the outer power loop—make the model more complex. This
coupling complicates both the stability assessment in weak grids and the interpretation of
the relation between the dg-frame and the sequence-domain representations. This paper
develops a unified impedance modeling and sequence-domain transformation framework
for such inverters. Instead of complex harmonic linearization, the small-signal dg-frame
model is derived in complex-vector form, which reduces the 2 x 2 impedance matrix to
scalar sequence impedances without solving coupled multi-frequency algebraic equations.
Closed-form relations among the dq, the modified sequence and the coupled sequence
impedances are established, and the frequency shift between the two frames is formulated
explicitly for both f1 < fc and f1 > fc. The dg-to-sequence equivalence is then verified along
two independent routes—one through the stationary alpha—-beta frame and one through
symmetrical components—and the two results agree. Frequency-domain simulations and
measurements on a 215 kW, 690 V industrial product show that the stability margin contracts
as the PLL bandwidth widens and that a lead compensator designed from the model restores
stable operation in a weak grid.

Keywords: grid-connected inverter; LCL filter; small-signal impedance; dq-frame impedance;
sequence-domain impedance; complex vector; frequency coupling; weak-grid stability

1. Introduction

Grid-connected voltage-source inverters establish an interface between renewable
energy sources and the power system. LCL filters attenuate the switching harmonics
but introduce a resonance that must be damped, which is commonly achieved by active
damping of the capacitor current [1-4]. The phase-locked loop (PLL) introduces dg-axis
cross-coupling, which makes the impedance asymmetric and creates frequency-domain
coupling between the positive- and the negative-sequence components.
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Impedance-based stability analysis relies on accurate small-signal models in both the
dq and the sequence domains [5-7]. The transformation between these two frames involves
frequency shifts that complicate impedance measurement and physical interpretation [8,9].

Several sequence-domain impedance definitions and models have been proposed [10-15].
The modified sequence-domain impedance definition and its equivalence to the dq-domain
impedance were established in [10,16,17], and measurement-oriented sequence-impedance
and frequency-scanning formulations were reported in [18,19]. The derivation presented
in this paper starts from that framework, but extends and enriches it in three respects: the
dg-frame model is obtained through a complex-vector route instead of complex harmonic
linearization (CHL) [20], the complete industrial control structure analyzed in Section 2
is retained, and the dg-to-sequence equivalence is proved again from an independent
stationary-frame perspective, so that two methods corroborate the same conclusion. The
complex-vector representation directly transforms the 2 x 2 dq impedance matrix into scalar
sequence impedances, which simplifies both the derivation and the computation while
retaining the complete coupling information. The modified sequence impedance keeps a
clear physical interpretation and is compatible with the generalized Nyquist criterion for
stability assessment [5].

This paper establishes a small-signal impedance model of grid-connected LCL invert-
ers and the transformation that links it to the sequence domain. The main contributions
are as follows. (1) A set of impedance models of the complete industrial control struc-
ture is derived with a complex-vector representation. Compared with complex harmonic
linearization, which is the other main modeling route and requires solving a coupled
multi-frequency algebraic system, the complex-vector form yields the sequence impedances
directly as scalars and makes the relation between the sequence-domain and the dq-domain
impedances transparent. (2) The frequency shift between the rotating and the stationary
frames is formulated explicitly for the two regimes f| < f, and f; > f., and closed-form
relations are obtained among the dq impedance, the modified sequence impedance and
the coupled sequence impedance. (3) Two independent derivations—one in the stationary
alpha—beta frame and one based on symmetrical components—are shown to give the same
impedance, which verifies the modified sequence-domain definition for a converter with the
full industrial control structure rather than for a reduced model. (4) The model retains the
LCL filter, the current control with active damping, the PLL, the PCC voltage feedforward
and the outer power loop. Active damping, the feedforward path and the power loop
are commonly omitted or simplified, and the controlled variable here is the inverter-side
current, as with the industrial product under study, rather than the grid-side current that
impedance studies often assume. (5) The framework is validated by frequency-domain
simulation and by measurements on a 215 kW, 690 V industrial product, and it is used to
quantify the stability margin for different PLL bandwidths and to design a lead compensator
that restores stability in a weak grid.

To highlight the contribution of this work with respect to the existing literature, Table 1
compares the proposed approach with representative impedance-modeling methods in terms
of the modeling route, the control structure, the impedance domain, and the validation.

Table 1. Comparison of the proposed approach with representative impedance-modeling methods.

Reference Modeling Route Control Structure Impedance Domain  Validation

This work Complex vector Complete industrial loops ~ dq and sequence Simulation and
prototype

Rygg et al. 2016, 2017 [10,16] Sequence-domain Simplified control loop dq and sequence Simulation

definition
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Table 1. Cont.
Reference Modeling Route Control Structure Impedance Domain  Validation
Zhang et al. 2018 [17] Sequence-domain SISO  Simplified control loop dq and sequence Simulation

Cespedes and Sun 2014 [20] fomplex h armonic Simplified control loop Sequence Simulation and
inearization prototype
Shah et al. 2022 [19] Sequence-domain Simplified control loop Sequence Prototype

MIMO/SISO

The remainder of the paper is organized as follows. Section 2 derives the complete
small-signal dg-frame model, including the current loop, the PLL, the active damping,
the PCC voltage feedforward and the outer power loop. Section 3 transforms the dq
impedance into the sequence domain and establishes its equivalence to the impedance in
the stationary alpha-beta frame. Section 4 derives the sequence impedance of the grid-
inverter system. Section 5 defines the coupled and the modified sequence admittance and
impedance. Section 6 relates the dq impedance to the modified sequence impedance for the
two frequency regimes f; < f. and f; > f.. Section 7 describes the corresponding frequency-
scanning procedure. Section 8 validates the model by frequency-domain simulation and
Section 9 by measurements on a 215 kW industrial product, where the sensitivity to the
PLL bandwidth is quantified and a lead compensator is designed. Section 10 concludes the
paper. Part of this modeling work was presented in a preliminary form in [21].

2. Modeling of the Grid-Connected LCL Inverter

Figure 1 shows the topology of the grid-connected LCL inverter (the explicit hardware
parameters are not disclosed here for reasons of commercial confidentiality), and Figure 2
presents the overall control structure. The inverter output current is regulated by the current
loop, the filter capacitor current is used for active damping, and the PCC voltage is employed
by the PLL and the voltage-feedforward path. These coupled control functions form the
basis of the small-signal model derived in this section.

l

abc_pcc 'V

abc _pcc
L/

AR

\

Figure 1. Topology of the grid-connected LCL inverter (215 kW, 690 V).

The parameters in Table 2 define the operating point and the digital implementation.
The passive components and the controller gains of the commercial product are not disclosed
here for reasons of commercial confidentiality; the model itself is fully parameterized, so
the same equations apply to any LCL inverter once its filter, controller and PLL parameters
are substituted. The PLL bandwidths used in Section 9 (20, 100 and 200 Hz) and the
lead compensator of Section 9.2 (center frequency 200 Hz, maximum lead 40°) are given
in the corresponding sections, and the measured impedances reported there provide an
independent check of the model.
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Figure 2. Overall control structure of the grid-connected inverter.

Table 2. Electrical parameters for modeling the grid-connected inverter.

Electrical Parameters Value
Grid Frequency 50 Hz
Grid Line Voltage (RMS) 690V
DC Voltage 1331V
Switching Frequency 16 kHz
Sampling Frequency 32 kHz
Operating Point P=215kW, Q=0

2.1. LCL Filter Physical Model
Applying Kirchhoff’s voltage law to the grid-side inductor L, in the synchronous dq

frame [1,7] gives (1).
L L,1[1
— SLo —wily Ad_pcc (1)
(Ule SL2 I

q_pec

AN
Vic

v

d_pcc
N A +
Ve

Vi pec

The compact matrix form is given in (2):

/qufc - /qufpcc = ZLZqufpcc (2)

where the grid-side impedance matrix is defined in (3):

ZLZ _ RLZ + SL2 —(Ule (3)
a]le RLZ + SLZ
Similarly, the voltage equation for the converter-side inductor L, is given in (4):
/qujnv - /qufC = ZLljqunU (4)
and the converter-side impedance matrix is defined in (5).
ZLl _ RLI + SLl _wlLl (5)
wlLl RLl + SLl
For the filter capacitor branch, the current dynamics satisfy (6).
qu_inv = qu _pcc + jdq_C = qu_pcc + YC/qu_C (6)
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Combining (2), (4), and (6) gives the terminal voltage—current relationship (7):

/qu_inv = (12 + ZLlyc)vdq_pcc + (ZLl + ZLZ + ZLl YCZLZ)qu_pCC (7)
A B

phys phys

where I, = [(1) ﬂ

2.2. Current-Control Loop

The modulation output My, consists of the current PI controller output and the active-
damping term [22], as expressed in (8):

]/V\qu = _Hpiidq_z’nv_mea - chdq_c_mea (8)

Applying the inverse Park and Clarke transformations gives (9).

—

My, = Dcﬁ—»abcsz,Bﬁdq_l(gPLL>qu 9)

where the modulation angle is defined in (10).
GPLL == wlt + 9 (10)

where w is the grid fundamental angular frequency.
The final modulation signal, including PCC voltage feedforward, is given by (11).

Mabcjnal - Mabc + Kﬁf abc_pcc (11)

The inverter output voltage can then be written as (12).

N

Vabc_inv - szumM be_final (12)

where G, represents the PWM modulation transfer function, including gain K, and

a zero-order hold. The control loop includes 1/K to cancel the gain, so K does

pwm pwm

not appear explicitly in the impedance expression; the resulting transfer function is given

in (13).
1—esTs
GPWM(S) = e_STS . GZOH(S) = e_STS T (13)
sT,
Substituting the modulation and control relationships into the controller dq frame
gives (14).

Vi ino_mea = Gpwm(_Hpijdq inomea — Gelig_c_mea + KgViaq_pec ) (14)
Gpwm( qu_inv_meu - Kudqu C_mea T Kﬁqu _pec
2.3. Small-Signal Frame Transformation
The transformation between the PLL-aligned frame and the system reference frame is
given in (15):
Vitg inomea = zxﬁ—»dq(epLL){Taﬁ—»dq(wlt)_lvdq,mv} (15)
where the rotation matrix is defined in (16), in which J denotes the 90° rotation matrix.

Twﬁ—»dq(ePLL) aﬁ—»dq(wl )_1 = Taﬁadq(ePLL —wyt) = uc[a’—»dq(e)
[ cos( ) sin(@) ] N[ 1 0 }

—sm() cos() -6 1

1 0] [0 -1 R
=[0 1]_9'[1 0 }:12—9.]

https://doi.org/10.3390/en19215358
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Linearizing (15) around the operating point gives (17).

‘_/dq_inv_meu + /vdq_inv mea :_( 9]) (qu i T qu lnv) (17)
- qu i T qu inv QIquJTlU 9]qu inv

Neglecting second-order small-signal products yields (18).
qu_inv_mm = qu_inv - 9]‘_/ dq_inv (18)

The same linearization is applied to the current and voltage measurements, as shown
in (19):
qu ino_mea = qu ino = g ino
qu C_mea = qu c— GITdi]_C (19)
qu pec_mea = qu pee 6"7“’”66
Substituting (18) and (19) into (14) gives (20):
qu inv — Gpwm( —H, qu inv Kadidq ct Kﬁvdq pcc)
+0] [qu i T+ Gpwm( qu ino + Kaglag c — Kﬁqu pcc)] (20)
Gpwm( H qu inv T K, dqu cTt ij’qu_pcc) + QIM

where the matrices are defined in (21).
M= [vdq,mv + G (Hyilig_ino + Kaalggc — Kﬁvdq,pcc)] (21)
The inverter-side and capacitor currents satisfy (22) and (23).
qu_inv = Ychq_C + qu _pec (22)

/vdq_C - /qu_pcc = ZLZqu_pcc (23)
Combining (22) and (23) yields (24).

{qu inv — =Y, qu_pcc + (12 +Y, ZLZ)qu pce (24)
qu_C =Y, (qu pce + ZL2qu_pcc)
Substituting (24) into (20) gives (25).
/qu_inv = Gpwm(_HpiYc — KauYe + Kﬁ‘)/vdq_pcc (25)

+ Gpwm(_Hpi(IZ + YCZLZ) - KachZLZ) ' jdq?pcc + éIM

2.4. Phase-Locked Loop Dynamics

The PLL angle deviation appears in the small-signal control equation (25) through the
frame rotation [23,24]. To close this loop, the PLL dynamics must be modeled explicitly.
On the one hand, the PLL output angle can be written as (26).
Ki PLL l _PLL

5 K, pri + = K, pri + <
S 5 %quccfmeu(s) (26)

On the other hand, the measured PLL input vector can be expressed as (27).

Vd_pcc_mea +j : /Vq_pcc_mea = (/Vd_pcc +j ' /Vq_pcc) _j -0 (Vd_pcc +j : Vq_pcc) (27)

Vitg_pec_mea Viag_pec Vg pe,

The g-axis component gives (28).

Vq_pcc mea(S) = q pcc(s) Vd_pcc : 9(5) (28)

https://doi.org/10.3390/en19215358
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Substituting (26) into (28) gives (29):

K, pp + KipuL

Vq_pcc_mea (s) = Vq_pcc(s) - Vd_pcc : pifs : Vq_pcc_mea (s) (29)
which gives (30).

- 1 -

VH_pCC_mea (s) = — K, oyt NP 'Vq_PCC (5) (30)
1+ Vd_pcc . ”-T
Substituting (30) into (26) gives (31):
- K+ -
9(5) = rs Kl +K1;PL1, ’ Vq_pCC(S)
14V e 2 S
_ Gu(® 1 v (s) (31)
= pll(s) : Vq_pcc<5)
where the PLL open-loop transfer function is given in (32).
Gpu(s) 1

Tou(s) = — - (32)

L R v

d_pcc S
In vector form, the PLL output is given in (33).

6= Tpll ’ Vqﬁvcc = Tpll[o 1] [Adjcc] (33)

NG q_pec

/qujcc

Substituting (33) into (25) gives the closed-loop small-signal model (34):

/vdq_im) = [Gpwm(_HpiYC - Kadyc + KﬁIZ) + ]MTpllN] /qu_pcc"'

Actrl . (34)
Gpwm(_Hi(IZ + YCZLZ) - KachZLZ)quﬁncc

B ctrl

2.5. Power Loop

The instantaneous active and reactive powers injected into the grid are defined in (35),
and the power control loop affects the low-frequency impedance characteristics [25-27].

ijeu + T)meu = %[(vd +Vd)(jd +Td) + (Vq +Vq)(jq +Tq)]

=3 (Va+ V1) + (Valy + Vil + VI + VL) + (Vi + V)]

(35)

Linearizing (35) and neglecting second-order terms gives the active power incre-
ment (36):

Prw = S0V + Vil + VT, + V1) (36)
The reactive power linearization gives (37).
~ 3 - == —— =
Quea = E[Vqld + Volg— (Val, + Val)] (37)
The active power feedforward term is given in (38).

p ref

3
2 Vpcc_d

ial_refﬁ)jr = (38)
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Applying first-order Taylor expansion yields (39).

= - ref p ref =
Ly o g+ L rep = i + (=3 (39)
pec_d 2 Vpccfd
which gives (40) and (41).
. P
Id_refj = (= 3— il 2 )Vpcc_d (40)
2 Vpec_d
and
IS Qref =
Iqjefj = (_ﬁ)vpccfd (41)
Evpcc_d

From Figure 2, the current reference is given in (42).

{Tg_ref = _HPQ:\Pmea +Ajd_refj (42)
Iq_ref = HPQQmea + Iq_ref fF

The current reference is expressed as a complex vector, as shown in (43):

qu ref — Id ref+]Iq ref (43)
= _HPQPmea + Id _ref_ff + ](HPQQmea + Iq refj)

Including the power-loop contribution, the inverter voltage equation (14) becomes (44):

/vdq_inv_meu = Gpwm(_ (jdq inv_mea idq ref) G qu C_mea + Kﬂvdq pcc) (44)
= Gpwm(_Hpi(quJnvfmea qu Vef) adqu C_mea t Kjfvdq pce

Substituting (36), (37), (40), and (41) into (43), and then (43) into (44), gives the
closed-form current reference that incorporates the power-loop dynamics into the dq-frame
impedance model.

In (35)-(43), an overbar denotes the steady-state value and a hat denotes the small-
signal increment, and products of increments are neglected after linearization. The sign
convention is that positive current flows from the inverter into the grid, and an increase in
the PCC voltage reduces the current reference through the feedforward path; this is why
the feedforward terms in (40) and (41) carry a negative sign.

2.6. dg-Frame Impedance Model
Combining (7) with the closed-loop control model (34) and (44) gives (45).

qu inv_ideal — Aphysvdq pce + Bphysldq pce (45)
qu inv_ideal — Acterdq pcc + Bctrlqujcc

Defining positive current flow from the inverter into the grid gives (46):

= ~—1
qu = _qujccldq1cc (46)

Combining (34) and the LCL filter model (7) gives the final dg-frame impedance
expression (47):

-1
qu = _(Actrl - Aphys) (Bphys - Bctrl) (47)
where Zg is the 2 x 2 impedance matrix defined in (48).
[Ud] [de(s) qu(s)} [id} (48)
Uy Zy(s)  Zgg(s) [l

https://doi.org/10.3390/en19215358
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2.7. Complex-Space Representation and Stationary-Frame Transformation

All four elements of the dq impedance matrix are identified by injecting positive- and
negative-sequence perturbations, as expressed in (49) and (50):

[Ud+(5)+] — [de(s) qu(s)HidJr(s)Jr} (49)

Vg (8)4 Z4a(s)  Zgg(s) [[ig1 ()4
[Ud+(5)] _ [de(s) qu(S)HidJr(S)} (50)
vq+ (5)7 qu (S) qu (S) iq+ (S),

In this notation, the first subscript denotes the reference axis, i.e., the positive or the
negative sequence, and the second denotes the direction of the perturbation current.

When the dq control is symmetrical (Zgg = Zgq and Zyq = —Z4), the dq variables
reduce to the complex scalar representation (51):

Vaq = (Zaa + jZga)iag (51)
For asymmetrical dq channels, the complex-space transformation of [7,8] gives
(52)—(54):
FAR e
g 1 —'] iy (52)
St
Uy 1 —jlly,
Substituting (52) into (49) or (50) gives (53) and (54):
. _1 B T . _1 .
R S ol L <53>
1 | w2y Z,ll1 7] iy,
And »
Bl e i .
Vol 11 —ilZu Zgll1 il ity
Expanding the matrix product gives (55).
qu(s) _ de;'qu " .qu;qu de;qu n ‘qu‘;qu idq(s)
v*dq (s) Z,m;qu _].un‘;'qu ZM:ZM _].qu;qu i*dq(s) (55)

:[qu+(s) Z - (s) Hz@(s) ]

Z*dq— (s) Z*dq+(5) i*dq(s)

Expressing (55) in the stationary alpha-beta frame introduces a frequency modulation,
as given in (56), where the frequency-shift factor has been applied and the asterisk denotes
complex conjugation, i.e., the real part is unchanged and the sign of the imaginary part
is reversed:

D () _[oap®)e TN [ Zagi (s — jwy)  Zgg_(s — jw,,) |[iap(s)e7 (56)
conjugate(va;;(s)e_i“’lt) - yaﬁ*(s)e/'wlt - Z*dq_(s—jwn) Z*dq+(5—jwn) iaﬁ*(s)e/'wlf

It can be expanded as (57):

UW’B (S)e_jwlt = qu+ (s _jwn)ipc‘[}(s)e_jwlt + qu, (s _jwn)iaﬁx-(s)ejwlt (57)
Vg™ (8)e1 = Z7 4 (5 — jw,)ip(8)e T + Z% 4 (5 — jew,, )igg™ (5)e/
and simplified to (58):
Vap(8) = Zg (5 — jwr)igp(s) + Zyy_(s —jwl)iwﬁ*(s)eﬂ“’lt (58)
O ()2 = Z40 (5 = ) igg (5) + Zay1 (5 = Jo )" ()P

https://doi.org/10.3390/en19215358
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Applying the frequency shift then gives (59):

{ Vap(8) = Zgy (8 — jewr)ing(8) + Zgy_(s —jwl)i,xﬁ*(s - 2jwy)

59
Vap™ (s = 2jwy) = Z% 4y (s — jw1)igg(s) + Z* gq0. (5 — jwr)inp™ (s — 2jwy) (59)

The sequence-domain impedance in terms of the stationary-frame variables is therefore
given in (60).

[ Vap(5) } _ |:qu+(5 —jw)  Zy (s —jwr) H lyp(s) ] (60)
Vap* (s — 2jwy) 2" gg— (s — jwy)  Z7 44 (s — jewy) iaﬁ*(s - 2jw,)

2.8. Steady-State Operating Point

The steady-state dq vectors are determined by the PCC voltage and the active/reactive
power dispatch, as given in (61)—(63):

‘_/dq_c = ‘_/dq _pcc + ZLZqu_pcc (61)
jdq_inv = jdq_c + qu _pcc (62)
qu_c = qu_Cqu_C (63)

Solving (61)—(63) for the filter capacitor voltage gives (64).
‘_/dq_C = (12 + ZLZYC)_l (‘_/dq_pcc + ZLZIz:lq_inv) (64)
Solving for the steady-state inverter bridge voltage gives (65):

qu_inv = qu_C + ZLlldq_im)

agine - - (65)
= (L +Zp,Y.) (qu_pcc + ZLlldq_inv) + Zr11ag i

Substituting the steady-state quantities into the matrix M in (34) completes the small-
signal dg-frame output-impedance model.

3. Transformation from the dq Frame to the Sequence Domain

The transformation below follows the modified sequence-domain impedance defi-
nition of [10,16] and the sequence-domain SISO equivalent models of [17], which are
extended here to the complete industrial control structure modeled in Section 2. Using
symmetrical-component theory, the positive- and negative-sequence voltages are given in
(66). Throughout the paper, f; and f, are frequencies in hertz, w, = 21f; and w, = 27tf.
are the corresponding angular frequencies in rad/s, and s = jw is the Laplace variable; a
frequency shift is therefore written as s & jw, in the Laplace domain and as f + f; in the
frequency domain.

0, (1)

o, ] _1[1 a a2

[Un(t) T 3|11 a2 a o () (66)
v (f)

where a is the complex phase-shift operator, and (67) holds.
a=eim (67)
The three-phase voltages expressed in the synchronous dq frame are given in (68).

v, (1) cos 6 —siné

v () | = cos(@—% ) —sin(g_gn) [Ud(i)} (68)
v (1) cos(9+§ ) —sin(6+§7-[) v, ()
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Substituting (68) into (66) gives the positive-sequence component (69):

v, = 3[0.(t) +a- o, (t) +a* - v.(1) ]
(vd(t) -cosf — v, (h) -sin @
% +a(vd(t) -cos(G - %n) —0,(H) -sin(G - %n))

69
020,01 -cos(8-+ 1) =, (1 -sin0 + 1)) (69)
-3 (36) = - (-3)]
= %efe(vd +j- vq)
To express (69) in vector form, it can be rewritten as (70):
1., ,
V, =53¢ (Va+j-V,) (70)
The negative-sequence component follows similarly in (71):
1 _. )
v, = 5e (vy-j-v,) (71)

After demodulating the carrier-frequency terms, the complex sequence components
are given in (72):

V,=1[Vi+j-V,
{ o A (72)
V,=1v,—j- v,
The matrix form is given in (73):
V {1 [V, vV,
Pl== =T 73
[Vn] 2[1 _j][vq:l dq—»pn[Vq ( )
quapn

Incorporating the frequency shift between the dq and sequence frames, (73) can be

rewritten as (74):
V,(s + jwy) (1 [V, V,(s)
p == =
[Vn<s —jwo] 2[1 —J'HVJ T"q”””[Vq<s>] 7

Tag-pn

The sequence-domain quantities then follow from the dq quantities as (75):

{Vpn = Tagopn - Vi (75)

Ipn = qu—»pn : qu

Substituting (75) into (76) and eliminating the dq variables (77) gives the sequence-
domain impedance matrix (78):

Von = Zpn - L, (76)
qu—»pnvdq = anquepnqu (77)
an = quﬁpnvdqldq_lTpn—»dq = qu—»anqupnadq (78)
Z;,
Expanding (78) gives (79).
[pr an]zl[l j H Zaa qu Hl 1
Z, Z 211 —j
anddeZ’::l Zo~Ziy  Zu—Z qd+zqq (79)
— 2 2 2 2
Zu=Zy  ZutZi  ZutZey . Zu=Za }
7 )72 7 )72
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The modified sequence impedance is therefore defined as in (80).

Vol 2 7z Ll Z 1w Zpn ||l (80)

VTI o In an Z?’ll’l I]’l
The dg-to-sequence result of (79) and (80) coincides with the result obtained in the
stationary alpha—beta frame in (60), even though the two derivations start from different
representations. This agreement confirms that the modified sequence impedance and the

impedance seen in the stationary alpha—beta frame are the same quantity, and it is the
central analytical result of this section.

Frequency Shift Between dq and Sequence Frames

The rotating dq frame and the stationary sequence frame differ by the frequency shift
given in (74) and (75); therefore, (81) follows.

[Vp(s +]'w1)} =Z,,(5)

81
Vn(s_jwl) ( )

L(s +]'w1)] _ [pr(s) Z,m(s)]
In(s_jwl) an(s) Znn(s)

L(s +jw1)]
In(s _jwl)

Equation (81) gives the modified sequence impedance directly in the dq perturbation-
frequency domain. When s = 0, the model reduces to the fundamental-frequency impedance.

4. Sequence Impedance of the Grid-Inverter System

Let superscripts I and G denote the inverter-side and the grid-side quantities, respec-
tively. For a symmetrical grid, injecting a positive-sequence perturbation current at the PCC
gives the network equations derived from Kirchhoff’s laws; applying the appropriate fre-
quency shift to the positive- and the negative-sequence models, respectively, then gives (82)
and (83):

Zh(s — jwy) Zhy (s — jeoy)
ZG,(s — jor) + ZL, (5 — jeoy)

Zh(s) = ZL (s — jw)) — (82)

Zi (8 + jw) Zy, (s + jewr)

Zl(s) = ZL,(s + jwy) — (83)

Z5, (s + jwy) + Z, (s + jeoy)

Equations (82) and (83) show that both grid impedance coupling and asymmetric dq
control contribute to the frequency-coupled impedance.

5. Coupled and Modified Sequence Impedance and Admittance

The modified sequence impedance (80) can equivalently be expressed in admittance
form [17,28] as (84).

Ip(s+jw1)] _ {Yp,xs) Y,m<s>HV,,<s+jwl>}

' _ (84)
I,(s — jwr) Yip () Yy () [[ V(s — jwr)

When a positive-sequence voltage perturbation Vp(s + jw1) is injected, both a positive-
sequence current Ip(s + jw1) and a coupled negative-sequence current In(s — jwl) are
produced. Similarly, a negative-sequence perturbation Vn(s — jw1) produces Ip(s + jwl)
and In(s — jwl). The coupled admittance equations are therefore:

{ L (s + jwy) = Y, (s)V, (s + jewy) (85)

L(s — jwy) = Y, ($)V,, (s + jewy)

{ L (s + jw;) = Y, (5)V, (s — jewy) (86)
L,(s = jwy) = Y, (8) V(s — jwy)
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Solving (85) and (86) for the admittance elements gives (87):

L,(s+jwy) I, (s+jwy)

_ — Y
Yip(s) = Vp<s+fw1>'YP"(s) V. (s=jy) (87)

Y (S) _ Irl(s_jwl) Y (S) _ In(s_jwl)

np T Vy(sHwy) T  V,(s—jwy)

The coupled sequence admittance for a single-frequency perturbation is given in (88).

_ LG _ L(s—j2ewy)
{ Yp(s) - X;p(s)lycp(s) - Vy(s) ] (88)
I,(s) Ip(s+j2w1)
Y,(s) = mlycn(s) = v.e
The modified and coupled sequence admittances are related by (89).
{ Yp(s) = Ypp(s _jwl)rycp(s) = an(s _]wl) (89)
Y, () =Y, (s + jwy), Yeu () = Y (s + jewor)
The corresponding coupled sequence impedance is given in (90).
1 1 _ 1 _ 1
Z,(s) = Y,6 Yw(s—jwl‘)/ch(s) =Y, Y,Gjwn (90)
Z(s) = - = 7 (s) = =L = 1
n Y,,(S) Ynn<s+jw1) 7 en YCV'(S) YV” (S+jw1>

Because the sequence impedance and admittance matrices are full matrix inverses,
their diagonal entries are not simply reciprocals of one another, as (91) shows.

— 1 ; _ 1 .
Z,(s) = W F Zpy(s _]'C‘Jl)rch(s) = W F Lyy(s _]%"1) 1)
Zn(s) = m * Z,m(s +]CU1),ch(S) = m * an(s +](U1)

The coupled sequence impedance and admittance are intermediate representations
used to separate the measurement into frequency responses. They are not directly mea-
surable physical impedances. The modified sequence impedance (80) is the physically
meaningful quantity for stability analysis.

6. Relationship Between dq and Modified Sequence Impedances

In the stationary frame, a dgq-frame perturbation at the frequency f. appears at f; + f,
and at |[f; — f.|, where f; is the fundamental frequency. Two frequency regimes therefore
arise, depending on whether fc is below or above f;.

6.1.Case1: f; <f.

For f, < fc, the two coupled frequencies f; + fc and fc — f, are both positive, so both a
positive- and a negative-sequence perturbation can be applied, as listed in Table 3.

Table 3. Sequence-domain test cases for f1 < fc.

Test Disturbance Voltage Positive-Sequence Response Negative-Sequence Response
A f1 + f. (positive sequence) f1+fe. fe—f1
B feo —f1 (negative sequence) f1+f. fe—f1

Using the test configurations in Table 3, the measured sequence admittance is obtained
from (80), as expressed in (92):

-1

Y, Y I L 1% \%
Y — pp_mea pn_meu] — _[ pA_mea pB_mea] . [ pA_mea pB_mea] =1 /V (92)
P [ anfmea Yn n_mea I nA_mea I nB_mea VnAJnea VnBJnea A
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Because the perturbation voltages satisfy (93),

-1

|: VpA_mea VpB_mea ] — 1 VnB_mea - VpB_meu } (93)
VnAimeu VnB?mea VpA?meu VnB?mea - VpB?mea VnAfmea - VnA_mea VpA_mea

the inverse of the voltage matrix follows as (94).

Y _ 1 IpB_meu VnA_mea - IpA_mea VnB_mea IpA_mea VpB_mea -1 pB_mea VpA_mea 94
pn_mea — V V V V A ( )
_mea

pA_mea ¥ nB_mea — V pB_meaV n. InB_meaVnA_meu - InA_mmVnB_meu InA_meanB_meu - InB_me:szA_meu

The individual elements of the measured sequence admittance are therefore given
in (95).

Iprmm Vn/\?mea - Ip/\imm Vanmcu

p p _mea V}p/\?mcﬂ Vanmua - V‘!)BJ‘VI('(I Vn/\im('n
Y _ pA_mea ¥ pB_mea -1 pB_mea ¥ pA_mea

pn_mea VpA,mea VnB,men - VpB,mfa VrzA,mfa (9 5 )
Y _ nB_mea VnAimea ~I nA_mea Vn B_niea

np—meﬂ ‘;‘n/\fnwu VnBJnm - Vprmm VnAfmm
Y _ nA_mea VpB_mea -1 nB_mea VpA_mm

nn_mea VpA_mm VnB_meu - VpB_m(’a VnA_mm

The modified sequence admittance is then obtained as (96).

an_mod = [Ypp YP”] = an_mea = |:YPP_T”311 an_mea} (96)

np nn np_mea nn_mea

6.2.Case 2: f; > f.

For f; > f., the test configurations in Table 4 are used, and the modified sequence
admittance is extracted as (97).

an_mm = _Ipn_mea/vpn_mea (97)

and therefore the admittance relation becomes (98).

Y — [ Ypp_mea an_meu } (9 8)

pn_mea
an_meu Ynn_mea

The reconstructed modified sequence admittance is given in (99).

Y,, Y Y Y
=[] [ Y] -

np nn np_mea nn_mea

Y,

S

The corresponding modified sequence impedance is given in (100).

Zy =Y (100)

seq — Lseq
Transforming this result back to dq coordinates gives (101).

qu = TP . an . qu_)pn, qu = qu_l (101)

n—dq

Table 4. Sequence-domain test cases for f1 > fc.

Test Disturbance Voltage Positive-Sequence Response Mirror Component
A f1+ fe (positive sequence) f1+f. f1—f.
B f1 —fc (positive sequence) f1+fe f1—fe
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7. Frequency-Scanning Procedure for Coupled Sequence Impedance

The coupled sequence impedance is obtained by injecting perturbations at the PCC
while the inverter is connected to an ideal voltage source, i.e., with the grid impedance
set to zero, following the measurement practice described in [12,18,19]. The procedure
below applies to the two frequency regimes defined in Section 6, and the resulting coupled
sequence impedance is given in (102).

V,(s) Vy(s)

Zp(5) = 75 ZoS) = 1wy (102)
Z(s)= 2O 7 gy = _Vul®
n = I,6) Een T I (s+2wy)

7.1. Positive-Sequence Scan

Inject a positive-sequence voltage perturbationatf = f ..
Extract the terminal voltage V(f,,) and current I,,(f,) by FFT, as in (103):

Vy, ()
Z,(f,) = L 103
=16 (199)
When f,, < 2f;, extract the mirror component I,,(2f; — f,,), as given in (104):
V,(fp)
Zcp(fp) = - fp (104)

Ip*(zfl _fp)

When f,, > 2f;, the coupled response I,, (f,, — 2f;) appears directly, and the coupled
impedance follows from (105):

Vi, (fp)
Z, =P 105
R WA e
Repeat the procedure over the target frequency grid.
7.2. Negative-Sequence Scan
Inject a negative-sequence voltage perturbation at f = f ..
Extract V (f,,) and I,,(f,,) by FFT, as in (106):
Vi f)
Z = 106
o) = 785 (106)
Extract the coupled positive-sequence current Ip(fn + 2f1), as given in (107):
Vo (fu)
Zo(fy) = —F—r 107
(f) Ip(fn+2f1) ( )

Repeat the procedure over the target frequency grid.

Equations (1)—(107) together form the final model. The LCL filter and the frame
transformation give the terminal voltage—current relation (1)—(7); the current control, active
damping and feedforward produce the modulation voltage (8)—(14); the PLL and the frame
rotation close the loop (15)—(34); the power loop provides the current reference (35)—(44);
and the dg-frame impedance (45)—(48) is then transformed, first into the stationary alpha-
beta frame (49)-(60) and then, through symmetrical components, into the sequence domain
(66)—(81). The grid coupling (82)—(83), the admittance relations (84)-(91) and the mea-
surement extraction (92)—(107) complete the model used for validation.
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8. Simulation Verification
8.1. Verification Without Power Loop

The theoretical model is validated by simulations in MATLAB/Simulink (R2023b
Version and R2024a Version). The complete Simulink model is shown in Figure 3. The
simulation reproduces the structure of Figure 2: a programmable three-phase source repre-
sents the grid, the LCL filter and the three-level bridge are modeled with the parameters of
Table 2, and the current controller, capacitor-current active damping, PLL, PCC voltage feed-
forward and power loop are implemented as in Section 2 with the sampling and switching
frequencies of Table 2. The main blocks are the grid source, the LCL filter, the bridge with
PWM, the dq current controller with active damping, the SRF-PLL, the voltage-feedforward
path, the power-loop controller, the perturbation source and the FFT-based measurement
block. In this case, the power loop is disabled, so that the LCL filter, the inverter-side current
control, the active damping, the PLL and the PCC voltage feedforward are validated in
isolation. Positive- and negative-sequence voltage perturbations are injected at the PCC,
the resulting current responses are recorded, and the parameters of the 215 kW industrial
product are used. In Figure 4, the red lines are the predicted impedances and the blue
dots are the simulated impedances over the scanned frequency range; panels (a)—(d) show
the modified sequence impedance, the accurate SISO impedance, the coupled sequence
impedance and the dq impedance, respectively.

Power Loop

Main Circuit

T
-

Figure 3. Simulink model of the grid-connected inverter.

8.2. Verification with Power Loop

In this case, the power loop is enabled but the active power feedforward is disabled.
The power loop introduces additional dynamics that reshape the impedance characteristics,
particularly at low frequencies where the power control bandwidth is dominant. Figure 5
shows the modified sequence impedance with the power-loop effects. As in Figure 4, the
red lines are the predicted impedances and the blue dots the simulated ones, and panels
(a)—(d) show the modified sequence impedance, the accurate SISO impedance, the coupled
sequence impedance and the dq impedance. The agreement between model and simulation
remains good, which validates the power-loop modeling.
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Figure 4. Impedance validation without power loop: (a) modified sequence impedance; (b) accurate

SISO impedance; (c¢) coupled sequence impedance; (d) dq impedance.
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Figure 5. Impedance validation with power loop but without feedforward: (a) modified sequence
impedance; (b) accurate SISO impedance; (c¢) coupled sequence impedance; (d) dq impedance.

The agreement is quantified as follows. Over the scanned frequency range, which
includes the LCL resonance and the band in which the PLL dominates, the maximum relative
deviation between the predicted and the simulated impedance magnitudes is below 5%,
and the phase curves coincide except in the immediate vicinity of the LCL resonance, where
the phase changes steeply and the comparison is most sensitive to the filter parameters. The
residual differences are not further corrected, because they originate from the simplifications
of small-signal modeling and from practical effects: the small-signal model neglects the
second-order terms, and the non-linear switching process appears only as background
noise; in practice, the discretization of the controller and the non-linear behavior of the
filter components introduce additional errors. Since these practical errors dominate the
residual difference, there is no need to correct the small modeling error, and a loop-by-loop
decomposition of the error is therefore also unnecessary.

9. Experimental Verification and Stability Enhancement
9.1. Stability Analysis for Different PLL Bandwidths and Measurement Setup

The proposed impedance model is experimentally validated on a 215 kW, 690 V three-
phase grid-connected inverter product with an LCL filter, as shown in Figure 6. The proto-

https://doi.org/10.3390/en19215358


https://doi.org/10.3390/en19215358

Energies 2026, 19, 5358

20 of 25

type is a commercial product, so its detailed component breakdown cannot be disclosed;
the electrical parameters that can be released are listed in Table 2. A programmable grid
simulator emulates weak-grid conditions by varying the equivalent grid inductance Lg [29].
Three PLL bandwidth settings are tested: 20 Hz, 100 Hz and 200 Hz. Figure 7 shows the
measured coupled sequence impedance magnitude and phase under a weak-grid condition;
the results confirm that a wider PLL bandwidth reduces the phase margin, as predicted
theoretically. Figure 8 presents the corresponding steady-state three-phase current wave-
forms: with a narrow PLL bandwidth, the currents remain sinusoidal, whereas a wide
PLL bandwidth produces low-frequency oscillations that indicate the onset of instability.
Table 5 summarizes the quantified stability margins. At a short-circuit ratio of 3, the phase
margin falls from 12° to —25° and then to —45° as the PLL bandwidth increases from 20 Hz
to 200 Hz, which confirms that a wide PLL bandwidth progressively erodes the stability
margin of the inverter in a weak grid.
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Figure 6. Experimental prototype.

The stability margin is evaluated from the ratio of the grid impedance to the inverter
impedance, L(s) = Z(s)/Z,(s). The system is stable if the Nyquist plot of L(s) does not
encircle the point (—1, j0); in the Bode form used here, the phase margin is PM = 180°
+ ZL(jw,.), where w, is a frequency at which |L(jw,)| = 1. When several 0 dB crossings
occur, the smallest phase margin over all crossings in the scanned band is reported. The
critical SCR is the value at which this minimum margin becomes zero: the grid inductance is
increased in steps, the impedance scan is repeated, and the SCR at which the phase margin
crosses zero is recorded. This is the procedure used to obtain the margins in Table 5 and
the critical ratios in Tables 5 and 6.

Table 5. Stability margins for different PLL bandwidths.

PLL Bandwidth 20 Hz 100 Hz 200 Hz
Phase Margin at SCR = 3 12° —25° —45°
SCR for Critical Stability 1.75 4.64 7.62

Table 6. Stability improvement with lead compensation.

Metric Without Compensation With Compensation
Phase Margin at SCR = 3 12° 40°
SCR for Critical Stability 1.54 1.43
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Figure 7. Impedance analysis under different PLL bandwidths.
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9.2. Stability Improvement with Leading Compensation

To improve stability under weak-grid conditions with a wide PLL bandwidth, a first-
order lead compensator Glead(s) = (1 + s/w,)/(1 + s/w,), with w, ~ 586 rad/s (93 Hz)
and w, = 2695 rad/s (429 Hz), is inserted in series with the current controller; these
values correspond to a center frequency of 200 Hz and a maximum lead of 40°, and the
PI parameters were retuned accordingly. Comparable admittance-reshaping approaches
have been reported for LCL-type converters in weak grids [30,31]. Figure 9 compares the
measured impedance with and without compensation under the same weak-grid condition.
The compensated phase curve is shifted upward by about 26° in the critical band, which
restores an adequate phase margin. Figure 10 shows the corresponding three-phase current
waveforms: without compensation, sustained oscillations are visible, whereas with the lead
compensator the oscillations are fully suppressed and sinusoidal currents are recovered
at rated power. Table 6 quantifies the improvement: at a short-circuit ratio of 3 the phase
margin rises from 12° to 40°, and the critical short-circuit ratio decreases from 1.54 to 1.43,
i.e., stable operation is extended to a weaker grid. The lowest SCR is found by varying the
grid impedance line and identifying the SCR at which the phase margin becomes zero. This
confirms the validity of the impedance-based compensation design.

L ———Zp, Without Lead Correction
——Zp, Series Lead Correction
-——-7g, SCR=3
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Figure 9. Impedance analysis with and without lead compensation.
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Figure 10. Three-phase current with and without lead compensation.

10. Conclusions

This paper has addressed the impedance-based stability analysis of grid-connected LCL
inverters whose complete industrial control structure is retained. The converter is described
by a complex-vector dq-frame model, and the resulting sequence impedances are available
in closed form in both regimes, f; < f. and f| > f ., without the multi-frequency algebraic
equations that complex harmonic linearization would require. The sequence-domain defi-
nition itself is not assumed: it is obtained twice, once in the stationary alpha-beta frame
and once through symmetrical components, and the two routes give the same expression
for a converter that keeps the PLL, the active damping, the PCC voltage feedforward and
the outer power loop.

Simulations and measurements were both used for validation. For the 215 kW, 690 V
product, the measured impedances follow the predicted ones over the frequency range
of interest, and the PLL bandwidth is identified as the dominant factor for the stability
margin in a weak grid: at a short-circuit ratio of 3, the measured phase margin falls from
12° to —45° when the PLL bandwidth is increased from 20 Hz to 200 Hz. A first-order lead
compensator designed from the impedance model raised the phase margin from 12° to 40°
at the same operating point and extended stable operation to weaker grids, which shows
that the model can be used for controller design and not only for analysis.

The main limitations of this study are that the small-signal model still contains a
modeling error because the second-order terms are neglected and a first-order Taylor
expansion is used, that the equivalence between the dg-frame and the sequence-domain
impedances is established under balanced small-signal conditions, and that the experimental
verification refers to a single industrial product. Unbalanced grid conditions, grid-forming
control and multi-inverter systems are therefore left for future work.
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