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Abstract

The integration of large amounts of uncertainties in renewable energies into integrated
electricity and heating systems gives rise to new challenges and threatens security. This
paper presents a distributionally robust risk dispatch (DRRD) model designed to mitigate
the risks arising from uncertainty, with the objective of achieving controllable risk and
cost-effectiveness. Uncertainties associated with the wind power forecast error are encap-
sulated within an ambiguity set that encompasses moment (e.g., mean and covariance)
and unimodal information to produce solutions that are more reliable and less conser-
vative. The proposed model constrained by Conditional Value-at-Risk (CVaR) not only
limits the probability of violations but also controls the magnitude of potential violations,
improving the out-of-sample performance. We employ tractable reformulations and some
approximation techniques to recast the resulting distributionally robust CVaR constraints
as second-order cone (SOC) programs. Finally, the numerical outcomes presented utilizing
the modified Barry Island system showcase the risk mitigation and economic advantages
of the proposed methodology.

Keywords: distributionally robust CVaR constraint; risk dispatch; risk severity; integrated
electricity and heating system; unimodality information

1. Introduction

Driven by the requirement to achieve carbon neutrality by 2060, the seamless inte-
gration of renewable energy sources is becoming a priority in energy sectors [1,2]. It is
imperative to accommodate higher penetration of renewable energy being integrated into
the system. The IEHS can achieve heterogeneous energy exchange and simultaneously
provide electrical and thermal energy, significantly increasing the ability to accommodate
higher penetration of renewable energy [3-5]. However, weather-dependent renewable
sources exhibit inherent variability and uncertainty, posing great challenges and risks to the
reliable operation of IEHS [6,7]. By quantifying the risk severity caused by uncertainties
in wind power production, a risk dispatch associated with controllable risk and cost-
effectiveness for the IEHS is implemented to realize green, clean, secure, and low-emission
energy systems and enable the deep interactions between different energy systems.

In recent years, distributionally robust (DR) optimization [8,9] has emerged as a
novel approach for addressing uncertainties, alongside conventional stochastic program-
ming [10,11] and robust optimization [12,13]. DR optimization integrates the provided
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probability distribution information into an ambiguity set, which effectively represents
the actual probability distribution of uncertain parameters. DR approaches utilize two
primary categories of ambiguity sets, namely moment-based and metric-based ambigu-
ity sets. Moment-based ambiguity sets capture the moment characteristics of probability
distributions [14,15], containing all distributions satisfying identical moment constraints,
whereas metric-based ambiguity sets quantify the proximity of probability distributions
to an empirical distribution using a specific statistical distance metric [16,17]. Ambiguity
sets that utilize moment information, such as mean and covariance, demonstrate favorable
tractability properties [18]. As a result, the moment-based distributionally robust opti-
mization (DRO) approach has been more frequently employed in the existing literature on
IEHS [19,20].

Currently, the existing investigations predominantly concentrate on the evaluation of
the risk associated with IEHS. The risk source originates from two main aspects, namely the
component outage and uncertainty involved. In the former, the risk caused by component
outage is measured by the resulting risk indices, e.g., line overloading, node temperature-
limit violation, loss of heating load, pressure-limit violation, and inadequate energy supply.
Considering the component outage of IEHS, novel risk indices are proposed to provide com-
prehensive and quantitative metrics for risk assessment in [6,21]. A risk-averse scheduling
model of IEHS against contingencies is presented in [22,23]. In the latter, the risk incurred
by stochastic uncertainty involved is tackled by adopting CVaR as the risk measure to
quantify the impact of uncertainties. The inclusion of the CVaR index in the objective
function enhances our scheduling approach by enabling quantitative control of the risk
level in [24,25]. CVaR is employed as a metric to evaluate the financial risk associated with
the scheduling process of the REH-IES, considering the uncertainties of renewable sources
output [26,27].

Despite vigorous endeavors, several gaps persist in the current body of research.
Initially, although a considerable number of investigations have employed traditional
optimization approaches to tackle stochastic uncertain production integrated into IEHS,
there have been limited explorations regarding ambiguity sets with potentially various
shapes and different structures. In practice, apart from moment information, we may
acquire additional information regarding the structural characteristics of potential distribu-
tions concerning renewable power generation derived from historical data. Furthermore,
incorporating additional information expands the ambiguity set to encompass more re-
alistic distributions, leading to a favorable balance between the cost and risk. Secondly,
the existing studies concerning the risk dispatch for the IEHS are focused on risk against
contingency set incurred by the component outage and uncertainty. However, uncertain
production may cause power flow overlimit, or bus voltage unbalance, water temperature
issues, etc. The resulting risk has rarely been explored from the perspective of risk prob-
ability and risk severity, making it difficult for decision-makers to achieve a reasonable
risk-controllable and cost-effective strategy.

In this study, we address the aforementioned gaps by providing three essential contri-
butions.

(1) We propose a DRRD model for the IEHS using moment and unimodal information
obtained by the historical wind power forecast error. The proposed model employs
DR-CVaR constraints to restrict the violation probability and violation magnitude. By
measuring the risk severity, the decision-maker can manage risks of operational limit
violations to achieve controllable risk and cost-effectiveness for risk dispatch.

(2) The structured ambiguity set is constructed by incorporating moment and unimodal
information of uncertain wind power forecast error, providing a more accurate char-
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acterization of the true probability distribution. Thus, this results in a solution that is
more reliable and less cautious.

(3) To derive a tractable reformulation, the DR-CVaR constraints, in the form of the
worst-case expectation of a non-linear function, are approximated by using two
piece-wise linear supporting functions. The resulting formulation is a tractable SOC
programming problem, which can be effectively resolved through the utilization of a
readily available optimization package.

The remainder of this paper is organized as follows. Section 2 elaborates on the DRRD
formulation for IEHS. Section 3 presents the reformulation and solution methodology for
the U-DRCC framework. Section 4 presents the numerical findings derived from a case
study conducted using the modified Barry Island IEHS test system. Finally, Section 5
provides a comprehensive summary of the research conducted in this paper, along with
highlighting important areas for future investigation.

2. Proposed DRRD Model Formulation

In this section, we commence by formulating the DRRD model, which introduces the
distributionally robust CVaR constraints, providing a guarantee on the severity of risk
violations. Subsequently, we propose a structured ambiguity set, including moment and
unimodality information obtained from the historical wind power forecast error.

2.1. Model Formulation

The objective function seeks to minimize the overall system cost for the DRRD, which
comprises the energy and reserve cost, as well as the expected cost of adjustable energy
re-dispatch and load shedding. The mathematical model of the objective function for DRRD
is expressed as:

. HP,D HP
min Y Y [Fe ( pStHPI He(/itHP) 4+ CCHPD ReC,t D 4 CCHPU Rgt ,U]
t e

+ F @
max F(¢)
F(E) = min B2 | £ £CTPEIT @+ T(CSRE )+

y t \e j g (2)

(e @))]

where F€ is the fuel cost of CHP units. Ep represents the expectation operator under
probability distribution P. max F (&) represents the expected cost under the worst-case
€

distribution P within ambiguity set P.
(1) PDN constraints modeling

The electric power flow in radial electricity network topologies is described using
the linearized DistFlow branch model [19,28]. The model retains active/reactive power
flows and nodal voltage magnitudes, while neglecting only the quadratic line-loss terms by
dropping I 51’1']' and [ l%xi]« in the power balance and voltage drop equations. This mathematical
model can be depicted as follows:

S

PG+ P+ 0T (6) = Y Pue+PL—Pio(0) 3)

1esPd

]
Qi+ Qijr = Y Que +Qj ©
it ij,t Lt it

lesf"i

Vit = Vit — (Pysrii + Qijexis)/ V° (5)
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Equations (3) and (4) enforce the nodal balance of active power and reactive power,
respectively. These equations ensure the balance between the injected and consumed power
at each node in the electrical network. Equation (5) captures the relationship between the
magnitudes of nodal voltages and the power flows within branches. Equation (6) restricts
voltage magnitudes within secure ranges. It should be noted that voltage phase angles are
not included as decision variables or constraints in this formulation; they are calculated
in post-processing to characterize the network operating state. Equations (7) and (8) state
that the active branch power flow is restricted in the form of DR-CVaR constraints for the
worst-case distribution [P within ambiguity set P while the conditional expectation of Pij (%)
is measured by CVaR} [P;j;(%)]. The reactive branch power flow is enforced by (9) and
(10) in the form of DR-CVaR constraints. The maximization operator %16&17;( represents the

worst-case distribution P within ambiguity set ? The CVaR constraints CVaR5[-]. quantifies
the conditional expectation of variable £ in its upper tail with a threshold of «.

(2) DNS constraints modeling

The DHN comprises a series of subterranean pipe segments. Water undergoes heating
through heat sources and is subsequently transferred into supply pipes. Within a des-
ignated node, the flow of hot water occurs from the supply side to the return side. The
PDE can accurately describe the physical characteristics of DHN to estimate temperature
dynamics. The temperature dynamics along each pipeline based on the first-order PDE can
be derived from the Law of Conservation of Energy through infinitesimal analysis [29,30].
The fundamental solution approach employed in this study involves transforming the
section of PDEs into AEs using the finite difference method. Under the assumption of
stable hydraulic conditions in the DHN, it is expected that all branches will operate at their
rated mass flow rate. The DHN model with the temperature dynamics along the pipeline

can be given as:
Ty aTy vp

—r £ T, —T4) = 11
at " ax ek, T =0 ()
S;,e(mﬂ’l’n) :Tns§emp (12)
T =T, (13)
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maxCVaRs [T} (¢)] < T} (19)

Equation (11) illustrates temperature dynamics with the first-order PDE. Equation (12)
describes the temperatures of the mixture at confluence nodes. Equation (13) ensures the
same temperature for the mass outflows at a confluence node. Equations (14) and (15) depict
the provision and utilization of thermal energy at heat nodes, correspondingly. The upper
bound Ti and the lower bound T, for the supply temperature are enforced in (16) and (17).
Similarly, the return temperature is limited as constraints (18) and (19) in the form of DR-CVaR
constraints.

For any given pipeline p, the temperature T, and its partial derivatives in Equation (11)
can be replaced by the following difference quotients. Substitute the temperature and its partial
derivatives in Equation (11) with the discrete difference quotients listed in Equations (20)—(22).

M _ 1

5% 2T<Tﬁl1 - Tg,bfl + Tﬁl - T];,h) +0(7?) (20)
oT, 1
an _ E(T’;b — TS, 1+ T5, = Thyty) +O(R) 1)
1
T, = Z(Tl’;,b,1 + T';,b + T’ﬁll + Tl’;f) + 0K +12) (22)

By performing necessary rearrangements, we can derive a discrete scheme tailored to
approximate the numerical solutions of the PDEs:

k+1 _ 1+a—B ok a—1—p mk+1 1—a—pk
Ty = travp lop-1 T Travp Lpp—1 T 1rarp oo 23)

4 A
+1+1x+ﬁT

where o and B are two parameters defined for simplified representation:

(% 0T

= —, = — 24

T P 2mcR @)
L D

h= M,T = N (25)

(3) EH constraints modeling

Energy deliveries and conversions between the PDN and the DHN are facilitated
through the utilization of EHs. Representative EHs comprise CHP units and HP, as shown in
Figure 1. EHs employ CHP units to co-generate electricity and heat through the utilization
of natural gas. Additionally, HPs utilize electricity consumption to produce heat energy.
The extraction-turbine CHP units were chosen in this study for their inherent capacity
to regulate the generation of electrical and thermal energy output [31,32]. The convex
polyhedron feasible operation region can be governed by a convex combination of corner
points, which is illustrated in Figure A1 of Appendix A. The operating constraints for the
EH include the following;:

P =Y uSh P (26)
r
He® = Y uSt HEY (27)
r
0< gy <1 (28)
Y Hert = (29)
T
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peHP 4 REHPU < PEHP (32)
P — Ry > PEHP (33)
(PSP 4+ REFPH) — (PG — RGP < RUSHT (34)
(PSR + REEY) — (PSP — RGP < RDEHP (35)
P (§) + Pei™ = P + P! (36)
HEf® + PHPATP = HEH (37)
—=HP
P < pHP < P, (38)
maxCVaR o1 (§)] < R (39)
€ CHP CHP,D
— < ’
maxCVaRj [ Pe (6)} <Rg; (40)
( T b
& | \,’ pCHP prH
N T
\/ HP

Figure 1. Schematic diagram of energy hubs. Green lines denote the direction of current flow, and
red lines indicate the direction of heat flow.

Equations (26) and (27) denote the electric and thermal power outputs of extraction
steam turbine CHP units. Equations (28) and (29) enforce the combination coefficient of
corner point within the limit. Equations (30) and (31) state the fuel cost of CHP units,
which can be approximated as a piece-wise linear function through the use of a convex
combination of corner points. Constraints (32)—-(35) represent the capacity and ramping
constraints of CHP units. Equations (36) and (37) guarantee the preservation of the electric
power balance and heat power balance, respectively. Constraint (38) states the capacity
limit of HP. The adjustable capacity pCHP of CHP units is restricted by (39) and (40) in the
form of DR-CVaR constraints.

2.2. Structured Ambiguity Set Modeling

In this paper, we elucidate the employment of a moment-based ambiguity set for
representing the inherent uncertainty associated with wind power forecast error. Given
the observation that the empirical distributions of wind power production, as well as
their corresponding forecast error distributions, frequently exhibit a unimodal nature, we
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express the moment-based ambiguity set as encompassing all probability distributions that
possess equivalent moments and adhere to the condition of unimodality [33,34].

P =PeQ(R) : Eplg] = b, Bp || = Y Moplg] = v (41)

where () represents the set of plausible a-unimodal distributions on RZ. Vectors u in R?
and matrix ¥_ in RZ*Z denote the first and second moments, i.e., the mean and covariance,
of wind forecast error & derived from historical data. (-)T is the transpose operator. Without
sacrificing generality, it is assumed that the forecast error mean of each wind power
unit is zero, i.e., u = 0. Operator Mop[-] determines the location of the mode within a
unimodal distribution under the probability distribution IP. Parameter a quantifies the
level of unimodality, while v € R? indicates the specific location of the mode within
the distribution.

3. Proposed Solution Methodology

The proposed model is intractable due to the infinite-dimensional optimization prob-
lem. Hence, tractable conservative approximations are employed to obtain the optimal
solution. In this section, we initiate by introducing the proposed model in vector/matrix
representations. Subsequently, we derive the simplifications of the DRRD model within
the structured ambiguity set utilizing the linear decision rules. Lastly, we reformulate the
DR-CVaR constraints as the SOC constraints.

3.1. Compact Form of Formulation

For notational brevity, we reformulate the DRRD model (1)—(40) using vectors and
matrices as:

mxin cIx+ %Ea%IE]p {dTy(gf )] 42)
maxCVaRp[a(y, ¢)] < b(y) (43)
X, yex (44)

where x represents the feasible region of decision variables. The random function a(y, ¢) is
specified as a bilinear function of the design variable y and uncertainty ¢, i.e., a(y, {) = a(y)¢.

The parameter ¢ is the moment ambiguity budget that controls the size of the moment-
based ambiguity set. It defines the maximum allowable Mahalanobis deviation between
the first- and second-order moments of any feasible distribution and the nominal empirical
moments calibrated from historical training data. Physically, € quantifies the epistemic
uncertainty level regarding the true moment statistics of wind forecast errors. When e = 0,
the ambiguity set shrinks to distributions with exactly the nominal moments, reducing
the problem to conventional stochastic programming. As ¢ increases, the ambiguity set
expands to include distributions with larger moment deviations, covering a wider range of
potential wind forecast error scenarios.

3.2. Reformulation of Objective Function

To further reduce the complexity of the proposed objective function, (1) can be ap-
proximated using linear decision rules. In this way, the functional recourse decisions y(¢)
can be reformulated as y(&) =y + (17 &)y. Specifically, we denote the variable y € R as the
participation factor in mitigating system deviations caused by the total forecast error [35].
Therefore, the three-stage objective function (1) can be written as:

n}in cIx+ %16317;( myin Ep [dT (y + <1T§> y)} (45)
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Using this affine control policy for conventional units while assuming Ep[¢] = =0,

Consequently, the maximization operator max the min—-max—min objective function (45)
S

can be eliminated [36]. This simplification results in a min—min objective function that can
be expressed as a single minimization function:

min ¢’ x + dTy (46)
xy

3.3. Tractable Reformulation of Constraints

(1) Equation constraints reformulation

The electrical energy is provided by CHP units and wind power units. The power
output of the wind farms is modeled as W(u + ¢). Thus, (3) can be written as:

PP+ W +8)+ Py + 0577 (@) = Y P+ Py — PL(8) (47)

B.d
leSj

By implementing linear decisions rules, (47) can be reformulated as:

WS+ P =0 (48)
PP+ Wi+ Py = Y P+ P]Ef’ (49)
les?’d

(2) Distributionally robust CVaR constraints reformulation

It is noted that the conditional expectation of a(y, ¢) is measured by CVaRp[a(y, ¢)],
which is defined as:

CVaRS a(y, €)] = min{0+ LEx(a(y)c o] } 50

where 6 is an auxiliary variable Ep[-]* = Ep[max(-,0)]*.
Using linear decisions rules, constraint (44) can be reformulated as:

RS y < b 51

flglea%(CVaRﬁp [a(y, )] = {lglea%(min{G + 1Ep[a(y)¢ — 9]+}

=minf + 1Ep[a(y) & — 6]" 2
R

The switch of IénirRl and 11131a13< in (50) follows from the stochastic saddle point theorem
€ €
by observing that 6 + LEp[a(y)& — 6] is convex in 0 and concave in P [37]. Consequently,
(50) boils down to
1
6+ —maxEs[a(y)s — 0] < b(y) (53)
€ PeP

Computing l%la%(Ep [a(y)& — 6] requires calculating the worst-case expectation of
€

a non-linear function, which is computationally prohibitive to solve [36,38]. Thus, the
approach presented in References [38,39] suggests approximating the non-linear function
using two piece-wise linear supporting functions, with each function composed of two
linear segments. The scalar ¢ is the risk coefficient of the proposed DRRD model. It
parameterizes the robust risk constraint and therefore calibrates the degree of risk aversion
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of the dispatch. By computing the worst-case expectation of approximated functions, (53)
can be recast as:

_(atl
9 (AZ(B)H = (e [ 64
(=2 )atym
— (e a e(a e—1)(a -
6 (AZ@) I < o) [ 65
(=2 )atym
e)o— (T )awn| _ 200 e 1)
‘( ) Aa((w) < [He]p(y) -[E=betb]e 5

(= )aly)m

2
where A = [(%)Z — (%) up)1/2,
The tractable reformulation of DR-CVaR constraints are given in Appendix B.

4. Case Study
4.1. Test System Descriptions

The feasibility and effectiveness of the proposed approach can be validated using
the Barry Island test system. The schematic diagram in Figure 2 illustrates the system
composed of a 9-bus PDN and a 32-node DHN [20]. Three energy hubs are interconnected
with buses 1, 9, and 6 in the PDN, as well as nodes 31, 1, and 32 in the DHN. Table 1
presents the properties of the CHP units and HP found within the three energy hubs. The
load shedding cost is 500 $/MWh [40]. In our experimental study, we generate ¢ and )
from P utilizing relative wind power output data for the wind farms located in southeast-
ern Australia during the period spanning from 2012 to 2013 [41]. The dataset contains
hourly day-ahead wind power forecasts and corresponding actual output data. After data
cleansing to remove missing values and measurement faults, 17,384 valid hourly samples
are retained. A strict chronological train—test split is adopted to eliminate data leakage and
mimic the practical deployment workflow of day-ahead dispatch models: the training set
from January 2012 to December 2012 includes 8682 valid hourly samples. This dataset is
used exclusively to calibrate all parameters of the ambiguity set, including the nominal
mean, covariance matrix, mode location, unimodality level, and the ambiguity budget via
bootstrap resampling. No test data are used in any step of model construction or parameter
tuning; the test set from January 2013 to December 2013 includes 8702 valid hourly samples.
This independent dataset is used solely for out-of-sample performance evaluation. It is
not involved in ambiguity set calibration or model parameter optimization in any form.
Out-of-sample wind power scenarios are generated based on the independent test set
to evaluate the actual risk control performance of the proposed model. The generation
procedure preserves the statistical characteristics of real forecast errors, including both
marginal distribution shape and temporal autocorrelation. The specific steps are as follows:
(1) Marginal distribution fitting: The hourly wind forecast error series is extracted from
the test set. A kernel density estimator (KDE) with a Gaussian kernel is applied to fit
the marginal distribution of forecast errors. The kernel bandwidth is selected via Silver-
man’s rule of thumb to balance fitting accuracy and distribution smoothness; (2) Temporal
correlation preservation: A block bootstrap method is adopted to retain the diurnal auto-
correlation structure of hourly forecast errors. The block length is set to 24 h, corresponding
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to a complete daily dispatch cycle, to preserve the intra-day temporal dependence of wind
power fluctuations. All optimization models are formulated as second-order cone programs
(SOCPs). The models are implemented in Matlab 2023b using the Yalmip optimization
modeling interface, and solved by the Gurobi 9.1 commercial solver. The optimality gap
tolerance is set to10~%, and the primal-dual barrier algorithm is adopted for SOCP solution.
All simulations are run on a standard workstation (Lenovo Group Limited, Beijing, China)
equipped with an Intel Core i7 CPU (Intel Corporation, Santa Clara, California, USA)and 8
GB RAM (Samsung Electronics Co., Ltd., Suwon, Gyeonggi-do, Republic of Korea).

230m

Heat node =~ —— Electric bus
——  Heat pipeline ---- Electric line
SBP° Energy hub Wind generator
f3 | )

Figure 2. The topology of modified Barry Island IEHS. Green numbers denote the bus indices of the
power grid, and black numbers indicate the node indices of the heating network.

Table 1. Properties of the CHP units and HP in three energy hubs.

HP CHP
No. P/IP RU/RD ) CHP P/IP CCHRU/~CHED
(MV_V) (MW/h) (MW) ($/MWh)
1 3 2,0 0.3,0.3 1.3 0.6,0 1,1
2 3 2,0 03,03 1.4 04,0 2,2
3 2,0 02,02 1.2 0.5,0 3,3

Figure 3 illustrates the correlation of production forecast errors of wind farms wy and
wy. The figure presents a matrix of plots, where the diagonal plots exhibit the histograms
of production forecast errors for wind farms w; and wy. Furthermore, the off-diagonal
showcases the scatter plots depicting the forecast errors that correspond to each other.
The histogram plots exhibit the frequency distribution of each forecast error, while the
scatter plots demonstrate the correlation between two corresponding forecast errors. From
examination of the histogram plots, it is apparent that the forecast error of wind production
does not adhere to a predetermined probability distribution. Moreover, it is evident that the
mean of forecast errors is zero. Both marginal distributions are unimodal and right-skewed,
w1 more strongly (mode~ —0.15, concentrated peak) and wj more mildly (mode ~ +0.07).
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Frequency number

Frequency number

-0.5 0 0.5

w

2

Figure 3. Production forecast errors of wind farms wy and wy.

4.2. Risk Analysis

In this section, we perform a comprehensive risk analysis to assess the level of risk
caused by the uncertain wind power output. Then, the reasonable risk coefficient ¢ is
selected by risk analysis, which can provide risk reference to balance the economic dispatch
and controllable risk for the decision-maker. The distribution mode of the wind production
forecast error is determined based on the underlying historical dataset. Firstly, to analyze
the impact of incorporating additional unimodality information into moment-based ambi-
guity on risk severity, two cases are considered: unimodality information excluded (UE)
and unimodality information included (UI).

Figure 4 depicts the risk cost impact on unimodal information of wind production
forecast error. The dashed lines represent the mean risk cost, while the shaded area around
them indicates standard deviation of the risk cost. As observed in Figure 4, incorporating
unimodality information (denoted as UI) leads to a relatively reduced risk cost. Further-
more, the wind generation unit to be constructed in the case of Ul is less flexible and,
consequently, more cost-effective compared to those in the case of UE. The cost in the Ul
scenario is consistently lower than that in the UE scenario. This suggests that the inclusion
of unimodality information results in less conservative risk cost solutions. Meanwhile,
the approximation introduces only a 0.62% increase in dispatch cost, which is negligible
for practical power system operation. In terms of risk, the approximated solution yields
a slightly lower out-of-sample violation probability and CVaR than the exact benchmark,
confirming the conservative property of the outer approximation. The approximation does
not degrade risk control performance; on the contrary, it provides a small additional safety
margin. When ¢ is small, the ambiguity set is narrow. Increasing ¢ moderately relaxes the
moment constraints, allowing the model to adopt more economical dispatch strategies,
which reduces the baseline operational cost. When & exceeds 0.3, further expansion of the
ambiguity set introduces more extreme distributions with heavier tails. The supremum of
CVaR across the set rises rapidly, and the increasing tail risk premium dominates, causing
the total risk cost to increase.

The results in Table 2 demonstrate that embedding unimodal information improves
all out-of-sample risk metrics simultaneously. Compared with the UE benchmark, the Ul
configuration reduces the out-of-sample violation probability by 2.86 percentage points,
and decreases the out-of-sample CVaR and maximum violation by 5.6% and 14.3%, re-
spectively. This superior out-of-sample performance can be attributed to the fact that the
unimodal distribution assumption is physically consistent with the statistical characteristics
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of short-term wind power forecast errors. By integrating this additional valid informa-
tion, the proposed DRRD model refines the description of uncertainty, avoids unnecessary
conservative margins, and simultaneously enhances both economic efficiency and risk
controllability in practical operation.

x 10
0.85
&
= 0.8 ++
Z +5o
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ez 0- o‘eﬂ&égé‘ﬁ
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Figure 4. In-sample risk cost of the moment-only (UE) ambiguity set and the proposed moment-
unimodal (UI) ambiguity set under varying uncertainty budgets ¢ (- UE: Mean; UE: Standard
deviation; —o— Ul: Mean; UE: Standard deviation).

Table 2. Properties of the CHP units and HP in three energy hubs.

Configuration

Violation Probability (%)  Out-of-Sample CVaR ($) Maximum Violation ($)

UE (moment-based
ambiguity set)
UI (moment and unimodal
ambiguity set)

7.21 806.4 1147.9

4.35 761.2 983.5

Figure 5 shows the load shedding influenced by the risk coefficient € using two different
approaches. The observation from Figure 5 is that the CVaRC model necessarily outperforms
the GCC model constraints. The solution of the CVaRC model yields a robust solution
compared with the GCC. The CVaRC model is more efficient since it always returns lower
load shedding than the GCC model. On the contrary, load shedding with the GCC model
is notably high in all cases and especially for large values of ¢ (¢ < 0.3). Note that the
electrical and thermal load shedding exceed 0.2 and 0.15, respectively, when & > 0.3. Out-of-
sample validation is performed to quantify the actual constraint satisfaction performance at
€ = 0.3. Both schemes meet the 5% pre-specified risk tolerance. The CVaRC scheme achieves
lower violation probabilities for both branch flow and heat temperature constraints, and also
significantly reduces the average violation severity, demonstrating its superior overall risk
control capability.

We retain the unimodality information in the ambiguity sets and compare the per-
formance of the chance and CVaR constraints, as shown in Figure 6. The subsequent
out-of-sample analysis examines the effects of relaxing the unimodality requirement on
the performance of GCC and CVaRC models. Recall that two wind farms are considered,
with a = 2 for cases involving unimodality information. In the following analysis, the
out-of-sample risk costs are given in Figure 6 for the case of a = 2 and the case of 4 = co.

As observed in Figure 6, an interesting finding is that, although the CVaRC model
leads to more conservative risk dispatch decisions than the GCC model, it exhibits relatively
better out-of-sample risk cost performance. This can be attributed to the CVaR-constrained
model, which limits risk severity of load shedding. Moreover, as depicted in Figure 6,
as a tends to infinity, the out-of-sample performance of both models converges. Specifi-
cally, the proposed GCC and CVaRC models become asymptotically equivalent when the
unimodality information is excluded from the ambiguity sets. It is worth noting that the
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convergence of GCC and CVaRC as a — oo does not imply that unimodality information is
irrelevant. Rather, it reflects the limiting case in which the ambiguity set degenerates to
one defined solely by moment information. For moderate values of 2, which correspond to
the empirically observed concentration of wind power forecast errors around their mode,
unimodality information plays a significant role in differentiating the two models and in
improving out-of-sample performance. The parameter a, which characterizes the extent of
the unimodal region, was calibrated from historical forecast error data as the radius around
the empirical mode containing a prescribed fraction of the samples.

0.7

0.6+ GCC ]

— — — CVaRC

0.1 | 1 1 1
0 0.1 02 ¢ 03 0.4 0.5
(a) Electrical load shedding
0.3 T T T :
GCC
025} — — —CVaRC 1
5
=
s 0.2 J
—
T
0.15f 1
0.1 T
0'05 1 1 1 1
0 0.1 02 ¢ 03 0.4 0.5

(b) Heat load shedding

Figure 5. Electrical and heat load shedding under the GCC and DR-CVaRC schemes with varying e.

Figure 7 shows that as a increases, the results of the two approaches converge, with
the mode’s influence on the risk cost diminishing. Additionally, Figure 7 illustrates that
when the mean and mode are significantly separated and a is less than the amount of the
wind farms, the mode has a pronounced effect on the worst-case distribution, resulting in a
lower cost. Nevertheless, when a exceeds the amount of the wind farms, the influence of
the mode decreases. This occurs because an increase in a expands the feasible region for y,
thereby reducing the impact of the same mean and mode on the solution.

4.3. DRRD Result

In this section, we select risk coefficient ¢ = 0.3 according to the risk analysis. Con-
sidering moment and unimodality information obtained from the historical wind power
forecast error, the bus voltage, node temperature and power output are provided from the
DRRD result.

The bus voltage magnitudes and post-calculated phase angles across the PDN are
more or less affected by the operational states of the DNS, as depicted in Figure 8. It is
displayed in Figure 8 that bus 5 is where the maximum voltage magnitude difference across
all simulation time points exceeds 0.0036 p.u. The bus voltage magnitude is an endogenous
state variable constrained in the DRRD model, while the phase angle is derived from the
optimal active power flow results in post-processing. It can be observed that the voltage
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magnitudes experience only minor fluctuations. This is because bus voltage magnitudes
are primarily influenced by reactive power flows. The phase angle variation curve for bus
5, shown in Figure 8, displays fluctuations throughout the simulation. The changes are
observed at bus 5, which is expected due to the variations in active power injections at the
bus, with the phase angles primarily influenced by the active power flow.

% 10°

O,O

o

Risk cost($)
e
o

o
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i
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(@) 2=2 (calibrated unimodal constraint)
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1
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(b) 2=« (unimodality relaxed, moment-only limit)
Figure 6. The risk cost of GCC and DR CVaRC modes under two unimodality (-—+: GCC Mean;
GCC Standard deviation; --o--: DR CVaRC Mean; Bl: DR CVaRC Standard deviation).
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Figure 7. The risk cost with varying a.
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Figure 8. Diurnal profiles of voltage magnitude and post-calculated phase angle at bus 5.
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The supply and return water temperatures of the DNS operate within the rated range
of 95-70 °C, with a maximum deviation not exceeding 5 °C from the nominal values. The
supply and return water temperatures at node 5 are shown in Figure 9.

100 T T T

” W/\/\/\/\AFM/\W_
O 90t b
g s === Return water -
5] Supply water
2 80 1
=]
& 75t |

N » /'
70"A‘¥_A N\ r~ S e
N ’f v J \/ Y vy \
65 M 1 1 A
00:00 06:00 12:00 18:00 24:00

Figure 9. Supply and return water temperature profiles at node 5 of the district heating network.

Observed from Figure 9, to minimize heat loss in the DHN, the supply water tempera-
ture is maintained at a lower level. The behavior of the DNS is primarily reflected in the
temperature profiles of the return water: lower temperatures in the early morning to satisfy
increased heat demand, relatively higher temperatures during midday and afternoon for
energy storage, and lower temperatures late at night to release energy for higher thermal
loads. To quantify the actual risk control performance, out-of-sample validation is con-
ducted with 10,000 wind scenarios generated from empirical forecast error distributions.
As the DR-CVaR temperature constraints are probabilistic constraints configured at the 95%
confidence level, rare violations are allowed in extreme scenarios. The statistical results
show that the out-of-sample violation probabilities are 2.17% for supply water and 1.84%
for return water, both well below the 5% preset risk tolerance. The worst-case violation
magnitudes are 0.72 °C and 0.65 °C respectively, which are negligible for practical heating
network operation.

Figure 10 shows the power output of CHP and HP in DRRD. As observed in Figure 10,
since the wind farms generate a substantial amount of wind power during the early morn-
ing and at night, the power outputs of HP increase during peak wind power generation
periods and decrease during off-peak hours to maximize the consumption of available
wind power. In contrast, when the wind farm’s power output reaches its lowest point at
noon, the CHP units increase their outputs to compensate for the electrical power deficit.
To quantify the cost-risk trade-off under different robustness levels and ambiguity set
configurations, key metrics of typical schemes are compared in Table 3. As ¢ increases, the
total cost rises while the out-of-sample violation risk decreases monotonically. Under the
same ¢, incorporating unimodal information reduces the total cost by 3.0-3.3% and achieves
slightly better risk performance, demonstrating its advantage in balancing economy
and robustness.

HP
CHP
~1F 4
S
g
[
0.5F 9
0 1 1 1
00:00 06:00 12:00 18:00 24:00

Figure 10. The optimal power output.
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Table 3. Cost-risk trade-off under different dispatch configurations.
Confieuration Total Daily Violation Out-of-Sample  Avg. HP
& Cost ($) Probability (%) CVaR (°C) Power (MW)

Deterministic 721.6 11.42 1.28 0.642

UE, e=02 768.3 6.15 0.74 0.671

UL e=02 742.9 5.87 0.69 0.658

UL e - 0.3 765.1 217 0.38 0.686
(baseline)

UL e=05 812.7 0.53 0.12 0.715

To quantitatively demonstrate the benefits of the proposed moment-unimodal ambi-
guity set, systematic comparisons are conducted with two established DRO benchmarks:
the classic moment-only DRO and the state-of-the-art Wasserstein-DRO. All benchmarks
share the same objective function, 5% risk tolerance, and 95% ambiguity set coverage
confidence level to ensure a fair comparison. The deterministic dispatch model is also
included as the economic lower bound reference. The performance metrics under the
baseline configuration (¢ = 0.3) are summarized in Table 4.

Table 4. Cost-risk trade-off under different dispatch configurations.

Out-of-Sample

. Total Daily Risk Cost Premium vs. N Out-of-Sample
Formulation Cost ($) Deterministic (%) Violation CVaR (9)
’ Probability (%)
Deterministic 721.6 0.00 11.42 923.7
dispatch

Moment-only DRO 789.2 9.37 3.12 802.4
Wasserstein-DRO 778.5 7.88 2.68 785.6
Proposed 765.1 6.03 217 761.2

Compared with the classic moment-only benchmark, the proposed formulation re-
duces the total risk cost by 3.1%, and simultaneously decreases the out-of-sample violation
probability by 30.4% and CVaR by 5.1%. This verifies that the unimodality constraint
effectively alleviates the over-conservatism of pure moment-based DRO by pruning physi-
cally implausible multimodal distributions from the ambiguity set. Compared with the
data-driven Wasserstein benchmark, the proposed method reduces the out-of-sample vi-
olation probability by 19.0% and CVaR by 3.1%, while cutting the computation time by
33.0%. This demonstrates that incorporating unimodality information yields more accurate
uncertainty characterization than the purely data-driven approach for wind forecast errors
with well-understood distribution properties. All three robust formulations satisfy the
pre-specified 5% risk tolerance. The proposed method achieves the lowest cost premium
over deterministic dispatch with the best risk control performance, making it particularly
suitable for day-ahead dispatch scenarios with limited historical data and clear physical
distribution characteristics.

5. Conclusions

This paper presents a DRRD model for IEHS, aiming to effectively handle the risks
associated with violating operational limits caused by uncertainties in wind power pro-
duction. The proposed DRRD model employs a structured ambiguity set that integrates
both moment-based and unimodality information. Risk severity can be measured by using
the DR-CVaR constraints. Then, the proposed model problem is reformulated into SOC
constraints which are tractably solved. Numerical results validate the effectiveness of
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the DRRD model. The results also indicate that incorporating unimodality information
into the ambiguity set leads to more precise uncertainty distribution data, yielding less
conservative solutions. Furthermore, the advantages of reduced risks and operational costs,
when accounting for the additional unimodality information, are also highlighted.

As potential avenues for future research, it would be valuable to investigate the impli-
cations of imprecise knowledge regarding moments and the characteristics of unimodality.
We will also establish methodologies to derive combined restrictions of joint DR-CVaR
incorporating unimodality, encompass additional attributes such as bounded supports
and moment ambiguity, and assess the validity of the outcomes on more practical systems
characterized by elevated dimensions of uncertainty and correlations, aiming to ascertain
the case-specific applicability of the proposed model.
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Abbreviations

The following abbreviations are used in this manuscript:

Acronyms

CHP Combined heat and power. pCHP yHCHP Electric/thermal power output of CHP unit.
PDN Power distribution network. Pii/Qj Active/reactive power flow of branch i-j.
EH Energy hub. Vv Voltage magnitude.

HP Heat pump. TS /TR Supply /return temperature.

DHN District heating network. Tin /Tout Inlet/outlet temperature of the pipeline.
RES Renewable energy sources. T Mixture temperature at confluence node.
IEHS Integrated electricity and heating system. ~ p“HP Balancing power of CHP unit.

PDE Partial differential equation.

AE Algebraic equation. CCHPU / cCHPD  Upward /downward reserve cost of CHP.
DRRD Distributionally robust risk dispatch. cLs Load shedding cost.

DRCC Distributionally robust chance constraint. RUHP /RDHP  Maximum ramp-up/down rate of CHP unit.
U-DRCC DRCC with unimodal. o Combination coefficient of corner point.
CVaR Conditional Value-at-Risk. tij/ Xij Resistance/reactance of branch i—j.

SOC Second-order cone. Vo Voltage magnitude at slack bus.

https://doi.org/10.3390/en19215107


https://doi.org/10.3390/en19215107

Energies 2026, 19, 5107

18 of 22

Indices
i1

=T 0O T T IS Ot

Variables
PCHP / HCHP
Pii/Qjj

|4

TS /TR

Tin /Tout

T

Subscript indices of buses in PDN.
Subscript indices of time periods.
Subscript index of nodes in DHN.
Subscript index of pipelines in DHN.
Subscript index of spatial difference layer.

Superscript index of temporal difference layer.

Subscript indices of energy hubs.
Subscript index of corner points.

Electric/thermal power output of CHP unit.
Active/reactive power flow of branch i—j.
Voltage magnitude.

Supply/return temperature.

Inlet/outlet temperature of the pipeline.
Mixture temperature at confluence node.

Heat load.

Flow velocity.

Specific heat capacity of water.

Thermal resistance of the pipe segment.
Mass flow rate of heat source/load.

Mass flow rate within the pipeline.
Ambient temperature.

Heat transfer coefficient of the HP.

Length of pipeline.

Dispatch time horizon.

Time difference step size.

Spatial difference step size.

Number of the total discretized space steps.
Number of the total discretized time steps.

The operation region of the extraction-turbine CHP unit is described in Figure Al.

Appendix A
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Figure A1. Operation region of the extraction steam turbine CHP units.

Appendix B

According to the reformulation explained in Section 3, probabilistic constraints (7)—(10),
(16)—(19), and (39)—(40) in the form of DR-CVaR constraints can be recast as:
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