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Abstract

The primary method for verifying the safety of electrical installations is the measurement
of fault-loop impedance. The most common approach involves measuring the voltage
under no-load and load conditions and determining the difference between them. However,
this method has several drawbacks, including the need for complex instrumentation and
measurement uncertainty that depends on the magnitude and nature of the load in the
tested electrical system. Additionally, most existing measurement systems allow only the
determination of the impedance modulus. This paper introduces a novel, theoretically
grounded method for measuring fault-loop impedance. The proposed approach is based
on measuring the RMS no-load voltage, followed by three voltage measurements under
different loading conditions using reference impedances with known phase angles (defined
by the resistance-to-reactance ratio). The complex value of the fault-loop impedance is
then obtained using a second-degree polynomial approximation. The main advantage of
the proposed method is that it reduces the influence of slowly varying operating loads
under quasi-stationary network conditions of the network on measurement accuracy. This
property requires experimental verification. It should be noted that the presented analysis
is of a theoretical nature and constitutes a basis for further research and discussion within
the scientific community.

Keywords: fault-loop impedance; complex impedance; polynomial approximation; electric
shock protection

1. Introduction
The measurement of fault-loop impedance is one of the basic methods used to verify

the safety of low-voltage electrical installations [1–3]. The knowledge of the value of this
quantity enables verification of protection conditions in the event of a short circuit in
the system [4]. Protection by automatic disconnection of supply is adequate when the
protective device automatically switches off the power supply within the required time,
and the regulatory permissible touch voltage values are not exceeded [5,6]. The automatic
disconnection time in systems with effective switch-off TN (for 230 V) is 0.4 s in consumer
circuits and a maximum of 5 s in distribution circuits [6,7]. In a TN network, in order to
check the effectiveness of the anti-shock protection by automatic disconnection of supply, it
should be determined whether the value of the fault-loop impedance meets the following
condition [1,8]:

ZS ≤ U0

Ia
, (1)
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where Zs is the fault-loop impedance of the circuit under test, Ia is the protection current
causing the power supply to be switched off within the required time, U0 is the rated
voltage of the network to earth.

Fault-loop impedance measurement is also widely used to analyze and predict the
resonance and stability of the power system with connected inverters [9–12]. Modern
grid-impedance estimation methods are primarily intended for online monitoring and
stability assessment at the point of connection of power-electronic converters. These
methods generally require simultaneous voltage and current measurements and have a
different application objective from fault-loop impedance testing in low-voltage instal-
lations. Therefore, the classical voltage-drop method was selected as the most directly
comparable reference method in the present study. Impedance values are also used to
assess the power quality of electricity [13], to identify transmission line parameters [14],
and to assess the condition of power transformer windings [15,16]. There are two main
methods for measuring fault-loop impedance. The first, indirect, method is based on a
technical method in which the resistance Rx and reactance Xx values must be measured
separately for the fault-loop under test. This method is characterized by the complexity
of the measurements and the large size of the measuring instruments. An extension of
this measurement method is the use of a resistive-reactance load. The main disadvantage
of this method is the time-consuming nature of the measurements, which require at least
three readings across different resistance and reactance values. The sought value of the
fault-loop impedance ZS is then the geometric sum of the measured values [17]:

ZS ≤
√

R2
X + X2

X . (2)

When measuring the fault-loop impedance, there is a risk of dangerous touch voltages
appearing on accessible conductive parts, which is the reason why the method is very
rarely used.

The second, direct, method is the measurement of the fault-loop impedance using an
‘artificial short circuit’ (voltage drop) method [18]. It is currently the most common method
for determining the fault-loop impedance value [19]. The impedance is determined by
the measurement of the voltage value U1 before the load with known impedance Z0 is
switched on and the voltage U2 after it is switched on [20,21]:

ZS = Z0
U1 − U2

U2
= Z0

(
U1

U2
− 1
)

, (3)

where ZS—measured impedance, Z0—measurement load impedance, U1—voltage mea-
sured before the measurement load is switched on, U2—voltage measured after the mea-
surement load is switched on.

The choice of instruments for direct measurement of short-circuit loops is wide. The
measurement methodology has been described in mathematical detail, and the physical
phenomena accompanying it have been described in [2,22–24]. The disadvantage of this
solution is primarily the variable measurement error, which depends on the measured
impedance value. This method is modified to measure and compare the voltage between
the phase conductor and the protective conductor (with the measurement load switched on
or off). Another method of direct measurement of the fault-loop impedance short-circuit
consists of measuring the value of the instantaneous voltage at time t and (t + T)/2h (where T
is the period of the supply voltage waveform, h—the harmonic order) with the measurement
load switched off, from which sums are formed, being the orthogonal component of
the voltage in the unloaded state [25–27]. The number of measurement repetitions is in
accordance with the number of harmonics eliminated. A common disadvantage of this type
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of solution is the complexity of the measurement systems and the measurement uncertainty
strictly dependent on the degree and nature of the load in the electrical system under
test [4,7].

An extension of the direct measurement methods for fault-loop impedance, proposed
by the authors, consists of measuring the RMS value of the test network voltage: in one
period, the test circuit is loaded with the measurement current, and in the second period,
the system is left unloaded. The desired value of the fault-loop impedance is obtained using
quadratic polynomial approximation. A potential feature of the proposed method is its
reduced sensitivity to slowly varying network loads, provided that the voltage-stationarity
criterion is satisfied.

Objective and Contributions of the Paper

The main objective of this study is to develop a measurement method and a dedicated
circuit to determine the complex impedance of the fault loop in low-voltage electrical
installations (rated voltage ≤ 1 kV). The proposed solution supports the assessment of the
effectiveness of electric shock protection implemented through automatic power discon-
nection. Unlike previous techniques, the presented method enables automatic impedance
estimation and, according to this theoretical analysis, can reduce sensitivity to slowly
changing network load conditions. The scope of work includes:

• unlike existing methods, the proposed approach allows for direct estimation of com-
plex impedance without the need for phase measurement, relying solely on RMS
voltage measurements and polynomial approximation;

• formulation of an algorithm for calculating the complex fault-loop impedance using
three defined measurement impedances and a second-degree polynomial model;

• reduction in the structural complexity and size of measurement systems through the
use of electronically controlled measurement branches and full automation of the
measurement sequence;

• improvement of measurement reliability by eliminating the influence of variable
network loads and utilizing measurements of effective voltage values in loaded and
unloaded states;

• design of a measurement uncertainty estimation based on an analytical approach
supported by Monte Carlo analysis.

To confirm the effectiveness of the proposed solution, theoretical analyses and
simulation-based studies were conducted to evaluate the accuracy of the proposed method
and its uncertainty characteristics. It is worth stressing that the present study is limited
to TN low-voltage installations, which constitute the primary application area of fault-
loop impedance measurements. In the case of TT and IT systems, measuring fault-loop
impedance does not confirm the effectiveness of electric shock protection.

2. Materials and Methods
The authors propose a method based on RMS voltage analysis to measure complex

fault-loop impedance [28]. The procedure involves cycling the load and unloading the
circuit while measuring the current to determine the short-circuit impedance (Figure 1).

In the first step, the RMS voltage of the low-voltage network (E11) is measured over
one full period (see Figure 2). In the next step, a test circuit containing three reference
impedances (Zp1, Zp2, Zp3), with known modulus and phase values, is connected to the
circuit. After connecting the first measurement branch with impedance Zp1 and waiting
for a stabilization time t1 (to let transient states settle), the RMS value of the voltage Up1 is
measured. The times t1 and t2 are identical for all sequences, respectively.
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Figure 1. Diagram illustrating the concept behind the proposed method for measuring a fault-loop
impedance.

Figure 2. Flowchart of the proposed algorithm for fault-loop impedance measurement.

After a time interval T (where T is the period of the tested network voltage), the first
impedance is disconnected, and after the stabilization time t1, the network voltage (E12) is
measured again. If |E12 − E11| > τE, where τE is the acceptance threshold determined from
the voltage-measurement uncertainty and permissible short-term supply-voltage variations,
the measurement is repeated from the beginning. Otherwise, the RMS voltage Up1 is
recorded, and the representative unloaded voltage is calculated as E1 = (E11 + E12)/2.

Next, the second measurement branch with impedance Zp2 is activated, and after time
t1, the RMS value of the voltage Up2 is measured. After measurement time T, the second
impedance is disconnected, and after t1, the network voltage (E22) is measured again. If
|E22 − E21| > τE, the measurement is repeated from the beginning of this stage. Otherwise,
the RMS voltage Up2 is recorded, the representative unloaded voltage is calculated as
E2 = (E21 + E22)/2, and the third measurement branch with impedance Zp3 is activated.
After stabilization time t1, the RMS value of the voltage Up3 is measured. After time
T, the third impedance is disconnected. If |E32 − E31| > τE, the measurement for the
third reference impedance is repeated from the beginning of this stage. Otherwise, the
RMS voltage Up3 is recorded, and the representative unloaded voltage is calculated as
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E3 = (E31 + E32)/2. It is worth noting that in practical implementations, the switching of
the three reference impedances can be performed using semiconductor switches controlled
by a microcontroller. This allows the measurement process, stabilization periods, RMS
calculations, polynomial approximation, and displaying results to be fully automated
within a dedicated digital measuring device.

In the 230 V network under consideration, the three reference branches draw cur-
rents of approximately 4.58 A, 4.59 A, and 4.62 A, which correspond to apparent powers
of approximately 1.05 kVA. Since each branch is powered only during the stabilization
period and the measurement of the voltage rms value, the reference components must
be selected based on their permissible short-time current rather than their continuous
current. Electronic switches must be rated for line voltage, peak current, and transient
overvoltages. Inductive branches additionally require controlled switching and protection
against switching overvoltages. The stabilization time must be determined experimentally
to ensure sufficient decay of transient components. The total measurement time includes
three measurement intervals: voltage under load and without load, stabilization delays,
and switching times. A practical device should also include galvanic isolation, overcurrent
and overheating protection, safe discharge paths, and protection against hazardous touch
voltages. These aspects will be verified experimentally in future work.

Based on the obtained RMS values of the tested network voltages (E1, E2, E3) and the
measured voltages (Up1, Up2, Up3) for the respective measurement branches, the fault-loop
impedance modulus values Zsi (where i = 1, 2, 3 denotes the measurement branch number)
are calculated. A second-degree polynomial is used for these calculations, allowing precise
determination of the complex impedance value of the tested short-circuit loop.

Zsi = Zpi ·
Ei − Upi

Upi
, i = 1, 2, 3 (4)

The relationship between the fault-loop impedance modulus (Zsi) and the measure-
ment impedance (angle ψ(p)(i)) can be described by a second-degree polynomial:

Zsi
(
ψpi
)
= a · ψ2

pi + b · ψpi + c. (5)

The coefficients a, b, and c of the polynomial (5) are determined for the three measure-
ment points by solving the following system of equations:

ψ2
p1·a + ψp1·b + c = Zs1

ψ2
p2·a + ψp2·b + c = Zs2

ψ2
p3·a + ψp3·b + c = Zs3

(6)

Since three unknown polynomial coefficients (a, b, and c) must be determined, at least
three independent measurement points are required. Therefore, the proposed method
employs three reference impedances with different phase angles, providing a unique
solution of the system of equations. Then using Cramer’s method, the determinants of the
system coefficient matrix are obtained:

W =

∣∣∣∣∣∣∣
ψ2

p1 ψp1 1
ψ2

p2 ψp2 1
ψ2

p3 ψp3 1

∣∣∣∣∣∣∣ (7)

Wa =

∣∣∣∣∣∣∣
Zs1 ψp1 1
Zs2 ψp2 1
Zs3 ψp3 1

∣∣∣∣∣∣∣ (8)
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Wb =

∣∣∣∣∣∣∣
ψ2

p1 Zs1 1
ψ2

p2 Zs2 1
ψ2

p3 Zs3 1

∣∣∣∣∣∣∣ (9)

Wc =

∣∣∣∣∣∣∣
ψ2

p1 ψp1 Zs1

ψ2
p2 ψp2 Zs2

ψ2
p3 ψp3 Zs3

∣∣∣∣∣∣∣ (10)

and then the values of the coefficients of the polynomial:

a =
Wa

W
b =

Wb
W

c =
Wc

W
(11)

a =
Zs1ψp2−Zs1ψp3−Zs2ψp1+Zs2ψp3+Zs3ψp1−Zs3ψp2

ψ2
p1ψp2−ψ2

p1ψp3−ψp1ψ2
p2+ψp1ψ2

p3+ψ2
p2ψp3−ψp2ψ2

p3

b =
−Zs1ψ2

p2+Zs1ψ2
p3+Zs2ψ2

p1−Zs2ψ2
p3−Zs3ψ2

p1+Zs3ψ2
p2

ψ2
p1ψp2−ψ2

p1ψp3−ψp1ψ2
p2+ψp1ψ2

p3+ψ2
p2ψp3−ψp2ψ2

p3

c =
Zs1ψ2

p2ψp3−Zs1ψp2ψ2
p3−Zs2ψ2

p1ψp3+Zs2ψp1ψ2
p3+Zs3ψ2

p1ψp2−Zs3ψp1ψ2
p2

ψ2
p1ψp2−ψ2

p1ψp3−ψp1ψ2
p2+ψp1ψ2

p3+ψ2
p2ψp3−ψp2ψ2

p3

(12)

It is worth noting that Equation (11) presents the general form of the solution obtained
using Cramer’s rule, whereas Equation (12) provides the corresponding explicit analytical
expressions after expanding the determinants.

For Zs = Zsejψs and Zp = Zpejψp , the value determined from the measured voltage
drop reaches its maximum when the phase angles of both impedances are equal, i.e., when
ψp = ψs. At this point, the maximum value corresponds to the fault-loop impedance
modulus Zs, whereas the position of the maximum determines its phase angle ψs. The
second-degree polynomial is therefore used as a three-point approximation of this relation-
ship. The solution is considered physically valid only when a < 0 and 0◦ ≤ −b/(2a) ≤ 90◦.
If these conditions are not satisfied, the complex impedance estimate is rejected.

In light of the above, the desired, actual value of the fault-loop impedance modulus of
the circuit under test is the maximum of the function (Zs) Zs(i)(ψp(i)). The argument (ψr) at
which the maximum of the function occurs, Zs(i)(ψp(i)) is the actual angle of the fault-loop
impedance:

ψr =
−b
2a

. (13)

The actual value of the fault-loop impedance modulus (Zs) is determined from the
relationship:

Zs = a · ψ2
r + b · ψr + c. (14)

The equation can represent the complex impedance value using exponential and
trigonometric notation:

Zs = Zs · ejψr = Zs(cosψr + jsinψr). (15)

3. Theoretical Determination of Method Errors
To identify errors in assessing fault-loop impedance using the proposed method,

theoretical calculations were performed without accounting for the actual measurement
circuit. The focus is solely on the intrinsic method error arising from the polynomial
approximation, assuming perfect measurement conditions without instrument uncertainty,
disturbances, or numerical noise.

The following assumptions (typical for low-voltage electrical installations) were made
to determine the errors in the determination of short-circuit impedance values using the
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method proposed by the authors, based on the analysis of the RMS value of the line voltage
of the circuit under test:

• mains voltage E1 = E2 = E3 = 230 V,
• actual fault-loop impedance Zsr = 0.26 + 0.12j = 0.2864 e j24.7751◦ Ω.

The following values of the complex impedance were taken as the switched mea-
suring branches of the measuring instrument in the following sequence: Zp1 = 50 + j1
Ω, Zp2 = 0.5 + j50 Ω, Zp3 = 35 + j35 Ω, for which the moduli of the individual values are:
|Zp1| = 50 Ω, |Zp2| = 50.0025 Ω, |Zp3| = 49.4975 Ω, while the impedance phase angles
are: ψp1 = 1.1458◦, ψp2 = 89.4271◦, ψp3 = 45◦.

The selection of three measurement impedances (Zp1, Zp2, Zp3) was deliberate and
aimed to ensure sufficient diversity in impedance phase angles to enable accurate approx-
imation of the function with a second-degree polynomial. A second-degree polynomial
was chosen because three measurement points are available, allowing a unique analyt-
ical solution with low computational complexity. The use of higher-order polynomials
would require additional measurement impedances and a larger number of measurements,
increasing both the duration of the procedure and the complexity of the measuring device.

The adopted values of the angles of individual impedances correspond approximately
to 0◦, 45◦, and 90◦, which represent typical boundary conditions for purely resistive
(0◦) and purely inductive (90◦) circuits, as well as intermediate conditions for mixed
resistive-inductive circuits (45◦). This distribution of impedance angles ensures that the
polynomial function used to determine the complex value of the fault-loop impedance
is well-conditioned and minimizes numerical errors in coefficient estimation. The use of
extreme phase angles enables reliable interpolation across the entire operating range from
0◦ to 90◦.

The reference impedance angles were selected to provide wide and approximately
uniform coverage of the investigated range from 0 to 90 degrees. Other combinations of
impedance angles can be used, provided that they cover a sufficiently wide phase range
and ensure non-collinearity of the approximation points. Nevertheless, simulation studies
have shown that this configuration gives the smallest approximation error (below 1.1%)
while maintaining high stability of the numerical solution. The value was determined
from the maximum absolute approximation error obtained during numerical analysis of
impedance angles over the range 0◦ to 90◦ with a 1◦ increment, as shown in Figures 3–6.

When the individual impedances are switched on, the following measurement currents
will be forced to flow in the subsequent branches:

Ip1 = E1
Zs+Zp1

= 4.5739 − j0.1019 A,

Ip2 = E2
Zs+Zp2

= 0.0696 − j4.5879 A,

Ip3 = E3
Zs+Zp3

= 3.2745 − j3.2615 A.

(16)

These currents will cause a voltage drop in the subsequent measuring branches:

Up1 = Ip1 · Zp1 = 228.7985 − j0.5224 V,
Up2 = Ip2 · Zp2 = 229.4314 − j1.1845 V,
Up3 = Ip3 · Zp3 = 228.7573 − j0.4550 V.

(17)

which will be stored as consecutive RMS values of the measuring voltages:

Up1 = 228.7991 V,
Up2 = 229.4344 V,
Up3 = 228.7577 V.

(18)
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Figure 3. Approximation error of the fault-loop impedance modulus as a function of the actual
impedance angle.

Figure 4. Approximation error of the fault-loop impedance angle as a function of the actual impedance
angle.

Based on the known RMS, the test network voltages (values of E1, E2, E3) and the
values of the RMS measurement voltages (Up1, Up2, Up3) obtained for the individual
measurement branches, the fault-loop impedance moduli are determined:

Zs1 = Zp1 ·
(E1−Up1)

Up1
= 0.2625 Ω,

Zs2 = Zp2 ·
(E2−Up2)

Up2
= 0.1233 Ω,

Zs3 = Zp3 ·
(E3−Up3)

Up3
= 0.2688 Ω.

(19)
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Figure 5. Approximation error of the resistive part of the fault-loop impedance as a function of the
angle of the actual impedance.

Figure 6. Approximation error of the reactance part of the fault-loop impedance as a function of the
angle of the actual impedance.

The dependence of the value of the loop impedance modulus short-circuit (Zsi) as a
function of the measurement impedance angle (ψ(p)(i)) is approximated by a polynomial of
the second degree (5). To determine the coefficients of the polynomial (a, b, c), a system of
equations is formed: 

1.14582 · a + 1.1458 · b + c = 0.2625
89.42712 · a + 89.4271 · b + c = 0.1233
45.00002 · a + 45.0000 · b + c = 0.2688

(20)
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Using the Cramer method system of equations to solve the above, the determinants
of the matrix of coefficients of the system are obtained from equations (relations 7–10):
W = 1.7200 · 105; Wa = −6.6632; Wb = 332.2688; Wc = 4.4774 · 104, and then the values of
the coefficients of the polynomial (11): a = −3.8740 · 10−5; b = 1.9318 · 10−3; c = 0.2603.

From this, the value is determined as the fault-loop impedance angle (13): ψs = 24.9330◦.
The value of the fault-loop impedance modulus (14) can then be determined:

Zs = 0.2844 Ω. (21)

Thus, the determined (using the developed method) by the authors’ complex value of
the fault-loop impedance (Zs) for the circuit under test, low-voltage, is:

Zs = 0.2844 · ej24.9330◦ = 0.2579 + j0.1199 Ω. (22)

It follows that the resistance (Rs) and reactance (Xs) values of the fault-loop are as
follows:

Rs = 0.2579 Ω Xs = 0.1199 Ω. (23)

For this example, the approximation errors for the individual components of the
fault-loop impedance are, respectively [21]:

• the error of approximation of the fault-loop impedance modulus:

δZs =
Zs − Zsr

Zsr
· 100% = −0.6836%, (24)

• the error of approximation of the fault-loop impedance angle:

δψs =
ψs − ψsr

ψsr
· 100% = 0.6374%, (25)

• the error of approximation of fault-loop resistance:

δRs =
Rs − Rsr

Rsr
· 100% = −0.8103%, (26)

• the error of approximation of the fault-loop reactance:

δXs =
Xs − Xsr

Xsr
· 100% = −0.0909%. (27)

To evaluate the intrinsic approximation error of the proposed method, calculations
were performed over the entire investigated range of the actual impedance angle. The
calculations were performed step-by-step using Equations (4)–(14) with SMath Studio
64-bit (ver. 1.4.0.9654) software. The calculations assumed a constant value of the measured
fault-loop impedance Zs = 0.17 Ω and a variable impedance angle ψr from 0◦ to 90◦ in
1◦ increments. For each ψr value, the values of Zs, ψs, Rs, and Xs were first determined,
followed by their approximation errors δZs, δψs, δRs, and δXs. The results were exported
from SMath Studio into a Microsoft Excel spreadsheet, where graphs of each error versus
the measured impedance angle ψr were plotted. This approach ensured the consistency
and repeatability of the resulting characteristics. The graphs of the approximation errors
are shown in Figures 3–6.

As shown in Figure 3, the approximation error of the fault-loop impedance modulus
does not have a constant sign and does not exceed 1.1 percent over the entire range of the
actual impedance angle. The largest errors are observed for impedance angles close to 0,
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15, 75, and 90 degrees, whereas the error is negligible for impedance angles of 3, 45, and
87 degrees.

Figure 4 shows the dependence of the error of the impedance angle approximation
on the angle of the actual impedance. It is worth noting that for angles between 20 and
70 degrees, the error is close to 0. Nevertheless, beyond this range, the error value increases
significantly to reach 100% for angles of 5 degrees.

The approximation error of the fault-loop resistance as a function of the angle of the
actual impedance is shown in Figure 5. As it can be seen from the waveform presented
there, the proposed method by the authors works well for determining the resistance of
systems at impedance angles smaller than 70 degrees (then the approximation error is close
to 0). The error increases for larger angles, which is related to a larger share of reactance in
the system under test. The situation is reversed when determining the reactance part of the
fault-loop impedance-Figure 6. High accuracy is obtained for fault-loop impedance angles
greater than 20 degrees. In other cases, due to the significant share of the resistive part in
the system, the approximation error reaches up to 100 percent.

The large relative errors of the resistance or reactance component near 0◦ and 90◦

result mainly from the fact that one of these components approaches zero. Therefore, even
a small absolute estimation error may correspond to a very large relative error. This effect
does not imply an equally large error in the impedance modulus; however, it indicates
that the decomposition into resistance and reactance becomes poorly conditioned near the
boundaries. Consequently, the complete complex impedance estimate should be treated as
reliable primarily within the central phase-angle range. A solution is accepted only when
a < 0 and 0◦ ≤ −b/(2a) ≤ 90◦; otherwise, it is rejected as physically invalid. Adaptive
selection of the reference angles and the use of additional measurement branches will be
investigated in future work.

In order to comprehensively assess the effectiveness of the method proposed by the au-
thors, it was compared with one of the most commonly used direct methods–the classic volt-
age drop measurement method, also known as the artificial short-circuit method [18,20,21].
This method involves measuring the voltage before and after connecting a load with a
known impedance, and the fault-loop impedance is calculated based on the voltage dif-
ference [20]. Despite its popularity, this method has significant limitations. As indicated
in [7,23], the accuracy of the measurement depends on the value of the measured impedance
and the nature of the operating loads in the circuit under test. In particular, with a large
reactive component or low phase angles, measurement errors can be significant. In addition,
the presence of harmonic disturbances and variable network conditions negatively affects
the stability of the results [21,24].

The errors of both methods for different impedance values and phase angles, assuming
typical conditions for low-voltage installations, are shown in Table 1. The classical voltage-
drop method and the proposed method were evaluated under the same conditions used in
References [7,18,20,21,23].

The comparison with modern grid-impedance estimation techniques is limited to
the discussion of their application scope because these methods differ substantially from
the proposed approach in terms of measurement objective, required signals, and hard-
ware structure.

The error values of the classical method were calculated using the assumptions and
calculation procedure reported in References [7,18,20,21,23], whereas the errors of the
proposed method were determined for exactly the same test cases using Equations (4)–(14).
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Table 1. Comparison of the classical voltage-drop method and the proposed method under the same
network and measurement conditions adopted in References [7,18,20,21,23].

Impedance
Modulus Zsr [Ω]

Impedance Angle
ψsr [◦]

The Error of the
Classical Method

δZs [%]

Error in the
Developed

Method δZs [%]

0.17 28 ±2.3 −0.53
0.20 45 ±3.1 −0.12
0.25 70 ±4.5 −0.89
0.15 5 ±6.8 +1.36
0.18 87 ±5.2 +0.02

Under the common theoretical conditions adopted in Table 1, the proposed method
produced lower impedance-magnitude errors than the classical voltage-drop method for
the investigated cases. However, this result is limited to the assumptions of the adopted
mathematical model and should not be interpreted as experimental evidence of the general
superiority of the proposed method or its immunity to network disturbances.

The use of unloaded voltage measurements before and after each loading interval is
intended to reduce sensitivity to slowly varying operating loads, provided that the voltage-
stationarity criterion is satisfied. The influence of rapid load variations, measurement noise,
switching transients, and other network disturbances requires experimental verification.
The influence of harmonic distortion will be investigated in future work.

4. Measurement Uncertainty Discussion
Uncertainty measurements of results are a key element of modern metrology, where

the definition of measurement error has been replaced by measurement result uncertainty.
The basis for uncertainty analysis is the international guide GUM (Guide to the Expression
of Uncertainty in Measurement), developed by JCGM [29–32]. This document defines
the principles for identifying and evaluating the components of uncertainty. There are
two basic types: Type A uncertainty, determined by statistical methods based on repeated
measurements, and Type B uncertainty, determined from other available information
such as instrument data, calibration results, or experience. Uncertainty defines the range
of values that can reliably be attributed to the measured quantity, giving the result a
qualitative and informational dimension. Considering it allows for comparing results,
assessing compliance with requirements, and ensuring metrological conformity. Estimating
measurement uncertainty is especially important in complex measurements, such as the
impedance measurements presented here, where many factors can significantly influence
the final measurement result. Below, an example approach to determining measurement
uncertainties for the presented method will be shown. In a real measurement device system,
in order to simplify the analysis of the measurement result, a different approach is proposed,
in which the resolution and accuracy of the instrument will be specified.

The presented method is based on determining the complex value of the fault-loop
impedance (2) and (3) by triple loading the network with measurement impedances (4)
with known magnitudes and phase angles. For each load, the effective voltage under
load (18) is measured. Based on the three sets of results (19), a second-degree polynomial
approximation (20) is performed, whose maximum corresponds to the actual value of the
magnitude and phase angle of the fault-loop impedance.

For the presented twelve critical values (Table 2) and the uncertainty in determin-
ing coefficients a, b, c, it is necessary to consider the procedure for calculating the final
measurement result according to the process outlined below. Firstly, the measurement
device or ADC (Analog-to-Digital Converter) error limit must be determined. In the case of
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voltage measurement using an ADC, the method of estimating uncertainty differs from the
classical approach used for analog voltmeters. Instead of using an accuracy class expressed
as a percentage of the measurement range, the uncertainty is determined based on the
physical and operational parameters of the converter. According to the manufacturer’s
documentation for a given converter, we consider the following: quantization (LSB, Least
Significant Bit), resulting from the limited resolution of the converter; measurement noise
causing random fluctuations in readings; and inaccuracies specified by the manufacturer,
including nonlinearity, temperature drift, or calibration errors. For example, quantization,
defined by the smallest significant bit (LSB), generates a standard uncertainty according to
the following relation:

uLSB =
LSB√

12
, (28)

Table 2. Uncertainty components important in estimating the accuracy of measurement results.

Uncertainty Components Character Uncertainty Source

E1, E2, E3 Three measurements Voltmeter (ADC) inaccuracy
Up1, Up2, Up3 Three measurements Voltmeter (ADC) inaccuracy

|Zp1|, |Zp2|, |Zp3| Threefold use of the reference standard Tolerance of reference elements
ψp1, ψp2, ψp3 Threefold use of the reference standard Reference impedance angle error

a, b, c Uncertainty coefficients calculation Binomial method, nonlinear character

In the ±½ LSB interval, a uniform distribution is assumed according to GUM guide-
lines, which mandate the use of a rectangular distribution with equal probability within
the quantization step. When nonlinearity, temperature drift, and calibration errors are
considered by the ADC manufacturer as maximum errors, we convert these to standard
uncertainty by assuming a triangular distribution uBtri or a rectangular distribution uBrect,
depending on the degree of confidence in the error distribution, according to the formulas
presented below:

uBtri =
∆max√

6
, uBrect =

∆max√
3

. (29)

Ultimately, according to the manufacturer’s documentation for this particular case,
the maximum measurement error can be assumed to be:

ADCe = ±1 mV. (30)

Considering the maximum error limit ADCe, it is generally assumed that the true
voltage value can be anywhere within the range of ±ADCe with equal probability. This
implies the use of a rectangular (uniform) distribution. In this case, the standard uncertainty
of the voltage is determined separately for the measured line voltage Ei and the voltage
with the reference load connected Ui using the formula:

uB(Ei) =
ADCe√

3
, uB(Ui) =

ADCe√
3

. (31)

Since the Ei and Ui voltages are measured multiple times, it is necessary to consider
Type A uncertainty, which is derived from statistical analysis of repeated measurements.
For each of the three load conditions, a series of measurements is conducted, and the Type
A uncertainty is represented by the sample standard deviation, expressed as the standard
deviation of the mean using the following formulas:
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uA(Ei) =

√√√√∑n
i=1
(
Ei − E

)2

n(n − 1)
, uA(Ui) =

√√√√∑n
i=1
(
Ui − U

)2

n(n − 1)
, (32)

Further on, we determine the total uncertainty:

u(Ei) =
√

uA(E i)
2 + uB(E i)

2, u(Ui) =
√

uA(U i)
2 + uB(U i)

2, (33)

where i—denotes the i-th measurement, n—denotes the number of measurements, Ei and
Ui denote the voltage values in the respective measurements, and E and U denote the mean
values of the measurements.

It is worth noting that the above values reflect random fluctuations resulting from
thermal noise, external interference, and variations in the system operating conditions, and
serve as a direct measure of the repeatability of the measurement sequence.

Another factor affecting the accuracy of the method is the determination of the
impedance modulus and phase angle of the reference impedances connected to the circuit.
The manufacturer provides relevant information regarding these parameters with the refer-
ence impedances. Nevertheless, these parameters can be determined experimentally using
a conventional approach or by conducting tests with an RLC measuring bridge. The RLC
bridge measurement yields the actual values of the modulus Zpi and the phase angle ψpi,
which are then used as reference values in subsequent calculations. The use of reference
impedance measurements allows for a significant reduction in the overall uncertainty
of the method, particularly by reducing the dominant Type B component. Based on the
manufacturer’s information, this uncertainty can be described using data on the limit errors
of the impedance module and the phase angle of the reference impedance, applying a
rectangular distribution in accordance with the recommendations of the GUM guide:

uB
(
Zpi
)
=

∆Zpi√
3

, uB
(
ψpi
)
=

∆ψpi√
3

, (34)

where ∆Zpi and ∆ψpi denote the uncertainty limits of the calibrated magnitude and phase
angle of the i-th reference impedance, respectively.

The reference impedances are not assumed to be perfectly known. Their calibrated
moduli Zpi and phase angles ψpi are treated as input quantities with Type B standard
uncertainties. These uncertainties may include component tolerances, calibration errors,
temperature drift, and long-term aging. In a practical implementation, the correspond-
ing uncertainty distributions should be determined experimentally and included in the
Monte Carlo propagation model. Since the present study is theoretical and no long-term
drift data for a physical prototype is available, arbitrary numerical drift values were not
introduced. This limitation will be addressed during the experimental validation of the
measuring device.

It is worth noting that the final measured quantity is the complex value of the fault-
loop impedance Zs, determined indirectly based on voltage measurements for each branch
containing the corresponding three reference impedances, in accordance with Equation (3).
On this basis, the uncertainty propagation should therefore be determined according to the
following relationship:

u(Zsi) =

√√√√(∂Zsi
∂Ei

u(Ei)

)2
+

(
∂Zsi
∂Upi

u
(
Upi
))2

+

(
∂Zsi
∂Zpi

u
(
Zpi
))2

+

(
∂Zsi
∂ψpi

u
(
ψpi
))2

. (35)
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where the variable i = 1, 2, 3, means that we must apply the above equation three times
for each reference impedance connected to the circuit. In the present analysis, correlations
between input quantities were assumed negligible. This assumption simplifies the uncer-
tainty propagation model and is acceptable for the theoretical assessment presented in this
work. In summary, the entire measurement cycle up to this point must be repeated three
times for each of the circuit branches being connected, i.e.:

• for branch 1 of the measured electrical circuit:

u(Zs1) = f
(
E1, Up1, Zp1, ψp1

)
, (36)

• for branch 2 of the measured electrical circuit:

u(Zs2) = f
(
E2, Up2, Zp2, ψp2

)
, (37)

• for branch 3 of the measured electrical circuit:

u(Zs3) = f
(
E3, Up3, Zp3, ψp3

)
. (38)

This gives us three measurement results with the corresponding uncertainties:

Zs1 ± u(Zs1), Zs2 ± u(Zs2), Zs3 ± u(Zs3), (39)

which will be used to determine the coefficients a, b, and c:

(a, b, c) = f
(
Zs1, Zs2, Zs3, ψp1 ψp2, ψp3

)
. (40)

The three obtained impedance values, Zs1, Zs2, Zs3, along with their uncertainties,
serve as input points for the polynomial approximation procedure. Each of these points
is associated with an uncertainty resulting from the propagation of measurement errors
in voltage and the uncertainties of the reference impedances. Therefore, the coefficients
of the second-degree polynomial a, b, and c, determined based on these points, are also
uncertain quantities. The uncertainty of the final impedance Zs results from propagating
the uncertainties of the three measurement points through the approximation model. Due
to the nonlinear nature of the relationship, this propagation is most conveniently performed
using the Monte Carlo method, which involves repeatedly sampling Zsi values according
to their uncertainty distributions, determining the polynomial coefficients, and calculating
the final impedance value based on Formulas (13) and (14). Of course, after completing the
entire procedure, the expanded uncertainty should be calculated by multiplying the result
by the coverage factor k = 2 for a 95% confidence level.

Example Calculation of Uncertainty Components

For the input data presented in Section 3 (Theoretical determination of method errors),
the impedance modules of the standards were first calculated (Figure 7), and then the
fault-loop impedance was determined indirectly according to Equation (19). Next, by
determining the coefficients of the principal matrix, we determine the coefficients of the
polynomial (21).

The next step is to determine the nominal impedance Zs (22), which is a deterministic
value calculated using an analytical equation. The impedance value in this form does not
have an uncertainty measure, which we will determine using the Monte Carlo method [33].
Up to this point, the calculations are fully consistent with those presented in Section 3. Only
in the subsequent steps will the individual components of uncertainty be calculated, which
determine the expected accuracy of the method.
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Figure 7. General algorithm for determining the measurement uncertainty of the presented method.

The presented Monte Carlo analysis is intended only to illustrate the propagation of
voltage-measurement uncertainty through the nonlinear calculation procedure. It does
not constitute a complete metrological validation of a practical instrument. Numerical
uncertainty limits for the reference-impedance magnitudes and phase angles were not
introduced because no calibrated prototype or experimentally determined temperature-
and aging-drift data are currently available. Introducing arbitrary values would not provide
a reliable assessment of practical measurement uncertainty. A complete Monte Carlo model
including these effects will be developed during future experimental validation.

For this illustrative Monte Carlo analysis, the unloaded voltages Ei and the loaded
voltages Upi were treated as independent input quantities. Each voltage value was sampled
from a uniform distribution centered at its nominal value with a half-width of ∆U = 0.015 V.
This value represents the assumed uncertainty limit of the voltage measurement subsystem
and was selected to illustrate uncertainty propagation through the nonlinear computation
algorithm while remaining representative of a practical high-resolution voltage measure-
ment system. Under the assumption of a uniform distribution, the corresponding standard
uncertainty was taken as u(U) = ∆U/√3 . The voltage measurements were assumed to be
statistically independent.

It is important to note that for each Monte Carlo trial, random values of Ei and Upi

were generated first. The corresponding impedance magnitudes Zs1, Zs2 and Zs3 were
then calculated using Equation (19). Next, the coefficients a, b and c of the second-degree
polynomial were determined, followed by the calculation of the fault-loop impedance
modulus Zs and the corresponding impedance angle according to Equations (13) and (14).
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Moreover, solutions for which a ≥ 0 or for which the calculated maximum occurred outside
the physical range from 0◦ to 90◦ were rejected as physically invalid. The simulation
was repeated 100,000 times, and the resulting distribution of impedance values was used
to determine the mean value, standard uncertainty, and expanded uncertainty. As a
result of this simulation, we obtained a dataset presented as a histogram (Figure 8) in the
following form:

Z(1)
s = 0.283

Z(2)
s = 0.287

Z(3)
s = 0.281

. . .

Z(100000)
s = 0.282

(41)

Figure 8. Histogram of fault-loop impedance values obtained from 100,000 Monte Carlo simulations
with independently sampled unloaded and loaded voltages (uniform distribution, half-width = 0.015 V,
seed = 50).

Next, we determine the mean value and the standard deviation of the average
impedance modules obtained. This way, we obtain a measure of uncertainty. Then, we
calculate the expanded uncertainty and record the final result:

Zs = (0.2844 ± 0.0046) Ω, k = 2, p ≈ 95%. (42)

Based on this, the basic measure of the method accuracy can be determined as the
relative standard uncertainty, defined by the following relation:

δ =
u(Zs)

Zs
·100%. (43)

which, after substituting numerical data, provides a result with the appropriate relative
accuracy and relative uncertainty at a 95% confidence level:

δ =
0.0023
0.2844

·100% ≈ 0.8%, or for p ≈ 95% δ95% ≈ 1.6%. (44)

5. Conclusions
This paper presents a new method for determining the complex value of the fault-loop

impedance, based solely on measurements of effective voltage values and polynomial
approximation. The proposed method does not require direct measurement of the phase

https://doi.org/10.3390/en19153695

https://doi.org/10.3390/en19153695


Energies 2026, 19, 3695 18 of 20

angle and, under the adopted theoretical assumptions and voltage-stationarity criterion,
may reduce sensitivity to slowly varying operating loads. The results of theoretical analyses
indicate that the approximation error of the impedance magnitude does not exceed 1.1%
across the entire range of impedance phase angles. The lowest intrinsic approximation
errors were obtained within the range from 20◦ to 70◦, which corresponds to typical
operating conditions of low-voltage installations. The method also allows for reliable
determination of both the resistive and reactive components within this range.

An important contribution of this work is the inclusion of an uncertainty analysis
based on the guidelines of the GUM (Guide to the Expression of Uncertainty in Measure-
ment). Using the Monte Carlo method to propagate uncertainty provides a clear illustration
of how the assumed voltage-measurement uncertainty spreads through the analysis. The
uncertainties of the reference impedances were discussed within the uncertainty model but
were not numerically included in the illustrative Monte Carlo simulation. The simulation
results indicate a relative expanded uncertainty of approximately 1.6% (k = 2, p ≈ 95%)

under the adopted assumptions. The presented uncertainty calculation is illustrative and is
limited to the assumed voltage-measurement uncertainty. A complete uncertainty budget
requires experimentally determined calibration, temperature-drift, and aging data for the
reference impedances. Additionally, the proposed approach offers significant practical
advantages, such as reduced measurement current requirements, simplified measurement
system design, and the possibility of fully automating the measurement process. Electron-
ically controlled reference branches and an automated measurement sequence suggest
that this solution could be used in a digital measuring device; however, its accuracy, ther-
mal properties, susceptibility to interference, and safety must be verified experimentally.
However, near 0◦ and 90◦, the phase angle and the smaller impedance component become
poorly conditioned because one of the components approaches zero. Consequently, even
a small absolute error may produce a very large relative error in the resistance or reac-
tance, whereas the impedance modulus may still be estimated with a relatively low error.
Therefore, the complete complex impedance estimate is most reliable within the central
phase-angle range. Further research will focus on optimizing the reference-angle selection
and investigating adaptive or additional measurement branches to improve the accuracy
near the boundaries.

In summary, the proposed method constitutes a promising theoretical approach with
practical potential for determining the complex fault-loop impedance in low-voltage elec-
trical installations. Its measurement accuracy, repeatability, thermal performance, distur-
bance sensitivity, and practical usability require experimental validation using a physical
prototype. Although the proposed method requires three sequential measurements, the
procedure can be fully automated and implemented using electronically controlled switch-
ing circuits. The influence of the additional measurement steps on the total measurement
time and the usability of a practical instrument will be evaluated during prototype test-
ing. It is also worth mentioning that the present analysis assumes sinusoidal steady-state
conditions. The influence of harmonic distortion and non-sinusoidal waveforms was not
considered and should be investigated in future studies. Additionally, future research will
focus not only on improving the approximation model but also on reducing estimation
errors observed at extreme impedance angles (close to 0◦ and 90◦). Potential solutions
include optimization of the phase angles of the reference impedances, adaptive selection of
measurement branches, and the application of alternative approximation techniques better
suited to boundary conditions. The increased error observed near 0◦ and 90◦ is primarily
related to the reduced sensitivity of the polynomial approximation when one component
of the impedance vector (resistive or reactive) becomes dominant.
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6. Patents
On the basis of the research described in the article, a patent was obtained, granted

by the Patent Office of the Republic of Poland, no. PL 233 169 B1, Bialystok University
of Technology, Bialystok, Poland: Method and system for measuring short-circuit loop
impedance [28]. The patent covers the measurement concept, switching sequence, and
measurement system architecture. The mathematical analysis, uncertainty evaluation,
and theoretical performance assessment presented in this paper are fully disclosed for
scientific purposes.
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