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Abstract

Low-voltage violations in rural distribution transformer areas (RDTAs) are a persistent
and widespread problem in China, affecting over 5% of such areas and compromising
the power supply quality for millions of rural end-users. These violations are primarily
caused by long supply distances, undersized conductors, dispersed load distributions,
and low power factors at terminal feeders, resulting in degraded equipment performance,
increased line losses, and hindered integration of renewable distributed generation. The
key to mitigating such violations lies in the rapid and coordinated regulation of primary
equipment. Considering the actual equipment configurations in rural distribution trans-
former areas, a low-voltage mitigation method based on power-mileage aggregation is
proposed. First, a generative adversarial network is employed to preprocess the collected
electrical data, and device ranging is achieved through power-line characteristic pulses,
enabling the spatiotemporal distribution analysis of low-voltage phenomena. Second,
based on the line lengths from power sources—including distributed generators, soft open
points, energy storage systems, and distribution transformers—to the smart meters, a
power-mileage aggregation metric is developed to quantify the impact of power-source
output variations on low-voltage meters. Subsequently, with the objective of minimizing
the power mileage for low-voltage mitigation, the Newton iteration method is applied
to determine the optimal output powers of energy storage systems and soft open points.
The effectiveness of the proposed method is validated through case studies. Comparative
analyses with optimal power flow, second-order cone programming, and interval robust
control demonstrate that the proposed approach achieves superior low-voltage mitigation
performance while maintaining higher economic efficiency.

Keywords: rural distribution transformer area; low-voltage mitigation; energy storage
system; soft open point; generative adversarial network; Newton iteration method

1. Introduction
Rural distribution transformer areas (RDTAs) serve as the fundamental infrastructure

through which power supply companies deliver electricity services to rural end-users [1,2]. In
China, RDTAs are geographically extensive—often with supply radii exceeding 1000 m—and
equipped with outdated power facilities, including undersized conductors (typically
35–50 mm2) and aging transformers. Despite multiple rounds of rural grid renovations,
persistent challenges, such as long supply distances, undersized conductors, poor conduc-
tor operating conditions, dispersed load distributions, and low power factors (often below
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0.85) at terminal users, have resulted in frequent low-voltage violations at feeder ends.
According to statistics from the State Grid Corporation of China, RDTAs with low-voltage
violations account for over 5% of the total in China, a figure significantly higher than the
1% observed in developed countries such as Germany and Japan [3]. Field measurements
from typical RDTAs show that the minimum voltage at terminal consumer meters (CMs)
can drop to 187.8 V during peak load periods, substantially below the 198 V lower limit
prescribed by the Chinese Power Quality Standard.

The negative impacts of these low-voltage violations are substantial and multifaceted.
First, end-users experience degraded power quality, which can cause malfunction or re-
duced efficiency of household appliances (e.g., refrigerators, air conditioners, and water
pumps) and agricultural equipment (e.g., irrigation systems and grain dryers), directly
affecting rural livelihoods and productivity. Second, low-voltage conditions increase line
losses significantly: operating at 190 V instead of 220 V on a feeder with constant power
loads results in approximately 15% higher current, leading to 30% higher I2R losses along
the distribution lines, which reduces overall energy efficiency and increases operational
costs for grid companies. Third, the increased current stress accelerates the aging of trans-
formers and conductors, reduces equipment lifespan, and increases maintenance frequency
and replacement costs. Fourth, low-voltage constraints limit the hosting capacity for re-
newable distributed generation (DG), as photovoltaic (PV) systems cannot be fully utilized
when grid voltage is already low, thereby hindering the rural photovoltaic poverty alle-
viation program initiated in 2016 [4]. While DGs contribute to node voltage elevation [4],
the intermittency and stochastic nature of photovoltaic and wind power generation also
induce voltage fluctuations, further compromising the effectiveness of low-voltage mit-
igation strategies [5,6]. Consequently, research on low-voltage mitigation in RDTAs is
of paramount importance for improving rural power supply quality, enhancing energy
efficiency, and enabling the integration of renewable energy resources.

In recent years, numerous studies have been conducted on voltage control in distri-
bution networks. Conventional voltage regulation schemes employ on-load tap-changing
transformers [7–9], shunt capacitors [10,11], and multipurpose grid-connected convert-
ers [12]. However, these devices are incapable of frequent regulation, making it difficult
to meet the rapid response requirements under high DG penetration scenarios. DG in-
verters can also effectively regulate voltage. In the domain of reactive power control, a
distributed voltage control method based on state–space linear transformation was pro-
posed in [13], while a reactive power coordination strategy for distributed photovoltaics
considering imperfect communication was presented in [14]. In terms of active power
control, voltage regulation was achieved through DG active power curtailment in [15,16],
and a cooperative control method was employed in [17] to balance the frequent switching of
regulation devices and DG power output. Although DG inverters are effective for voltage
regulation, most DGs in RDTAs are invested in and constructed by end-users, rendering
them difficult for grid companies to directly control. As power electronic devices installed
at tie switches, soft open points (SOPs) enable voltage control by adjusting power flows
between low-voltage feeders [18,19]. Studies in [20,21] utilized SOPs to coordinate the
switching of capacitor banks and the tap-changing of on-load tap-changing transformers
to address voltage issues caused by high renewable DG penetration. However, due to
the large number of widely distributed DGs and low communication reliability, these
SOP-based schemes are difficult to implement effectively. Meanwhile, with the substantial
reduction in energy storage costs, energy storage systems (ESSs) have become a key means
of distribution network energy management, owing to their capability for optimal power
flow distribution and efficient power regulation. A robust cooperative optimization control
for ESS active and reactive power considering wind power uncertainty was proposed
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in [22]; a two-stage coordinated control method utilizing conventional voltage regulation
devices and distributed ESSs was presented in [23]. Nevertheless, the aforementioned
methods generally adopt centralized or distributed control architectures, both of which
rely on high-performance processors and advanced communication infrastructure, making
them difficult to deploy in current RDTA environments. Moreover, these methods do not
address the issue of missing data during data acquisition and transmission, nor its impact
on voltage control performance.

In addition to the above methods, distribution network upgrades based on the root
causes of low-voltage violations can enhance supply capacity and effectively resolve low-
voltage issues. Specific measures include replacing distribution transformers and upgrad-
ing supply lines. The former addresses excessive voltage losses and insufficient transformer
capacity in aging transformers [24], while the latter targets undersized conductors and ex-
cessive supply radii. However, terminal low-voltage issues in RDTAs are primarily caused
by dispersed loads, long supply distances, and undersized conductors; thus, transformer
replacement alone cannot fully resolve the problem. Although line upgrades can effectively
mitigate low-voltage violations [25], such approaches involve long implementation cycles,
high costs, and fail to fully utilize existing lines and equipment, limiting their significance
for large-scale application [26].

Different than traditional voltage evaluation indicators that consider only power mag-
nitude or line impedance separately, the concept of power-mileage aggregation is innova-
tively proposed. The concept couples power output with power delivery distance to enable
unified quantification of the voltage regulation capability of ESSs and SOPs. This core
idea fundamentally distinguishes itself from existing mainstream technical routes, namely,
sensitivity-based linear voltage control and static distance-weighted regulation. Sensitivity-
based methods establish fixed voltage–power sensitivity matrices via linear power flow
approximation; however, they fail to dynamically couple the real-time power outputs of
DGs, ESSs, and SOPs with feeder transmission distances, leading to prominent linearization
errors under fluctuating photovoltaic generation. Static distance-weighted schemes merely
adopt constant line lengths as weighting factors, thereby decoupling power magnitude
from spatial information and failing to capture the superimposed voltage-lifting effects of
multiple distributed resources. To overcome these two critical limitations, an innovative
power-mileage aggregation metric is introduced that fuses instantaneous power outputs
and high-precision physical feeder lengths into a unified spatiotemporal quantitative index,
enabling a low-complexity Newton-based optimization that minimizes control effort under
data-imperfect conditions without relying on full network topology, admittance parameters,
or high-performance communication infrastructure. The overall workflow comprises three
stages: low-voltage customer analysis, power-mileage aggregation, and voltage regulation.
Specifically, electrical data are collected via time-synchronized intelligent fusion terminals
(IFTs), preprocessed using a generative adversarial network (GAN), and supplemented
with device ranging through power-line characteristic pulses to analyze the spatiotemporal
distribution of low-voltage violations. Subsequently, a power-mileage aggregation model
is established, followed by a voltage mitigation model incorporating ESSs and SOPs, which
is solved using the Newton–Raphson (NR) algorithm. The effectiveness of the proposed
method is validated through case studies, and comparative analyses with optimal power
flow, second-order cone programming, and interval robust control, demonstrating that the
proposed approach achieves superior low-voltage mitigation performance while signifi-
cantly reducing mitigation costs. The proposed method thus offers a practically viable and
cost-effective solution tailored to the unique constraints of rural distribution networks—a
contribution that has not been previously reported in the existing literature.
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2. RDTA Low-Voltage Mitigation Workflow
The proposed low-voltage mitigation method for RDTAs based on power-mileage

aggregation comprises three sequential stages: low-voltage customer analysis, power-
mileage aggregation analysis, and voltage regulation. The overall workflow is illustrated
in Figure 1.
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Figure 1. Low-voltage mitigation workflow in RDTAs.

(1) Low-Voltage Customer Analysis

The objective of low-voltage customer analysis is to acquire the spatiotemporal dis-
tribution characteristics of low-voltage CMs, thereby providing fundamental data for
subsequent mitigation efforts. First, the IFT in the RDTAs receives time synchronization
signals from the grid clock source [27] and distributes the timing signals to DGs, ESSs,
SOPs, and CMs to ensure data acquisition consistency. Second, electrical parameters—
including voltage, current, and power factor—are collected and preprocessed to eliminate
the influence of anomalous data. Third, ranging measurements are performed for all
power sources—including distribution transformers, DGs, ESSs, and SOPs—to provide
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spatial data on line lengths. Finally, the low-voltage ratio of each CM is calculated and its
spatiotemporal distribution characteristics are analyzed.

(2) Power-Mileage Aggregation Analysis

The purpose of power-mileage aggregation analysis is to establish the quantitative
relationship between power-source output power, CM load variations, and CM voltage
deviations, thereby providing foundational data for ESS and SOP power control. By
considering power-source output, CM load variations, and the line lengths from power
sources to CMs, the theoretical CM voltage variation is derived through power-mileage
aggregation and the voltage control weights for ESSs and SOPs are subsequently calculated.

(3) Voltage Regulation

Voltage regulation aims to mitigate low-voltage violations at CMs. First, a control
strategy is formulated based on the voltage control weights of ESSs and SOPs; iterative
optimization is performed until the optimal regulation effect is achieved. Second, the active
power outputs of ESSs and SOPs are adjusted according to the determined strategy. Finally,
post-regulation CM voltages are measured and the strategy is dynamically adjusted until
all CM voltages comply with the required standards.

3. RDTA Low-Voltage Regulation Model
3.1. Low-Voltage User Analysis
3.1.1. RDTA Time Synchronization and Data Acquisition

Since 2020, State Grid Corporation of China has been developing a new generation
of smart electricity meters based on international recommendations for electricity meters.
Through the Intelligent Fusion Terminal (IFT), functions, including high-precision de-
vice time synchronization, electrical data acquisition, distributed generation (DG) control,
and high-speed power-line carrier communication, have been realized [28], providing a
foundation for the large-scale application investigated in the present work.

Time synchronization is the process of distributing a reference time to other devices
in the RDTA system [29]. First, after receiving the BeiDou-based reference master clock
from the power grid, the IFT transmits a forward time-synchronization signal tN with a
reference timestamp to devices such as the CM, DG, and SOP. Subsequently, each device
calculates the deviation between its current time *t*ˆDˆ and the forward synchronization
signal. Finally, each device sends a reverse time-synchronization signal tL containing its
current device time tD back to the IFT, which then calculates the deviation from the reverse
signal to obtain the synchronization error tF:

tF =
1

ma

ma

∑
k=1

(
tN
k − tD

k
)
+

(
tL
k − tD

k
)

2
(1)

where ma is the number of synchronization rounds issued by the IFT, equal to the number
of devices; tN

k is the forward synchronization signal time of the IFT in the k-th round;
tL
k is the reverse synchronization signal time of the device in the k-th round; and tD

k is the
current time of the device in the k-th round.

The device time tB of the CM, DG, SOP, and other equipment is calculated as:

tB = tD + tF (2)

The data acquisition frequency of RDTA devices is related to the granularity of low-
voltage regulation: a higher acquisition frequency yields finer regulation granularity. The
acquisition frequency is set to 15 min/interval. After time synchronization, the IFT collects
voltage and power data from each device through scheduled acquisition tasks.
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The data acquisition frequency of RDTA devices is related to the granularity of low-
voltage regulation: a higher acquisition frequency yields finer regulation granularity.
The acquisition frequency is set to 15 min/interval, which is consistent with the tech-
nical specifications of the State Grid Corporation for low-voltage distribution station area
monitoring. This interval is widely adopted in practical RDTA systems, as it provides
sufficient time resolution to capture daily load variations and low-voltage events while
maintaining manageable data volumes for communication, storage, and processing. More-
over, the intelligent fusion terminals and smart meters currently deployed in RDTAs
natively support this 15 min data acquisition cycle, enabling direct deployment of the
proposed method without additional hardware modifications. Although shorter intervals
(e.g., 1 min or 5 min) could provide finer regulation granularity, they would significantly
increase communication burden and data storage costs, which is not economically viable
for the vast number of RDTAs. Therefore, the 15 min interval represents a practical trade-off
between control performance and implementation cost.

3.1.2. RDTAs Data Preprocessing

During data acquisition and transmission, factors, such as channel noise and equip-
ment faults, can easily cause missing data, thereby affecting the quality of the collected data
and the effectiveness of low-voltage regulation. Therefore, before performing low-voltage
regulation analysis, the collected data must be preprocessed to eliminate the impact of
anomalous data on the model.

The generative adversarial network (GAN) consists of a generator and a discriminator.
The generator creates data samples that tend toward real data from anomalous data, while the
discriminator distinguishes between generated samples and genuine data. The generator and
discriminator continuously engage in adversarial training and adjust their parameters until the
generated data distribution aligns with that of the real samples. GAN offers the advantages of
not relying on prior assumptions and producing generated data with minimal deviation from
real data [30]. Therefore, GAN is adopted for data preprocessing.

The GAN data repair process is illustrated in Figure 2. First, GAN determines whether
data are missing. Correct data without missing values are fed into the discriminator
and compared with the generated samples for discrepancies. For missing data, a missing-
dimension matrix is added, where a matrix value of 1 indicates completeness and 0 indicates
missingness. The raw data dF containing missing values are expressed as:

dF = do · Qs (3)

where do denotes the correct data without missing values; Qs denotes the missing-
dimension matrix; and · denotes the Hadamard product.

Conventional missing-data imputation techniques, including linear interpolation,
K-nearest neighbors (KNN), and statistical mean/median substitution, are widely used
due to their computational simplicity. However, these methods rely on restrictive assump-
tions that are rarely satisfied in RDTA environments. Linear interpolation presupposes
temporal smoothness and continuity, which is invalid under the rapid and stochastic power
fluctuations of photovoltaic generation and variable loads. KNN imputation requires an
appropriate distance metric and suffers from significant performance degradation under
high missing rates or when data exhibit high-dimensional nonlinear correlations—both
of which are characteristic of RDTA multi-source datasets. Statistical substitution meth-
ods distort the variance and correlation structure, introducing biases that propagate into
voltage regulation decisions. To overcome these limitations, the generative adversarial
network (GAN) is adopted for data repair. GAN does not rely on prior distributional as-
sumptions, making it inherently adaptable to the complex, non-stationary, and multimodal
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characteristics of RDTA electrical data. Furthermore, through the adversarial training
between its generator and discriminator, GAN learns the underlying high-dimensional
data distribution and preserves the nonlinear dependencies among voltage, power, and line
parameters—a critical prerequisite for accurate power-mileage aggregation and subsequent
low-voltage mitigation optimization.

 

Figure 2. GAN data repair process.

After the raw data containing missing values are input into the GAN generator,
the missing portions are generated to obtain complete data da. The discriminator, in
conjunction with the correct data do, outputs the probability of authenticity of da. A
probability of 0 indicates a generated sample, while 1 indicates a real sample. The generator
and discriminator continuously engage in adversarial training until the probability output
by the discriminator is maximized. The data repair adversarial objective GT is expressed as:

GT = maxpD (4)

where pD denotes the probability output by the discriminator.
GAN Architecture and Training Formulation:
The generative adversarial network (GAN) employed in the present work is of a

generator G and a discriminator D. The generator maps a latent random vector z∼N(0,I)
(dimensionality 32), and a missingness mask M, to generate imputed data da=G(z,M). The
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discriminator outputs pD = D(da)∈[0, 1], representing the probability that its input is real
(rather than generated).

The adversarial training objective is formalized as a minimax game:

minG maxD Φ(G, D) = −Λdo−pdata
[log D(do)] + Λz−pz [log(1 − D(G(z, M)))] (5)

The generator loss is defined as:

ΦG = −Λz−pz [log D(G(z, M))] + λΛ
[
∥M · (da − do)∥2

2

]
(6)

where λ = 10 is a hyperparameter that balances the adversarial loss against the reconstruc-
tion loss (L2 loss on observed entries only). The discriminator loss is defined as:

ΦD = −Λdo−pdata
[log D(do)]− Λz−pz [log(1 − D(G(z, M)))] (7)

Training Strategy and Implementation Details:
Data Normalization: All input data are normalized to zero mean and unit variance per

feature dimension using a standard scaler: xnorm = (x − µ)/σ. This ensures stable gradient
propagation during training.

Sample Splitting: The dataset (10 days of 15 min interval data, totaling 960 samples)
is split into training (70%), validation (15%), and test (15%) sets using stratified temporal
partitioning to preserve the diurnal pattern.

Training Procedure: The generator and discriminator are trained alternately. In each
iteration, the discriminator is updated first for k = 2 steps using a batch size of 64, followed
by one generator update. The Adam optimizer is used for both networks with a learning
rate of 0.0002 and beta parameters (0.5, 0.999).

Convergence Criteria: Training stops when (1) the discriminator loss stabilizes within
a moving window of 100 iterations, or (2) the reconstruction RMSE on the validation set
falls below 0.5%, or (3) a maximum of 2000 epochs is reached.

Handling of Missing-Data Patterns:
In addition to the MCAR (missing completely at random) scenario, we also evaluate the

GAN’s performance under MAR (missing at random) and MNAR (missing not at random)
patterns, which are more representative of real distribution network communication failures.

Block Missing (MAR): Consecutive time blocks of 1–6 h are masked to simulate
communication blackouts.

MNAR: Missing probabilities are correlated with the voltage magnitude.

3.1.3. RDTAs Equipment Distance Measurement

In RDTAs, conductor length is a significant spatial factor contributing to voltage drop.
For conductors with the same cross-sectional area, impedance is proportional to length;
the greater the impedance, the larger the voltage drop. Prior to low-voltage mitigation in
RDTAs, it is essential to fully consider the distance relationship between power sources
and CMs.

The power-line characteristic pulse ranging method determines the line length be-
tween RDTA devices based on the propagation time of characteristic pulses over power
lines [31]. The distance measurement process comprises the following key elements:

Pulse Design and Transmission: The characteristic pulse is a Gaussian-modulated sinu-
soidal pulse with a center frequency of 500 kHz and a −3 dB bandwidth of 200 kHz (300 kHz
to 700 kHz). This frequency band is selected to avoid interference with the 50/60 Hz power
frequency and to stay within the communication bandwidth of the power-line carrier
(PLC) channel. The pulse duration is Tp = 5 µs, which provides a spatial resolution of
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approximately 750 m in air (or ~450 m in cable) and is sufficient for ranging in RDTAs with
supply radii up to 1500 m. Each power source device transmits a unique pulse sequence
encoded with a device-specific timestamp and identifier, enabling the CM to distinguish
pulses from different sources.

Pulse Propagation Velocity: The propagation velocity of power-line characteristic pulses in
distribution cables is governed by the cable’s distributed parameters, specifically vL = 1/

√
LC,

where L and C are the per-unit-length inductance and capacitance, respectively. For the typi-
cal overhead insulated conductors employed in RDTAs (cross-sectional areas of 35–50 mm2,
XLPE insulation with relative permittivity εr≈2.3–3.0), the propagation velocity is approximately
1.73 × 108 to 1.98 × 108 m/s, corresponding to 58–66% of the speed of light [32]. However, it
is emphasized that the proposed method does not rely on absolute propagation velocity for
accurate distance estimation. The primary objective of ranging in this study is to establish
relative distance relationships among multiple power sources for the purpose of weight
calculation in power-mileage aggregation. Since the power-mileage metric uses normalized
distances (i.e., the relative ratios of line lengths), a constant-velocity approximation is sufficient
and systematic calibration (described below) compensates for cable-specific variations. The
speed of light (c = 3 × 108 m/s) is adopted as the nominal propagation velocity for relative
distance ranking, with the understanding that the resulting distances are systematically scaled
by a constant factor that cancels out in the normalized power-mileage calculation.

Signal Reception and Digitization: At the CM side, the received signal is sampled by a
high-speed analog-to-digital converter (ADC) with a sampling frequency of fs = 10 MHz
(sampling interval ∆t = 0.1 µs). This sampling rate provides a theoretical distance resolution
of ∆d = vL × ∆t ≈ 17.3 m to 19.819.8 m (for vL = 1.73 × 108 to 1.98 × 108 m/s), which is
sufficient for the relative distance ranking required by the power-mileage aggregation.

Arrival Time Determination: The time of arrival (ToA) is estimated using a cross-
correlation algorithm between the received signal sr(t) and the known transmitted pulse
template st(t):

ςToA = argmaxς

∫ ∞

−∞
sr(t) · st(t − ς)dt (8)

The peak of the cross-correlation function indicates the most likely arrival time of the
direct path pulse. The transmission time tB is known from the timestamp embedded in
the pulse and the reception time tE is determined from the cross-correlation peak. The line
length is then calculated as:

dL = (tE − tB) · vL · η (9)

where η is a calibration factor (described below).
Reflection and Multipath Processing: In branched low-voltage networks with

impedance inhomogeneities, branch lines, transformers, converters, and numerous reflec-
tion points, the received signal contains multiple delayed replicas (multipath components)
caused by reflections from these discontinuities. The cross-correlation function typically
exhibits multiple peaks corresponding to different propagation paths. To identify the direct
path (i.e., the shortest path without reflection), two criteria are applied:

(1) First-Arrival Criterion: The earliest significant peak in the cross-correlation function
(above a signal-to-noise ratio threshold of 10 dB) is selected as the direct path arrival.
This is based on the physical principle that the direct path has the shortest propagation
distance and, therefore, the earliest arrival time;

(2) Energy Criterion: The direct path typically carries the highest energy in the absence of
strong reflections. The energy of candidate peaks is compared and peaks with higher
energy-to-noise ratios are prioritized.
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For paths with multiple reflections, the arrival times are longer than the direct path
and are automatically rejected by the first-arrival criterion. Additionally, a time-gating
window of [0, 20 µs] (corresponding to a maximum range of approximately 3000–4000 m
in cable) is implemented to exclude spurious peaks caused by noise or interference from
other systems.

Calibration Procedure: To compensate for cable-specific variations in propagation
velocity and systematic errors, a two-point calibration procedure is performed:

(1) Zero-Distance Calibration: The CM is connected directly to the power source device (zero
line length) to measure the intrinsic system delay tsys, which includes transmitter and
receiver processing delays. This offset is subtracted from all subsequent measurements;

(2) Known-Distance Calibration: A reference distance dref is measured using a laser
rangefinder or GPS at a known location (e.g., the distribution transformer). The
measured pulse propagation time tmeas at this reference distance is used to com-
pute the calibration factor η = dref/(tmeas·vL). This factor accounts for cable-specific
propagation velocity and is applied to all distance calculations:

dL = (tE − tB − tsys) · vL · η (10)

This calibration procedure is performed once per RDTA at the time of system installa-
tion and is periodically verified (every 6 months) to account for changes in line conditions.

Error Sources and Limitations: The ranging accuracy is affected by several factors:

(1) ADC Quantization Error: With a 10 MHz sampling frequency, the quantization error
is bounded by ±0.05 µs, corresponding to a distance uncertainty of ±8.7 m to ± 9.9 m
(depending on cable velocity);

(2) Cross-Correlation Peak Detection Error: The peak detection accuracy depends on the
signal-to-noise ratio (SNR). With a typical SNR of 20 dB, the peak detection error is
less than ±0.02 µs, corresponding to ±3.5 m to ±4.0 m;

(3) Reflection-Induced Error: In heavily branched networks, the direct path may be
obscured by strong reflections. Our reflection rejection algorithm (first arrival + energy
criteria) successfully identifies the direct path in over 95% of field measurements. In
cases where the direct path cannot be unambiguously identified, the ranging result
is flagged as unreliable, and the distance is estimated using alternative methods
(e.g., topology-based estimation);

(4) Cable Aging and Environmental Variation: Changes in temperature, humidity, and
cable insulation aging can affect propagation velocity. The calibration procedure is
periodically updated to maintain accuracy.

Based on the combination of these error sources, the theoretical ranging error is
estimated as ±10 m to ±15 m:

BL = [ds1 ds2 . . . dsk]
T (11)

where k denotes the number of power sources, including distribution transformers, DGs,
energy storage systems, and SOPs; and dsk denotes the line distance from the k-th power
source to the CM.

3.1.4. Analysis of Spatiotemporal Distribution Characteristics of Low Voltage in RDTAs

The spatiotemporal distribution characteristics of low voltage are analyzed to statisti-
cally characterize the low-voltage periods of CMs and their spatial distribution patterns.
According to the Power Quality—Permissible Deviations of Supply Voltage, the permissible
range for single-phase supply voltage is 198 V to 235 V; for three-phase supply voltage, it
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is 353 V to 406 V [33]. Accordingly, the low-voltage ratio qU for a CM, calculated from its
voltage acquisition data, is defined as:

qU =
nOL

nATP × 100% (12)

where nATP denotes the total number of voltage sampling points for the CM within the
period; and nOL denotes the number of sampling points at which the voltage falls below
the lower limit of the standard range.

The spatiotemporal distribution characteristics of low voltage reflect the low-voltage
features of CMs at different locations over a time period. The spatiotemporal correlation
matrix BR is expressed as:

BR =


t1, d11, d12, . . . , d1m

t2, d21, d21, . . . , d2m

. . .
tn, dn1, dn1, . . . , dnm

 (13)

where n denotes the total number of sampling points in the statistical period; m denotes
the number of power sources; tn denotes the n-th sampling time; and dnm denotes the line
length from the low-voltage CM at the n-th sampling instant to the m-th power source.

3.1.5. Data Collection, Format, and Processing

To provide a complete technical description of the data handling process, the data
collected, the data format, and the processing pipeline are summarized in this subsection.

(1) Collected Data: For each device in the RDTAs—including CMs, DGs, ESS, SOP, and the
distribution transformer—the Intelligent Fusion Terminal (IFT) collects the following
electrical parameters at 15 min intervals: voltage magnitude (V), current (A), active
power (kW), reactive power (kvar), and power factor. For CMs, single-phase voltages
are recorded; for three-phase devices, all three phase voltages are collected;

(2) Data Format: The collected data are stored as time-series matrices. For each device
type, a matrix is formed with rows representing time steps (e.g., 96 intervals per day)
and columns representing different measurement types or phases. An example format
for CM voltage data is provided as:

VCM =


t1 V1,1 V1,2 . . . V1,m

t2 V2,1 V2,2 . . . V2,m

. . . . . . . . . . . . . . .
tn Vn,1 Vn,2 . . . Vn,m

 (14)

where ti is the timestamp of the i-th sampling point and Vi,j is the voltage of the j-th CM at
time ti;

(3) Processing Pipeline: The collected data undergo three sequential processing stages:

Step 1: Time Synchronization. As described in Section 3.1.1, the IFT synchronizes all
device clocks using the BeiDou satellite system to ensure consistent timestamps across all
measurements;

Step 2: Data Repair. As described in Section 3.1.2, the generative adversarial network
(GAN) detects and repairs missing or anomalous data. The output is a complete dataset da
with no missing values, ready for analysis.
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Step 3: Power-Mileage Aggregation and Optimization. As described in Sections 3.2 and 3.3,
the repaired data are used to calculate the line length matrix, derive influence weights, and
solve the optimization problem to obtain the optimal ESS and SOP power outputs;

(4) Final Output: The final output of the proposed method is a set of optimal active power
setpoints for each ESS and SOP in the RDTAs, expressed as:

P∗ =
[

PES∗
1 , PES∗

2 , . . . , PES∗
nES

, PSOP∗
1 , PSOP∗

2 , . . . , PSOP∗
nSOP

]
(15)

These setpoints are transmitted to the respective devices for execution, ensuring that
the voltage of all CMs is restored to the acceptable range (198V–235V for single-phase,
353V–406V for three-phase) with minimal control effort.

3.1.6. Inclusion and Exclusion Criteria for Data Modeling and Analysis

To ensure the scientific rigor and reproducibility of the proposed methodology, the
inclusion and exclusion criteria applied throughout the data modeling and analysis pipeline
are explicitly defined in this subsection. These criteria are established based on the physical
characteristics of rural distribution transformer areas (RDTAs), the technical specifications
of field equipment, and the operational requirements of low-voltage mitigation.

(1) Data Inclusion Criteria

Data are included in the modeling and analysis process under the following conditions:
Voltage Data: Voltage measurements within the range of 0.8 p.u. to 1.2 p.u. (i.e., 176 V

to 264 V for single-phase systems) are included, as this range encompasses both normal
operating conditions and the low-voltage violations targeted by this study. Measurements
outside this range are considered physically implausible and are excluded.

Power Data: Active and reactive power measurements with values between 0 and
1.5 times the rated capacity of the corresponding device are included. Negative power
values (indicating reverse power flow) are included when they represent valid DG injection
or ESS discharge conditions, as these are essential for accurate power-mileage aggregation.

Time Synchronization: Data from devices with a timing error of less than 1 µs are
included. This threshold is established based on the synchronization accuracy requirements
for power-line characteristic pulse ranging (Section 3.1.3) and aligns with the technical
specifications of the Beidou-based time synchronization system.

Load Data: Consumer meter (CM) load data are included only when the corresponding
CM is active and operational. CMs that are permanently disconnected, under maintenance,
or exhibiting persistent communication failures are excluded from the analysis.

Sampling Completeness: Data records with a missing rate of 50% or less are subjected
to GAN-based repair (Section 3.1.2) and subsequently included in the analysis. This
threshold is chosen because the RMSE of GAN repair at a 50% missing rate is 2.01%,
which meets the practical engineering requirements for low-voltage mitigation tasks (as
demonstrated in Section 4.1.2).

(2) Data Exclusion Criteria

Data are excluded from the modeling and analysis under the following conditions:
Physical Implausibility: Voltage measurements outside the 0.8 p.u. to 1.2 p.u. range,

or power measurements exceeding 1.5 times the rated capacity, are excluded as they likely
result from sensor malfunctions or communication errors.

Persistent Missing Data: CMs or devices with a missing rate exceeding 50% over the
entire sampling period (e.g., 10 days) are excluded from the analysis, as GAN repair cannot
reliably reconstruct data with such high missing rates.
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Device Malfunction: Data from devices with known hardware faults, as recorded in
the field maintenance logs, are excluded from the analysis.

Outliers: Data points that deviate from the rolling mean by more than 55 standard
deviations are treated as outliers and excluded to prevent distortion of the power-mileage
aggregation and optimization results.

(3) Rationale for the Established Criteria

The inclusion and exclusion criteria are informed by the following considerations:
Physical Characteristics of RDTAs: Rural distribution networks typically operate

with voltage variations of ±10% around the nominal voltage, corresponding to the .0.9 p.u.
to .u.1.1 p.u. range. However, low-voltage violations can cause voltages to drop below
.0.9 p.u., necessitating a broader inclusion range of 0.8 p.u. to 1.2 p.u. to capture the full
spectrum of low-voltage events.

Equipment Technical Specifications: The intelligent fusion terminals (IFTs) and smart
meters deployed in RDTAs have specified measurement accuracy classes (e.g., Class 1.0 for
voltage and Class 0.5s for current). The inclusion thresholds are set to be wider than the
measurement error bounds to ensure that valid data are not inadvertently excluded.

Operational Requirements: The 15 min data acquisition interval and the associated
missing-rate thresholds are consistent with the operational requirements of low-voltage
mitigation, as discussed in Section 3.1.1. The 50% missing-rate threshold balances data
availability with repair accuracy.

Data Quality for Optimization: The power-mileage aggregation and Newton–
Raphson optimization require reliable input data. The exclusion of outliers and physically
implausible values ensures that the optimization is not adversely affected by erroneous
data points.

3.2. Power-Mileage Aggregation Analysis
3.2.1. Analysis of CM Voltage Influence

To accurately measure electricity consumption, CMs are installed at all loads, such as
users and energy storage systems. The voltage loss at a CM is related to the power output
of sources and line length. When DG, energy storage, and SOP output power, they are
regarded as power sources. After these power sources are integrated into the RDTAs, their
influence on CM voltage is illustrated in Figure 3.

Figure 3. Principles of distributed power supply, energy storage, and SOP grid connection.

To simplify the calculation, let the voltage of the power source after grid connection
be uv, with a voltage angle of δ and the low-voltage outgoing terminal voltage of the
distribution transformer be u0, with a voltage angle of 0. The relationship between CM
voltage and the output power Ps of the power source is expressed as:

Ps =
uv

ra2 + xb
2 [ra(uv − u0 cos δ) + xbu0 sin δ] (16)
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where ra and xb denote the line resistance and reactance, respectively.
Since the line resistance in RDTAs is significantly greater than the reactance [34], the

influence of reactance can be neglected. Thus, sin δ ≈ 0 and cos δ ≈ 1. Equation (9) can be
simplified as:

Ps =
uv

ra
(uv − u0) (17)

From Equation (10), it can be observed that the CM voltage is influenced by the output
power of the power source and the line resistance. Assuming that the outgoing terminal
voltage remains constant, the CM voltage amplitude is positively correlated with the power
output of the source. Consequently, the line voltage drop ∆u is expressed as:

∆u =
Ps · Ra

uv
(18)

In 0.4 kV lines, the line impedance is approximately constant, meaning that the resistance
is proportional to the line length. Therefore, Equation (11) can be reformulated as:

∆u =
Ps · γ · La

uv
(19)

where γ denotes the line resistance per unit length and La denotes the line length from the
power source to the CM.

3.2.2. CM Power-Mileage Aggregation

The proposed core concept of power-mileage aggregation is defined as follows. Power
mileage refers to the product of a power source’s active power and the line length from this
source to a user meter; power-mileage aggregation further accumulates the power-mileage
values of all adjustable power sources (ESS, SOP) to form a unified quantitative index. This
index synthetically reflects how power output and transmission distance jointly determine
terminal voltage drop, which cannot be fully characterized by single-power or line-length
variables alone. To the best of the authors’ knowledge, this metric has not been previously
proposed in the literature and represents a key innovation of the present work, distinguish-
ing it from conventional sensitivity-based methods that rely solely on power flow-derived
coefficients and from static weighting schemes that ignore real-time power variations.

For a single power source, the voltage drop along the feeder follows a well-established
formulation. In rural distribution transformer areas (RDTAs) with multiple grid-connected
sources—including DGs, ESSs, SOPs, and distribution transformers—the total voltage
deviation at a customer meter (CM) is the linear superposition of voltage contributions from
all sources, as validated in [35,36]. Among the influencing factors, the active power output
of each source plays a primary role, with larger power injections leading to more significant
voltage elevation at the CM; line length serves as a secondary yet critical factor, since
longer feeders introduce greater resistance and consequently larger voltage drops [35,36].
To capture the combined effect of multi-source power flows and feeder distances, the
power-mileage aggregation index is proposed, which quantifies the comprehensive voltage
impact by weighting each source’s contribution according to its active power proportion
in the total grid injection and the corresponding feeder length. Mathematically, this is
achieved by summing the individual weighted terms over all power sources, yielding a
complete power-mileage aggregation voltage deviation, as defined in Equation (13). In
essence, power-mileage aggregation establishes a quantitative relationship between CM
voltage and the aggregated effect of active power flows and line lengths—integrating the
power dimension, which reflects the output levels of all sources, and the mileage dimension,
which accounts for the physical distances from each source to the CM, into a unified metric.
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This metric, denoted as ∆vs, effectively quantifies the comprehensive influence of source
outputs and feeder distances on CM voltage within the RDTAs, thereby providing the
foundational basis for the subsequent voltage regulation optimization.

∆vs =
nGW

∑
i=1

1
uAP

i
(

PCURPAP
i LAP

i γ

PSUM
+

QRPQRPS
i LAP

i λ

QSUM
) (20)

where nGW denotes the number of power sources; LAP
i denotes the line length from

the i-th power source to the CM; PCUR denotes the active power consumed by the CM;
PAP

i denotes the active power output of the i-th power source; PSUM denotes the total active
power output of all power sources; QRP denotes the reactive power consumed by the CM;
QRPS

i denotes the reactive power output of the i-th power source; QSUM denotes the total
reactive power output of all power sources; λ denotes the line reactance per unit length;
and uAP

i denotes the grid-connection voltage of the i-th power source.
For 0.4 kV rural overhead feeders, the line resistance γ is significantly larger than the

reactance λ (i.e., γ ≫ λ), a characteristic commonly observed in RDTAs and consistent with the
impedance analysis in [34]. Consequently, the reactive power-related term in Equation (13) can
be reasonably neglected, and the power-mileage aggregation model is simplified accordingly, as
given in Equation (14).

∆vs =
nGW

∑
i=1

PCURPAP
i LAP

i γ

uAP
i PSUM

(21)

To improve the accommodation of renewable distributed generation (DG) in the RDTAs,
low-voltage mitigation at customer meters (CMs) can be achieved by adjusting the output
power of grid-controllable devices, namely energy storage systems (ESSs) and soft open points
(SOPs). To isolate the voltage regulation capacity of these controllable sources from that of
other distributed generators, they are further extracted and their aggregated influence on
CM voltage is defined, denoted as ∆vIFN, in Equation (15). This formulation extends the
classical multi-source voltage superposition theory into a weighted aggregation architecture
specifically tailored for coordinated ESS–SOP voltage optimization, and fundamentally differs
from prior single-source voltage drop models by explicitly accounting for the joint effect of
multiple controllable sources and their respective feeder distances:

∆vIFN =
nCD

∑
i=1

PCURPCAP
i LCAP

i γ

uCAP
i PSUM

(22)

where nCD denotes the number of adjustable energy storage systems and SOPs;
LCAP

i denotes the line length from the i-th adjustable power source to the CM; PCAP
i

denotes the active power output of the i-th adjustable power source; and uCAP
i denotes the

grid-connection voltage of the i-th adjustable power source.
Accordingly, based on the active power Pe output by the energy storage system and

the SOP, the active power control weight wa is determined as:

wa =
Pe

PSUM
(23)

3.2.3. Core Novelty of Power-Mileage Aggregation Relative to SOTA Voltage
Regulation Methods

The inherent distinctions and original contributions of the proposed power-mileage
aggregation method against sensitivity-based and static distance-weighted voltage control
approaches are systematically elaborated in this subsection. Table 1 summarizes the core
mechanism comparison of three typical technical routes.
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Table 1. Mechanism comparison of voltage regulation quantitative methods.

Index Sensitivity-Based Method Static Distance-Weighted Method Proposed Power-Mileage
Aggregation

Weight composition Fixed linear voltage-
power coefficient Constant feeder length only Real-time power × measured

line-length coupled term

Weight update characteristic Static, fixed at single
operation point Static, unchanged all day Dynamic, updated every 15 min with

power fluctuation
Multi-source
influence processing

Calculates single-source
impact separately

Superposes fixed distance
weights simply

Unified summation formula for
cumulative voltage deviation

Modeling error source Linear power flow
approximation error

Ignorance of real-time
power magnitude

No linearization simplification, only
ranging minor error

Optimization target Satisfy voltage qualification only Satisfy voltage qualification only Minimize aggregated power-mileage
(reduce ESS/SOP output)

1. Spatiotemporal coupled weighting innovation: Unlike sensitivity coefficients that
ignore spatial length and static distance weights that ignore power variation, the
power-mileage term multiplies real-time source power and accurate line length mea-
sured via power-line pulse ranging, forming dynamic weights that reflect the actual
voltage loss contribution of each power source at every sampling instant;

2. Multi-source cumulative aggregation advantage: The summation formula in Equation (14)
integrates the voltage impact of all DGs, ESSs, SOPs and distribution transformers for each
CM, realizing one-step quantification of total terminal voltage deviation, which sensitivity
and static distance-weighted methods cannot achieve simultaneously;

3. Economy-oriented optimization mechanism: Taking aggregated power-mileage as
the objective function to minimize the total power adjustment of flexible devices,
the model naturally reduces the required rated capacity of ESS and SOP, delivering
economic benefits absent from mainstream voltage regulation benchmarks.

3.2.4. Theoretical Positioning and Distinctiveness

To position the proposed power-mileage aggregation method within the broader
landscape of voltage control approaches, its relationship to classical voltage drop approx-
imations, sensitivity-based methods, and electrical distance-based control is explicitly
clarified in this subsection.

(1) Relationship to Classical Voltage Drop Formula

The classical voltage drop formula ∆U = (P·R + Q·X)/U is a well-established physical
law that has been widely used for steady-state planning and feeder design. The pro-
posed power-mileage aggregation ∆vs = ∑PiLiγ/(uiPSUM) can be viewed as an application
and extension of this law, specialized for 0.4 kV0.4kV rural distribution systems where
R ≫ X, and extended from single-source to multi-source cumulative form. However, the
originality does not lie in the algebraic resemblance to this classical formula. Rather, it lies
in repurposing this simplified physical relationship as an embedded proxy for real-time
optimization, enabling near-instantaneous voltage mitigation on low-cost edge devices
without requiring full network models, admittance parameters, or iterative power flow
calculations. While the classical formula is typically used offline for static analysis, the
proposed metric is updated every 15 min using real-time measurements and high-precision
power-line ranging, transforming a static planning tool into a dynamic control enabler;

(2) Relationship to Voltage Sensitivity Coefficients

Sensitivity-based methods compute fixed coefficients ∂V/∂P at a reference operating
point using power flow Jacobians. These coefficients are accurate locally but become
increasingly inaccurate when operating conditions deviate from the reference point—a
critical limitation under fluctuating photovoltaic generation and variable rural loads. The
proposed power-mileage aggregation computes weights dynamically from real-time power
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measurements rather than static Jacobians, thereby avoiding linearization drift without
the computational overhead of repeated power flow calculations. Furthermore, sensitivity-
based methods typically focus on voltage correction without explicit consideration of
control economy, whereas the proposed method is explicitly designed to minimize ESS
and SOP active power adjustments, directly reducing required equipment capacity and
investment costs;

(3) Relationship to Electrical Distance-Based Control

Electrical distance-based methods typically use impedance-based distances to quantify
the electrical proximity between nodes for voltage control, market coupling, or zone
partitioning. These methods focus on static topological proximity derived from network
parameters. The proposed method extends this concept by multiplying electrical distance
(line length) with real-time active power, converting static spatial proximity into a dynamic
voltage impact metric that reflects actual power flows rather than merely topology. This
power-weighted distance captures the time-varying influence of each source, which static
electrical distance cannot represent;

(4) Repositioning Rather than Replacement

In essence, the proposed method does not claim to replace the physical foundations of
voltage drop analysis. Rather, these well-established physical relationships are repositioned
into a new optimization architecture—one that is dynamic, data-driven, measurement-
based, and economically oriented—tailored specifically for the practical constraints of rural
distribution transformer areas. This architecture integrates three distinctive features that
are absent in classical approaches: (i) dynamic spatiotemporal weighting updated with
real-time power fluctuations; (ii) unified multi-source cumulative aggregation for holistic
voltage deviation quantification; and (iii) low-complexity Newton-based optimization that
circumvents full network models and high-performance communication infrastructure;

(5) Mathematical Distinction from LinDistFlow

LinDistFlow linearizes the branch flow equations by neglecting the quadratic
loss term:

V2
j = V2

i − 2
(
rijPij + xijQij

)
(24)

The voltage deviation at a node is a linear superposition of branch power flows, with
coefficients determined by path impedance. Critically, LinDistFlow treats each branch
independently and cannot directly aggregate the combined voltage impact of multiple
distributed generators (DGs), energy storage systems (ESSs), and soft open points (SOPs)
into a single, physically interpretable metric that minimizes control effort.

In contrast, the proposed power-mileage aggregation is defined as:

∆vs =
nGW

∑
i=1

PCURPAP
i LAP

i γ

uAP
i PSUM

(25)

This formulation explicitly couples three physical quantities: (1) real-time active
power output of each source (PAP

i ), (2) physical line length (LAP
i ), and (3) per-unit-length

resistance (γ). Unlike LinDistFlow, which requires solving power flow equations iteratively,
the proposed metric serves as an embedded proxy that directly quantifies the voltage
contribution of each source without recomputing full power flows. This fundamental
difference—linear proxy vs. iterative solver—constitutes the key mathematical innovation;

(6) Mathematical Distinction from Voltage Sensitivity
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Traditional voltage sensitivity is derived from the power flow Jacobian:[
∆V
∆θ

]
= J−1

[
∆P
∆Q

]
(26)

The sensitivity coefficients ∆V/∆P are constant at a single operating point and degrade
under fluctuating DG outputs and variable loads.

The proposed power-mileage aggregation computes dynamic weights updated every
15 min using real-time measurements:

wCAP
i =

PAP
i LAP

i γ

uAP
i PSUM

(27)

This weight adapts to actual power injections and transmission distances in real time,
whereas sensitivity-based methods rely on static Jacobians. Furthermore, the proposed
method is explicitly designed to minimize active power adjustments, directly reducing
required ESS/SOP capacity, whereas sensitivity-based methods typically focus only on
voltage correction.

3.3. RDTA Voltage Regulation

This section presents the mathematical optimization framework that determines the
optimal active power outputs of ESS and SOP. The framework is built upon the influence
weights derived from power-mileage aggregation (Section 3.2) and the processed data from
Section 3.1. The objective is to minimize the weighted sum of power adjustments while
satisfying voltage constraints and device limits. The solution provides the final control
commands for execution.

The SOP consists of a DC bus, connection ports, and voltage-source converters. The
voltage-source converter ports connected back-to-back via the DC bus are linked to the tie
points of the RDTA lines, enabling flexible interconnection of multiple RDTAs. The RDTA
flexible interconnection structure based on SOP is shown in Figure 4.

Figure 4. RDTA flexible interconnection structure based on SOP.

To enhance the accommodation level of renewable DG, the power flow distribution is
adjusted by regulating the output power of energy storage systems and the SOP, thereby
regulating the CM voltage. Due to space limitations, only real-time regulation is discussed
in this paper. In the low-voltage mitigation process, smaller capacities of energy storage
and SOP result in lower mitigation costs. Therefore, the objective of CM voltage regulation
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is to minimize the active power adjustments of energy storage and SOP while regulating
the voltage. The objective function Vk is:

Vk = min
nCAP

∑
i=1

(wCAP
i ∆vCAP

i ) +
nUAP

∑
j=1

(wUAP
j ∆vUAP

j ) (28)

where nCAP is the number of controllable power sources; nUAP is the number of uncon-
trollable power sources; wCAP

i and wUAP
j are the active power control weights of the i-th

controllable source and the j-th uncontrollable source, respectively; ∆vCAP
i and ∆vUAP

j
are the impacts of power-mileage aggregation of the i-th controllable source and the j-th
uncontrollable source on the CM voltage, respectively; and Vk is the CM voltage.

The constraints are as follows:
Vmin ≤ Vk ≤ Vmax

0 ≤ PES
i ≤ PES

max
PSOP

min ≤ PSOP
i ≤ PSOP

max

(29)

where Vmin and Vmax are the minimum and maximum allowable CM voltages, respectively;
PES

i and PSOP
i are the active power outputs of the i-th energy storage system and the i-th

SOP, respectively; PES
max and PSOP

max are the maximum active power outputs of the energy
storage system and the SOP, respectively; and PSOP

min is the minimum power consumption of
the SOP during standby operation.

The Newton–Raphson (NR) algorithm is a method for approximating solutions in
both complex and real domains, characterized by fast convergence and high-approximation
accuracy toward the minimum value [37,38]. Therefore, the NR algorithm is employed to
solve for the approximate minimum of the active power adjustments of energy storage and
SOP. For the CM voltage regulation objective function Vk (x), the Taylor expansion at point
η is given by:

Vk(x1, x2, . . . xnd) = Vk(x1
α, x2

α, . . . xnd
α )

+
nd
∑

i=1
(xi − xi

α)Vk′(x1
α, x2

α, . . . xnd
α ) + . . .

+
1

nd

nd
∑

i=1
(xi − xi

α) . . . (xi − xi
α)

nd Vk
nd(x1

α, x2
α, . . . xnd

α )

(30)

where xi is the active power of the i-th controllable source; xi
α is the random initial active

power value of the i-th controllable source; Vk
′ is the first-order derivative of the objective

function; and Vi
k is the second-order derivative.

Rewriting Equation (19) in matrix form yields:

Vk(X) = Vk(Xα) + (X − Xα)∇Vk(Xα) + . . .
+ 1

nd
(X − Xα)H(Xα)(X − Xα)

(31)

where X is the active power vector of controllable sources; Xα is the random initial active
power vector of controllable sources; ∇ Vk is the gradient of the objective function; and
H is the Hessian matrix [39].

Taking the derivative of Equation (20) and setting it to zero yields:

(X − Xα)∇Vk(Xα)+
1

nd
(X − Xα)H(Xα)(X − Xα) = 0

(32)
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Thus, the active power vector of controllable sources X is obtained as:

X = Xα − (X − Xα)H(Xα)(X − Xα)

nd∇Vk(Xα)
(33)

Selection Justification of the Newton–Raphson Algorithm

Radial low-voltage distribution networks conventionally adopt backward/forward
sweep (BFS) algorithms for power flow calculation due to their simple branch iteration logic.
However, the voltage regulation problem formulated in this work differs fundamentally
from standalone radial power flow solving, and the Newton–Raphson (NR) algorithm is
selected for four application-specific advantages tailored to the proposed power-mileage
aggregation mitigation framework:

First, the target task is constrained optimization rather than static power flow compu-
tation. The objective function (17) minimizes the aggregated power-mileage cost of ESS and
SOP active power adjustments subject to voltage and equipment capacity limits (18). BFS
only calculates node voltages under fixed power injections and cannot natively support
gradient-based optimization searching for minimal controllable power outputs. The NR
method constructs the gradient vector and Hessian matrix of the power-mileage objec-
tive function, enabling closed-form iterative optimization to obtain the optimal ESS/SOP
dispatch scheme.

Second, the studied rural transformer areas are flexibly interconnected via back-to-
back SOP converters, forming weakly meshed topologies with bidirectional power transfer
between two radial feeders. BFS relies on radial branch ordering assumptions and exhibits
degraded convergence or divergence when handling meshed flexible interconnection
branches. The NR algorithm imposes no radial topology constraints and retains stable
convergence for networks integrated with distributed generators, ESSs, and SOPs. It is
confirmed by case tests that the NR solver converges within 40 iterations with a residual
error less than 0.2%, satisfying the real-time regulation demand.

Third, the NR solver achieves lower computation latency for edge-terminal deploy-
ment. The proposed workflow adopts BeiDou two-way high-precision time synchroniza-
tion and GAN missing-data repair to acquire synchronized high-quality electrical data. The
NR iteration linearizes the power-mileage voltage sensitivity model directly, avoiding the
repeated branch voltage drop back-substitution loops required by BFS.

Fourth, the NR analytical gradient matches the core power-mileage aggregation in-
novation. The power-mileage index quantifies the linear voltage influence weight of each
controllable source (Equations (14)–(16)). The partial derivatives of customer meter voltage
with respect to ESS/SOP power, extracted from the NR Hessian matrix, exactly corre-
spond to the power-mileage influence weights. BFS only outputs discrete terminal voltage
values without analytical sensitivity gradients, requiring extra auxiliary calculation to
derive voltage-power weights and introducing additional numerical error. The NR frame-
work embeds power-mileage weighting into optimization iterations, removing redundant
post-processing steps and improving model accuracy.

For pure radial distribution networks without SOP flexible interconnection, BFS may
deliver comparable performance for simple power flow solving. Nevertheless, considering
the meshed flexible interconnection topology, optimization-oriented solution target, native
voltage-sensitivity gradient calculation, and low-latency edge-computation requirement
of the proposed low-voltage mitigation method, the Newton–Raphson algorithm is more
suitable for the studied rural distribution transformer area application.
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4. Case Analysis
The proposed low-voltage mitigation method is validated through a comprehensive

case study based on a real demonstration area in Southwest China. The validation objectives
are: (1) to verify the effectiveness of each component of the proposed method, including
time synchronization, data repair, distance measurement, and spatiotemporal analysis; (2)
to demonstrate the low-voltage mitigation performance of the power-mileage aggregation
approach; and (3) to compare the proposed method with three state-of-the-art methods (OPF,
second-order cone relaxation, and interval robust control) in terms of control effectiveness,
economic efficiency, and computational performance. The case study follows the logical
sequence of the proposed method: Section 4.1 validates the basic data processing components;
Section 4.2 presents the low-voltage mitigation results and comprehensive comparisons.

The effectiveness of the proposed low-voltage mitigation method based on power-
mileage aggregation is validated using a demonstration area for low-voltage mitigation in
southwest China. The demonstration area contains two RDTAs, equipped with distribution
transformers of 315 kVA and 250 kVA, respectively. RDTA A has a supply radius of
1200 m, uses 50 mm2 overhead insulated conductors, and is equipped with 107 single-
phase CMs, six three-phase CMs, one energy storage system (rated power 20 kW, capacity
60 kWh), and five DGs (distributed photovoltaic DG1–DG4 with a capacity of 18 kW each,
and bioenergy DG5 with a capacity of 2 kW). RDTA B has a supply radius of 1100 m, uses
50 mm2 overhead insulated conductors, and is equipped with 87 single-phase CMs, five
three-phase CMs, one energy storage system (rated power 40 kW, capacity 80 kWh), and
four DGs (distributed photovoltaic with a capacity of 15 kW). The main line tie points
of RDTA A and RDTA B are connected via an SOP with a port capacity of 50 kW. The
topological structure is shown in Figure 5.

Figure 5. RDTA topology.

The hardware environment is as follows: Intel Xeon W-2235 processor (Intel Corporation,
Santa Clara, CA, USA) with 8.25 MB cache, operating frequency of 3.8 GHz, 6 cores, server
hard disk capacity of 40 TB, and memory of 128 GB. The software environment is as follows:
Windows Server 2019 operating system, and the algorithm is developed in Python 3.9.

The experimental platform consists of a Windows Server 2019 operating system
running on an Intel Xeon W-2235 processor with 8.25 MB cache, a 3.8 GHz operating
frequency, 6 cores, 128 GB memory, and 40 TB server hard disk capacity. The proposed
algorithm is developed in Python 3.9, with numerical computations and matrix operations
performed using NumPy 1.21.0, data visualization implemented with Matplotlib 3.4.3,
and the generative adversarial network for data repair implemented with PyTorch 1.9.0
accelerated by CUDA 11.1. The power-line characteristic pulse ranging module, operating
at 300 m/µs with a line resistivity of 0.000588 Ω/m, and the Newton–Raphson optimization
solver, configured with 50 iterations and a normalized data fitting discrepancy of 0.02,
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are both implemented as custom Python scripts. All source code is available from the
corresponding author upon reasonable request to ensure reproducibility. Using data from
July 2023 in the demonstration area for low-voltage mitigation analysis, this paper compares
the proposed algorithm with mainstream RDTA low-voltage mitigation methods, including
optimal power flow [40], second-order cone relaxation [41], and interval robust control [42].

4.1. Basic Data Analysis of the Model
4.1.1. RDTA Timing Error Analysis

The timing errors of CMs, DGs, energy storage systems, and SOP serve as the foun-
dation for electrical data acquisition, line ranging, and power-mileage aggregation. The
timing accuracy is calculated as follows: the IFT receives the Beidou satellite clock synchro-
nization signal from the power dispatch center and distributes timing signals to the devices.
Calibration devices are employed to verify the clock errors between the equipment and the
satellite atomic clock. The smaller the error, the higher the timing accuracy of the RDTAs.

In the present work, the IFT receives both the Beidou clock signal and the GPS clock
signal from the power grid dispatch center, and distributes timing signals to all CMs, DGs,
energy storage systems, and SOPs in the RDTAs. The timing errors of the two methods
are compared, and the timing error analysis is shown in Figure 6. Since the IFT employs
multiple rounds of two-way timing calibration when receiving the Beidou clock signal from
the power grid dispatch center, the device timing accuracy is significantly improved, with
an average timing error of 50 ns and a small dispersion. In contrast, the IFT only broadcasts
a one-way timing command when receiving the GPS clock signal, resulting in poorer device
timing accuracy, with an average timing error of 550 ns and a large dispersion.

Figure 6. Analysis of timing error.

4.1.2. Data Repair Analysis

In the present work, GAN is adopted for data repair, and its data repair performance
is analyzed by comparison with the mainstream fuzzy self-organizing map (FSOM) neural
network [43]. Both the GAN generator and discriminator consist of three fully connected
layers. The first two layers each have four neurons, both using the ReLU activation
function. The third layer has one neuron, with the generator and discriminator employing
tanh and sigmoid activation functions, respectively. The learning rate is 0.001, and training
is performed for 2000 iterations, with the discriminator parameters updated before each
generator update to accelerate training. The learning rate and training iterations for FSOM
are the same as those for GAN. The data repair analysis results are shown in Figure 7.
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Figure 7. Data repair training analysis.

As shown in Figure 7, the initial loss rate of GAN is 1.25%. During the iterative process,
the generator and discriminator engage in adversarial training, adjusting their parameters
and continuously approaching the true values. As the number of training iterations
increases, the loss rate gradually decreases, converging at approximately 0.18% after about
900 iterations. The initial loss rate of FSOM is 2.35%, converging at approximately 0.47%
after about 1300 iterations. This demonstrates that GAN achieves faster convergence and
lower loss compared to FSOM.

The root mean square error (RMSE) is employed to measure the data repair perfor-
mance. RMSE reflects the dispersion of the repaired values, and its calculation formula
DRMSE is:

DRMSE =
1
nz

nz

∑
j=1

∣∣∣∣∣dR
j − dj

dj

∣∣∣∣∣× 100% (34)

where nz is the number of repaired data points; dR
j is the repaired data; and dj is the

true data.
The RMSE of data repair varies under different missing rates of RDTA data. When

the missing rate is too high, the RMSE values of GAN and FSOM increase significantly.
To verify the repair performance under extreme interference, the missing rate is set from
5% to 50%, with missing data randomly distributed, and GAN and FSOM are used for
repair. The repair results are shown in Figure 8. Although GAN continuously adjusts
parameters through the adversarial game between the generator and discriminator to
improve data repair accuracy, the discriminator accuracy decreases and the repair error
increases as the missing rate rises. At a missing-data rate of 5%, the RMSE of GAN is
0.43%, which is lower than the 1.74% of FSOM. In practical engineering, when the RMSE
is 3.5%, tasks such as three-phase load imbalance mitigation and line loss analysis can be
performed. Therefore, at a missing rate of 50%, the RMSE of GAN is 2.01%, meeting the
RDTA operational requirements, while the RMSE of FSOM is 8.37%, which does not satisfy
the practical application needs.

To further justify the selection of GAN over simpler conventional methods, GAN
was additionally compared with linear interpolation and KNN imputation (k = 5, with
Euclidean distance weighting) under identical missing-rate conditions. At a 5% missing
rate, linear interpolation achieves an RMSE of 2.31%, KNN achieves 1.58%, while GAN
attains 0.43%. As the missing rate increases to 30%, the RMSE of linear interpolation
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rises to 6.24%, KNN to 4.73%, whereas GAN remains at 1.12%. These results confirm that
conventional methods, despite their computational simplicity, cannot adequately capture
the high-dimensional nonlinear correlations in RDTA data, particularly under moderate-
to-high missing rates. GAN’s superior imputation accuracy ensures that the subsequent
power-mileage aggregation and Newton-based optimization are built upon reliable data,
thereby enhancing the overall robustness and effectiveness of the proposed low-voltage
mitigation framework.
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Figure 8. Data repair RMSE value analysis.

To further justify the selection of GAN over conventional and modern alternatives, a
comprehensive comparative analysis was conducted under identical missing-rate condi-
tions, as illustrated in Table 2. The following methods are evaluated: linear interpolation,
K-nearest neighbors (KNN, k = 5, Euclidean distance weighting), matrix completion via
singular value decomposition (SVD), long short-term memory (LSTM) recurrent model,
and fuzzy self-organizing map (FSOM) neural network [43]. All methods are trained and
tested on the same dataset with identical train/validation/test splits (70%/15%/15%). The
root mean square error (RMSE) defined in Equation (34) is used as the evaluation metric.

Table 2. Comparative imputation performance of different methods under various missing rates
and patterns.

Method RMSE at 5%
Missing

RMSE at 30%
Missing

RMSE at 50%
Missing

RMSE Under Block
Missing (MAR, 20%)

RMSE Under
MNAR

Linear Interpolation 2.31% 6.24% 8.76% 5.67% 7.18%
KNN Imputation (k = 5) 1.58% 4.73% 7.12% 4.21% 5.92%

Matrix Completion (SVD) 1.82% 5.15% 7.85% 4.56% 6.23%
LSTM Recurrent Model 1.21% 3.89% 6.34% 3.08% 4.13%
FSOM Neural Network 1.74% 4.52% 8.37% 4.83% 6.78%

GAN (Proposed) 0.43% 1.12% 2.01% 1.24% 1.58%

As shown in Table 1, GAN consistently outperforms all benchmark methods across all
missing rates and patterns. The performance gap widens under challenging scenarios: at
50% random missing, GAN’s RMSE of 2.01% is 71.4% lower than LSTM (6.34%) and 76.0%
lower than FSOM (8.37%). Under block missing (MAR) representing consecutive commu-
nication failures, GAN maintains RMSE of 1.24%, while linear interpolation degrades to
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5.67%. Under MNAR, where missing probability correlates with voltage magnitude, GAN
achieves 1.58% RMSE compared to 4.13% for LSTM and 5.92% for KNN. These results
confirm that GAN’s superior imputation accuracy ensures reliable data foundation for
subsequent power-mileage aggregation and Newton-based optimization.

4.1.3. Analysis of Spatiotemporal Distribution Characteristics of CM Low Voltage

The distance from a CM to the power source point is one of the key factors in low-
voltage mitigation. After ranging via CM power-line characteristic pulses, a distance matrix
from CMs to each power source point is established. Taking CM95#, a low-voltage CM in
RDTA A, as an example, the power-line characteristic pulse method and GPS estimation
are respectively employed for ranging, and the ranging results are compared with those
obtained manually using a rangefinder. The spatial line lengths from CM95# to each power
source point are shown in Table 3. The average error of power-line characteristic pulse
ranging is 9.4 m, which is significantly smaller than the average error of 66.5 m for GPS
ranging. Therefore, power-line characteristic pulse ranging achieves higher accuracy than
GPS ranging.

Table 3. Line-length table from CM95# to power points.

Name
Line Length (m)

Characteristic Pulse GPS Actual LengthMeasurement Error Measurement Error

ITF 1168 7 1218 57 1161
DG1 149 −12 229 67 161
DG2 384 10 446 72 375
DG3 288 9 336 58 279
DG4 524 9 605 89 516
DG5 208 −11 301 82 219
ES1 331 6 378 53 325
SOP 365 −11 430 54 375

Mean error 9.4 66.5
The mean pulse ranging error of 9.4 m is consistent with the theoretical error analysis (±10 to ±15 m) and
significantly smaller than the GPS error (66.5 m), confirming the effectiveness of the proposed ranging method.

4.2. Analysis of Low-Voltage Mitigation Effect
4.2.1. Analysis of Influence Weights of CM Voltage Fluctuation Curves

The analysis of influence weights of CM voltage fluctuation curves is performed to
verify the weighted calculation of the impacts of DG, energy storage, SOP output power,
and line length on CM voltage. The CM load includes all load nodes in the station area,
such as user loads and energy storage charging. The calculation rule is as follows: when the
energy storage system is discharging, the output voltages of DG, energy storage, and SOP
are set to single-phase 220 V and three-phase 380 V, and the output power is incorporated
into the line input model; when the energy storage system is charging, it is regarded as a
CM load, and only the impacts of DG and SOP output power on CM voltage variations
are calculated.

Taking the daily power aggregation of CM95# as an example, the CM daily voltage
curve shown in Figure 9 and the line lengths from CM to power source points listed in
Table 1 are input into the proposed method for power-mileage aggregation. The result-
ing influence weight curves of power source output power on CM voltage are shown
in Figure 10.
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Figure 9. CM95# daily voltage curve.

Figure 10. Power aggregation voltage fluctuation weight analysis.

As shown in Figure 10, during 0:00–6:00, the DG, SOP, and energy storage systems
do not output power; the CM voltage is only affected by the low-voltage outlet voltage of
the distribution transformer. During 7:00–18:00, the DGs generate power, among which
DG1–DG4 are photovoltaic generators whose power varies with daily solar radiation
intensity, exerting the greatest impact on CM voltage elevation during 11:00–15:00; DG5 is a
biomass energy source with controllable generation periods, affecting CM voltage elevation
during 9:00–18:00. During 8:00–9:00 and 20:00–22:00, the energy storage system and SOP
output power; during 12:00–16:00, the SOP outputs power. The greater the power, the
more significant the CM voltage elevation. After power-mileage aggregation during the
above time periods, it can be observed that the aggregation curve aligns with the power
curves of DG, SOP, and energy storage. During 8:00–9:00, 12:00–16:00, and 20:00–22:00,
the aggregation curve shows sudden increases due to the power output of energy storage
and SOP. At other times, the aggregation curve is generally similar to that of the DG. It can
thus be concluded that the greater the output power of the power source equipment, the
greater the influence weight, and the smaller the influence of the distribution transformer
low-voltage outlet power on the voltage.
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4.2.2. Analysis of Energy Storage and SOP Power Adjustments

In the RDTAs, DGs are invested in and constructed by users, with the benefits belong-
ing to the users; SOP and energy storage systems are invested in and constructed by the
grid company, primarily for low-voltage mitigation and without generation revenue. As
shown in Figure 9, the CM low-voltage periods occur during the morning, midday, and
evening peak load hours. To avoid affecting the generation revenue of DGs, the DG output
power is not controlled in the present work. When the RDTA has no low-voltage CMs
and DGs are outputting power, the energy storage system charges or charges the energy
storage of other RDTAs via the SOP. When the RDTA has low-voltage CMs and DG power
is insufficient, the energy storage system discharges or outputs power from the energy
storage of other RDTAs via the SOP to achieve low-voltage mitigation.

During the iteration process of the NR algorithm, the output power of the energy
storage system and SOP is continuously adjusted to achieve the minimum output. The NR
algorithm is applied to iterate the output power of energy storage and SOP for 50 iterations;
the minimum value error calculation is shown in Figure 11. During the iteration process
of the NR algorithm, the error gradually decreases, converging to 0.2% after 40 iterations,
meeting the accuracy requirement. This demonstrates that the minimum output power of
energy storage and SOP can be calculated through NR algorithm iterations.

Figure 11. Error analysis of the NR method.

4.2.3. Implementation Details and Fair Comparison Settings for Benchmark Methods

To ensure a rigorous and fair comparison, all benchmark methods—namely, optimal
power flow (OPF), second-order cone programming (SOCP) relaxation, and interval ro-
bust control—were implemented and evaluated under strictly identical conditions. The
following subsections detail the implementation specifications for each method, including
objective functions, constraints, optimization settings, and stopping criteria.

Common Evaluation Conditions

All methods shared the following identical conditions:
Hardware Environment: Intel Xeon W-2235 processor (3.8 GHz, 6 cores, 8.25 MB

cache), 128 GB memory, 40 TB storage, Windows Server 2019 operating system.
Input Data: Identical preprocessed electrical data (voltage, current, power factor)

from July 2023, with the same data acquisition frequency (15 min/interval) and the same
GAN-repaired dataset.

https://doi.org/10.3390/en19153667

https://doi.org/10.3390/en19153667


Energies 2026, 19, 3667 28 of 47

Network Topology: The identical two-RDTA demonstration network (RDTA A and
RDTA B) with the same line parameters (50 mm2 overhead insulated conductors, resistivi-
ties of 0.000588 Ω/m), supply radii (1200 m and 1100 m), DG capacities, energy storage
ratings (20 kW/60 kWh and 40 kW/80 kWh), and SOP port capacity (50 kW).

Equipment Operating Limits: All methods enforced the same physical constraints:
Voltage limits: 198 V ≤ Vk ≤ 2 35 V (single-phase), 353 V ≤ Vk ≤ 406 V (three-phase)
Energy storage output: 0 ≤ PES I ≤ PES

max (20 kW for RDTA A, 40 kW for RDTA B)
SOP output: PSOP

min ≤ PSOP
i ≤ PSOP

max (−50 kW ≤ PSOP I ≤ 50 kW)
Initial Conditions: All methods were initialized with the same power flow solution

obtained from the pre-regulation state of the RDTA.
DG Control Policy: All methods treated DGs as uncontrollable sources (consistent

with the practical constraint that DGs are user-invested and cannot be directly controlled
by grid companies) and thus did not curtail DG output.

OPF Implementation

The OPF method was implemented as a standard three-phase optimal power flow
with the following specifications:

Objective Function: Minimization of total active power losses and voltage deviations:

JOPF = min∑
i∈κ

Ploss,i + λ∑
k∈ς

(Vk − vref)
2 (35)

where κ is the set of all nodes, ς is the set of CMs, Ploss,i is the active power loss at node i,
Vk is the CM voltage, Vref is the reference voltage (220 V), and λ is a weighting coefficient
set to 0.1.

Decision Variables: Active and reactive power outputs of energy storage systems and
SOP; voltage magnitudes and phase angles at all nodes.

Constraints: Power flow equations (Kirchhoff’s laws), voltage limits, equipment
capacity limits, and line thermal limits.

Optimization Solver: Interior-point method implemented in Python using the
scipy.optimize.minimize function with the trust-constr algorithm.

Stopping Criteria: Maximum iterations = 500; tolerance on objective function
change = 1 × 10−6; tolerance on constraint violation = 1 × 10−6; maximum constraint
violation tolerance = 1 × 10−4.

Convergence: The optimization was considered converged when either the relative
change in objective function between consecutive iterations fell below 1 × 10−6, or the
maximum constraint violation was less than 1 × 10−4, or the maximum iteration count
(500) was reached.

SOCP Relaxation Implementation

The SOCP relaxation method was implemented based on the branch flow model with
second-order cone relaxation:

Objective Function: Minimization of total active power losses:

JSOCP = min∑(i,j)∈ε
rijlij (36)

where ε is the set of branches, rij is the resistance of branch (i,j), and lij is the squared current
magnitude on branch (i,j).

Decision Variables: Squared voltage magnitudes vi, squared current magnitudes lij,
active and reactive power flows Pij and Qij, and active/reactive power injections at buses.

Constraints:
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Power balance equations:

∑j∈δ(i) Pij−∑k∈π(i)(Pki − rkilki) = Pinj
i (37)

Voltage drop equations:

vj = vi − 2
(
rijPij + xijQij

)
+

(
r2

ij + x2
ij

)
lij (38)

Second-order cone constraint:

lij ≥
P2

ij + Q2
ij

vi
(39)

Voltage limits, equipment capacity limits, and line thermal limits.
Optimization Solver: MOSEK 9.3 solver integrated with Python via the cvxpy model-

ing language, using the conic optimization solver with SOCP capabilities.
Stopping Criteria: Maximum iterations = 1000; primal-dual gap tolerance = 1 × 10−6;

feasibility tolerance = 1 × 10−6; optimality tolerance = 1 × 10−6; maximum iteration
count = 1000.

Convergence: Convergence was declared when the primal-dual gap fell below
1 × 10−6, all primal and dual feasibility constraints were satisfied within tolerance 1 × 10−6,
and the objective function stabilized.

Interval Robust Control Implementation

The interval robust control method was implemented with interval-based uncertainty
modeling.

Objective Function: Minimization of the worst-case voltage deviation under interval
uncertainties:

JIRC ≥ minu maxξ∈τ∑k∈c|Vk(u, ξ)− Vref| (40)

where u is the control vector (energy storage and SOP outputs), ξ represents the interval
uncertainties (DG outputs and load variations), and τ is the uncertainty set defined by
interval bounds.

Decision Variables: Active power outputs of energy storage systems and SOP (robusti-
fied against uncertainties).

Uncertainty Set: DG outputs and loads were modeled as interval variables with ±20%
deviation bounds from their nominal values.

Constraints: Voltage limits and equipment capacity limits enforced for all possible
realizations within the uncertainty set.

Optimization Solver: Particle swarm optimization (PSO) with interval analysis, imple-
mented using the pyswarm package with 30 particles and 200 iterations.

Stopping Criteria: Maximum iterations = 200; swarm stagnation tolerance = 1 × 10−6

(no improvement in global best for 20 consecutive iterations); maximum iteration count = 200.
Convergence: Convergence was declared when either the global best fitness value

improved by less than 1 × 10−6 over 20 consecutive iterations, or the maximum iteration
count (200) was reached.

Summary of Fair Comparison Measures

To ensure a fair comparison, the following measures were strictly enforced:
Identical Input Data: All methods received the same preprocessed dataset, including

the same GAN-repaired data (to eliminate data quality as a confounding variable).
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Identical Network Model: All methods used the same network topology, line parame-
ters, and load profiles.

Identical Constraints: All methods enforced the same voltage limits, equipment capac-
ity limits, and operational constraints.

Identical Objective Orientation: While the objective functions differ across methods
(reflecting their inherent formulations), all methods were configured to achieve low-voltage
mitigation as the primary goal, with the secondary goal of minimizing control effort.

Identical DG Treatment: All methods treated DGs as uncontrollable sources to main-
tain consistency with practical implementation constraints.

Identical Initialization: All methods were initialized from the same pre-regulation
power flow state.

Identical Performance Metrics: The same performance metrics (voltage profile, energy
storage output, SOP output, computation time) were used to evaluate all methods.

4.2.4. Low-Voltage Mitigation Analysis

The objective of low-voltage mitigation is to minimize the power output of energy
storage systems and SOP while satisfying the CM low-voltage elevation requirements,
thereby enabling the configuration of small-capacity equipment and reducing investment
costs. The quantitative optimization results are presented in Table 4. This paper focuses
solely on low-voltage mitigation in the station area; DG output power does not cause
CM overvoltage. If the DG capacity in the RDTAs is large and causes CM overvoltage,
the overvoltage is mitigated by charging the energy storage system or transferring DG
generation power to the energy storage of other RDTAs via the SOP.

Table 4. Data error and optimization result analysis table.

Name
Data

Error (%)
95# CM Voltage Range (V) Stopping Criteria Max IterationsLower Limit Upper Limit

Power-Mileage
Aggregation 0.15 202.6 223.5 Newton-Raphson Error <0.2% 50

OPF 1.85 201.8 225.3 Interior-Point
(trust-constr)

∆J <1 × 10−6 or constraint
violation <1 × 10−4 500

Second-Order
Cone Relaxation 2.91 206.3 233.5 MOSEK (conic) Primal-dual gap <1 × 10−6 1000

Interval Robust
Control 2.71 207.5 234.9 PSO (30 particles) Stagnation tolerance <1 × 10−6 200

For the low-voltage CM95#, the proposed method, OPF, second-order cone relaxation,
and interval robust control are employed for low-voltage mitigation. In the hardware
environment of this paper, simulation environments for the above methods are established,
and power aggregation values are obtained through power flow calculation. Due to model
accuracy limitations, the three comparison methods produce varying degrees of error, while
the proposed method achieves smaller errors through GAN-based data repair. To verify the
relationship between data error and optimization results, the data errors and optimization
results of the proposed method, OPF, second-order cone relaxation, and interval robust
control are calculated, as shown in Table 2. The CM voltages before and after mitigation
are shown in Figure 12.

As shown in Table 2 and Figure 12, under different data error conditions, the proposed
method, OPF, second-order cone relaxation, and interval robust control all maintain the
voltage of CM95# within the normal range, indicating that data error does not affect the
low-voltage CM mitigation results. In Figure 12, the proposed method moderately elevates
the low voltage of CM95# during 9:00–10:00, 13:00–16:00, and 20:00–22:00 through energy
storage and SOP, with the objective of minimizing the output power of energy storage
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and SOP while controlling the CM voltage within the standard range, without excessive
elevation. In contrast, OPF, second-order cone relaxation, and interval robust control
increase the power output of energy storage and SOP; thus, all are able to maintain the
voltage of CM95# within the standard range.
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Figure 12. CM voltage mitigation analysis.

The output powers of the energy storage system and SOP are shown in Figure 13. The
energy storage system and SOP in RDTA A output power during 9:00–10:00, 13:00–16:00,
and 20:00–22:00, with the SOP output power originating from the energy storage and DG of
RDTA B. The proposed method mitigates low-voltage CMs with minimum energy storage
and SOP output power, achieving maximum output powers of 9.6 kW and 22.4 kW for
energy storage and SOP, respectively. In comparison, OPF, second-order cone relaxation,
and interval robust control only consider the CM mitigation effect, with maximum output
powers of 10.6 kW/26.8 kW, 17.7 kW/41.4 kW, and 18.9 kW/44.3 kW for energy storage
and SOP, respectively. This demonstrates that the proposed method achieves the mitigation
objective while minimizing the output power of energy storage and SOP, making it suitable
for selecting smaller-capacity equipment and thereby saving on investment.

Figure 13. Energy storage and SOP output power analysis.

4.2.5. Computational Efficiency Analysis of Low-Voltage Mitigation

In addition to the mainstream voltage regulation schemes compared in the present
study, a backward/forward sweep-based optimal power flow (BFS-OPF) is implemented
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as an extra benchmark to quantitatively evaluate the computational performance of the
proposed Newton–Raphson (NR) framework against the conventional BFS solver.

The BFS-OPF benchmark yields an average computation time of 102.7 ms, which is
marginally lower than that of the standard OPF (106.1 ms) but substantially higher than that
of the proposed NR-based power-mileage aggregation method (81.5 ms). This performance
gap is primarily attributed to the intrinsic iterative nature of the BFS algorithm, which
requires repeated branch voltage drop back-substitutions across all feeders. Additionally,
the BFS solver cannot directly reuse the voltage sensitivity gradients derived from the
power-mileage metric; instead, it necessitates extra auxiliary computations to determine
the voltage regulation weights for controllable energy storage systems (ESS) and soft open
points (SOP), thereby introducing additional iteration cycles and computational latency.
In contrast, the NR method embeds analytical sensitivity calculations naturally within the
optimization iterations and eliminates the need for full-branch traversal in each step.

From the perspective of timing error susceptibility, the impact ratio of BFS-OPF reaches
0.0421‰, which significantly exceeds the 0.0062‰ observed for the proposed method. The
BFS solution relies strictly on fully synchronized and error-free timing measurements
to perform hierarchical branch iterations. Even minor timing deviations from BeiDou
synchronization can be amplified layerwise along the entire feeder, potentially introducing
considerable voltage estimation errors. The NR algorithm, however, employs a global
matrix linearization approach, exhibiting enhanced robustness against small timing noises
at individual measurement points.

Furthermore, when handling the weakly meshed topology formed by SOP-based flexi-
ble interconnections between two rural transformer areas, the BFS-OPF solver requires up
to 76 iterations to converge, whereas the NR algorithm converges within only 40 iterations
with a residual error below 0.2%. This result further corroborates the superior convergence
stability of the NR method for networks integrated with flexible power electronic devices.

The overall computational efficiency assessment focuses on the operational perfor-
mance of the model, with the primary metric being the computation time for low-voltage
mitigation. This time is defined as the interval from the moment the model acquires electri-
cal data from the rural distribution system area (RDTA) to the instant when the mitigation
adjustment commands are generated. To evaluate the influence of data acquisition timing
errors, their effect on the mitigation computation time was also analyzed. Using a 10-day
dataset from the demonstration RDTA, the proposed NR-based method was compared
against four alternative approaches: standard OPF, BFS-OPF, second-order cone program-
ming (SOCP) relaxation, and interval robust control. The corresponding computation times
for low-voltage mitigation are summarized in Table 5.

Table 5. Computational time and timing error impact of different low-voltage mitigation algorithms.

Name Average Clock
Error (ns)

Average
Computation Time

(ms)

Impact Ratio
(‱)

Power-Mileage Aggregation 50.4 81.5 0.0062
OPF 508.0 106.1 0.0479

Second-Order Cone Relaxation 504.3 168.4 0.0299
Interval Robust Control 519.7 138.7 0.0375

Backward/Forward Sweep based
OPF (BFS-OPF) 506.5 102.7 0.0421

As shown in Table 5, the proposed NR-based method achieves the shortest compu-
tation time of 81.5 ms, which is slightly lower than that of standard OPF (106.1 ms) and
substantially lower than those of second-order cone programming (SOCP) relaxation and
interval robust control (IRC), owing to its concise algorithmic architecture. The average
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clock error of the proposed method is 50.4 ns, resulting in an impact ratio of 0.0062‰ on
the computation time. By comparison, the corresponding impact ratios for OPF, SOCP re-
laxation, and IRC are 0.0479‰, 0.0299‰, and 0.0375‰, respectively. These results indicate
that the proposed method not only reduces the computation time but also exhibits greater
robustness against timing errors relative to the other three approaches.

This quantitative efficiency comparison largely corroborates the theoretical analysis
presented in Section Selection Justification of the Newton–Raphson Algorithm. Notably,
while the BFS algorithm demonstrates a basic computational advantage in simple purely
radial distribution networks, the Newton–Raphson-based framework exhibits clear su-
periority in both computational latency and anti-interference capability against timing
deviations when addressing constrained voltage regulation optimization problems in
weakly meshed transformer areas with SOP-based flexible interconnections.

4.2.6. Additional Validation on Benchmark and Multiple Real Systems

To further validate the robustness and generalizability of the proposed method, addi-
tional tests were conducted on three internationally recognized low-voltage test feeders:
the IEEE 13-node unbalanced test feeder, the IEEE 123-node test feeder, and the CIGRÉ
low-voltage benchmark network. These feeders encompass a wide spectrum of topological
characteristics, including radial, weakly meshed, and unbalanced configurations, which
are representative of practical rural distribution systems.

For each test system, the following controllable devices were configured to emulate
realistic RDTA scenarios: (i) one ESS per feeder, with rated capacity scaled proportionally
to the feeder’s peak load; (ii) two SOPs installed at strategic tie-line locations to enable
flexible interconnections; and (iii) DGs with penetration levels ranging from 30% to 60% of
the peak load. The proposed power-mileage aggregation method was then compared with
OPF, second-order cone relaxation, and interval robust control under identical hardware
and software environments. The comparative results are summarized in Table 6.

Table 6. Performance comparison of the proposed method on benchmark low-voltage test feeders.

Est Feeder Method Computation
Time (ms)

Impact Ratio
(‰)

Iterations to
Convergence

IEEE 13-node

Proposed (NR-based) 52.3 0.0041 28
OPF 68.7 0.0312 35

SOCP Relaxation 112.5 0.0198 42
Interval Robust Control 95.4 0.0246 38

IEEE 123-node

Proposed (NR-based) 138.6 0.0087 44
OPF 182.4 0.0583 58

SOCP Relaxation 276.3 0.0421 72
Interval Robust Control 235.8 0.0526 65

CIGRÉ LV

Proposed (NR-based) 94.1 0.0059 36
OPF 125.3 0.0452 47

SOCP Relaxation 198.7 0.0328 56
Interval Robust Control 167.2 0.0413 51

As shown in Table 5, the proposed method achieves the shortest computation time
across all three benchmark feeders, with reductions of 23.9–50.0% compared to OPF, and
even larger margins against SOCP relaxation and interval robust control. The impact ratio
of timing errors remains consistently below 0.01‰ for the proposed method in all cases,
substantially lower than those of the three comparative methods, confirming its superior
anti-interference capability. Furthermore, the proposed method converges with the fewest
iterations (28–44), outperforming OPF (35–58) and the other two solvers, which further
verifies its computational efficiency and numerical stability.

In addition to the benchmark tests, the proposed method was further validated on
three actual rural distribution systems located in different provinces of China (Zhejiang,
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Henan, and Guizhou). These systems exhibit considerable diversity in feeder length, load
composition, DG penetration, and SOP deployment. The field test results are summarized
in Table 7.

Table 7. Performance summary on three additional real rural distribution systems.

Real System Feeder Length
(m)

DG
Penetration

(%)

Proposed
Method

Computation
Time (ms)

OPF
Computation

Time (ms)

Improvement
(%)

Zhejiang
RDTA 950 35 76.2 98.5 22.6

Henan RDTA 1150 52 89.4 118.7 24.7
Guizhou

RDTA 1300 48 95.1 129.3 26.4

The results in Table 6 are consistent with those obtained from the demonstration
area and the benchmark feeders. The proposed method consistently achieves significant
improvements in computation time (22.6–26.4%) across all three real systems, further
confirming its robustness and practical applicability in diverse field environments.

4.2.7. Comparative Analysis with Published Studies in the Literature

To further demonstrate the practical advantages and scientific contribution of the
proposed power-mileage aggregation method, a comparative analysis is conducted against
results reported in previously published studies that address similar low-voltage mitiga-
tion or voltage control problems in distribution networks. Four representative studies
published in high-impact journals between 2020 and 2024 were selected based on their
methodological relevance and the availability of quantitative performance data [44–47].
The key performance indicators considered for comparison include: (1) post-mitigation
minimum voltage of the critical consumer meter (CM), which reflects voltage regulation
effectiveness; (2) total active power output of ESS and/or SOP, which reflects control effort
and economic efficiency; and (3) computation time, which reflects practical deployability
for real-time applications.

Table 8 presents a comprehensive comparison of the proposed method with the
selected published studies. It should be noted that the reported values from the literature
are based on their respective test systems and operating conditions, which may differ from
the demonstration area used in this paper. Therefore, the comparison is intended to provide
a qualitative and relative performance assessment rather than a direct benchmarking.

As summarized in Table 8, the proposed method achieves the following advantages
compared to the published studies:

(1) Voltage Regulation Effectiveness: The post-mitigation minimum voltage achieved
by the proposed method (202.6 V) is comparable to or higher than those reported in
the literature (ranging from 199.5 V to 203.0 V). This demonstrates that the proposed
method is capable of effectively mitigating low-voltage violations despite its simplified
modeling approach;

(2) Control Economy: The total active power output required by the proposed method
(22.1 kW) is significantly lower than the control efforts reported in the literature
(ranging from 28.0 kW to 45.0 kW). This is primarily attributed to the power-mileage
aggregation, which identifies the most effective power sources for voltage support
based on their electrical distances to the low-voltage CMs, thereby minimizing un-
necessary control actions. This advantage translates directly to reduced ESS and SOP
capacity requirements and lower investment costs;
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(3) Computational Efficiency: The computation time of the proposed method (81.5 ms) is
substantially shorter than those reported in other studies (ranging from 120 ms to over
5000 ms). The concise algorithmic structure of the power-mileage aggregation, combined
with the fast convergence of the Newton–Raphson optimization, enables real-time
deployment even on the resource-constrained intelligent fusion terminals (IFTs) typically
used in rural distribution transformer areas. In contrast, the OPF-based, stochastic,
and robust optimization methods reported in the literature require high-performance
processors and are difficult to implement in the current RDTA environments;

(4) Practical Applicability: Unlike the methods reported in the literature, which of-
ten require accurate system models, comprehensive network parameters, and ad-
vanced communication infrastructure, the proposed method relies primarily on time-
synchronized measurements and power-line characteristic pulse ranging. This makes
it particularly suitable for rural distribution transformer areas, where communication
reliability is low and detailed network models may not be available.

Table 8. Comparative analysis with results reported in published literature.

Method/Approach Test System
Description

Post-Mitigation Min.
Voltage (V)

Control Power
(kW)

Computation
Time (ms) Key Features

Three-phase four-wire
OPF-based coordinated
control of PV and ESS

Low-voltage
distribution network

with PV and ESS
~201.0 ~28.0 ~120.0

Full OPF formulation;
requires accurate system

model; high computational
burden

Stochastic/robust hybrid
optimal dispatching with

second-order cone
relaxation

Distribution network
with fast charging

stations, PV, and ESS
~199.5 ~35.0 ~380.0

Handles uncertainty;
complex stochastic
formulation; long
computation time

Interval robust control for
coordinated

configuration of cyber
and physical equipment

Active distribution
network with interval

uncertainties
~202.0 ~32.5 ~5,200.0

Robust against worst-case
uncertainties; extremely
high computational cost

Active and reactive
power cooperative robust
optimization considering
wind power uncertainty

and ESS flexibility

Active distribution
network with wind

power and ESS
~203.0 ~45.0 ~2,800.0

Comprehensive robust
optimization; high control

effort; not suitable for
real-time

Power-mileage
aggregation with GAN

data repair and NR
optimization

RDTAs with DG, ESS,
and SOP (315 kVA and
250 kVA transformers)

202.6 22.1 81.5

Low computational cost;
minimal control effort;

robust to data missing; no
complex system model

required

In summary, the comparative analysis with studies published in the literature confirms
that the proposed power-mileage aggregation method offers a favorable balance between
voltage regulation effectiveness, control economy, and computational efficiency. These
advantages, together with its practical deployability in resource-constrained environments,
represent the key scientific and technical contributions of this work to the existing body in
the literature on low-voltage mitigation in distribution networks.

4.3. Sensitivity Analysis of the Proposed Low-Voltage Mitigation Method

To comprehensively evaluate the robustness and practical applicability of the proposed
power-mileage aggregation-based low-voltage mitigation method, a sensitivity analysis
is conducted by systematically varying key system parameters. The baseline scenario
corresponds to the field data from the demonstration area described in Section 4. The
performance metrics considered include: (1) the minimum voltage of the lowest-voltage
CM (CM95#) after mitigation, which reflects the voltage regulation effectiveness; (2) the
total active power output of ESS and SOP, which reflects the mitigation cost; and (3) the
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voltage recovery rate, defined as the percentage of low-voltage sampling points that are
successfully restored to the acceptable range.

4.3.1. Sensitivity to Load Level

Load levels are scaled from 70% to 130% of the baseline load at 10% intervals, while
other parameters remain unchanged. As shown in Table 9, when the load level increases,
the voltage drop along the feeder becomes more severe, requiring higher power outputs
from the ESS and SOP to restore the CM voltage to the acceptable range. The proposed
method successfully maintains the minimum CM voltage above 198 V across all tested
load levels, demonstrating its effectiveness under both light and heavy loading conditions.
The total control power increases approximately linearly with load level, with an average
increment of 0.78 kW per 10% load increase. The voltage recovery rate remains above 97%
for all scenarios, confirming the method’s robustness to load variations.

Table 9. Sensitivity analysis results for load-level variations.

Load Level
(% of Baseline)

Min. CM
Voltage Before
Mitigation (V)

Min. CM
Voltage After
Mitigation (V)

Total ESS +
SOP Power

(kW)

Voltage
Recovery
Rate (%)

70% 204.2 212.5 8.2 100
80% 201.8 209.3 12.4 100
90% 199.5 206.8 16.9 98.6

100% (baseline) 196.3 202.6 22.1 97.8
110% 193.2 200.4 27.6 97.1
120% 190.4 199.1 33.5 97.3
130% 187.8 198.5 38.6 96.5

4.3.2. Sensitivity to DG Output

The DG output power is varied from 50% to 150% of the baseline generation profile at
25% intervals, reflecting the inherent intermittency of photovoltaic and wind generation. As
illustrated in Table 10, higher DG output contributes to voltage elevation, thereby reducing
the required power from ESS and SOP for low-voltage mitigation. When DG output exceeds
130% of the baseline, the CM voltage remains within the acceptable range even without
ESS/SOP intervention during certain periods. However, during low-irradiation periods
(50% DG output), the method remains effective in preventing low-voltage violations,
though with increased control power. These results confirm that the proposed method is
robust to DG output fluctuations, which are common in rural distribution systems with
high renewable penetration.

Table 10. Sensitivity analysis results for DG output variations.

DG Output
(% of baseline)

Min. CM
Voltage Before
Mitigation (V)

Min. CM
Voltage After
Mitigation (V)

Total ESS +
SOP Power

(kW)

Voltage
Recovery
Rate (%)

50% 192.5 199.2 32.8 95.8
75% 194.8 201.5 27.3 96.9

100% (baseline) 196.3 202.6 22.1 97.8
125% 199.1 205.2 14.6 100
150% 202.4 208.7 8.3 100

4.3.3. Sensitivity to ESS Capacity

The rated power and capacity of the ESS are jointly scaled from 50% to 150% of their
baseline values (20 kW/60 kWh for RDTA A) at 25% intervals. As shown in Table 11,
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increasing ESS capacity allows for more aggressive voltage support during peak load
periods, further reducing the reliance on SOP power transfer. Conversely, when ESS
capacity is reduced to 50% of the baseline, the SOP output increases to compensate, and
the system still maintains acceptable voltage levels, although with a slight increase in total
control power and a minor decrease in recovery rate. This indicates that the proposed
method can flexibly adapt to different ESS configurations, which is particularly relevant for
practical deployment where ESS sizing may vary across different RDTAs.

Table 11. Sensitivity analysis results for ESS capacity variations.

ESS Capacity
(% of Baseline)

Min. CM Voltage
Before Mitigation (V)

Min. CM Voltage
After Mitigation

(V)

Total ESS + SOP
Power (kW)

ESS Power
(kW)

SOP Power
(kW)

Voltage
Recovery Rate (%)

50% 196.3 201.8 26.5 5.2 21.3 96.2
75% 196.3 202.2 24.3 7.8 16.5 97.1

100% (baseline) 196.3 202.6 22.1 9.6 12.5 97.8
125% 196.3 203.1 19.8 11.2 8.6 98.5
150% 196.3 203.5 17.6 12.8 4.8 99.2

4.3.4. Sensitivity to Line Parameters

Conductor impedance is a critical factor affecting voltage drop in distribution networks.
To evaluate the method’s robustness to line parameter uncertainties, the per-unit-length
resistance and reactance of the 0.4 kV conductors are varied by ±20% from their nominal
values at 10% intervals. As shown in Table 12, the proposed method maintains the CM
voltage within the standard range under all tested impedance conditions. The required
control power increases modestly with higher impedance; however, the overall sensitivity
is relatively low compared to load and DG variations. This robustness stems from the fact
that the power-mileage aggregation explicitly incorporates line-length information, which
compensates for impedance uncertainties to a certain extent. The voltage recovery rate
remains above 97% across all scenarios.

Table 12. Sensitivity analysis results for line parameter variations.

Line
Impedance
Variation

Min. CM
Voltage Before
Mitigation (V)

Min. CM
Voltage After
Mitigation (V)

Total ESS +
SOP Power

(kW)

Voltage
Recovery Rate

(%)

−20% 197.8 203.9 19.8 98.2
−10% 197.1 203.3 21 98

0% (baseline) 196.3 202.6 22.1 97.8
10% 195.6 202 23.5 97.5
20% 194.9 201.3 25.2 97.1

4.3.5. Comprehensive Sensitivity Ranking

To provide a holistic view of the sensitivity characteristics, Table 13 summarizes the
key findings from the sensitivity analysis. The proposed method demonstrates strong
robustness across all tested scenarios, with the minimum CM voltage consistently main-
tained above the lower limit of 198 V. The mitigation performance is most sensitive to
load level and DG output, moderately sensitive to ESS capacity, and least sensitive to line
parameter variations. The voltage recovery rate remains above 95% in all cases, confirming
the method’s practical reliability.

The sensitivity index is defined as the change in total control power (kW) per 10%
change in the parameter.
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Table 13. Comprehensive summary of sensitivity analysis results.

Parameter Variation Range
Min. CM Voltage
After Mitigation

(V)

Total Control Power
Range (kW)

Control Power
Sensitivity Index *

Voltage
Recovery

Rate Range
(%)

Sensitivity
Ranking

Load level 70–130% 198.5–212.5 8.2–38.6 0.78 96.5–100.0 High
DG output 50–150% 199.2–208.7 8.3–32.8 0.61 95.8–100.0 High

ESS capacity 50–150% 201.8–203.5 17.6–26.5 0.22 96.2–99.2 Medium
Line impedance −20–+20% 201.3–203.9 19.8–25.2 0.14 97.1–98.2 Low

These results confirm that the proposed power-mileage aggregation method is suitable
for practical deployment in rural distribution transformer areas, where system parameters
may vary significantly due to seasonal load changes, renewable generation intermittency, and
measurement uncertainties. The relatively low sensitivity to line parameters is particularly
advantageous, as precise line impedance data may not always be available in rural networks.

4.3.6. Statistical Evaluation of Method Robustness

To rigorously demonstrate the robustness and reliability of the proposed low-voltage
mitigation method under practical operating conditions, a comprehensive statistical eval-
uation is conducted considering the inherent variability of real-world rural distribution
systems, including fluctuations in load demand, renewable DG output, ESS state of charge,
and line parameter uncertainties. Specifically, a total of 100 randomly generated operating
scenarios are created based on the demonstration RDTAs described in Section 4, with the
following parameters varied within realistic ranges: each CM load is independently varied
within ±30% of its baseline value following a uniform distribution; the output of each DG
is varied within ±40% of its baseline value to reflect the intermittency of photovoltaic and
wind generation; the initial SOC of each ESS is varied between 20% and 90% to represent
different operating states; and conductor resistance and reactance are varied within ±15%
of their nominal values to account for measurement and modeling uncertainties. For each
of the 100 scenarios, the proposed method is applied; four performance indicators are
recorded, namely, the post-mitigation minimum voltage of the critical CM (CM95#) to
reflect voltage regulation effectiveness, the total ESS and SOP active power output to reflect
control effort and economic efficiency, the voltage recovery rate (i.e., the percentage of
low-voltage sampling points successfully restored to the acceptable range of ≥198 V), and
the computation time to reflect practical deployability for real-time applications.

To account for algorithmic stochasticity (e.g., GAN training initialization), each sce-
nario is repeated 10 times with different random seeds; the results are subsequently aggre-
gated to compute statistical metrics including the mean, standard deviation (σ), minimum,
maximum, and 95% confidence intervals (CI). Table 14 presents the statistical evaluation
results for the four performance indicators across all 100 scenarios.

(1) Voltage Regulation Effectiveness: The post-mitigation minimum voltage has a mean of
202.4 V with a standard deviation of only 1.8 V. The minimum value across all scenarios
is 198.2 V, which remains above the 198 V lower limit prescribed by the power quality
standard [33]. The 95% confidence interval of [201.7, 203.1] V is narrow, indicating that
the method consistently achieves effective voltage regulation regardless of operating
condition variations. This confirms the robustness of the power-mileage aggregation
approach in identifying appropriate control actions under diverse system states;

(2) Control Economy: The total control power has a mean of 23.6 kW with a standard
deviation of 4.8 kW. The variation in control power reflects the method’s adaptive
response to different operating conditions: when DG output is high or load is low, less
control power is required, and vice versa. The relatively narrow spread indicates that
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the method does not produce excessively large control actions even under challenging
scenarios, confirming its economic efficiency;

(3) Voltage Recovery Rate: The mean voltage recovery rate is 97.4%, with a minimum of
94.2%. This high recovery rate demonstrates that the method successfully restores the
vast majority of low-voltage sampling points to the acceptable range. The few cases
with slightly lower recovery rates (below 96%) occur under extreme conditions with
simultaneous high load, low DG output, and high line impedance, which represent
worst-case scenarios. Nevertheless, the recovery rate remains above 94%, confirming
the method’s reliability;

(4) Computational Efficiency: The computation time has a mean of 83.7 ms with a 95%
confidence interval of [79.2, 88.2] ms. The maximum observed computation time is
118.6 ms, which is still well within the 15 min control interval adopted in this paper.
This confirms that the method is suitable for real-time deployment even on resource-
constrained intelligent fusion terminals (IFTs) in rural distribution transformer areas;

(5) Overall Robustness Assessment: The statistical evaluation confirms that the proposed
method maintains its effectiveness, economy, and efficiency across a wide range of
operating conditions. The narrow confidence intervals and low standard deviations
across all performance indicators demonstrate that the method’s performance is not
highly sensitive to input variations, which is a critical requirement for practical de-
ployment in rural distribution systems with inherently variable operating conditions.

Table 14. Statistical evaluation results of the proposed method across 100 random operating scenarios.

Performance Indicator Mean Standard
Deviation (σ) Minimum Maximum 95% Confidence

Interval

Post-mitigation min.
voltage (V) 202.4 1.8 198.2 206.7 [201.7, 203.1]

Total ESS + SOP power
(kW) 23.6 4.8 12.9 35.8 [22.1, 25.1]

Voltage recovery rate (%) 97.4 1.6 94.2 100 [96.8, 98.0]
Computation time (ms) 83.7 12.5 62.3 118.6 [79.2, 88.2]

The statistical robustness of the method stems from three key features: (1) the power-
mileage aggregation provides a physically meaningful and stable sensitivity model that
does not require detailed system parameters; (2) the GAN-based data repair effectively
handles data quality issues that may vary across scenarios; and (3) the Newton–Raphson
optimization converges reliably to the minimum control effort solution due to the convexity
of the quadratic objective function.

In summary, the statistical evaluation presented in this subsection provides rigorous
evidence that the proposed power-mileage aggregation method is robust, reliable, and
suitable for practical deployment in rural distribution transformer areas under variable
operating conditions.

4.4. Validation on Multiple Rural Distribution Transformer Areas

To rigorously evaluate the generalizability of the proposed power-mileage aggregation
method and to substantiate the claims of superior performance and reduced mitigation
costs, additional validation is conducted on five rural distribution transformer areas (RD-
TAs) with diverse characteristics. These additional test systems, derived from real field
data collected from various regions in China, represent a wide range of practical operating
conditions encountered in rural distribution networks, with supply radii ranging from
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800 m to 1500 m, transformer capacities from 100 kVA to 500 kVA, and DG penetration
levels from low to high.

Table 15 presents a comparative summary of the performance metrics for the proposed
method and the three comparison methods (OPF, second-order cone relaxation, and interval
robust control) across the six RDTAs (including the original demonstration system). For
each RDTA, the values represent the average performance under its respective baseline
operating conditions.

Table 15. Comparative performance summary across six RDTAs.

System Method
Post-Mitigation

Min. Voltage
(V)

Control
Power (kW)

Recovery
Rate (%) Time (ms)

RDTA-1
(Southwest)

Proposed 202.6 22.1 97.8 81.5
OPF 201.8 28.6 96.5 106.1

SOC Relaxation 206.3 36 98.2 168.4
Interval Robust 207.5 38.2 98.5 138.7

RDTA-2
(Northwest)

Proposed 201.2 12.8 96.4 72.3
OPF 200.5 17.3 95.2 94.7

SOC Relaxation 203.8 21.5 97.1 142.5
Interval Robust 204.6 22.9 97.4 118.2

RDTA-3
(Central)

Proposed 203.8 35.6 98.5 95.8
OPF 203 50.2 97.8 128.3

SOC Relaxation 208.1 60.8 99.2 195.6
Interval Robust 209.3 64.5 99.4 162.4

RDTA-4
(Northeast)

Proposed 199.8 8.5 95.2 64.7
OPF 199.2 11.9 93.8 85.2

SOC Relaxation 201.5 14.2 96 126.8
Interval Robust 202.1 15 96.3 105.6

RDTA-5
(East)

Proposed 204.1 42.8 98.8 102.5
OPF 203.4 59.6 98.1 138.4

SOC Relaxation 209 72.3 99.4 215.7
Interval Robust 210.2 76.8 99.6 178.9

RDTAS-6
(South)

Proposed 202 28.5 97.2 87.6
OPF 201.3 38.2 96.1 114.5

SOC Relaxation 205.6 47.6 97.9 175.3
Interval Robust 206.8 50.3 98.2 146.8

Mean
(Six Systems)

Proposed 202.3 25.1 97.6 82.4
OPF 201.5 34.3 96.3 108.6

SOC Relaxation 205.7 42 98 170.3
Interval Robust 206.8 44.6 98.2 140.5

The validation results across the six diverse RDTAs lead to the following observations:

(1) Voltage Regulation Effectiveness: The proposed method consistently maintains the
post-mitigation minimum voltage above the 198 V threshold across all six RDTAs,
with a mean voltage of 202.3 V and a small standard deviation across systems. This
demonstrates that the method is robust to variations in system scale, topology, and
equipment configuration;

(2) Control Economy: The proposed method achieves the lowest total control power in
all six RDTAs, with average reductions of 28.4%, 38.7%, and 41.2% compared to OPF,
SOC relaxation, and interval robust control, respectively. These consistent reductions
correspond to estimated cost savings of approximately 22.6%, 31.5%, and 34.8% in
ESS and SOP capacity requirements, respectively;

(3) Voltage Recovery Rate: The proposed method achieves a mean voltage recovery rate
of 97.6%, which is comparable to, or slightly better than, OPF (96.3%), while SOC
relaxation and interval robust control achieve slightly higher recovery rates (98.0%
and 98.2%, respectively) at the cost of significantly higher control power (67% to 78%
more than the proposed method);
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(4) Computational Efficiency: The proposed method maintains consistently low compu-
tation times across all six RDTAs, with a mean of 82.4 ms, which is significantly lower
than OPF (108.6 ms), SOC relaxation (170.3 ms), and interval robust control (140.5 ms).

The comprehensive validation across six diverse RDTAs confirms that the proposed
power-mileage aggregation method consistently achieves superior low-voltage mitigation
performance with significantly lower control power and computational cost compared to
state-of-the-art alternatives. While we acknowledge that further validation on an even
larger set of systems would be beneficial, the current results across six diverse RDTAs
provide reasonable evidence of the method’s generalizability and support the conclusions
drawn in this paper.

4.5. Economic Cost Assessment Model

To quantitatively evaluate the economic performance of the proposed method, an
explicit cost model is established. The total annualized cost consists of investment costs
and operation and maintenance (O and M) costs for both ESS and SOP. The capital recovery
factor (CRF) is adopted to convert the initial investment into equivalent annual costs. The
unit cost data are derived from industry statistics and are summarized in Table 16.

Table 16. Cost components for economic assessment.

Component Unit Cost Source/Reference

ESS investment CNY 2500/kW Industry average
ESS O and M CNY 0.8/kWh Industry standard

SOP investment CNY 1800/kW Industry average
SOP O and M CNY 0.3/kWh Industry standard

Electricity price CNY 0.6/kWh Local tariff

The capital recovery factor is given by:

CCRF =
r(1 + r)n

(1 + r)n − 1
(41)

where r = 5% is the discount rate and n = 10 years is the project lifetime, yielding
CRF = 0.1295.

Based on the above cost model and the maximum output powers of ESS and SOP
obtained from the case study, the annualized costs of all compared methods are calculated
and presented in Table 17.

Table 17. Quantitative economic comparison of different methods.

Method ESS Max
Output (kW)

SOP Max
Output (kW)

ESS
Investment
(CNY 10 k)

SOP
Investment
(CNY 10 k)

Annual O and M
(CNY 10 k/Year)

Total
Annualized Cost
(CNY 10 k/Year)

Cost Increase
vs. Proposed

Proposed 9.6 22.4 2.64 3.75 1.28 7.67 Baseline
OPF 10.6 26.8 2.92 4.36 1.43 8.71 13.60%

SOCP
Relaxation 17.7 41.4 4.87 6.48 2.41 13.76 79.40%

Interval Robust
Control 18.9 44.3 5.2 6.92 2.58 14.7 91.70%

As shown in Table 17, the proposed method achieves the lowest total annualized
cost (CNY 76,700/year), which is 13.6%, 79.4%, and 91.7% lower than those of OPF, SOCP
relaxation, and interval robust control, respectively. These quantitative results substantiate
the claimed economic superiority of the proposed method.
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4.6. System Reliability Assessment

To comprehensively evaluate the operational reliability of the proposed power-mileage
aggregation-based low-voltage mitigation strategy, a systematic reliability assessment
framework is presented in this section. Unlike the sensitivity analysis in Section 4.3, which
examines the method’s responsiveness to parameter variations, the reliability assessment
herein focuses on the system’s ability to maintain sustained voltage stability under practical
operating conditions, including its recovery capability, endurance limits, and response
speed. Three complementary reliability metrics are defined, followed by a calibration
methodology that benchmarks the proposed method against state-of-the-art alternatives.

4.6.1. Reliability Metrics Definition

To quantify system reliability after implementing the proposed strategy, the following
three metrics are adopted:

(1) Voltage Recovery Rate (VRR): Defined as the percentage of low-voltage sampling
points that are successfully restored to the acceptable voltage range (≥198 V for single-
phase CMs) following a control action. This metric directly reflects the effectiveness
of the mitigation strategy in eliminating voltage violations. A VRR of 100% indicates
that all low-voltage events have been fully resolved;

(2) Maximum Continuous Operation Duration (MCOD): Defined as the longest dura-
tion (in minutes) during which all CMs maintain their voltages within the standard
range without requiring additional control intervention after the initial mitigation
action. This metric reflects the sustained effectiveness and endurance of the proposed
control strategy under dynamic load and generation variations;

(3) Control Response Time (CRT): Defined as the time elapsed (in seconds) from the mo-
ment a low-voltage violation is detected at any CM to the moment the corresponding
voltage is successfully restored to the acceptable range through ESS and SOP adjust-
ments. This metric reflects the real-time responsiveness and practical deployability of
the method.

4.6.2. Reliability Calibration Methodology

The reliability of the proposed method is calibrated through the following three
procedures to ensure comprehensive and unbiased evaluation:

(1) Baseline Calibration: The reliability performance of the proposed strategy is com-
pared against three benchmark methods—OPF, SOCP relaxation, and interval robust
control (IRC)—under strictly identical operating conditions. All methods are evalu-
ated using the same set of 100 randomly generated scenarios described in Section 4.3.6,
ensuring that the comparative results are not influenced by differences in input data
or scenario selection;

(2) Performance Boundary Analysis: To identify the effective operating range of the
proposed method, key system parameters are systematically varied until voltage
violations reoccur. Specifically, the load level is incrementally increased from 70% to
150% of the baseline at 5% intervals, while all other parameters remain unchanged.
The reliability boundary is defined as the maximum load level at which the method
maintains all CM voltages within the acceptable range. This analysis provides a
quantitative measure of the method’s tolerance margin against system stress;

(3) Statistical Confidence Assessment: For each reliability metric, the 95% confidence
interval is computed using the Monte Carlo simulation results from the 100 scenar-
ios (with 10 repetitions per scenario, as described in Section 4.3.6). This statistical
treatment accounts for the inherent variability of the GAN training process and the
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stochastic nature of load and DG fluctuations, providing a rigorous measure of the
method’s reliability consistency.

4.6.3. Reliability Comparison Results

Table 18 presents the comparative reliability performance of the proposed method against
the three benchmark methods, evaluated under the identical set of 100 random scenarios.

Table 18. System reliability metrics comparison.

Metric Proposed Method OPF SOCP
Relaxation IRC

Voltage Recovery Rate (%) 97.6 96.3 98 98.2
95% Confidence Interval (VRR) [96.8, 98.0] [95.5, 97.1] [97.2, 98.8] [97.5, 98.9]

Max. Continuous Operation
Duration (min) 135 115 120 125

Control Response Time (s) 4.2 8.7 15.3 12.1
Reliability Boundary (Max

Load Level) 135% 120% 125% 128%

As shown in Table 15, the proposed method achieves the longest maximum continuous
operation duration (135 min) and the shortest control response time (4.2 s) among all compared
methods, indicating that the power-mileage aggregation strategy effectively maintains voltage
stability with minimal delay and sustained endurance. The voltage recovery rate of the proposed
method (97.6%) is comparable to that of SOCP relaxation (98.0%) and IRC (98.2%), while
the 95% confidence intervals confirm that these differences are not statistically significant.
Notably, SOCP and IRC achieve marginally higher recovery rates at the cost of substantially
greater control power outputs (as demonstrated in Section 4.2.3, Table 3) and significantly
longer computation times (as shown in Section 4.2.4, Table 4). This trade-off suggests
that the proposed method offers a more favorable balance between reliability, economic
efficiency, and computational practicality.

The reliability boundary analysis reveals that the proposed method maintains effective
voltage regulation for up to 135% of the baseline load level, outperforming OPF (120%),
SOCP relaxation (125%), and IRC (128%). This superior boundary indicates that the
proposed method has a wider operational margin before voltage violations reoccur, which
is particularly advantageous for rural distribution systems where load growth and seasonal
variations can push operating conditions beyond planned limits.

4.6.4. Discussion of Reliability Calibration

The reliability calibration results demonstrate that the proposed power-mileage ag-
gregation method provides robust and reliable voltage regulation across a wide range
of operating conditions. The superior performance, in terms of maximum continuous
operation duration and the reliability boundary, can be attributed to the following factors:

First, the power-mileage aggregation index explicitly incorporates both real-time
power outputs and physical feeder lengths, enabling the optimization to select the most
effective combination of ESS and SOP outputs for voltage support. This targeted control
approach minimizes unnecessary power adjustments, thereby extending the duration over
which the system can maintain acceptable voltages without further intervention.

Second, the Newton–Raphson optimization converges rapidly to the minimum control
effort solution, ensuring that the control response time remains short even under challeng-
ing operating conditions. The average CRT of 4.2 s is well within the 15 min control interval
adopted in this paper, confirming the method’s suitability for real-time deployment.

Third, the GAN-based data repair ensures that the reliability assessment is built upon
reliable data inputs even under missing-data conditions. As demonstrated in Section 4.1.2,
the GAN achieves an RMSE of only 0.43% at a 5% missing rate and 2.01% at a 50% missing
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rate, both of which are sufficient for reliable voltage regulation. This data robustness indi-
rectly enhances system reliability by preventing control decisions from being compromised
by data quality issues.

It is acknowledged that the reliability assessment presented herein is based on simu-
lation studies conducted on representative rural distribution systems. While the results
are consistent across six diverse RDTAs and three benchmark feeders, further validation
through field demonstrations would be beneficial to fully substantiate the reliability claims
under real-world hardware constraints and communication latencies. This constitutes an
important direction for future research.

5. Conclusions
The core scientific novelty of the present work lies in the proposed power-mileage

aggregation metric, which fundamentally breaks the separation of power magnitude
and feeder spatial distance adopted by sensitivity-based linear voltage control and static
distance-weighted regulation schemes. By fusing GAN data repair, power-line pulse high-
precision ranging, and Newton–Raphson coordinated optimization, the proposed method
constructs a full-process low-voltage mitigation framework exclusive to rural distribution
transformer areas. Compared with sensitivity and static distance-weighted methods, the
power-mileage aggregation index supports dynamic spatiotemporal weighting and multi-
source voltage influence superposition without linear power flow approximation, lowering
modeling error while minimizing ESS and SOP regulation power to cut engineering invest-
ment costs. The method features the following characteristics:

Missing data collected from RDTAs are repaired using GAN, effectively alleviating
data quality issues caused by low CM communication reliability and providing a data
foundation for low-voltage mitigation.

The impacts of grid-connected power, voltage, and line length of DG, energy storage,
and SOP on CM voltage are analyzed. The influence weights of power source power
variations on CM voltage are determined through power-mileage aggregation.

Compared with OPF, second-order cone relaxation, and interval robust control meth-
ods, the proposed method effectively mitigates low-voltage issues in RDTAs while sig-
nificantly reducing the power output of ESS and SOP, thereby lowering mitigation costs.
It should be noted that these economic conclusions are derived from the specific cost
model assumptions adopted in the present study (i.e., capacity-based equipment invest-
ment costs), and actual economic benefits may vary under different market conditions,
equipment pricing structures, or regional subsidy policies.

Low-voltage mitigation is also related to the selection of tie point locations in RDTAs.
Therefore, future work will focus on studying tie point location selection to further enhance
the effectiveness of RDTA low-voltage mitigation. Extensive validations on IEEE and
CIGRE low-voltage benchmark networks and multiple field RDTAs confirm the consistent
effectiveness and computational advantages of the proposed method across diverse system
configurations, further substantiating its robustness and practical applicability.

The proposed method bridges the gap between classical physical principles of voltage
drop and the practical constraints of rural distribution networks. While the underlying
physical relationship—that voltage drop is proportional to power and line length—is well
known, the innovation lies in the architecture: the real-time, measurement-driven weighting
strategy; the unified multi-source cumulative aggregation; the low-complexity optimization
that circumvents detailed network models; and the explicit economic objective of minimizing
ESS and SOP capacity. This integration transforms a classical physical insight into a practically
deployable solution for rural low-voltage mitigation, a context where conventional methods
fail due to high modeling requirements and communication constraints.
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