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Abstract

With increasing renewable-energy penetration and power-electronic interfacing, virtual
synchronous generators (VSGs) are important inertia-support resources for low-inertia
power systems. Existing VSG configuration studies mainly minimize investment cost or
treat frequency-security indices as constraints, rather than directly optimizing siting from
the perspective of frequency stability. This paper proposes a weighted rate-of-change-of-
frequency (w-RoCoF) siting index for VSG configuration. The limitations of center-of-inertia
(COI) theory in representing spatial frequency distributions are first analyzed. Then, based
on frequency-divider (FD) theory, nodal RoCoF in multi-machine systems is analytically
derived, and the w-RoCoF index is formulated to quantify system frequency stability while
preserving nodal dynamic information. A multi-objective VSG siting and sizing model con-
sidering frequency stability and configuration economy is further established. Case studies
on modified IEEE 9-bus and IEEE 39-bus systems show that w-RoCoF identifies critical
locations more effectively than the COI index. In the IEEE 39-bus case, the proposed config-
uration reduces w-RoCoF by 50.7% compared with the cost-oriented scheme and reduces
required virtual inertia by 19.7% compared with the frequency-stability-oriented scheme.

Keywords: frequency stability; virtual synchronous generator; rate of change of frequency;
nodal frequency; VSG siting

1. Introduction

Driven by carbon-peaking and carbon-neutrality targets, renewable-energy-dominated
power systems are rapidly developing. With the increasing penetration of renewable gener-
ation, conventional synchronous generators are gradually being replaced by inverter-based
resources (IBRs). Although this transition is essential for decarbonization, it poses new
challenges to secure and stable system operation. Recent frequency-stability incidents
worldwide have exposed insufficient inertia support and weakened frequency-response ca-
pability in high-renewable power systems [1-3]. The declining proportion of synchronous
generators reduces system physical inertia and increases frequency-security risks after
large disturbances. Moreover, the spatially non-uniform distribution of inertia resources
further complicates frequency-stability control [4,5]. Therefore, frequency-support plan-
ning should consider not only the overall inertia level but also the spatial distribution of
frequency dynamics.

Virtual synchronous generators (VSGs) are widely regarded as effective resources for
enhancing frequency stability in low-inertia systems. By emulating synchronous-generator
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rotor dynamics, VSG-controlled energy-storage systems and other active devices can pro-
vide rapid frequency response and virtual inertia support after disturbances, thereby
suppressing frequency deviations [6]. Recent advances in battery and energy-storage tech-
nologies further support the practical deployment of VSG-controlled storage, although
material-level device design is beyond the scope of this study. This capability is particularly
important in renewable-energy-dominated systems with reduced physical inertia [7]. Pre-
vious studies have shown that VSG-based energy storage can improve frequency-security
indicators [8] and reduce frequency fluctuations [9]. Therefore, the proper siting and pa-
rameter configuration of VSGs are important for the planning and operation of modern
power systems.

Existing VSG and energy-storage configuration studies mainly focus on economic
objectives, such as minimizing investment and operating costs, or on conventional planning
functions such as energy arbitrage, peak shaving, renewable-power smoothing, voltage-
profile improvement, reliability enhancement, and network-loss reduction [10-12]. Even
when frequency regulation is considered, it is often modeled as a static adequacy con-
straint, such as requiring sufficient frequency-regulation reserve, rather than as a dynamic-
stability objective [13]. Some studies assess frequency stability indirectly through nodal in-
ertia [14,15], but such quasi-steady-state indicators cannot fully capture transient frequency
responses after large disturbances. With increasing IBR penetration, post-disturbance dy-
namic indicators, such as RoCoF for relay-protection settings [16,17] and frequency nadir
for under-frequency load-shedding settings [18], should be explicitly considered. Recent
studies have incorporated dynamic frequency constraints into VSG planning models, com-
monly based on center-of-inertia (COI) frequency-response models [19], and some further
co-optimize VSG placement and control parameters [20,21]. However, frequency security
is still usually treated as a constraint rather than an objective to be directly optimized, and
COl-based models cannot represent spatial frequency differences among buses.

A key limitation of these studies is their reliance on the COI model, which assumes a
uniform system frequency. When frequency dynamics are spatially non-uniform, lumped
inertia models may misrepresent local frequency responses and underestimate frequency-
security risks. Therefore, recent studies have begun to investigate node-dependent fre-
quency dynamics. Frequency-divider theory and other analytical frameworks have been
proposed to quantify the spatial distribution of RoCoF and frequency deviations at different
buses [22,23]. These studies show that local frequency responses may differ significantly
from the COI average, highlighting the necessity of considering spatial effects in stability
analysis and in the allocation of frequency-support resources such as VSGs. Some studies
have derived analytical solutions for two-area frequency dynamics based on modal equa-
tions [24,25], and the results indicate that two-area frequency dynamic models can provide
more accurate frequency-deviation estimation than the COI model.

The siting and parameter configuration of frequency-support resources should there-
fore account for spatial frequency dynamics. Based on frequency-divider theory, Ref. [21]
calculates nodal RoCoF by allocating the disturbance power among source buses and
uses it as a constraint in the configuration problem. However, nodal RoCoF is not further
organized into a system-level siting objective. Other studies combine nodal RoCoF with
swing equations and use nodal kinetic energy as an optimization objective [26]. Never-
theless, this approach requires repeated solution of differential equations for numerous
candidate configurations and disturbance scenarios in a planning problem, which increases
the computational burden. For maximum frequency deviation, analytical solutions are
available only for simplified two-area systems, while explicit analytical expressions for
multi-machine systems remain difficult to obtain [27]. Therefore, a planning-oriented index
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that preserves nodal frequency information and can be evaluated offline is needed for
efficient VSG siting and sizing.

Based on the above analysis, the main innovations and contributions of this paper are
summarized as follows:

(1) A weighted RoCoF index is proposed to convert nodal RoCoF information into a
system-level siting indicator. Unlike previous studies that mainly use nodal RoCoF
as a security constraint, the proposed index directly evaluates the frequency-stability
improvement of different VSG placement schemes while preserving spatial frequency-
dynamic information.

(2) A VSG siting and sizing model is established by incorporating the proposed w-RoCoF
index into the frequency-stability objective. The model simultaneously considers
spatial frequency-security performance and configuration cost, so that VSG placement
is determined not only by economic cost or feasibility constraints but also by the
expected improvement in nodal frequency dynamics.

(3) A contingency-set-based extension is developed to reduce the dependence of the
optimal siting result on a single assumed disturbance. The proposed method is
verified under different disturbance locations and renewable-energy penetration
levels, and the results are further compared with time-domain frequency indicators,
including maximum frequency deviation, frequency nadir, and settling time.

The remainder of this paper is organized as follows. Section 2 analyzes the frequency
dynamic characteristics of modern power systems and discusses the limitations of COI-
based frequency modeling. Section 3 derives the proposed w-RoCoF index based on nodal
RoCoF. Section 4 presents the multi-objective VSG siting and configuration model. Section 5
verifies the proposed index and model using modified IEEE 9-bus and IEEE 39-bus systems.
Finally, Section 6 concludes the paper. Before introducing the detailed content, this paper
first outlines the assumptions and simplifications:

Assumption 1: Since the index is mainly constructed based on the inertia-response capabil-
ity of VSGs, the primary frequency-regulation capability of the devices is not considered in the
optimization model.

Assumption 2: While VSG is a versatile control algorithm applicable to various grid-forming
converters interfacing DC sources, renewable energy, and energy storage devices, the VSG mentioned
in this paper refers specifically to grid-forming energy storage equipped with VSG control, since
frequency requlation via primary renewable sources involves significantly more complex dynamics
than those of energy storage.

2. Frequency Dynamic Characteristics of Modern Low-Inertia
Power Systems

2.1. System Frequency Dynamics Based on the COI Theory

In conventional transient-stability analysis, the overall frequency dynamics of a multi-
machine power system are commonly described using the center-of-inertia (COI) theory.
This method aggregates the swing motions of multiple synchronous machines into an
equivalent single-machine model, thereby providing a simplified representation of the
system-level frequency response.

The corresponding swing equation can be expressed as

Hsys Sb,sys ) dAfsys

o =+ Deysfeys = APPER _ p, (1)

sys
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where Hgys denotes the equivalent inertia constant of the system, Afsys is the system
frequency deviation, f¢ is the nominal frequency, S, sys is the total rated system capacity, Py
denotes the active-power disturbance, and APSI;I;R represents the total primary frequency-
regulation power.

The equivalent system inertia and the COI frequency deviation are calculated as

1
Hsys = gMi (2)

=1
Afsys = gMi (3)
Y. HgSpq
§=1

where the subscript ¢ denotes the g-th inertia-providing generation unit. Hg, Sp ¢, and Afg
denote its inertia time constant, rated capacity, and frequency deviation, respectively.

The COI equation represents the overall frequency acceleration or deceleration of a
power system by aggregating a multi-machine system into an equivalent inertia model.
Although effective for synchronous-generator-dominated systems, the COI frequency is
a global inertia-weighted average rather than the actual frequency at any specific bus.
Therefore, it cannot accurately capture local frequency-stability issues caused by spatially
non-uniform inertia and network topology.

2.2. Spatial Characteristics of Frequency Dynamics in Power Systems with High
Renewable-Energy Penetration

In an actual power system, especially during the transient process after a large dis-
turbance, the frequency is not identical everywhere in the system. For different nodes in
the power grid, the rate of change and magnitude of frequency differ owing to their line-
connection structures and their relative locations with respect to the disturbance. When a
disturbance occurs, the bus frequency near the disturbed bus first changes sharply and then
propagates outward through the electromechanical coupling of the grid. For example, a
local power deficit may cause an abrupt frequency drop in that area, whereas the frequency
variation in regions far from the disturbed bus or with larger inertia is much milder.

This phenomenon becomes more pronounced in power systems with high renewable-
energy penetration. Figure 1a shows the frequency dynamics of an actual two-area system,
and Figure 1b shows the results after increasing the tie-line impedance between the two
areas. In this system, renewable inertia resources and loads are concentrated in two
different areas, which can be regarded as a two-node system. It can be observed that
weaker coupling leads to larger inter-area oscillation amplitudes. This is because significant
regional differences in inertia amplify the differences in regional frequency dynamics,
especially when generator tripping occurs in a low-inertia area [28]. This indicates that the
distributed nature of renewable energy further increases inertia non-uniformity, making
local frequency dynamic differences in the system more prominent.

To more intuitively illustrate the spatial differences in system frequency after integra-
tion of power-electronic-interfaced equipment, a simulation was performed on the IEEE
9-bus test system in PSCAD. The simulation corresponds to the 30% renewable-energy
penetration case described in Section 4.2. Figure 2 shows the frequency-response curves
measured at different buses after an active-power disturbance is applied at one bus in the
system. It can be observed that the frequency dynamics of different buses do not coincide.
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At the disturbance instant, the frequency deviation amplitude at Bus 5 is significantly larger
than the amplitudes at the other buses, and its frequency nadir is approximately 49.85 Hz,
which is lower than the nadirs observed at the other buses.

2 4 6 8 10 ) 2 4 6 8 10
time (s) time (s)

@) (b)

Figure 1. Frequency responses of the two-area system under different coupling conditions:
(a) frequency response with relatively strong coupling; (b) frequency response with relatively
weak coupling.
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Figure 2. Frequency response of the IEEE 9-bus system.

The above spatiotemporal differences in nodal frequency indicate that, when analyzing
the large-disturbance transient process of a power system, the classical COI model, which
represents the entire system using a single frequency, is no longer applicable. To accurately
characterize the dynamic behavior of each bus and its influence on system stability, it
is necessary to establish the swing equation for inertia-providing buses, such as buses
equipped with synchronous generators or VSGs. For a generator bus g in the power system,
the swing equation is given by:

ZHj(:Z]'g - % + DgAfg = APp,g — APy ¢ (4)

By comparing Equations (1) and (4), it can be observed that, when the disturbance
location changes, the disturbance-power term AP, in Equation (1) cannot distinguish the
influence of different disturbance locations. Therefore, the frequency dynamics described
by the COI theory cannot reflect frequency variations caused by different disturbance
locations. In other words, the COI frequency describes the equivalent rotor-motion state
obtained by the weighted average of all generator rotors, thereby ignoring local frequency
dynamic characteristics. In contrast, for Equation (4), the power-imbalance term AP,
varies with the disturbance location.
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In summary, the COI frequency is a global averaged quantity and may underesti-
mate RoCoF and frequency-deviation risks at weak buses. Therefore, network topology
and nodal frequency differences should be considered when evaluating local frequency
stability and planning frequency-support resources. To compare different VSG configu-
ration schemes using a system-level index, two questions are raised: (1) how to establish
a frequency-security index that reflects nodal dynamic characteristics; and (2) how to
quantify nodal frequency differences within this index.

3. Siting Index Based on Nodal RoCoF

To address the questions raised in Section 2, this section proposes a new frequency-
security siting index from the perspective of nodal frequency-security indicators. For
large-scale systems, nodal Afmax cannot yet be calculated analytically, whereas nodal
RoCoF can be obtained for all network nodes by calculating the allocation of the initial
disturbance. In addition, maximum RoCoF is commonly used in engineering practice to
estimate Af max [29], demonstrating the engineering practicality and importance of RoCoF.
Therefore, this section first derives the calculation of nodal RoCoF and then presents the
formulation of the proposed siting index.

3.1. Derivation of Nodal RoCoF

For a transmission network with relatively long lines, the line impedance is generally
dominated by reactance. Under this assumption, the nodal voltage equation of the network
can be established using the susceptance matrix [30]:

I=BU (5)

Furthermore, if the transient reactances of synchronous generators and other gen-
eration units are considered, and the nodal voltage equation is partitioned according to
generator buses and network buses, Equation (5) can be augmented as

il [ e o
Ip u Bgg B+Bgg u
where B is the augmented susceptance matrix; I and Ip are the current vectors injected into
generator buses and network buses, respectively; and E and U are the internal electromotive-
force vector of the generators and the voltage vector of the network buses, respectively;
Bgg is the susceptance matrix composed of generator transient reactances and is diagonal;
Bgg is also formed from generator transient reactances and is extended from Bgg to have
the same dimensions as B; Bgp and Bgg are the mutual susceptance matrices connecting
generator transient reactances with network buses, and they are transposes of each other;
and B is the original network susceptance matrix. When a power disturbance occurs in the
network, to eliminate the influence of other unobserved nodes, the augmented susceptance
matrix B in Equation (6) is reduced, retaining only the generator nodes and disturbance
nodes [31], which yields

B* = Bcc — Ber - By - Bre (7)

where the subscript C denotes the set of retained buses, whereas R denotes the set of re-
maining buses to be eliminated. After the rows and columns of the augmented susceptance
matrix are reordered according to the retained and eliminated bus sets, Bcc is the self-
susceptance submatrix associated with the retained buses, and Brg is the self-susceptance
submatrix associated with the eliminated buses. Bcr and Bgc are the mutual susceptance
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submatrices between the retained and eliminated buses. This reduced matrix is then used
to calculate the active-power imbalance allocated to each inertia-providing generation bus.

When a power imbalance occurs at a bus in the power system, primary frequency
regulation has not yet responded during the initial stage of the disturbance. Therefore,
according to Equation (4), the swing equation of inertia-providing generation unit g can be

written as
2Hg5b,g dAfg

fo dt

where AP; o denotes the active-power imbalance allocated to generation unit g at the

+ DgAfy = APy, )

disturbance instant. A negative value of APy indicates an active power deficit. To calculate
the RoCoF of each generation bus at the disturbance instant, the active-power imbalance
allocated to each inertia-providing generation unit must first be determined. According
to [31], this allocation can be expressed as

AP e = Sq AP
S EgoVjoBg; sin(Adg—Ab;) (9)

&~ M o
L. EVjoBj sin(A0;—A6))

where M denotes the number of inertia-providing generation units, AP ; is the active-power
imbalance at bus j, and S ; is the synchronizing power coefficient between source bus g and
network bus j. E¢q denotes the initial internal electromotive force of source bus, while Vg
denotes the initial voltage of network bus j. Adg and Af; denote the power-angle variation
of source bus g and the voltage-angle variation of bus j, respectively.

At the initial instant following a disturbance, voltage magnitudes and rotor-angle
variations are still small. Therefore, the internal electromotive forces of all source buses
and the bus voltages are set to 1.0 p.u., and the nonlinear synchronizing-power coefficients
are approximated by linear allocation factors determined by the susceptance matrix. This
approximation is commonly used in frequency-divider-based and small-signal frequency-
response studies and introduces only small errors in initial RoCoF estimation under normal
operating conditions. Consequently, the allocation factor can be simplified as
By

Sgj =

(10)

Nyl

*
i Bij

During the initial inertial response stage, the mechanical output power of each genera-
tion unit is assumed to remain unchanged, the frequency deviation has not yet developed
sufficiently, and primary frequency response has not yet been activated. Since damping
and voltage dynamics mainly affect the subsequent frequency nadir and recovery process
rather than the initial RoCoF, and previous studies have shown that neglecting damping
can still provide high accuracy in frequency-response calculation [32], the damping term
in Equation (8) is omitted here. By combining Equations (8) and (9), the RoCoF of the
inertia-providing generation buses can be obtained as

afe  _fo

AP, - (H, -1 11
I oo 2 16(HeSpc) (11)

where Afg, APy, Hg, and Sy, g denote the column vector of generator-bus RoCoF, the
column vector of active-power imbalance allocated to the generation buses, the diagonal
matrix of inertia time constants, and the diagonal matrix of rated capacities, respectively.
According to frequency-divider theory [23], once the frequency dynamics of the inertia-
providing generation buses are known, the frequency dynamics of the remaining network
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buses can also be obtained. Therefore, the initial RoCoF values of the non-generation buses
can be calculated as

d AfB
dt max

dAf (12)

1
= —(B+Bgg) -Bgg
dt max

where %mm denotes the initial RoCoF vector of the remaining network buses. It can
be observed that the RoCoF of a network bus is determined by the inertia time constants
of the generation buses, the topological relationship between the network buses and the
generation buses, and the location of the disturbance.

Combined with the analysis in Section 2, this indicates that frequency dynamics exhibit
clear spatial characteristics. Equipping the selected bus with a VSG not only changes its
equivalent inertia, but also affects the corresponding elements of the network admittance
matrix. Therefore, when the VSG placement location differs from the disturbance location,
the frequency stability of some buses may deteriorate after configuration. This phenomenon
will be demonstrated in the case studies.

3.2. Construction of the System Weighted RoCoF Siting Index

The purpose of the proposed index is to evaluate the overall frequency-stability level of
the system when frequency-support resources are limited. It is designed to address the two
issues raised at the end of the preceding section. First, the index should retain the informa-
tion of local frequency dynamics. Second, it should provide a unified system-level metric
for comparing different VSG siting schemes. In addition, the index should be calculable
offline without relying on time-domain simulations. This is particularly important be-
cause the maximum nodal frequency deviation generally requires time-domain simulation,
whereas nodal RoCoF can be obtained analytically using the derivation presented above.

Based on the nodal RoCoF derived in Section 3.1, the RoCoF values with and
without VSG deployment are distinguished and used to construct a comprehensive
evaluation index:

N
Y. RoCoFj; - RoCoF;

w-RoCoF = =1 5 (13)
Y RoCoFy;
i=1

where w-RoCoF denotes the weighted rate of change of frequency. RoCoF; represents the
RoCoF of bus i after the disturbance before VSG placement, whereas RoCoF; represents
the RoCoF of bus i with a VSG deployed at a candidate location. It should be emphasized
that RoCoF ; is not the RoCoF under an undisturbed operating condition. Instead, it is the
nodal RoCoF immediately after the disturbance but before VSG deployment. Therefore,
RoCoFy; represents the original frequency vulnerability of bus i under the considered
contingency. By using RoCoF; as the weight, the proposed index gives higher priority
to buses with more severe pre-deployment frequency dynamics, while RoCoF; evaluates
the post-deployment frequency-security performance. In this way, the w-RoCoF index can
reflect whether a VSG configuration effectively improves the buses that are originally more
vulnerable to frequency disturbances.

By weighting nodal RoCoF values, the proposed w-RoCoF index retains local
frequency-dynamic information that is ignored by the conventional COI-based index.
It also reduces the masking effect caused by simple system-level averaging under uneven
inertia distribution. Therefore, the proposed index links nodal frequency behavior with
system-level VSG allocation and provides a more suitable metric for frequency-stability-
oriented siting.
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4. w-RoCoF-Based VSG Configuration Optimization Model

The configuration of virtual synchronous generators should simultaneously account
for local frequency dynamics and overall system frequency stability. In this section, the
spatial distribution characteristics of frequency dynamics are considered, and a VSG sit-
ing and configuration model is established by minimizing the weighted rate of change
of frequency.

4.1. Decision Variables

The VSG siting and parameter configuration problem is a typical mixed-integer non-
linear programming problem. The decision variables of the proposed model are defined
as follows.

First, the siting variable is defined as a binary variable set:

Z ={zlke O} (14)

where (). denotes the set of candidate buses for VSG deployment. zy = 1 indicates that a
VSG is deployed at bus k, whereas zy = 0 indicates that no VSG is deployed at this bus.
Second, the virtual inertia decision variable is defined as a continuous variable coupled
with the siting variable:
EmvsG = {Emvsc i} (15)
Emvsck = Hvsck - Svsck

where Eysgy denotes the virtual inertia of the VSG deployed at bus k. When z, = 0,
Evsgx = 0; Hysg k represents the virtual inertia time constant of the VSG; Sysg i represents
the rated apparent power of the VSG.

Therefore, the complete decision vector can be written as X = [Z,E, vsc]. If zx =1,
a VSG is configured at bus k, and the total number of inertia-providing generation units
in the system increases from M to M’ = M + 1. Meanwhile, the type of bus k changes
from a non-inertia bus to an inertia-providing source bus. According to the derivation in
Section 3.1, the frequency characteristics of bus k are no longer determined only by other
inertia-providing buses. Instead, bus k actively responds to the active-power imbalance
during the inertial response stage and shares part of the disturbance power. Consequently,
both the nodal RoCoFy and the system w-RoCoF are changed.

4.2. Objective Functions

The first objective is to improve the frequency-stability performance of the system.
When VSGs are deployed at different buses, the equivalent inertia and bus type of the
selected buses change, which further changes the nodal RoCoF values. Therefore, the
w-RoCoF index proposed in Section 3.2 is selected as the frequency-stability objective:

N
'Z RoCoF, - RoCoF;
min F; (X) = w-RoCoF = =

N (16)

Z ROCOFO’I‘
i=1
The deterministic formulation above evaluates the frequency-security performance
of a VSG configuration under a specified disturbance. However, in practical planning
studies, the optimal placement may depend on the disturbance location, renewable-energy
penetration level, and operating condition. To avoid obtaining a configuration that is
optimal only for one assumed disturbance, the proposed model can be extended to a
contingency-set-based planning formulation. Let ()5 denote the predefined contingency
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set. Each scenario s is characterized by the disturbance bus, active-power imbalance,
renewable-energy penetration level, and operating condition. This can be written as:

QS = {51152/- . ‘/SN}/ 5= {bS/ APS/ AS/]ps} (17)

where b; is the disturbed bus, AP; is the active-power disturbance, As is the renewable-
energy penetration level, and |p; is the weighting factor of scenario s. For a given VSG con-
figuration X, the w-RoCoF index is calculated separately under each contingency scenario:

L(X) = F o(X), s € O (18)

To consider both the overall performance and the most severe contingency, the
frequency-stability objective is reformulated as a combination of the expected w-RoCoF
over the contingency set and the worst-case w-RoCoF:

F(X) = 1 ) JosIs(X) + (1 — )maxsen, Ls(X) (19)
seQ)g

where 1 € [0,1] is a trade-off coefficient. In this study, # is set to 0.7 to emphasize the
average frequency-security improvement while still penalizing the worst contingency.

In practical applications, a larger VSG inertia generally requires a higher investment
cost. From the planning perspective, the total investment cost should be kept as low as
possible. In this study, the investment cost is assumed to be proportional to the configured
virtual inertia. Therefore, minimizing the investment cost is equivalent to minimizing the
total configured VSG inertia:

min F(X) = Emyvsc = ) Emvscx (20)

Equations (16) and (17) constitute a multi-objective optimization problem with two
conflicting objectives in different dimensions. Conventional solution methods usually
calculate the complete Pareto-optimal front and then select one solution from it. However,
this process can be computationally expensive. To reduce the computational burden, a
compromise-based approximate solution method is adopted following [33]. Let Fy(x;")
and F>(xy*) denote the optimal values obtained when Equations (16) and (17) are solved
separately. The original multi-objective optimization problem can then be transformed into
the following single-objective optimization problem:

minAd? = di —d2

X
Fimafoi(x) :
tdo =2 e i =1,2
s.t dl Fi,max*Fi(x?>l s

(21)

where Ad denotes the difference between the distance from a solution point to the ideal
point and the distance from the same point to the worst point. d. is the distance from the
solution point to the ideal point, and d. is the distance from the solution point to the worst
point. The detailed derivation of this transformation is provided in Appendix A.

4.3. Constraints

For the VSG configuration problem, the main constraints considered in this study
include the RoCoF constraint, the frequency-deviation constraint, and the virtual inertia
limit. At the instant of a disturbance, primary frequency regulation and other slow dynamic
processes have not yet responded. Therefore, the slow dynamic variables during the inertial
response stage can be neglected, and the maximum RoCoF is generally assumed to occur
at the disturbance instant. Although the system-level w-RoCoF is used as the objective
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function, the RoCoF of an individual bus may still exceed the allowable limit. Therefore,
the RoCoF of bus i should satisfy

|ROCOFl"maX| S ROCOFmaX (22)

where RoCoFmax denotes the maximum allowable RoCoF limit, which is generally taken
as 0.5 Hz/s according to the relevant standard [18]. It should be noted that the RoCoF
constraint is imposed on the post-deployment nodal RoCoF values under each candidate
VSG configuration. If some buses exceed the RoCoF limit before VSG deployment, the
initial system is regarded as frequency-insecure rather than infeasible for the planning
problem. The purpose of the optimization is then to find a VSG configuration that reduces
the nodal RoCoF values and makes the post-deployment system satisfy the prescribed limit.
Therefore, feasibility is judged according to the RoCoF values after VSG configuration.

The system RoCoF calculated using COI theory is not considered as an additional
constraint. This is because, according to the COI formulation, the COI-based system
RoCoF lies between the RoCoF values of the inertia-providing buses. Therefore, when
all nodal RoCoF values satisfy the constraint, the COI-based system RoCoF also satisfies
the constraint.

Similarly, to prevent excessive frequency deviation from causing frequency instability,
the frequency deviation should satisfy

| A f max,sys ’ <A f max (23)

where Afmax denotes the maximum allowable system frequency deviation, and this
constraint ensures that the frequency deviation of the system remains within the
permitted range.

Since the virtual inertia of a VSG is adjustable, its virtual inertia constant is constrained
by the converter capacity and economic operation considerations. Therefore, the virtual
inertia constant of the VSG should satisfy

Hysg,min < Hysgx < Hysg,max (24)

where Hysg min and Hysg max denote the lower and upper limits of the VSG inertia time
constant, respectively. The value of Hysg max is constrained by the capacity and control
capability of the converter.

4.4. Solution Procedure for the VSG Siting and Configuration Model

Based on the above formulation, the VSG siting and configuration model considering
spatial frequency characteristics can be expressed as

min Equation (21)

s.t. Equations (22)—(24) (25)

Equation (25) constitutes the proposed VSG siting and configuration optimization
model. With the spatial characteristics of frequency dynamics taken into account, the post-
disturbance system w-RoCoF is adopted as the optimization objective, while nodal RoCoF,
nodal frequency, and equipment-parameter constraints are simultaneously considered.
Accordingly, the siting locations and parameters of VSGs are optimized to improve the
overall frequency-stability performance of the system.

Since the proposed model contains discrete siting variables and continuous sizing
variables, it can be solved by different optimization methods, such as enumeration, mixed-
integer programming, or metaheuristic algorithms. In this paper, a population-based
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optimization method [34] is adopted as a numerical solver to obtain the VSG siting and
sizing results. The main focus of this study is the proposed w-RoCoF-based planning model
rather than the development of a new optimization algorithm.

Step 1: Initialization. Set the population size Q, the maximum number of iterations
T'max, and the stagnation threshold Ns. Each individual represents a candidate VSG con-
figuration, X; = [z;1,...,2i k,E; 1,---.Ei ], where z;,€{0,1} is the siting variable and E; is the
configured VSG inertia at candidate bus k. The initial population is randomly generated
within the feasible ranges of z and E.

Step 2: Fitness evaluation. For each individual Xj, decode the binary siting variables
and continuous inertia variables to obtain a VSG configuration scheme. The nodal RoCoF
values and the corresponding w-RoCoF objective are then calculated. Constraint violations,
including the maximum number of VSGs, the inertia limits, and the nodal RoCoF limits,
are handled by a penalty function. The fitness function is written as:

fitness(X;) = S (26)
F(X;) + pP(X;)
where F(Xj) is the objective value of the configuration model, P(Xi) is the total normalized
constraint violation, and y is the penalty coefficient.

Step 3: Position update. After all individuals are evaluated, the three best individuals
are selected and denoted as X, X, and X;s. The position of each individual is updated
according to the grey-wolf search rule:

XL+ X+ X4
O o 27)

For the binary siting variables, a Sigmoid mapping is used:

1
S(x) =1 = (28)
1, rand < S(x!3!
Zij = s (29)

0, otherwise

The continuous inertia variables are directly limited to their lower and upper bounds.

Step 4: Constraint repair. If the number of selected VSG buses exceeds the allowed
maximum, only the buses with the largest corresponding inertia values are retained. If
a selected bus has an inertia value outside the allowable range, it is corrected to the
nearest bound.

Step 5: Termination. Steps 2—4 are repeated until the maximum iteration number Tmax
is reached or the best solution remains unchanged for Ns consecutive iterations. In this
study, Q = 50, Timax = 100, and N = 20.

5. Case Studies

In this section, the proposed w-RoCoF index is first verified using the IEEE 9-bus
system. Three frequency-security assessment indices are compared, and PSCAD simula-
tions are conducted to obtain the maximum frequency deviation at each bus as a reference
metric for evaluating the effectiveness and superiority of the proposed w-RoCoF index.
The corresponding VSG siting characteristics are then analyzed.

The three indices are defined as follows:

Index 1 (I1): RoCoF calculated based on COI theory;

Index 2 (I12): system average RoCoF calculated using nodal RoCoF;

Index 3 (I3): the proposed w-RoCoF.
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Furthermore, the proposed optimization model is verified using a modified 10-machine
IEEE 39-bus system. The results show that the proposed optimization model, which con-
siders both economic performance and frequency stability, can effectively balance system
the required configured virtual inertia and frequency-security performance.

5.1. Validation of the Proposed Index and VSG Siting Analysis Without
Renewable-Energy Participation

The IEEE 9-bus system shown in Figure 3 is used for the first case study. A 5% active-
power imbalance is applied separately at Bus 6 and Bus 8, and the three methods are used
to calculate the corresponding frequency-security indices. The inertia time constants of the
synchronous generators at Buses 1, 2, and 3 are 9.5 s, 4.1 s, and 2.7 s, respectively.

6 3

3 -
ar

Figure 3. IEEE 9-bus system.

Figure 4 compares the values of the three assessment methods under different VSG
placement buses when disturbances occur at different buses. The value 0 on the horizontal
axis represents the case without VSG deployment. Since Buses 1, 2, and 3 are electrically
close to Buses 4, 8, and 6, respectively, they are not discussed in this study; the same
treatment is adopted in the following cases.
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Figure 4. Values of the three assessment methods under different VSG placement buses for different
disturbance buses: (a) disturbance at Bus 8; (b) disturbance at Bus 6.

First, when the disturbance occurs at Bus 8, the values of the assessment methods
under different VSG placement buses are observed. Both w-RoCoF and average RoCoF
indicate that deploying the VSG at Bus 6 is the best choice. As shown in Figure 4b, when
the disturbance occurs at Bus 6, the w-RoCoF result indicates that deploying the VSG at
Bus 6 is optimal, whereas the average RoCoF result indicates that deploying the VSG at
Bus 7 is optimal. Therefore, the values of these two indices vary when the VSG placement
location and the disturbance location change.
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According to Equation (1), the COI-based RoCoF is 0.2117 Hz/s before VSG deploy-
ment and 0.1856 Hz/s after VSG deployment, regardless of where the VSG is placed or
where the disturbance occurs. This directly verifies the core assumption of COI theory
discussed in Section 2: the system is equivalently represented as a single lumped-inertia sys-
tem, and the frequency change rate is assumed to remain constant regardless of where the
disturbance occurs. Therefore, the influence of the disturbance location on local frequency
dynamics is completely ignored.

The bar charts in Figure 4 also show that the w-RoCoF values are generally larger than
the average RoCoF values. This indicates that w-RoCoF can more sensitively capture the
frequency dynamic behavior of critical generator buses. In contrast, the average RoCoF
values under different placement buses vary only slightly, indicating that average RoCoF
has limitations in reflecting the spatial characteristics of frequency dynamics and tends to
produce relatively optimistic results.

The detailed maximum frequency deviation of each bus under different VSG place-
ment schemes is reported in Table A1 of Appendix B. The tabulated results further verify
the consistency between the ranking obtained by the proposed w-RoCoF index and the
maximum-frequency-deviation results obtained from time-domain simulations.

Based on Figure 4b, the configuration schemes selected by 12 and I3 are further
simulated in PSCAD 5.0, and the maximum frequency deviation at each bus is calculated.
The I3-based result selects Bus 6 as the optimal VSG placement bus, whereas the 12-based
result selects Bus 7. As shown in Figure 5, after VSG deployment, both configuration
schemes reduce the maximum frequency deviation at the buses after the disturbance. In
particular, when the VSG is deployed at Bus 6 according to the I3 result, the maximum
frequency deviations at most buses are smaller than those obtained when the VSG is
deployed at Bus 7 according to the 12 result.

0.25
=—no VSG
+— Avg. RoCoF
0.20F 4— w- RoCoF
3015 - - - = - -— g — = =
J0.10
2 AN\
0.00 : : : : : : : :
1 2 9 4 5 6 7 8 9
Bus Number

Figure 5. Maximum frequency deviation at each bus after VSG placement using different methods
under a disturbance at Bus 6.

Table 1 presents the detailed RoCoF values at each bus, which are calculated using
frequency-divider theory. These values can be quickly verified by comparing the correspond-
ing equations in the preceding derivation. It can be observed that the RoCoF at the VSG
placement bus generally increases compared with that before configuration. This is because
these buses are non-source buses before VSG deployment, and their RoCoF is determined
by the inertia of the source buses and the system disturbance. After VSG deployment, these
buses are converted into source buses, and their RoCoF is directly determined by their own
inertia and the allocated disturbance power. If the allocated disturbance power is large while
the configured inertia is relatively small, the VSG may be insufficient to effectively buffer the
disturbance, causing the RoCoF to increase after configuration.
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Table 1. Nodal RoCoF values after VSG placement using different methods under a disturbance at
Bus 6.

Configuration

Bus 1

Bus 2 Bus 3 Bus 4 Bus 5 Bus 6 Bus 7 Bus 8 Bus 9

Before
configuration
2
I3

0.1006

0.0495
0.0682

0.2938

0.2811
0.2823

0.2429

0.2334
0.2230

0.2511

0.1237
0.1237

0.6791

0.3346
0.5237

0.2161

0.2082
0.1917

0.2768

0.3042
0.2538

0.3889

0.7634
0.3686

0.3334

0.3647
0.4981

The above case study shows that the proposed w-RoCoF method has significant
advantages in system frequency-stability assessment. It avoids the limitations of COI
theory and the masking effect of average RoCoF on local frequency differences, thereby
demonstrating the effectiveness of the proposed w-RoCoF index.

5.2. Validation of the Proposed Index and VSG Siting Analysis Under Different Renewable-Energy
Penetration Levels

Grid-following wind turbines are added to the IEEE 9-bus system shown in Figure 3.
Specifically, wind turbines are connected to Buses 1, 2, and 3, and their capacities are given
in Table A2 of Appendix B. The total generation capacity of the system is kept unchanged,
while the capacities of synchronous generators and wind turbines are adjusted so that the
wind-power capacity accounts for 30% and 70% of the total generation capacity, respectively.
This setting is used to simulate low-inertia systems. A disturbance is applied at Bus 8 in the
modified 9-bus system. Similarly, the w-RoCoF and average RoCoF values are calculated
when the VSG is deployed at different buses. The results are shown in Tables 2 and 3.

Table 2. RoCoF index values under different VSG placement buses with 30% renewable-energy penetration.

VSG Placement Bus

4 5 6 7 8 9 Without VSG

w-RoCoF
Average RoCoF
COI

0.4080 0.3865 0.3574 0.3527 0.3634 0.3875
0.3424 0.3296 0.3139 0.3140 0.3371 0.3586
0.2519 0.2519 0.2519 0.2519 0.2519 0.2519

0.4518
0.4012
0.3025

Table 3. RoCoF index values under different VSG placement buses with 70% renewable-energy penetration.

VSG Placement Bus 4 5 6 7 8 9 Without VSG
w-RoCoF 0.6296 0.5014 0.5012 0.5669 0.6085 0.6237 0.8648
Average RoCoF 0.5868 0.4837 0.4902 0.5338 0.5643 0.5777 0.8180
CO1 0.4805 0.4805 0.4805 0.4805 0.4805 0.4805 0.7059

5.2.1. Siting Analysis

When the renewable-energy penetration level is 30%, the w-RoCoF index selects Bus
7, whereas the corrected average RoCoF index selects Bus 6. The average RoCoF values at
Buses 6 and 7 are very close, indicating weak discrimination between these two candidates.
In contrast, w-RoCoF provides a clearer siting preference by assigning higher weights to
buses with more severe pre-deployment frequency dynamics. When the penetration level
increases to 70%, I3 selects Bus 6, whereas 12 selects Bus 5. Although the disturbance occurs
at Bus 8, neither method necessarily selects the disturbance bus, indicating that VSG siting
should depend on system parameters rather than only on disturbance location. Overall,
the I3 results tend to point to inertia-weak areas, and the reduced post-deployment index
values confirm the effectiveness of VSGs in improving frequency stability.
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5.2.2. Maximum Frequency Deviation

As shown in Figure 6, the configuration schemes in Tables 2 and 3 are simulated, and
the maximum frequency deviation at each bus is calculated. When the renewable-energy
penetration level is 30%, the maximum frequency deviations under the I3-based configura-
tion scheme are generally smaller than those under the 12-based scheme, except that the
values at Buses 3 and 5 are slightly larger. When the renewable-energy penetration level
is 70%, the simulation results show that, without VSG deployment, all buses experience
severe frequency oscillations after a 5% active-power disturbance, and the system cannot
reach a stable state for a long period after the disturbance. After VSG deployment, the
frequency stability of both schemes is improved. Among them, the configuration scheme
selected by I3 significantly reduces the nodal maximum frequency deviations, and the
reduction is larger than that obtained using I2. This indicates that, in power systems with
high renewable-energy penetration, the frequency-support effect of VSGs becomes more
pronounced, highlighting the importance of VSGs in maintaining frequency stability under
high renewable-energy integration. Meanwhile, the maximum-frequency-deviation results
further verify the effectiveness of the I3 method.

0.30 0.6

—=—no VSG —=—no VSG
—e— Avg. RoCoF —o— Avg. RoCoF
0.25 —a— w- RoCoF 0.5 /\ —=— w- RoCoF
\
020 " s, 04 ) \
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2 £
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0.05 mw/\ 0.1
0.00
1 2 3 4 5 6 7 8 9 0.0 1 2 3 4 5 6 7 8 9
Bus Number Bus Number

(@ (b)

Figure 6. Maximum frequency deviation at each bus after VSG placement under different renewable-
energy penetration levels: (a) 30% renewable-energy penetration; (b) 70% renewable-energy penetration.

5.3. VSG Optimal Configuration in the IEEE 39-Bus System with Renewable Energy Integration

To simulate a low-inertia scenario with high renewable-energy integration at multiple
buses, the large-capacity synchronous generator at bus 39 in the IEEE 39-bus system is
replaced by a combined unit consisting of a synchronous generator and an equivalent
wind-power generation unit, while the total generation capacity remains unchanged. After
this modification, the equivalent system inertia is significantly reduced, and the inertia
resources become spatially non-uniform. The structure of the modified IEEE 39-bus system

is shown in Figure 7.

Figure 7. Modified IEEE 39-bus system.
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5.3.1. Index Effectiveness Analysis

Two disturbance scenarios are considered. In Case 1 (C1), a 5% active-power imbalance
relative to the total system load is applied at Buses 15 and 16, which are located near the
load center of the low-inertia area. In Case 2 (C2), on the basis of C1, an additional 5%
active-power imbalance relative to the total system load is applied at Buses 21 and 24. Each
VSG group is assumed to consist of ten VSG units. The virtual inertia constant is allowed to
vary from 2 to 13 s, the total capacity is set to 100 MW, and the maximum number of VSG
groups is set to two. The population size of the optimization algorithm is set to 50, and the
maximum number of iterations is set to 100. The average RoCoF and w-RoCoF are used as
objective functions, respectively. Table 4 presents the VSG single-objective optimization
results obtained when the two indices are separately used as objective functions.

Table 4. Optimal VSG configuration results under different schemes.

Scenario Objective Index Value Optimal Placement Evsg
Function (Hz/s) Buses (MW-s)
C1 12 0.199 17,19 623,710
C1 I3 0.207 7,25 720, 540
Cc2 12 0.312 13,22 1220, 1360
Cc2 I3 0.334 8,12 1149, 1164

Table 4 shows that the optimal placement buses and virtual inertia values selected by
the two methods are different. Method I3 selects buses close to generator buses, whereas
Method 12 selects buses close to the disturbance locations. As shown in Figure 8, the four
curves represent the nodal RoCoF values after VSG configuration using the two objective
functions under the two disturbance scenarios. Although the 12 index reduces the average
RoCoF level of the entire network, it does not effectively suppress the RoCoF peaks at
critical weak buses, such as Buses 7 and 25 in C1. This indicates that the average value may
mask local frequency risks.
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Figure 8. Nodal RoCoF values in the IEEE 39-bus system after VSG configuration using
different methods.

For the w-RoCoF curves in C1 and C2, the proposed index reduces the average RoCoF
level of the whole network and, more importantly, significantly suppresses the peak initial
RoCoF values of several critical weak buses, such as Buses 15, 16, and 17. This is because the
w-RoCoF index assigns higher weights to these buses in the objective function, causing the
optimization process to preferentially improve their dynamic performance. These results
demonstrate the superiority of w-RoCoF in the optimization model.
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5.3.2. Comparison of Multi-Objective and Single-Objective Configuration Results

The C1 scenario is further used in this subsection to analyze the trade-off between
frequency stability and configuration cost for VSG configuration. To implement multi-
objective optimization, the boundaries of the objective functions must first be determined,
namely, the ideal point and the worst point. The objective with w-RoCoF is denoted as
F1, and the objective with virtual inertia is denoted as F2. The model is first solved using
F1 and F2 as single objectives, respectively. The result obtained by solving F1 alone has
been given above; therefore, the result obtained using F2 as the objective and the final
multi-objective optimization result are calculated here.

Table 5 presents the results of the two single-objective optimizations and the final multi-
objective optimization. The conflict between the two objectives can be clearly observed.
When only the frequency-stability objective F1 is optimized, the system w-RoCoF reaches
its minimum value, but F2 is relatively high. This indicates that more virtual inertia
is required to achieve the desired frequency-stability performance, which increases the
required configured virtual inertia. When only F2 is optimized, the virtual inertia reaches
its minimum value, but w-RoCoF increases by 54.5%, indicating that frequency stability is
neglected in order to reduce the required configured virtual inertia.

Table 5. Results of single-objective and multi-objective optimization.

Objective Function  F1 (Hz/s) F2 (MW s) d. d_ Ad?
F1 0.207 1333 1 1 0
F2 0.320 422 1 1 0
Ad? 0.215 1070 0.715 0.973 1.4577

To further show the trade-off between frequency stability and configuration cost,
several representative non-dominated solutions under the C1 scenario are listed in Table 6.
As the total configured virtual inertia increases, the w-RoCoF value decreases, but the
improvement in F1 becomes smaller when F2 increases from 1070 MW:s to 1333 MW s,
indicating a decreasing marginal benefit of additional virtual inertia.

Table 6. Representative Pareto solutions under the C1 scenario.

Solution Placement Buses F1 (Hz/s) F2 (MW-s)
P1 17 0.320 422
P2 17,19 0.276 650
P3 7,19 0.241 840
P4 7,25 0.215 1070
P5 7,25 0.210 1210
P6 7,25 0.207 1333

The proposed multi-objective model therefore provides a compromise solution be-
tween the two objectives. Compared with the configuration considering only the required
virtual inertia, it reduces the w-RoCoF value by 50.7%. Compared with the frequency-
stability-oriented configuration, it reduces the required virtual inertia by 19.7%. These
results demonstrate that the proposed model can improve frequency dynamic performance
while limiting the required configuration scale.

5.3.3. Contingency-Set-Based Robust Planning Analysis

The deterministic cases above show that the optimal VSG placement may change
when the disturbance location changes. To further improve the planning applicability of
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the proposed method, a contingency-set-based analysis is added in this subsection. The con-
tingency set is designed to include representative disturbance locations in the low-inertia
area, different disturbance combinations, and different renewable-energy penetration levels.
The same VSG siting and sizing scheme is required to be evaluated under all scenarios in
the set.

For each candidate VSG configuration, the w-RoCoF value is calculated under all sce-
narios in Table 7. The objective function follows the contingency-set extension described in
Section 4.2, where both the weighted average performance and the worst-case performance
are considered. The deterministic C1 and C2 optimization results are retained as bench-
marks to show the limitation of optimizing against only one or two assumed disturbances.

Table 7. Contingency set used for robust VSG planning.

Scenario Disturbance Disturbance Penetration Scenario
Bus Level Weight

Sy 15 5% 50% 0.12

S, 16 5% 50% 0.12

S3 21 5% 50% 0.10

Sy 24 5% 50% 0.10

Ss 15,16 5% + 5% 50% 0.16

Se 21,24 5% + 5% 50% 0.14

S, 15, 16 5% + 5% 70% 0.14

Sg 21,24 5% + 5% 70% 0.12

As shown in Table 8, the deterministic schemes optimized for C1 or C2 perform well
under their corresponding scenarios, but their worst-case w-RoCoF values increase when
the disturbance location or renewable-energy penetration level changes. In particular, the
deterministic C1 scheme still has three scenarios in which at least one nodal RoCoF con-
straint is violated. This confirms that the best VSG placement depends on the contingency
location, and a configuration optimized for a limited number of disturbances may provide
insufficient guidance for planning.

Table 8. Comparison between deterministic optimization and contingency-set-based optimization.

Optimal Worst-Case

Method Placement Buses F2 (MW:-s) w-RoCoF (Hz/s) Violated Scenarios
Without VSG — 0 0.944 8
Deterministic C1 8,12 720, 540 0.612 3
Deterministic C2 13,22 1149, 1164 0.568 2
I2 contingency-set optimization 8,25 980, 1040 0.521 1
I3 contingency-set optimization 8,25 1050, 1180 0.447 0

In contrast, the proposed contingency-set-based 13 optimization selects Buses 8 and
25. This result is not identical to the optimal solution of any single deterministic scenario,
but represents a compromise among multiple credible contingencies. All considered
contingency scenarios satisfy the nodal RoCoF constraint. Compared with the 12-based
contingency-set optimization, the proposed I3 method achieves a lower worst-case w-
RoCoF, which indicates that the weighted index can better suppress frequency risks at
critical buses instead of only reducing the whole-network average value.

To further check whether the RoCoF-oriented planning result is consistent with time-
domain frequency-security performance, representative PSCAD simulations are carried
out for the worst contingency of each configuration. The comparison is shown in Table 9.
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Table 9. Time-domain verification under the worst contingency of each configuration.

Worst-Case Frequency

Method Nadir (Hz) Settling Time (s)
Without VSG 49.28 >15
Deterministic C1 49.57 9.8
Deterministic C2 49.61 8.7
I2 contingency-set optimization 49.64 8.1
I3 contingency-set optimization 49.69 6.4

The time-domain results show that the contingency-set-based I3 scheme also achieves
the smallest maximum frequency deviation, the highest frequency nadir, and the shortest
settling time among the compared schemes. Therefore, although the proposed optimiza-
tion model uses w-RoCoF as the main planning index, the obtained configuration also
improves other important frequency-security indicators. This verifies the effectiveness of
the proposed index and demonstrates that the contingency-set-based extension provides
more practical planning guidance than the deterministic formulation.

Table A3 reports the computation times for index evaluation and one optimization
run. The w-RoCoF index is evaluated rapidly because it is calculated analytically from
disturbance-power allocation and the frequency-divider relationship. Although the op-
timization time increases with system size and the number of contingency scenarios, it
remains acceptable for offline planning applications in the tested benchmark systems.

6. Conclusions

This paper investigated the VSG siting and sizing problem for frequency stability in
renewable-energy-integrated power systems. The main conclusions are as follows.

First, compared with the COI-based and average nodal RoCoF indices, the proposed w-
RoCoF index better captures spatial differences in nodal frequency dynamics. By assigning
higher weights to frequency-vulnerable buses, it provides clearer siting guidance and
avoids the masking effect of system-level averaging.

Second, the proposed multi-objective configuration model can balance frequency-security
improvement and configuration economy. The Pareto results show an evident trade-off
between w-RoCoF reduction and required virtual inertia, and the selected compromise solution
improves frequency dynamic performance while limiting the required configuration scale.

Third, the optimal VSG placement is not necessarily located at the disturbance bus, but
is closely related to inertia distribution, network topology, and disturbance location. The
contingency-set-based results further show that the proposed method can provide more
robust planning guidance under different disturbance locations and renewable-energy
penetration levels. Time-domain simulations verify that the obtained configurations reduce
maximum frequency deviation, improve frequency nadir, and shorten settling time.

At present, this study mainly focuses on the contribution of the inertial response
capability of VSGs to the initial RoCoF and frequency stability. Practical factors such
as communication delays, measurement errors, converter current limits, and renewable-
generation uncertainties are not explicitly modeled in the current planning formulation.
Future work will further incorporate these factors, together with the frequency-regulation
capability of converter-interfaced power sources, into a more detailed VSG planning
framework for practical power systems.
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The following abbreviations are used in this manuscript:

COI Center of inertia

FD Frequency divider

IBR Inverter-based resource

IEEE Institute of Electrical and Electronics Engineers
PFR Primary frequency regulation

PSCAD Power Systems Computer Aided Design
RoCoF Rate of change of frequency

VSG Virtual synchronous generator
w-RoCoF  Weighted rate of change of frequency
DC Direct current

Appendix A

Derivation of the Compromise-Based Multi-Objective Transformation.

Consider a multi-objective optimization problem with two conflicting objective func-
tions, F1(x) and F,(x). When the two objectives are solved separately, their optimal solutions
can be expressed as

xj = argminF; (x)

* _ : (A1)
x; = argminF;(x)

Accordingly, the ideal point U and the worst point W in the solution space can be

obtained as
U= (F(x7) R(x3)) (A2)

W = (Fi(x3), F2(x1)) (A3)

To avoid dimensional inconsistency, the normalized distance of a solution point to the
ideal point or the worst point along each objective direction can be expressed as

Fi(x;) — F(xf) . .
filx) = W, i #] (Ad)

After normalization, the ideal point becomes (0,0), and the worst point becomes (1,1).
The following distances are then defined:

dy =\/f2+ f3 (A5)

i =\(1— )+ (- f) (A6)

where d, denotes the distance from the solution point to the ideal point, and d. de-

notes the distance from the solution point to the worst point. f; and f, denote the
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normalized distances of the solution point to the ideal point along the Fi(x) and F5(x)
directions, respectively.

Thus, solving the multi-objective optimization problem can be transformed into mini-
mizing the difference between the distance to the ideal point and the distance to the worst
point, namely,

mind =d; —d_ (A7)
Furthermore,
d=dy—d_=
2 =d% —d? =
A+A-0-HP-0-H)P= (A8)
2(f1+f2) —2
< fith

Therefore, when the solution point is closest to the ideal point, the optimal solution
of the multi-objective problem is obtained. In this way, the multi-objective optimization
problem is transformed into a single-objective optimization problem.

Appendix B

Table A1l. Maximum nodal frequency deviation under different VSG placement buses when the
disturbance occurs at Bus 6.

VSG
Placement Bus

Without VSG 0.145 0.151 0.154 0.144 0.154 0.154 0.152 0.150 0.142

Bus1 Bus 2 Bus 3 Bus 4 Bus 5 Bus 6 Bus 7 Bus 8 Bus 9

Bus 4 0.036 0.037 0.067 0.034 0.060 0.065 0.035 0.036 0.034
Bus 5 0.034 0.035 0.058 0.034 0.049 0.057 0.033 0.034 0.033
Bus 6 0.032 0.031 0.052 0.032 0.042 0.052 0.030 0.031 0.031
Bus 7 0.032 0.033 0.061 0.033 0.057 0.061 0.031 0.033 0.032
Bus 8 0.035 0.036 0.064 0.034 0.056 0.063 0.033 0.034 0.033
Bus 9 0.037 0.038 0.069 0.035 0.063 0.068 0.036 0.037 0.035

Table A2. Capacity settings of synchronous generators and wind turbines under different renewable-
energy penetration levels.

Renewable-Energy Penetration G1 G2 G3 W1 W2 W3
0% 375 300 270 0 0 0
30% 262.5 210 189 106.5 90 87
70% 112.5 90 81 244.5 210 207

Table A3. Computation times for index evaluation and one optimization run.

System Index Evaluation Time (s) One Optimization Run (s)
Modified IEEE 9-bus system 0.004 3.2
Modified IEEE 39-bus system 0.026 28.6
IEEE 39-bus system with contingency set 0.184 126.4
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