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Abstract: Background/Motivation: Viscous dissipation enhances temperature. Deter-
mination of its impact is needed to avoid degradation of products in industrial pro-
cesses. Methodology: The inlet-filled thermal entrance region model addresses the Graetz—-
Brinkman problem of viscous dissipation in developing heat transfer in a tube subject to
a constant heat flux at the wall, considering Newtonian, pseudoplastic, and dilatant fluids.
The inlet-filled region concept is used to solve for developing heat transfer, with the thermal
entrance region divided into a thermal boundary layer zone, called the thermal inlet region,
ending at the point where the thermal boundary layer fills the whole tube cross section,
followed by a thermally filled region where fully developed conditions are asymptotically
reached. Key Results: The model is essentially analytical. The results include profiles
of the dimensionless thermal boundary layer thickness, Nusselt number, dimensionless
bulk, wall and centerline temperatures, and entrance region length for different values
of the Brinkman number and power-law index, with validation against the derived fully
developed solution and published results. Implications: New results are obtained for the
case of nonzero viscous dissipation. Results can be obtained with minor computational
tasks needed.

Keywords: thermal entrance region; Graetz—Brinkman problem; power-law fluid; developing
heat transfer; viscous dissipation

1. Introduction

Power-law fluids constitute a very large class of non-Newtonian fluids including poly-
mer solutions and polymer melts. Large temperatures may lead to degradation of products
in industrial processes. For highly viscous fluids, viscous dissipation enhances temperature
and amplifies the problem [1]. Determination of the impact of viscous dissipation is needed
in such cases. The Graetz—Nusselt problem [2] consists of developed laminar fluid flow
and developing heat transfer in a tube subject to a constant wall temperature (isothermal
case). Its extensions include the constant heat flux at the wall (isoflux) case. Reviews can be
found in Mandapali [3], Khan and Ali [4], and the references therein.

Investigations of developing heat transfer treatments for Newtonian fluid flow include
the works of Graetz and Nusselt (isothermal case) [2]. Siegel et al. [5] addressed the
uniform flux case using a series expansion method. Salazar et al. [6] solved the isothermal
and isoflux cases using a combination of separation of variables and the method of lines.
Mandapati [3] included axial conduction and viscous dissipation in the investigation of the
isoflux case. The numerical solution (successive accelerated replacement) provided shows
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small axial conduction effects for a Peclet number above one hundred. Ou and Cheng [7]
included viscous dissipation and used separation of variables to solve the isoflux case.

Power-law fluids include Newtonian (n = 1), pseudoplastic (n < 1), and dilatant fluids
(n > 1). Extensions of research investigations to the cases where n # 1 include the work
of Bird [8], addressing the isoflux case and providing asymptotic solutions near the inlet
using the Leveque approximation, an asymptotic solution far from the inlet, in addition to
the general solution, expressed theoretically as a function of Eigen values and functions.
Lyche and Bird [9] provided a semi-analytical solution for the Graetz-Nusselt problem.
Cotta and Ozisik [10] provided a formal solution including viscous dissipation, considered
as a function of the radial coordinate only, and expressed in terms of Eigen functions and
Eigen values. The numerical solution provided in [10] applies to the case of negligible
viscous dissipation and includes a comparison with the asymptotic solution in Bird [8].
Khellaf and Lauriat [11] addressed the isothermal case using separation of variables with
spectral decomposition, while ValkO [12] and Manglik and Prusa [1] included viscous
dissipation, using the Laplace transform Galerkin method in [12], and a finite-difference
scheme in [1]. Barletta and Magyari [13] and Dehkordi and Memari [14] considered the
case where the inlet stream to a tube section subject to uniform flux downstream, is the
outlet stream leaving an adiabatic tube section upstream, sufficiently long for the flow to
be hydrodynamically and thermally fully developed. A Laplace transform method is used
to solve the Newtonian fluid problem in [13], and a finite difference scheme is adopted to
solve the power-law fluid case in [14]. Khan and Ali [4] addressed the Graetz-Brinkman
problem for isothermal and isoflux boundary conditions, assuming slip at the wall.

Simultaneously developing and heat transfer were addressed by Al-Ali and Selim [15]
and Chebbi et al. [16], using the inlet-filled region concept to solve the Newtonian fluid
case for the isoflux problem in [15] and the isothermal problem in [16] for different Prandtl
numbers, while Hassan and Chebbi extended the isoflux analysis to power-law fluids [17].
Etemad [18] included viscous dissipation effects and solved the power-law fluid flow case
using the isothermal and isoflux boundary conditions at the wall, Reynolds number = 500,
Prandtl number = 10, and the Galerkin finite element method.

The inlet-filled region concept was introduced by Ishizawa [19], to investigate develop-
ing radial flow between parallel disks, and later used to analyze developing flow in circular
pipes by Mohanty and Asthana [20]. The entrance region, according to this concept, consists
of a combination of an upstream region, called the inlet region, where the hydrodynamic
boundary layer thickness grows to reach its maximum value, followed by a filled region
in which the flow keeps readjusting to asymptotically reach the fully developed velocity
profile. The concept, initially introduced for developing fluid flow, was extended by Habib
and Selim [15] to treat simultaneously developing heat transfer and Newtonian fluid flow
in a circular tube. The successful investigation in [15] for the constant of uniform heat
flux was extended by Chebbi et al. [16] to the isothermal case. The case of developing
power-law fluid flow was successfully solved by Chebbi [21] using the inlet-filled region
concept, with the analysis of simultaneously developing heat transfer successfully added
to the model in [21] by Hassan and Chebbi [17] in the case where viscous dissipation effects
can be neglected. In the case of highly viscous power-law fluids, viscous effects need to be
included as this leads to higher temperatures.

In summary, the investigations addressing fully developed power-law profile and
thermally developing heat transfer in an isothermal circular tube (Graetz-Nusselt problem)
are considered in [1,9,11,12]. A formal solution is provided in [8] for the corresponding
isoflux Graetz problem (uniform inlet temperature) assuming no viscous dissipation. The
formal solution, including the viscous dissipation term, Eigen functions, and Eigen values
provided in [10], is solved numerically in the case of small viscous dissipation [10]. Viscous
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dissipation is included in [4] assuming slippery walls. Refs. [13,14] address the isoflux
Graetz problem case for a hydrodynamically and thermally developed inlet stream leaving
a sufficiently long adiabatic tube. Simultaneously developing power-law fluid flow and
heat transfer in circular tubes subject to uniform heat flux is addressed in [17], using
the inlet-filled region concept with viscous dissipation effects assumed negligible, while
viscous dissipation effects are included using the Galerkin finite element method in [18]
with simulations done for Reynolds number = 500 and Prandtl number = 10 [18].

The present investigation addresses developing heat transfer of fully developed power-
law fluid flow in a tube, for the case of uniform inlet temperature and uniform heating flux
at the wall with viscous dissipation included (Graetz-Brinkman problem) using the inlet-
filled region concept. Previous investigations, as summarized above, are different in terms
of solution methodology and scope from the present one: the Graetz—Brinkman problem
for uniform wall heat flux, uniform inlet temperature, and viscous dissipation included for
developing heat transfer and fully developed power-law fluid flow. In particular, the work
of Etemad [18], addressing simultaneously developing power-law flow and heat transfer,
only provides results for Re = 500 and Pr = 10, as mentioned above.

In contrast to previous works, the present investigation uses a different and predom-
inately analytical model, based on the inlet-filled region concept, and requiring minor
computational work. The model provides extensive results including wall, bulk, and cen-
terline temperature profiles, Nusselt number profiles, and dimensionless thermal entrance
region lengths for zero and nonzero Brinkman numbers (viscous dissipation case) for the
three cases: Newtonian, pseudoplastic, and dilatant fluid flows.

The model used is described first, followed by a presentation of the solution methodol-
ogy, results and discussion, and conclusions, including recommendations for investigations
involving viscous dissipation in nonisothermal flows based on the recent theoretical inves-
tigations in Baranovskii [22] and Baranovskii and Shishkina [23] in relation to solvability,
uniqueness of solution, and stability.

2. Model

The extended Graetz problem considered consists of fully developed power-law fluid
flow in a tube subject to a uniform heating flux at the wall, where developing heat transfer
occurs. According to the inlet-filled region concept extended in [15] to developing heat
transfer, the thermal entrance region consists of two zones: the thermal inlet region where
transverse heat conduction effects are limited to the thermal boundary layer, followed by
the thermally filled region where heat conduction is present in the whole tube cross section.
The governing equations are developed for both regions.

2.1. Governing Equations

The fully developed laminar fluid flow profile is given by [2]:

u r\d

— =1-(= 1

o= (&) ®
where u and U, denote the velocity at radial coordinate r and the centerline velocity,
respectively, R is the inner tube radius, and q is defined as 1 + (1/n). Figure 1 depicts the

problem considered with the system of coordinates used.
Considering viscous dissipation, the heat transfer equation is given by [2]:

ox ror\ or pcp \  Or
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The temperature profile is subject to the following boundary conditions:

atx=0T=T 3)

aT 10T 2T  K/qUc\™™
atr_Rkar_qO’Rar+ar2__k<R) ®

aT o°T : :
atr=0T =T, ol 0, 32 0 (thermal inlet region) )

aT o°T

atr=0T=T,, = @FT (thermally filled region) (6)

o o2 kR
where Ty, T¢, and T represent the uniform inlet temperature, the centerline velocity, and
the local temperature, respectively, x denotes the axial coordinate, qg is the uniform heat
flux at the wall, K, p, &, and k denote the power-law consistency index, density, thermal
diffusivity, and thermal conductivity, respectively, and I't is the thermal shape factor [15].

Y0

—_— r=0
Fully developed 8
fluid flow
Thermal Thermally filled Thermally
inlet region region developed heat
transfer

Figure 1. Schematic of developing heat transfer in a circular tube for fully developed fluid flow
(isoflux Graetz problem), showing the thermal inlet region and the thermally filled region together
forming the thermal entrance region.

2.2. Approximate Temperature Profile

A Von Karmaén integral approach is selected, using the approximate temperature
profile expression:

4 .
=Y byl @)
=0
where
" T-—T. y 1
= ——, = -, = 1 + — 8
qoéT/k nr = q n 8)

Using the boundary conditions in Section 2.1, along with the approximate polynomial
temperature profile, Equation (7), and solving the linear system of equations obtained
yields the expressions in Table 1.
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Table 1. Coefficients of the approximate temperature profile (I'r = 0 in the thermal inlet region and
51 = 11in the thermally filled region).

bo 6+T1+ (1Jlr§“+1Br)§T
by -1
by 57 %“Bf
bs 3+23T71"T;2§Tq“+1Br
by _ 2+5T—1“T1-3Tq“+18r
Where 5
=g ©

2.3. Integral Energy Equation
Integrating the heat equation, Equation (2), yields
oT L KUICH-l qn+1

R
i/ (T—To)rudr = aR — —
dx JR-57 or[,_g P (q+2)R"

6T q+2
(] o
In dimensionless form, the fully developed velocity profile u [2] is expressed as

a=1-(1-58rnp)? (11)

with 87, defined as 87/R, is set to 1 in the thermally filled region.
Substituting in the dimensionless form of Equation (10) gives

d == 1_ - It 2q
— | Ucd T(1-6 d =2(1— =
dé[ ‘ T./o T (1= brn) HT} ( Uc>jL q+2

n+1

Br [1 ~-(1- ST)q“} (12)

where the Brinkman number is defined as Br = KU2!/(q,R") and

_ _ PUFTTR)" 5 Ue _ 3ntl _ q+2
£ = preprs Re = = Uc = £ = 47 = 15, 13)
— Ug (2R
U=, nr=¢, Pr= 0CR)
2.4. Fully Developed Temperature Profile
Substituting for the fully developed velocity profile [2],
_ q r
u:1—s,£:§ (14)
in Equation (2) gives in dimensionless form
(1— Eq)a%fd —12 (8%) + q*H1Br @ D)
(15)

T . T—To o X
Tra = qR7K X = 2 0.RK

Extending the approach in [2,8,17], we seek a solution for the fully developed profile
of the form

Tiq = Cox + W(e) (16)
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Substituting into Equation (15) gives an ordinary differential equation,

(1—e9)Co = ds( iw) + g1 Br g(a (1) (17)

Integrating two times while imposing a finite value of { at ¢ = 0 yields
P = Ae? + BeP + Cy; p=q+2 A=Cy/4, B= —(CO + qn+1Br) /p2 (18)

Using Equation (4) yields

_ 2 n+1
Co=o5 (p+q~+'Br) (19)

Instead of using B.C.1, we use an integral form of the energy Equation as in [2].
Multiplying all terms in Equation (15) by ¢, and integrating with respect to ¢ between
0 and 1 and with respect to x from 0 to ¥, yields after identification of the x terms [17]

1
| w(e-ert)de =0 (20)
0
Integrating the above expression provides
P 2B )
Cz——<A+ (21)
2(p +2) p

2.5. Nusselt Number

The Nusselt number is defined as
Nu =h(2R)/k, h(Tw — Tp) = Jo (22)

with the bulk temperature provided by

u(T — Tc)(2m)rdr
Tb—Tc-—fO =) 2m) (23)
fo 70)rdr
In a dimensionless form, we have
2 K —T):ST*—ZSUflﬁT*(1—n8)dn (24)

with T, = Ty in the thermal inlet region and 5t set to 1 in the thermally filled region.

3. Solution Methodology
3.1. Asymptotic Solution

Close to the origin, &t is small, and the following approximations of Equations (13)

and (11) can be used:
U=qdrnr (25)
d =3 1, < _ _ X
dE[UCéT/o GT*(1—8rmr)dnr| =2, &= RRePr (26)

Using an approximate quartic temperature profile near the origin,

4 .
V=§w&w% 27)
1=
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and integrating Equation (26), while setting the thermal boundary layer thickness to

1/3
() 28)

3.2. Fully Developed Nusselt Number and Thermal Shape Factor

zero at the origin, yields
i op ]
L j+1

=0

or =

Applying Equation (24) in this case gives

_ o
2 T ZUC/ T Tye de (29)
Nugy g 0

Using Equation (18) shows that the x terms cancel out, with Equation (29) reducing to

— — 30
4 p—i—Z+ 2 p+q+t2 q+2 (30)

2 —A+B—|—C2—2q+2[A B—A Cz_ B Cz
Nugg q
The fully developed thermal shape factor is obtained from the definition Equation (6),

and the fully developed temperature profile (Section 2.4):

+2+q"Br
Ipg = 1242 (31)
q
3.3. Numerical Solution
(i) Thermal inlet region
Using the chain rule in Equation (11) yields the following;:
dgT F — = [1_ * =
G = 8= Ut [ WT (1~ Frmr)dny (32)
dor
where "
52 2 \q+2
Ff2+q+2Br{1—(1—6T) ] (33)
Substituting for the dimensionless velocity profile in Equation (32) gives
=<2 1, - L = q+l
g=Usr( [ T(1—8mp)dne— [ (1~ 5mp) ™ ane (34)

Substituting for the approximate temperature profile, Equation (27), and integrating yields

4

o (& b _ b; 4 1. _
_ .82 y J j y — j q+1
g = UC6T <]0 H—il — 6Tj:0 ]—i—iz - = bjIj,q+]> ’ Ij,q+1 - A nT (1 - 5TﬂT) dﬂT (35)

Integrating by parts yields the following recurrence relation:
. = k+2

(—%) Gx—1qek2 — (1 — 5T)qJr -

dr(q+k+2)

Lokt = j=1—4andk=0—j) (36)

starting at k =j, using _
(1-3r)"72 -1

— 37
5@ i1 2) 7

log+j+1 = —

(i) Thermally filled region
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Using the chain rule in Equation (11) yields the following:
dr F — [t
= 8= U AT —mm)dny (38)
d¢,  dg 0
dTy
where "
n
F—2(1—FT)+2‘1 Br (39)
Uc q+2

The expressions for g, Equations (35)—(37), can be used with &7 set to 1 in the thermally
filled region.

4. Results and Discussion

The thermal entrance region consists of two zones. Integrating Equation (32) provides
the dimensionless thermal boundary layer thickness profile. Equation (28) is used to initiate
integration to avoid the well-known singularity with infinite slope at the origin. The
thermally filled region solution starts at the location where &1 reaches one. Solving for the
thermal shape factor I't is performed using Equation (38).

At the wall, we have the following;:

* _TW_TC _
" qedr/k

by (40)

with T¢ = Ty in the thermal inlet region and 8t set to 1 in the thermally filled region.
Using the energy equation at the centerline along with L’'Hopital’s rule gives

dT. k d°T
=2—— (41)
2
dx pcp dx o
and in dimensionless form, B
dT. I't
a 0. (42)

In the thermal inlet region, I't is zero and the centerline temperature, T, remains
equal to the inlet temperature Ty. Integrating Equation (42) in the thermally filled region
provides T. =0..

The corresponding fully developed expression is

dT. dy 2

=C, -2 =_ZC 43
dE iy 2 2 (43)

The following expressions can be used to determine profiles for Nu, 6,,, and 6,. Using
Equation (28) gives the following expression for the Nusselt number:

2
Nu = m (44)
Using Equations (7) and (8) yields
Bw = 6c + drbg (45)
Furthermore, using Equation (24) provides
Bp = Ow — 2 (46)

Nu
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Integration of Equation (32) in the thermal inlet region, and Equations (38) and (42) in
the thermally filled region, were performed using the fourth order Runge-Kutta adaptive
step size FORTRAN subprograms, RKQC and RK4, in [24].

The profiles for the dimensionless wall temperature, 8y, (Figure 2), bulk temperature,
0y, (Figure 3), and centerline temperature, 0. (Figure 4), show increasing values at higher
values of the dimensionless axial distance & and Brinkman number, Br. The fully developed
expression for the centerline temperature gradient, Equation (44), is found identical to
the asymptotic limiting expression obtained from Equations (31) and (42). The results
are also found to be in good agreement with the ones for 6,, and 6y, in Ou and Cheng [7]
(Figures 2 and 3). Close values for different values of n (1, 2, and 0.5) are found at Br =0,
with larger values at lower values of n at Br = 2 and 4 for 8,y, 6}, and 6.

4.0

O Quand Cheng-n=1 (1973)

3.5 1

3.0 4

2.5 1

2.0 A

(T, Tl (goR/K)

1.5

1.0

0:5:

00 T T T T T T T T T
000 001 002 003 004 005 006 007 008 009 0.10

-
£
)

Figure 2. Profiles of 6y, vs. & = x/(R Re Pr) for n = 1 (Newtonian fluid), 2, and 0.5, and Br =0, 2, and
4. The results for n=1 are compared with those of Ou and Cheng [7].

22
O Qu and Cheng-n=1(1973)

2.0 1

1.8
Br=

16 - n=0.5

1.4 -

1.2

1.0 1 BrS

(Ty-To) (@ R/K)

0.8 1
0.6 4
04 4 0 __— Br=0

0.2 A

0‘0 T T T T T T T T T
0.00 001 002 003 004 005 006 007 008 009 0.10

4
o

Figure 3. Profiles of 6, vs & = x/(R Re Pr) for n = 1 (Newtonian fluid), 2, and 0.5, and Br =0, 2, and
4. The results for n=1 are compared with those of Ou and Cheng [7].
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0.8
07 n=0.5
n=1
061 Br=4
n=2
= 05
e
(=]
=
= 04
}_o Br=2
‘o
= 0.3 -
0.2
Br=0
0.1+
0.0 + —_ I = T T T T
0.00 0.01 0.02 0.03 0.04 0.05 0.06

g
Je

£

Figure 4. Profiles of 0. vs. & — & = (x — x¢)/ (R Re Pr) in the filled region for n = 1 (Newtonian fluid),
2,and 0.5, and Br =0, 2, and 4 (8. = 0 in the inlet region; T. = Ty at & < &).

The profiles for the Nusselt number show decreasing values at larger &, larger n,
and smaller Br values (Figures 5-7). Good agreement is noticed with Ou and Cheng’s
results (n = 1 and Br = 0, 2, and 8) [7] (Figure 5), and the finite difference results of
McKillop [25] for simultaneously developing flow and heat transfer at a high Prandtl
number and Br = 0 (Figures 5 and 7). Small deviations are found for the asymptotic values
of the Nusselt number in comparison with the fully developed values for n different from
one (Section 3.2), with zero deviations found for the Newtonian fluid flow case (n = 1).

The thermal entrance region length (in dimensionless form, &.) is defined as the axial
distance where Nu reaches 1.05 times the asymptotically reached value for the Nusselt
number [15]. Figures 8 and 9 show that the dimensionless thermal inlet region size &; is
clearly smaller than the thermal entrance region size &, with both &; and & increasing at
higher Br values. & is found to increase and &; to decrease at higher n values in consistency
with the results for the dimensionless boundary layer thickness profiles. The results for
the boundary layer thickness show decreasing &1 values with increasing n and increasing
Brinkman number, Br, with more effect of Br on &7 at larger n values (Figures 10-12).

The profiles for the thermal shape factor, I'r, are provided in Figures 13-15. I'r is
zero in the inlet region.

As mentioned in the introduction, the formal solution for the isoflux Graetz problem
in [8] applies to the case of negligible viscous dissipation. The formal solution in [10]
includes viscous dissipation considered as a function of radial coordinates, Eigen functions,
and Eigen values, with the problem solved numerically in the case of small viscous dissi-
pation [10]. The present work provides a new method for a solution requiring minimum
computational work and providing new results for the isoflux Graetz-Brinkmann problem
(viscous dissipation effects included).
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60
40 ®  Pr =100 (McKillop, 1964)
O  Ouand Cheng (1973)
20
10
8 m
2 61
4 Br=0
2 Br=2
1
084 n=1 Br=8
06 T T T T T T
10x106  100x10%  1x103  10x10%  100x10°%  1x10Q0 10x100  100x10°
4
b

Figure 5. Profiles of Nu vs. & = x/(R Re Pr) for Br =0, 2, and 8 (n = 1, Newtonian fluid). The results
are compared with those of McKillop [25] and Ou and Cheng [7].

100
80

60 -
40 -

20 A

10 A
8_
6_
4 Br=0

Nu

2 4 Br=2

1 x
084 n=2 Br=8

06 T T T T T T
10x10€  100x10-6 1x10-3 10x10*  100x10-3 1x100 10x100 100x100

4
e |

Figure 6. Profiles of Nu vs. £ = x/(R Re Pr) for Br=0, 2, and 8 (n = 2).

100
80 |
60 - ®  pr2%52100 (McKillop, 1964)

40 -

Nu

Br=0

Br=2

1_
08 05 Br=8
06 : ; ; : : ‘

10x10%  100x10%  1x10%  10x10°  100x10  1x10°  10x10°  100x100

j-4

=
Figure 7. Profiles of Nu vs. & = x/(R Re Pr) for Br =0, 2, and 8 (n = 0.5). The results are compared
with those of McKillop [25].
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“\‘\0\
° e 05
0.045 ¢
o
wj  0.040
1
0.035
n=2
0.030 T T T T
o] 2 4 6 8 10

Br

Figure 8. Profiles of dimensionless thermal inlet region size vs. Br forn=1, 2, and 0.5.

0.09
n=2
0.08 +
r 1
wp 05
L
0.07 A
L
0.06 T T T T
0 2 4 6 8 10

Br

Figure 9. Profiles of dimensionless thermal entrance region size vs. Br forn =1, 2, and 0.5.
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0.4

0.3

0.2

0.1

040 T T T T T
0.00 0.01 0.02 0.03 0.04 0.05 0.06

z

13
Figure 10. Profiles of dimensionless thermal boundary layer thickness vs. & = x/(R Re Pr) for
Br=0,2, and 8 (n = 1, Newtonian fluid).
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...... Br=8
—— Br=2
— Br=0
0.0 T T T T T
0.00 0.01 0.02 0.03 0.04 0.05 0.06

£z
=

Figure 11. Profiles of dimensionless thermal boundary layer thickness vs. & = x/(R Re Pr) for
Br=0,2,and 8 (n =2).
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0.00 0.01 0.02 0.03 0.04 0.05 0.06
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=

Figure 12. Profiles of dimensionless thermal boundary layer thickness vs. & = x/(R Re Pr) for
Br=0,2,and 8 (n=0.5).

20

n=1 Br=8

Br=2

Br=0

0.0 0.1 0.2 0.3
g
Figure 13. Profiles of thermal shape factor vs. & = x/(R Re Pr) for Br =0, 2, and 8 (Newtonian fluid).



Energies 2025, 18, 1357

14 of 17

22

Br=8
20 | n=2
18 4
16 4
14 -
12 -
10 -
81 Br=2
6 -
41 Br=0
2 -
0 T T
0.0 0.1 0.2 0.3
Figure 14. Profiles of thermal shape factor vs. & = x/(R Re Pr) for Br =0, 2, and 8 (n = 2).

18
16 n=0.5 Br=8
14
12
10 A
8 -
6 - Br=2
4 m

Br=0
2 -
O T T

0.0 0.1 0.2 0.3

Figure 15. Profiles of thermal shape factor vs. & = x/(R Re Pr) for Br =0, 2, and 8 (n = 0.5).

5. Conclusions

The present model for developing heat transfer and developed power-law fluid flow
in a heated tube subject to a uniform flux (isoflux Graetz-Brinkman problem) is based
on the inlet-filled region concept and accounts for viscous dissipation.

An integral method is used in the two regions forming the thermal entrance region:
a thermal inlet region where the thermal boundary layer develops, and a thermally
filled region where the centerline temperature keeps changing with thermal effects
occurring in the whole tube cross section.

The results include profiles for the dimensionless wall, bulk, and center line tempera-
tures, Nusselt number, boundary layer thickness, and thermal shape factor, in addition
to the dimensionless thermal inlet and entrance regions lengths for different values of
the power-law index and Brinkman number.

The model provides new and extensive results for the Graetz—Brinkman problem
(Br # 0) for power-law fluid flow in a tube subject to uniform heating flux and uni-
form inlet temperature. The model is validated against available published results
(Br =0 case) in Figures 2, 3, 5 and 7 and the derived fully developed solution (expres-
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sions for fully developed values for the Nusselt number and thermal shape factor in
Section 3.2 and dimensionless centerline temperature gradient in Section 4).

The model can be used to estimate the entrance region length and evaluate temperature
profiles in order to prevent fluid overheating in tubes subject to uniform heating and
viscous dissipation.

The computational task required using the present model is minimal as the model is
essentially analytical.

The present model applies to developing heat transfer for fully developed laminar
power-law fluid flow in the case of uniform heating flux at the wall and uniform
inlet temperature. Since the model is based on boundary layer theory, and axial
conduction effects are neglected, the Reynolds and Peclet numbers are assumed
sufficiently large. For large Prandtl numbers, the present solution can be considered
as a good approximation for simultaneously developing power-law fluid flow and
heat transfer, as the hydrodynamic entrance region length is significantly smaller than
the thermal one at a large Prandtl number.

Following the research works in [22,23], analysis and experimentation are recom-
mended for nonisothermal heat transfer investigations including viscous effects to
investigate solvability, uniqueness of solution, and stability. Further studies can also
provide data for comparison with the present model in the case where viscous dis-
sipation cannot be neglected. To the author’s knowledge, the published results are
limited to one reference [18], where Re = 500 and Pr = 10 for the different problem
of simultaneously developing power-law fluid flow and heat transfer, in which case
the present model can represent a good approximation subject to the requirement of
a large Prandtl number for the abovementioned reason.
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Nomenclature

A Constant defined in Equation (18)

B Constant defined in Equation (18)

bg — by Approximate temperature profile coefficients
Br Brinkman number, Br = KUZ ™1 /(q,R")

p Specific heat capacity at constant pressure
Co, G Fully developed temperature profile coefficients defined in Equation (19)
F Defined in Equations (33) and (39)

g Defined in Equations (32) and (38)

h Convective heat transfer coefficient

I Integrals defined in Equation (35)

k Fluid thermal conductivity

K Power-law fluid consistency index

n Power-law fluid index

Nu Nusselt number

P q+2

P Pressure
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Subscripts
b

c

fd

f

w
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Prandtl number defined in Equation (13)

Re Pr

1+(1/n)

Uniform heat flux at the wall

Radial coordinate

Inner radius of the tube

Reynolds number

Temperature

Entrance temperature

Centerline temperature

Temperature at the wall

Bulk temperature

Dimensionless temperature, (T — To)/(q,01/k)
Dimensionless fully developed temperature defined in Equation (18)
Dimensionless temperature, (T — T¢)/(q,01/k)
Velocity axial component

u/U;

U/ Up

Entrance velocity

Velocity radial component

Axial coordinate

Distance from the wall

Thermal diffusivity, k/(pcp)

Dimensionless x defined in Equation (12), x/(R Re Pr)
Dimensionless axial coordinate marking the beginning of the filled region,
(x — xf)/(R Re Pr)

y/ o1

Thermal shape factor

Fluid density

r/R

Dimensionless axial distance defined in Equation (15)
Thermal boundary layer thickness

Dimensionless thermal boundary layer thickness, 6t/R
Dimensionless wall temperature, (T — T¢)/(qoR/k)

Bulk

Centerline

Fully developed

Beginning of the filled region

Wall

Core zone in the thermal inlet region
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