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Abstract

Prosumer energy storage behavior alongside national rooftop photovoltaics (RTPV) pen-
etration metrics is essential for decarbonization pathways in buildings. A research gap
persists in quantitatively assessing storage strategies under varying regulatory frameworks
that integrate both technical and financial dimensions while accounting for behavioral
heterogeneity and policy feedback. This study introduces a novel degradation-aware,
feedback-preserving framework that optimizes behind-the-meter storage design and op-
eration, enabling realistic modeling of prosumer responses on large-scale RTPV adoption
scenarios. Long Short-Term Memory (LSTM) and Compound Annual Growth (CAGR)
models applied for the RTPV penetration rates projections in European urban contexts. The
increasing rates in the Netherlands, Spain, and Italy respond to second-order regression
behavior, with the former to emit signals of saturation and the latter to perform mixed
anelastic and reverse elastic curves of elasticities. Accordingly, Germany, France, the United
Kingdom (UK), and Greece remain in an inelastic area by 2030. The building RTPV energy
storage arbitrage formulation is treated as a linear programming (LP) problem using a
convex and piecewise linear cost function, a Model Predictive Control (MPC), Auto Regres-
sive Moving Average (ARMA) and Auto Regressive Integrated Moving Average (ARIMA)
statistical forecasts and rolling horizon in order to address the uncertainty of the load and
the ratio κ of the sold to purchased electricity price. Weekly arbitrage gains may drop by up
to 9.1% due to stochasticity, with maximized gains achieved at battery capacities between
1C and 2C. The weekly gain per cycle performs elastic, anelastic, and reverse behavior of
the prosumer across the range of κ values responding to different regulatory mechanisms
of pricing. The variability of economic incentives suggests the necessity of flexible energy
management strategies.

Keywords: RTPV penetration; LSTM; CAGR; epigraph linearization and stochastic modeling;
energy storage optimization; regulatory frameworks

1. Introduction
The penetration of rooftop photovoltaic (RTPV) systems in Europe is a key indicator

of the energy transition towards clean energy in the European Union and an important
part of decentralized electricity generation, especially in urban areas, while offering energy
independence, CO2 emission reduction, and cost savings for consumers [1]. The European
Solar Rooftops Initiative provides for the mandatory installation of photovoltaics in new
public and commercial buildings from 2026 and in new residential buildings from 2029 [2].

Energies 2025, 18, 5715 https://doi.org/10.3390/en18215715

https://doi.org/10.3390/en18215715
https://doi.org/10.3390/en18215715
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/energies
https://www.mdpi.com
https://orcid.org/0000-0002-4612-1380
https://orcid.org/0009-0007-9823-7522
https://orcid.org/0000-0002-1593-5541
https://doi.org/10.3390/en18215715
https://www.mdpi.com/article/10.3390/en18215715?type=check_update&version=2


Energies 2025, 18, 5715 2 of 31

From an energy performance perspective, the current nearly Zero Energy Building (nZEB)
standards for new buildings up to 2030 become mandatory, while the recast Energy Perfor-
mance of Buildings Directive (EPBD) has set more ambitious goals for the period ahead. In
this context, the energy performance and the contribution of renewables between countries
significantly vary across European Union (EU) countries, and more efforts are required [3],
considering the differences in support policies, schemes, capital subsidies, building density,
land availability, sunshine, and energy market structure. In 2023, the EU installed 55.9 Giga
Watt (GW) of new PV capacity, of which 37 GW (66%) was rooftop solar [4], and the trend
remains in favor of the decentralized rooftop energy production [5].

1.1. The Penetration of Rooftop Photovoltaics in Europe

The distribution of Gross Value Added (GVA) at each stage of the photovoltaic (PV)
value chain, as well as the comparative contribution of the EU to the rest of the world
(ROW), is depicted in Figure 1.

Figure 1. Distribution of the Gross Value Added (GVA) at each stage of the photovoltaic (PV) value
chain and the contribution of the EU [2].

A major proportion of the economic value is produced outside the EU, due to the
global dominance of Asian countries in solar panel production. This can substantiate the
need to strengthen domestic production and EU technological dominance in the context of
energy self-sufficiency.

In the era of high renewable energy penetration in the energy mix, the electricity
flows present new challenges and needs [6]. Global warming mitigation efforts have
focused on researching rooftop PV electricity generation and its innovative technologies
as a tool to meet the increasing energy needs in cities [7,8]. The new role of the active
consumer, also known as prosumer, is becoming demanded within a dynamic framework
of flexibility, resilience, storage, and balancing [9,10]. The wholesale and retail organization
of the markets is based on forecasting electricity prices and volume differences, under the
technical constraints of the system, which offers opportunities to compensate for economic
benefits through electricity pricing arbitrage. The policies used to manage technical and
financial distortions aim to smooth the peak values and coincide with the fluctuations
of the demand and supply curves, under different regulated frameworks. The optimal
strategy may involve a progressive adjustment of the factor values depending on the level
of Renewable Energy Systems (RES) penetration, technological developments, and grid
needs [11,12]. The energy policy makers and regulators, through their assessment of the
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economic efficiency of existing, contribute to the evidence-based design of strategies that
enhance the penetration of RES and the sustainability of the energy system [13–15].

Penetration rates and the value of storage assets in buildings have been investigated
in [16]. In this study, they directly correlate the controlled load dispatched and the op-
timized storage to improve the wholesale value of RTPV and battery with the dynamic
pricing framework included. In another study, low rates in PV penetration decreased
volatility, and the existence of a feed-in model with no PV depicted lower storage revenues
than a corresponding one with PV, under a share even greater than 10% [17]. A PV storage
system for trading in the market has been developed in [18]. They analyze the sensitivity
of households to market signals and the multi-scale parameters to achieve energy savings
against the non-distributed energy generation. Finally, in [19], they consider the growing
deployment of photovoltaic (PV) systems in EU member states and apply these insights to
a comprehensive life cycle assessment (LCA).

It is worth mentioning that market penetration scenarios are related to the building-
level arbitrage, while the increasing rate of PV penetration in urban areas results in sig-
nificant changes in the electricity market dynamics. High rates of RTPV in the system
increase price volatility and decrease the marginal value of self-consumption, creating
opportunities for energy storage asset management. The latter profitability also depended
on local volatility and forecasting quality [20].

Penetration Studies and Forecasting Methods

In a series of studies, refs. [21,22] simulate and explore the changing values of hy-
brid RTPV-plus-battery storage systems under different scenarios of increasing market
penetration. In another study, they provide a Support Vector Machine (SVM) forecast-
ing framework to upscale the local PV generation level into a regional market pricing
signal [23]. Useful metric evaluations and forecast methods of PV production in high
penetration rates, and simulation of price volatility can be found in [1]. Other machine
learning techniques, such as LSTM and Convolution Neural Networks (CNN), are widely
used, while newer methods emerge and highlight advances in deep learning and fore-
casting applications [24,25]. In [26], the optimal dispatching problem is addressed using
LSTM or eXtreme Gradient Boosting (XGBoost) to enhance the forecast marginal prices of
the system.

1.2. Energy Storage in RTPV Applied Systems

RES reinforces the need for advanced storage technologies due to the stochastic nature
and intermittent production of these sources. Storage systems allow the shift of generated
energy to periods of higher demand, thus offering the possibility of improving the reliability,
flexibility, and stability of the grid. Energy storage technologies present distinct technical
characteristics, capabilities, and limitations, different from each other [27], for example,
electrochemical [28], mechanical [29,30], thermal [31], or chemical storage [29], to name
some. For instance, the RTPV system is utilized in [32] on an nZEB framework with
an arbitrage mechanism, where photovoltaic (PV) systems installed on buildings decide
whether to sell electricity to the grid or convert it into hydrogen for storage. The stored
hydrogen is later utilized to generate electricity through a hydrogen-powered generator,
enhancing energy autonomy and flexibility.

The critical characteristics of battery energy storage systems [33] mainly refer to the
energy capacity and density, the round-trip efficiency (denoting the power discharge to
charge ratio), the lifetime and degradation, the response time, and the installation and
maintenance costs, under different projected PV levelized cost of electricity (LCOE) [34],
besides the stochasticity and intermittent production [35–37].
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As energy storage becomes a critical component of RTPV-designed and applied sys-
tems, it becomes necessary to define and understand the appropriate evaluation parameters,
as well as the technical limits of the available technologies in space-constrained applications,
such as building applications, towards a decarbonized energy transition [38]. The efficient
cycling operation [39], the aging characteristics [40], the ramp rating, and the C-rate of the
battery storage applications (denotes cascaded capacities) are important parameters to be
considered [41]. The energy storage systems play an important and multifaceted role in the
operation of distribution networks. They provide flexible loads [42], shave peaks, increase
self-consumption, support ancillary services, and improve power quality. Their effective
utilization requires addressing the relevant technical and institutional challenges, which
necessitate the further development of control techniques and optimal energy management
strategies for viable investments [43–47]. In parallel, reduced-order dynamic modeling
approaches in other multi-energy domains, such as integrated electricity–gas systems,
have been proposed to capture system coupling and ensure stable, computationally effi-
cient operation [48], sharing conceptual similarities with control-oriented optimization in
RTPV–storage systems. Similarly, resilient control and load frequency regulation strategies
have been investigated in microgrids integrating distributed renewable energy sources,
where Model Predictive Control and hierarchical architectures enhance stability under
intermittent generation and communication uncertainty [49].

1.2.1. Energy Arbitrage in Energy Storage Systems

The concept of energy arbitrage concerns the exploitation of the difference in electricity
prices at various times to achieve economic benefit through the storage and shifting of
energy consumption or production [50]. The basic principle of energy arbitrage is based
on the volatility of electricity prices, which is observed in both the wholesale and retail
markets, due to fluctuations in energy demand and supply. Energy prices tend to be lower
during hours of reduced demand (e.g., evening hours), when there is a surplus of available
energy, while they increase during hours of high demand (e.g., afternoon or evening peak
hours), when generation may have difficulty meeting consumption requirements [51,52].

Arbitrage is distinguished into two main forms: the grid and the self-consumption.
The former stores purchased energy from the grid at low prices and returned it at higher
values [53]. The latter stores energy during hours of high local RES production and uses it
to cover local consumption when grid prices are higher or the RES production is reduced.
Each form is appropriate for different pricing models (e.g., net metering, net billing, Time of
Use (ToU), and dynamic pricing) [54–56]. An approach that expands on local consumption
is suggested by [57]. The suggested approach analyses multiple cases combining local
storage, community storage, and internal trading, showing that community storage coupled
with trading maximizes renewable consumption, reduces grid dependence, and achieves
cost savings in residential communities.

In net metering schemes, the injected and absorbed volume of energy into and by the
grid is offset at an almost equivalent price to that of the energy consumed; therefore, the
economic incentives are missed due to the low grid parity [58,59]. In net billing schemes,
the price of energy returned to the grid is compensated at a lower value than that purchased
from it, which essentially strengthens the incentives for the use of storage systems and
the increase in self-consumption [60]. In other dynamic pricing models, such as ToU, the
billing of energy depends on the time of the day; thus, it is related to the demand and
self-consumption, leading to a stronger economic incentive for energy storage arbitrage [61].
The stored energy at valley hours at low prices is consumed or sold at peak hours when
the price is higher [62].
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Besides the financial point of view, certain technical parameters are to be optimized for
the best operational results in storage systems [63]. The energy storage arbitrage can balance
the continuous demand and supply loads and manage critical events such as outages or
sudden drifts of RES, providing resilience and reliability of the system [64], long-term
ancillary services [65,66], and integrated value stacking for multimodal power systems [67],
or frequency reserve [68]. The way it is used to control the process of energy storage
units under arbitrage is a trade-off between scalable complexity and accuracy between the
automation techniques levels and the specific goals of the predicted data [69–74].

1.2.2. Optimization in Energy Storage Systems Applications

Linear programming (LP) is widely used in the field of energy optimization and
in particular problems, such as generation and consumption scheduling, energy storage
management, economic network management, and renewable energy (RES) integration,
and generation unit operation scheduling [75], energy arbitrage and storage management,
distributed generation management from RES [76], management of energy networks and
infrastructures [77] and financial management and energy market planning [78]. To ac-
count for the stochastic nature of renewable energy output, a scenario-driven optimization
method has been proposed. For example, ref. [79] uses a Deep Belief Network (DBN) to gen-
erate time-series PV scenarios and incorporates demand-side response and dynamic recon-
figuration, improving PV absorption and reducing planning costs. In energy arbitrage and
storage applications, they combined with advanced linearization techniques, Model Predic-
tive Control (MPC) [80,81], and advanced econometric analysis [82] to manage the nonlin-
earities and the stochastic nature of the optimal control problems. Day-ahead optimization
incorporating feedback correction via MPC is proposed in [83] to address uncertainty and
predict the performance of energy storage systems in a radial distribution network. The
need for a sufficient number of breakpoints and the increase in variables and constraints
are also considered to increase the complexity of the process [84,85]. The implementation
of the Model Predictive Control (MPC) toolbox, based on rolling horizon optimization,
has also been used [86]. Mixed Integer Linear Programming-based and nature-inspired
optimization approaches have been employed in [87,88], where Electric Vehicle (EV) battery
storage is modeled as a flexible load from the system operator’s perspective.

1.3. Motivation and Research Gaps

The motivation is reinforced by the real need to make informed decisions in an ever-
changing energy landscape, where the accuracy of the forecast and the sensitivity of the
models play a decisive role. Analysis of the energy storage behavior of prosumers with
national-level metrics on RTPV penetration is a necessity for advancing decarbonization
strategies in the building sector.

There is a research gap in the quantitative analysis of storage strategies under var-
ious regulatory electricity market policies. This includes consideration of technical and
financial modeling with both short-term optimization and forecasting, as well as long-term
penetration prediction. Heterogeneity in prosumer storage attitudes in conjunction with
feedback fidelity under evolving tariff frameworks is rarely represented while remaining
computationally tractable for country-scale sensitivity analyses.

The main research questions posed here are:

1. What are the estimated penetration rates of rooftop PV capacity up to 2030 across
different European countries? (4.1)

2. How are the rooftop PV storage dispatch, the capacity of storage, and the arbitrage
gain in urban areas affected by the electricity pricing framework? (4.2)
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3. How can uncertainty be effectively quantified regarding technical and economic
optimization? (4.3)

1.3.1. Structure of the Work

The structure of this work presents the theoretical understanding of the problems, the
results, and the drawing of conclusions. The paper is organized into the following sections:
Section 1 introduces a brief literature review and the research questions. Section 2 provides
methodology, mathematical formulations, and the structure of the optimization models.
Section 3 presents the results of the different model parameters and the discussion on the
research questions. Section 4 sets forth an extensive discussion, and Section 5 summarizes
the main conclusions.

1.3.2. Contribution of This Study

The increasing penetration of PV creates challenges in production variability, impacts
on the wholesale market volatilities, and flexible pricing policies, making optimization at
the building level necessary.

The predicting models bridge the importance of integrating large-scale penetration
forecasts with localized optimization strategies to capture the full spectrum of value creation
and gain novel insights into the role of distributed storage assets in both grid stability and
economic efficiency in urban energy systems.

2. Materials and Methods
The concept of multi-scale prediction in this study refers to the use of two distinct

temporal horizons—short-term and long-term forecasting—to support energy management
and policy assessment. The short-term prediction focuses on forecasting building load
and the electricity market for both purchasing and selling prices. These forecasts serve
as inputs to a stochastic arbitrage optimization framework, which enables several key
insights: (a) it verifies the validity of the proposed behind-the-meter formulation that
integrates building load, battery storage, and RTPV systems—since, if the formulation were
suboptimal, the battery would remain inactive; (b) it identifies the most suitable battery
type for the given operational context; and (c) it determines the profitability conditions
under varying ratios κ.

On the other hand, the long-term prediction concerns the expected penetration of
RTPV systems, providing a tool to evaluate the effectiveness of national energy policies,
where positive trends indicate a supportive environment for such investments. Together,
these two forecasting layers constitute a multi-scale prediction framework, encompassing
both operational and policy-level analyses.

2.1. Penetration Forecast

The forecasting of the penetration of photovoltaic systems on rooftops requires the
use of appropriate methods, which can incorporate the uncertainty, the heterogeneity
of the data, and the complexity of the development of RES at the national and regional
levels [89,90].

LSTM-type Neural Networks and Mathematical Growth (CAGR) models are chosen to
explore the penetration rates in certain EU countries. The former can incorporate complex
and nonlinear relationships, memorize significant temporal patterns, and have proven
success in related problems of energy demand, load, or renewable energy generation
forecasting [91,92]. The latter provided interpretable prediction curves and are used as a
point of comparison with the results of LSTMs, to assess the coherence between statistical
and machine learning.
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The implementation is conducted using MATLAB tools [93], adapting curves to his-
torical data for each country based on the combined sources [94–98] and the tables in
Appendix A.

2.1.1. LSTM Model

The internal structure of an LSTM block is shown in Appendix B and describes how
LSTM can better manage long-term correlations in sequential data [99].

An LSTM memory layer with 50 units, a fully connected layer leading to the output
via a regression layer, and a sequence input layer constitute the three main layers of the
implemented LSTM model, using the Adam optimizer method for training in 300 epochs,
with gradient clipping to avoid model instability.

After training, the next six years (2025–2030) are predicted to use a rolling forecasting
system, with the next value predicted by the model using the last five observations of the
normalized series as input. The process was repeated for each subsequent year, and after
this added to the input, which was smoothed, using the inverse of the normalization to
convert the predicted values back to the original power series.

The 50 LSTM units that make up the neural network are selected based on relevant
research and experiments, with long-term dependencies in the time-series being preserved
and learned with a sufficiently substantial number of LSTM units, but short-term correla-
tions can still be learned. The Adam optimization technique is used for training, which is
considered a fast and reliable method for converging neural networks, and a threshold of
300 epochs is chosen to ensure sufficient learning time without overfitting. The balance
between learning speed and stability is achieved with an initial learning rate of 0.005, with
the model gradients also subject to a constraint (Gradient Threshold) in order to avoid
explosive levels that could lead to instability during training (Figure 2).

 

Figure 2. Root Mean Squared Error (RMSE) (blue) and Loss function (red) of the LSTM training and
forecasting process.
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2.1.2. Growth Model

The Mathematical Growth Models are based on simplified assumptions about the
shape of the growth curve and use historical data to approximate the future evolution of
the phenomenon. Although they do not consider complex socioeconomic or technological
factors, they offer an interpretable and often sufficiently accurate approach, especially in
environments with stable trends. They are simple but effective approaches for modeling the
temporal evolution of phenomena such as the development of photovoltaic installations.
They include exponential, logarithmic, and logistic models, which are widely used when
the data shows a clear trend of increase with saturation. These models are widespread
in technological forecasting and the study of dynamic markets. The Compound Annual
Growth Rate (CAGR) model is used here in comparison with the LSTM model results.

2.2. Building RTPV with Storage Formulation

The energy storage arbitrage optimization problem is formulated and briefly described
in Figure 3 in both deterministic and stochastic modes. The energy flows are referred to
as the building behind the meter. This is where the energy storage arbitrage is optimized
using only the electricity prices from the grid. More details are found in [12], where the
original code and data for this work are motivated and validated for a two-step solution.
Then, the formulation was extended to N steps with piecewise linearization and combined
with stochastic consideration.

A linear mathematical model of the RTPV system is formulated through the epigraph
linearization technique. Then, the Model Predictive Control (MPC) with rolling horizon
is combined with ARMA/ARIMA to capture the uncertainty in prices and loads is imple-
mented. The MATLAB software (Version: 9.14.0 (R2023a)) is used. The function linprog
uses the simplex duality method, and the MPC controller solves an optimization problem
at each time step, using information about the current state of the system and forecasts
for its future behavior. For the detailed training and control of the model, econometrics of
ARMA and ARIMA techniques have been inserted in each step, considering the compro-
mise between the predictive and the control horizon related to energy management and
arbitrage applications. The total time horizon or duration has been partitioned into N steps,
i ∈ (1, . . ., N), with duration hi, and the electricity price and correspond to consumption,
purchasing price pb(i) when it is greater than or equal to zero, or selling price ps(i) less than
zero. A particularly crucial factor for evaluating the economic efficiency of energy arbitrage
is the ratio of sale to purchase price (κi = ps(i)/pb(i)).

2.2.1. Graphical Analysis

The cost function consists of four linear segments, each with a different slope, which
change at the intersection points and depending on the sign of the net load (zi). The
sign of the net load (zi) determines the form and position of the slope changes. The
slopes are directly influenced by the buying/selling prices and the charging/discharging
efficiencies. Each segment corresponds to a different operational state: buying/selling and
charging/discharging. The piecewise linear and convex structure of the function ensures
a unique optimum and allows for efficient resolution using linear programming. The
intersection points define the boundaries, where the economic benefit from charging or
discharging changes determines the operational strategy. In Figure 3b, the definition of the
segments is depicted.
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(a) 

(b) 

Figure 3. (a) Boundaries of the RTPV system and the energy flow. (b) Graphical analysis: The cost
of storage is piecewise linear and convex and consists of two parts, discharging at negative values
of xi and charging at positive values of Xi. Each region corresponds to a different physical function
of the battery (buying/selling energy). Each part has a different slope due to charging/discharging
efficiency. Interpretation of gradients for zi > 0 and zi < 0 modes. Segment 1 & slope pb(i)/nch):
Energy market & battery charging gradient, Segment 2 & slope ps(i)/ndis: Battery discharging &
selling gradient: Segment 3 & slope (pb(i)/ndis): Switching between buying and selling gradient,
Segment 4 & slope ps(i)/nch: Selling with charging or buying with discharging gradient.

2.2.2. Intersection Points and Their Economic Interpretation

The diagram is characterized by two critical intersection points, referring to the in-
tersections with the vertical (y-intercept) and the horizontal axis (x-intercept). The former
represents the cost when the battery activity is zero, and it indicates the cost of covering
the net load exclusively from the grid without the involvement of the battery. The latter
shows the value of the change in charging (Xi), where the total economic interaction with
the grid is zeroed out, meaning there is a balance between purchased and sold energy.

This is a critical point for the economic analysis of the system’s operation. The
objective function of the problem is, by definition, piecewise linear and convex, which
are fundamental characteristics for the linear programming (LP) algorithms to solve it.
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Convexity ensures the uniqueness of the optimal solution, eliminating the possibility of a
local minimum. To leverage this convexity and enable the use of powerful LP solvers, the
epigraph formulation is applied. This transformation introduces auxiliary variables (ti),
which envelop the actual cost at each time step, thus converting the original convex but
nonlinear function into a set of linear constraints (segments) (Appendix C).

2.2.3. Optimization Problem and Epigraph Formulation

The optimization problem for the time horizon, N, in our graphical analysis, is
related as

min∑N
i=1 Ci(X i

)
= max{segment1, segment2, segment3, segment4}, (1)

where the decision variables vector, Xi, includes the energy flows from and to the battery in
each time step. The equivalent epigraph problem is written as

min{xi,ti}∑
N
i=1 ti, (2)

Constraints
1. Epigraph linearization for each segment

segment 1 :
pb(i)
ηch

xi + zipb(i) ≤ ti

segment 2 : ps(i)ηdisxi + zips(i) ≤ ti

segment 3 : pb(i)ηdisxi + zipb(i) ≤ ti

segment 4 :
ps(i)
ηch

xi + zips(i) ≤ ti,

(3)

The auxiliary variable ti defines the actual cost at each step, allowing for resolution
with LP. The introduction of this constraint into the cost function replaces the nonlinear
formulation with a linear piecewise approach.

2. Energy balance

li = zi + f(xi) = (d i − ri) +

(
⌈xi⌉+

ηch
− ηdis⌈xi⌉−

)
, ∀i, (4)

The energy balance requires the remaining energy after the usage of PV or the storage
to be covered or injected into the grid.

3. Ramping rate
Replacing the quantity f(x i) by the si = f(x i) (to include the losses), we introduce the

range for the battery ramp rate,

si ∈
[
Si

min, Si
max

]
, ∀i, (5)

were
Si

min = ηdisδminhi, (6)

the maximum discharging to the grid and

Si
max =

δmaxhi

ηch
, (7)
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the maximum charging from the grid and

δ ∈ [δmin, δmax] ∀i, (8)

denotes the ramp rate.
The ramping rate defines the limitation of the changes in the battery and the inverter

due to technical specifications.
4. Capacity

bmin − b0 ≤ ∑i
j=1 x

j
≤ bmax, − b0, ∀i, (9)

bi = bi−1 + xi, ∀i = 1, . . . , N, (10)

bi ∈
[
bi

min, bi
max

]
, ∀i, (11)

with the battery energy storage state, bi to remain in the range 0–100% at every step.
The capacity constraints ensure realistic operation of the battery between the limits

of the state of charge (SoC). In every step, battery energy is that of the previous state plus
the change.

5. Energy prices come from the convexity condition of the system

pb(i) ≥ ps(i), ∀i, (12)

6. Non-negativity for auxiliary and decision variables

ti ≥ 0, x+i, x−i ≥ 0 i, (13)

2.2.4. Simulation Strategy

The algorithm implements an MPC (Model Predictive Control) model: at every mo-
ment in time, it recalculates the optimal strategy based on new forecasts. It combines
stochastic forecasting and optimal linear programming. It allows for dynamic adjustment
to real and future market/consumption conditions. The basic steps and a detailed flowchart
are depicted in Figure 4.

2.2.5. Horizon Time Limits, and Basic Indices of Performance Evaluation

Parametric analysis of the coefficient κ is an important procedure for assessing its
impact on the performance and sustainability of energy systems with storage [18]. The
analysis of the parameter κ, which has already been denoted as the ratio of sale to purchase
price, is studied under the impact of different pricing policies (net metering—net billing),
battery C rates (maximum charging/discharging rate as a percentage of capacity) and the
equivalent (normalized) cycle operation defined according to the full depth of discharge
(DoD). The relationship between the prediction horizon, Np, and control horizon, Nc,
directly affects the performance and behavior of the MPC and usually is Nc ≤ Np. The
use of a large prediction horizon combined with a small control horizon provides an ideal
trade-off between adaptability, accuracy, and computational efficiency, as it allows the
system to respond immediately to added information while having a broader view of its
future behavior. Implementation of scenarios is made both with full knowledge of future
prices (deterministic optimization) and with uncertain forecasting (forecast-based MPC), to
capture the impact of forecast error on decision-making, an element that is the subject of
increasing interest in relevant literature. The economic benefit from arbitrage expresses the
net reduction in total energy costs achieved through the strategy of storing and transporting
energy at different time periods, taking advantage of the volatility of electricity prices.
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(a) 

 
(b) 

Figure 4. (a) Implementation of forecasting models via Epigraph LP—MPC—ARMA/ARIMA
stochastic model (b) Detailed flowchart.
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The basic parameters for the evaluation of prediction errors are:

Mean Absolute Error—MAE : MAE =
1
n∑n

t=1

∣∣Yt − Ŷt
∣∣, (14)

Mean Squared Error—MSE : MSE =
1
n∑n

t=1

(
Yt − Ŷt

)2, (15)

Root Mean Squared Error—RMSE : RMSE =

√
1
n∑n

t=1

(
Yt − Ŷt

)2 (16)

Mean Absolute Percentage Error—MAPE : MAPE =
100%

n ∑n
t=1

∣∣∣∣Yt − Ŷt

Yt

∣∣∣∣, (17)

In Table 1, the basic originating conditions of the mode are summarized.

Table 1. Basic originating conditions for battery models.

Parameters Value

bmin 200 Wh

bmax 2000 Wh

b0 1000 Wh

ηch = ηdis 0.95

δmax = −δmin

C0.25–C2 500 W

C0.25–C2 1000 W

C0.25–C2 2000 W

C0.25–C2 4000 W

Cost of batteries at [C0.25, C2] [0.2, 0.7] USD/W

Electricity price [0.04, 0.14] USD/kWh

The cost of batteries depicts the range from C0.25 to C2 storage rates of the simula-
tions per nominal pack supply power. Accordingly, the electricity prices denote the data
fluctuation range.

3. Results
3.1. Evolution of RTPV Penetration

The long short-term memory (LSTM) artificial neural network, trained using historical
time-series data from 2015 to 2024, was used to predict the installed photovoltaic capacity
on rooftops by country in the future, using the built-in MATLAB time-series processing
and neural network training functions.

The future development of installed photovoltaic capacity on rooftops in selected
European countries up to 2030 is depicted in Figure 5, through the application of LSTM-
type neural networks and the CAGR model. The comparative evaluation of the two
approaches is useful for interpretability and adaptability to understand the behavior of the
models under conditions of uncertainty.
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Figure 5. Predictive evolution of the RTPV in seven countries (a–g) and the cumulative trend of them
(h). The trend with the best R2 is depicted in each LSTM series of data and refers to an exponential or
polyonymic equation rather than a linear one. The elasticity curves are depicted in (i).
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In the Netherlands, there is a strong and increasing growth in the photovoltaic sector,
due to the limited available space and the favorable policy for rooftop installations. The
LSTM forecast shows steady growth in rooftop installations, reflecting a market that is
gradually approaching saturation. The LSTM model accurately utilizes the characteristics
of the country’s development path, adapting the forecast curve to mature market conditions.
The CAGR model predicts a rapid acceleration in installed capacity until 2030, reflecting
both a mature market and increasing public and private investment in the sector. The
exponential shape of the forecast curve reinforces the image of a country with robust
growth potential in the decentralized RES sector.

In France, the curve shows a steady and gradually increasing trend in installed PV
capacity in France, with the forecast showing an acceleration of growth after 2024. The
LSTM forecast reflects the increasing support provided by the French state to self-generation
and net metering programs, as well as the strategic target of total installed capacity by 2030.
The model’s response to historical data demonstrates its ability to accurately capture the
underlying growth dynamics, predicting a significant increase from around 2025 to 2030
in the rooftop PV sector. The CAGR model shows a steady exponential growth path over
the period 2025–2030. The curve follows the dynamics of previous years, confirming the
accelerating trend of solar development in the country.

In Greece, both models show a steady acceleration trend towards 2030, reflecting the
increase in self-generation applications and support through the net metering scheme, the
European average more quickly. The LSTM exploits the underlying historical dynamics,
considering institutional stability, investments in small-scale projects, and technological
developments, and produces an optimistic but well-documented forecast for the penetration
of rooftop PV in the Greek energy strategy. The CAGR model indicates institutional
strengthening, the push for self-production systems, and the fall in installation costs.
The model does not explicitly incorporate the effects of political or social variables; it
adequately captures the need for the expected policy dynamics that affect the electricity
sector, as previous periods have shown.

In the United Kingdom, the curves initially show a saturation phase between 2018
and 2021, reflecting the relative inertia of the market after the cessation of feed-in tariff
subsidies. However, after 2020, 2021, a recovery trend is evident again, with an increase
in installed capacity, which is attributed to innovative programs and the priorities of the
Net Zero Strategy. The LSTM forecast captures this dynamic, with a continuous increase
until 2030, reflecting the increase in self-consumption, the fall in installation costs, and the
improvement of storage technologies. The projected trend records moderate but steady
growth, suggesting a more mature and stable policy framework. The forecast based on the
Compound Annual Growth Rate (CAGR) also shows a robust growth momentum until
2030. After a period of relative stagnation between 2016 and 2022, the trend accelerates
from 2023 onwards. This is in line with government efforts to boost decentralized energy
generation and initiatives. Although the CAGR model does not incorporate political or
technological factors, it offers a clear picture of long-term market trends.

In Italy, after a mild increase until 2020, the Italian market shows obvious signs of
acceleration from 2021 onwards, probably as a result of supportive tax incentives and
subsidies (such as Super bonus 110%). The LSTM model identifies this changing pattern
and predicts robust growth by 2030. The LSTM forecast highlights the momentum that
self-generation has gained, as well as detecting changes in the growth trend related to
external interventions or technological developments. The curve resulting from the CAGR
model indicates steady future growth, which, although based on average annual growth
and not on dynamic characteristics, is in line with observed trends.
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In Spain, the curves demonstrate a clear growth phase, with a strong upward trend
from 2020 onwards. The abolition of the sun tax and reforms in favor of self-generation
with net metering have contributed to the rapid growth of rooftop PV. The LSTM network,
trained on historical data, captures this transition and predicts continued growth in in-
stalled capacity at a slower pace than in other countries. The forecast suggests a steady
strengthening of the market, in line with the policy focus on boosting decentralized genera-
tion. The use of the CAGR model demonstrates a growth rate that reflects the removal of
political barriers (such as the sun tax) and the gradual strengthening of measures in favor
of self-consumption. The projected trend is realistic and consistent with Spain’s policy
agenda to boost RES.

In Germany, a pioneer in solar energy, the LSTM model captures the continuous
upward trend of the last decade and predicts a significant acceleration in growth after
2025. The projected capacity is almost triple by 2030. This response reflects the success of
support policies through the Renewable Energy Sources Act law, feed-in-tariff, and net
metering schemes that favor self-generation. The LSTM accurately exploits historical trends
and time dependencies, offering a realistic projection for the German rooftop PV market,
which is considered the most mature in Europe. The projection based on the CAGR model
also shows a continued acceleration in growth during the period 2025–2030, reflecting the
ongoing support policies, technological innovations, and increasing social acceptance.

Summarizing, it has a strong relationship of policy incentives with the acceleration
or the decline of the penetration rates in each country and different states of saturation
regarding the sensitivity of policy mechanisms adoption due to anelastic or elastic range
of the curves. Netherlands, Spain, and Italy penetration rates respond to second-order
regression behavior, with the former to emit signals of saturation and the latter to perform
a mixed anelastic and reverse elastic curve. Germany, France, the UK, and Greece remain
in an inelastic area by 2030.

3.2. Evolution of Price and Net Load

Before presenting the aggregated results of the energy storage arbitrage analysis, it is
necessary to present the basic characteristics of the input signals used, as well as the key
performance indicators of the system. In this way, a clear framework of reference is formed
for the results that follow, in Figure 6, and the interpretation of the trends observed in the
subsequent technical-economic analysis becomes possible.

3.2.1. Arbitrage Gain per Battery Model and Coefficient κ

The difference in performance between the models is pronounced for high κ, highlight-
ing the importance of battery C-rate in maximizing profit. In the stochastic scenario (MPC),
arbitrage returns retain their dependence on the pricing factor and the technical parameters.
The rapidly responding battery models (C2, C1) clearly perform better responses. The
performance of all models, at low κ values (<0.25), is nearly neutralized regardless of
technical flexibility (Figure 7).

3.2.2. Cycles of Operation per Battery Model and Coefficient κ

The difference between the models remains noticeable for high κ but tends to disappear
as the price spread decreases. The activity of all batteries is automatically filtered by the
market environment: if there are not enough arbitrage incentives, battery degradation is
limited regardless of its technical capabilities. The weekly analysis reveals how pricing
policy can affect the long-term sustainability of the system. The Model Predictive Control
(MPC) operation under uncertainty can lead to slightly increased activity, especially for the
faster models. The actual price spread remains the κey factor; when κ is low, the number of
cycles is significantly limited. The difference in the number of cycles between deterministic
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and stochastic becomes more pronounced only in favorable markets. Under favorable
pricing policies (high κ), MPC can lead to slightly more cycles due to a more sensitive
response to dynamic signals. The differences in the number of cycles are more evident
in fast battery models and when arbitrage has a strong economic incentive. In restrictive
environments with low κ, the results of the two approaches converge, with minimal cycles,
and all models eliminate the incentives (Figure 8).

(a) 

(b) 
Figure 6. (a) Evolution of the price (in cents/kWh) per hour for one day. It shows fluctuations/peaks
that affect arbitrage. (b) Hourly evolution of net load (consumption—PV production). Positive value:
need to purchase from the grid. Negative value: surplus/injection.
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Figure 7. Deterministic vs. Stochastic weekly arbitrage gain.
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Figure 8. Deterministic vs. Stochastic weekly battery cycles.
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3.2.3. Arbitrage Gain per Cycle per Battery Model and Coefficient κ

The gain per cycle increases sharply as the number of cycles decreases (low κ), because
few arbitrage events accumulate all the profit. For high κ, the index values stabilize and
diversify across battery models, reflecting the diverse ways of exploiting each technical
configuration. The extreme high gain per cycle for exceptionally low κ reflects the rarity
of opportunities. The deterministic strategy, with perfect knowledge of future prices and
load, always yields slightly higher profits compared to stochastic MPC—especially for
high κ and flexible batteries. The difference decreases as κ approaches zero, which means
when the market does not provide real arbitrage opportunities, or the type of algorithm
has little to no significant impact. Uncertainty affects fast battery models, which are based
on dynamic responses, more intensely, while slow ones are affected less. (Figure 9).

 

Pricing coefficient κ 

Weekly 

gains per 

cycle 

Figure 9. Deterministic vs. Stochastic weekly gains per battery cycle (USD/kWh.cycle).

3.3. Overall Techno-Economic Interpretation of Uncertainty and Flexibility Response

The synthesis of the results for the number of charge/discharge cycles, as presented in
the previous sections for all battery models and pricing scenarios, highlights crucial aspects
of the sustainability and resilience of energy storage systems to arbitrage management.
Overall, this study demonstrates that the number of battery cycles operating is not just
a technical quantity but fully incorporates the effects of economic incentives and market
policy. The correct design of a storage system should therefore be based on a balance
between maximizing arbitrage gain and limiting long-term degradation, guided by real
market signals and the technical requirements of each application.

A comparison is made between the proposed stochastic approach and its deterministic
counterpart, as illustrated in Figures 7–9. The weekly arbitrage gains for different batteries’
C rates may reach up to about 26 USD/kWh for high κ values and neutralized for κ < 0.25.
The stochasticity reduces the gains to 9.1%. The full cycles are increased up to 50 cycles
and decreased to zero for κ values below 0.25. The gains per cycle are minimized by
around 0.5 to 0.6 USD/kWh.cycle, increased in the range of 2 to 3.6 USD/kWh.cycle for κ
approaching zero, and stabilized for high κ values in the range of 0.5 to 1 USD/kWh.cycle.
The window curve of Figure 9 performs the sensitivity evolution for the C0.25s rate, as
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a representative result to explore the anelastic, the reversed, and the elastic zone of the
weekly gains per cycle in the range of κ from zero to one. It indicates the response of
prosumer flexibility to the market policy incentives at scale.

4. Discussion
The analysis of the results of the storage system clearly highlighted the decisive role of

pricing policy in the actual exploitation of arbitrage opportunities. The pricing coefficient
(κ) acts as a determining factor for the economic incentive, directly affecting both the
frequency of operational cycles and the potential profit of the system.

In the short term, provide information relevant to decision-making for aggregators,
building owners, businesses, and potential investors. These decisions concern the viability
of the investment. In the long term, it offers a tool to assess the effectiveness of national
energy policies, where positive trends reflect a favorable environment for such investments.

4.1. The Estimated Rooftop PV Capacity up to 2030 in Selected European Countries

The curves of both models show a steady and gradually increasing trend in installed
PV capacity in all countries, but with variable acceleration between models and countries.
These variations reflect the varying rate of adopting the strategic targets capacity by 2030.
Surprisingly, the underlying growth dynamics of each country are homogenized at an
exponential rate when the total penetration of the seven countries is considered.

LSTM models captured the declining rates in each country due to a shortage of
regulatory policies and the accelerating rates within the periods of policy changes. The
CAGR gives a clear picture of the general trend; it does not consider dynamic variables
(technological progress, regulatory changes, for example), which makes it limited compared
to more flexible approaches such as LSTMs, and it is used for comparison.

The degree to which national markets respond to policy mechanisms varies signifi-
cantly, depending on whether their respective adoption curves fall within elastic, anelastic,
or inelastic ranges. For instance, the penetration rates in the Netherlands, Spain, and
Italy display sensitivity characterized by second-order regression behavior. In the case
of the Netherlands, the data suggest the emergence of saturation effects, indicating that
further policy incentives may lead to diminishing returns in terms of increased penetration.
Spain and Italy, on the other hand, exhibit a combination of anelastic and reverse elastic
responses, reflecting a mix of limited responsiveness and potential for rebound effects as
market conditions evolve.

In contrast, Germany, France, the United Kingdom, and Greece are projected to remain
within inelastic regions of their adoption curves through 2030. This suggests that, for
these countries, variations in policy mechanisms may have minimal influence on further
increasing penetration rates during this period. The persistence of inelasticity in these
markets highlights the need for alternative strategies or structural changes to stimulate
further growth in adoption.

4.2. Electricity Pricing Framework Impacts RTPV–Storage Policies

The value of the compensation factor directly affects the economic incentives to
increase self-consumption and the use of storage. For values of κ ≈ 1, users do not have a
strong economic incentive to store and self-consume the energy they produce, as selling
directly to the grid is economically equivalent to consuming it. For values of κ < 1, there
is a clear economic incentive for users to increase self-consumption through storage, in
order to maximize their economic efficiency and reduce their dependence on the grid.
For exceptionally low k, extremely high values of gain per cycle are observed, due to the
minimum number of cycles performed in a week.
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In markets with high κ, the efficiency per cycle is uniform and stable, with small varia-
tions between technologies, making them more effective in the initial stages to encourage
the initial deployment of RES systems. The convergence of values between battery models
at extreme κ values indicates that the operating rate plays a smaller role when arbitrage
does not have sufficient financial incentive. When κ approaches unity (ideal net metering
policies), arbitrage becomes more attractive, resulting in the maximization of both the
arbitrage gain and the operational load of the battery.

Low κ values are more suitable for promoting self-consumption and storage. In restric-
tive environments where the selling price is a small percentage of the purchasing price (low
κ), the economic benefit from arbitrage is almost nullified, regardless of technical flexibility,
control, the strategy of the structure of the market, and existing policies. For κ lower than
0.25, all configurations converge to zero returns. The buy-selling spread effectively acts as
a natural filter, activating or deactivating the dynamics of the storage system.

Market policy incentives affect the degradation rates of battery storage, and the weekly
gain per cycle performs elastic, anelastic, and reverse behavior of the prosumer across the
range of κ values. According to the results, for κ < 0.25, there is no motivation for arbitrage.
As the κ value becomes higher, we need a larger battery capacity. The increase in capacity
from 0.25C to 2C increases the gains by 161%, while the corresponding change from 1C to
2C leads to 6% increase. The capacity between 1C and 2C maximizes profit.

4.3. Effect of Deterministic and Stochastic Applied Models on Technical and Economic
Management and Efficiency
4.3.1. The Impact of Forecasting Uncertainty and Operating Cycles

Forecasting uncertainty in energy prices and load is one of the most significant chal-
lenges in the realistic operation of storage systems with arbitrage. Unlike theoretical
deterministic scenarios, where the system has complete knowledge of the future, every real
application relies on forecasting algorithms that exhibit error, both in the short term and
the long term. This uncertainty has a direct and measurable impact on both the economic
benefits and the operational wear of the battery.

In the context of the analysis, it is observed that the presence of uncertainty in forecasts
leads to a slightly reduced overall arbitrage gain per cycle, compared to the ideal scenario.
The MPC algorithm, attempting to offset the risk of forecasting errors, tends to have low
or highly corrective behavior during the control horizon. This results, especially for the
more dynamic battery models, in an increase in the number of charging/discharging cycles.
However, the increased frequency of cycles does not necessarily imply greater profit for
the system.

On the contrary, it may lead to increased wear of the battery, with direct consequences
on maintenance costs and the lifespan of the equipment. This phenomenon highlights
the importance of choosing an appropriate management strategy in order to achieve the
optimal balance between capitalizing on trading opportunities and protecting the technical
reliability of the system.

Of particular interest is the fact that, in environments with limited financial incentives
(low price spread), the impact of uncertainty is minimized. The system itself, through
optimization equations, filters the decisions, drastically reducing cycles and operational
intensity, regardless of the accuracy of the forecast. This constitutes a form of automatic
adjustment to the market structure, as the system learns to act only when the opportunity
is hugely beneficial.

Overall, the analysis shows that uncertainty in forecasting is not just a mathematical
or computational problem, but a practical limitation that directly affects both the economic
viability and the long-term technical behavior of energy storage systems. Systematic
monitoring and recording of operational cycles, combined with continuous improvement
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of forecasting algorithms, are necessary prerequisites for realistic design and successful
operation of RTPV and battery storage in real environments.

4.3.2. Effects on Operating Cycles and Technical Battery Management

The choice of battery models (C2, C1, C0.5, C0.25) and, consequently, the C-rate
measurably affect performance only when there is a real economic signal justifying it.
Flexible battery models with high C-rate perform better when the market environment
offers enough arbitrage opportunities—primarily due to their ability to react faster to
fluctuations. In the opposite case, i.e., in markets with low spread or low κ, the choice
of technical configuration does not result in significant differentiation in performance.
This finding is of particular value for optimal sizing and investment choice, as oversizing
a storage system without a corresponding economic signal leads to low utilization and
excessive costs. Therefore, it is critical to adjust the technical parameterization (size, C-rate,
depth of cycles) to the actual conditions of each market and the corresponding pricing
framework. The weekly arbitrage gains can be reduced to 9.1%.

4.4. Limitations and Future Research

The relationship with the macro RTPV penetration level and the micro storage opti-
mization in nZEB buildings is of paramount multiparameter importance to further analyze,
since it delves into the limits of the operational constraints of the electricity system. The
present research work offers a first framework for a comparative quantification of the
penetration of rooftop photovoltaics in European selective countries, and the building
storage optimization effects on the electricity market policies, but leaves many fields open
for further deepening. The development of more complex forecasting tools, the integra-
tion of additional parameters. Demographic data, climatic data, local support measures,
regulatory changes, impacts on utilities or prosumer behavior data, may allow the construc-
tion of multifactorial forecasting models that better reflect the complexity of the market.
Value stacking adds multiple revenue flows, even for low κ values, contributing to the
higher rates of penetration and viability. However, a trade-off between them, the technical
confinement of the system and the increased curtailment costs, needs awareness is limited.

5. Conclusions
The predicting model highlights the importance of integrating large-scale penetration

forecasts with localized optimization strategies to capture the full spectrum of value creation.
National markets differ in how they respond to policy mechanisms, with countries like
the Netherlands, Spain, and Italy showing varying degrees of elasticity and sensitivity to
incentives, including signs of saturation or rebound effects. In contrast, Germany, France,
the UK, and Greece are expected to remain largely inelastic through 2030, indicating
limited responsiveness to policy changes and the need for alternative strategies to drive
further adoption.

By analyzing RTPV and storage optimization with the building arbitrage strategies,
novel insights into the role of distributed storage assets in both grid stability and economic
efficiency in urban energy systems are found. Weekly arbitrage gains are limited to 9.1%,
with battery degradation and profitability showing elastic, anelastic, and reverse responses
to policy incentives across different κ values. For κ < 0.25, arbitrage is unprofitable, while
increasing battery capacity from 0.25C to 2C boosts gains by 161%, with optimal profits
achieved between 1C and 2C.

Arbitrage revenues are overly sensitive to storage capacity sizing, cycles, and con-
trol strategies, and the market conditions, which, in turn, quantify expected impacts on
electricity pricing and volatility.
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The strategic choice and sizing of the battery model and the gains should not be
based on theoretically maximized functionality but should consider the actual economic
environment and the desired degree of utilization. RTPV and battery storage provide
critical multimodal services, enhancing the flexibility and security of the system.

These challenges make the integration of storage at the building level crucial for
maximizing assets and revenues, and at the same time, reduce the pressure on the grid
depending on the corresponding pricing model.
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Appendix A

Table A1. Estimated installed PV and RTPV power (GW) and penetration percentage ratio in
European Countries. Missing data are filled with verified estimations.

Country PV Installed Power
(GW)

RTPV Installed
Power (GW) Percentage (%)

Germany 82.4 51.0 62

Spain 39.5 8.4 21

Italy 30.3 21.1 70

Netherlands 23.9 19.0 80

France 24.6 12.2 50

UK 16.2 5.7 35

Greece ~5 (2022) ~2.5 50

Table A2. Total installed RTPV power per country per year in MW (est.).

Country 2015 2016 2017 2018 2019 2020 2021 2022 2023 2024

1 Germany 23,533 24,406 25,374 27,093 29,347 32,201 36,021 40,486 49,042 59,242

2 Spain 1411 1413 1416 1429 2642 3040 4114 6993 8613 10,530

3 Italy 13,230 13,498 13,777 14,075 14,605 15,155 15,815 17,188 20,852 25,872

4 The Netherlands 1220 1708 2328 3686 5782 8888 11,858 15,680 19,123 20,848

5 France 3569 3851 4305 4814 5364 5958 7301 8670 10,271 12,621

6 UK 3840 4765 5104 5224 5338 5420 5566 5860 6367 7048

7 Greece 1171 1171 1172 1192 1275 1479 19,245 2443 3163 4333

Appendix B

 
Figure A1. Structure of a network unit LSTM.

Each unit includes interactive layers (l − 1, l) which consist of gates, it: input gate, ot:
output gate, ft: forget gate, Ct: cell gate. They filter information from the previous step

(t − 1) and transfer it to the next step (t + 1) according to appropriate functions (it, ot, ft,
∼
Ct)

and weights (Wi, Wo, Wf, Wc), able to modulate input and hidden states (ht−1, ht), through
adjustments within the training process. The forgetting gate decides what piece of informa-
tion to keep or forget from the cell state.

ft = σ(Wf[ht−1, xt] + bf), (A1)
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σ: activation function (logistic)
b f : bias of forget gate.
xt: input at time t,
The input gate determines and decides the input values to be updated, and the cell

gate is calculated as:
it = σ(Wi[ht−1, xt] + bi), (A2)

∼
Ct = tanh(Wc[ht−1, xt] + bc), (A3)

tanh: activation function (hyperbolic tangent)
In the final state, the output gate decides the part of the cell to be output, such as:

ot = σ(Wo[ht−1, xt] + bo), (A4)

ht = ot + tanh(Ct), (A5)

Appendix C
For any optimization problem of the form

min
x

C(x), (A6)

s.t. h(x) ≤ 0, (A7)

The epigraph form of the above is the equivalent optimization problem.

min
x,z

t, (A8)

s.t. h(x) ≤ 0, (A9)

C(x) ≤ t, (A10)

where the auxiliary optimization variable t ∈ R. The combination of the above results into
the following

min
x,z

t, (A11)

s.t. min
z

max{ h(x), C(x)− t} ≤ 0, (A12)
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