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Abstract

This study focuses on the stability of time-delay load frequency control (LFC) systems.
Based on the Lyapunov–Krasovskii (L–K) functional method, a stability criterion with less
conservatism and lower computational complexity is proposed. Unlike recent methods
that decrease conservatism through enhancing the complexity of L–K functional, only the
double integral is augmented in this paper. To estimate the L–K functional derivatives more
precisely, an improved matrix-separation-based inequality is proposed, which introduces
some delay-derivative-dependent matrices rather than the high-dimensional free matrices.
By applying the augmented L–K functional and the improved matrix-separation-based
inequality, the stability criterion is established. Case analysis demonstrates that the new
stability criterion has less conservatism and lower computational complexity, thereby
validating the correctness of the method presented.

Keywords: Lyapunov–Krasovskii functional; load frequency control; stability analysis;
matrix-separation-based inequality

1. Introduction
Frequency is a key indicator for measuring power quality, and fluctuations in fre-

quency affect the reliable operation of the power system [1]. The power system must
maintain the frequency within a narrow range around the nominal value, with an allow-
able deviation typically not exceeding ±0.2 to 0.5 Hz [2]. When the system is disturbed,
improper frequency regulation can lead to large-scale power outages, severely affecting
production and daily life. The LFC system responds to system disturbances by adjusting
the output power, thereby maintaining system stability [3–6]. In practical applications,
various time-delay phenomena occur in the LFC system, including signal transmission de-
lays, dynamic response delays of the actuator, and calculation delays of the controller [7,8].
These time delays significantly impact the system stability and control performance, which
is particularly dangerous in large-scale interconnected power grids [8–10]. Time delay
effects must be considered in LFC system design and analysis to ensure system stability
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across various operating conditions. Therefore, investigating the influence of time delay on
systems holds great significance for ensuring power system safety.

The stability analysis of time-delay systems aims to obtain the delay margin (for ease
of understanding, the maximum delay at which an LFC system can maintain stability is
considered the delay margin). The main research method is the L–K functional method.
But this method provides only sufficient conditions for the stability criterion. To deal
with this problem, many researchers have conducted in-depth studies in two areas: the
improvement of L–K functionals and the estimation of functional derivatives. For the
improvement of L–K functionals, approaches include augmented L–K functionals [11,12],
delay-related L–K functionals [13], and multiple integral L–K functionals [14]. For the esti-
mation of functional derivatives, there are Jensen inequality [15], Writinger inequality [16],
auxiliary-function-based integral inequality [17], free matrix-based integral inequality [18],
Bessel–Legendre integral inequalities [19], and different forms of reciprocally convex com-
bination lemmas [20–22]. Many scholars have conducted relevant studies on the time-delay
LFC systems. Jiang et al. conducted research on time-delay LFC systems using simple
L–K functional. Although the computational complexity was low, the conservatism of
the conclusion was too high [4]. Yang et al. obtained a stability criterion by applying
an improved L–K functional containing triple integrals and estimating the integral term
by applying the double integral inequality [17]. To simplify the calculation and obtain
a stability criterion with relatively low conservatism, Ramakrishnan et al. estimated the
integral term in the derivative by applying different inequalities according to the variation
in the time delay [23]. By increasing the complexity of the L–K functional and applying
an improved integral inequality, Yang et al. obtained a less conservative criterion, but
they only considered the case of systems with constant delay [24]. Feng et al. reduced
the conservatism of the criterion by augmenting the single integral L–K functional, but
increased the computational complexity due to the introduction of matrices [25]. Sun et al.
made fuller use of the information of system state variables to construct an augmented L–K
functional. Although they obtained stability criteria with less conservatism, they ignored
the issue of computational complexity [26]. Chen et al. adopted model reconstruction
techniques to reduce conservatism, but made the calculation more complex [27].

In existing studies, researchers primarily focus on decreasing the conservatism of
stability criterion. To achieve this, methods such as constructing complex L–K function-
als and introducing free matrices have been adopted. However, these approaches have
resulted in the increase in computational complexity. As the power system scale expands,
the dimensions of the system matrix increase proportionally [4]. Excessively high computa-
tional complexity reduces the efficiency of solving the delay margin. Therefore, deriving a
stability criterion with less conservatism and lower computational complexity has become
the main challenge at present.

Based on existing research, the stability issues of the LFC system are further inves-
tigated. Zhang et al. proposed a matrix-separation-based inequality in the study of
discrete-time systems [28]. Inspired by their work, the inequality is improved and applied
to the LFC system in this paper. Unlike previous studies, complex L–K functionals are
not constructed here; instead, only a double integral is augmented by more fully utilizing
both the system state and its derivative information. To estimate the derivatives of the
augmented L–K functional more precisely, an improved matrix-separation-based inequal-
ity is proposed, which introduces some delay-derivative-dependent matrices rather than
the high-dimensional free matrices. By applying the augmented L–K functional and the
improved inequality, a stability criterion is established. On this basis, the H∞ performance
of the LFC system is studied. Through the analysis of delay margins under various delay
types and control gains (KP, KI), the correctness of the method is validated. The results
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show that by using the improved matrix-separation-based inequality, a stability criterion
with less conservatism and lower computational complexity can be obtained.

Notation 1. The meanings of the relevant symbols are explained below. Rn and Rn×m indi-
cate the n-dimensional vector space and the n × m matrix space, respectively. Sn( Sn

+) indicates
the n × n dimensional (positive definite) symmetric matrices. RT(R−) indicates the transpose (in-
verse) of the matrix R. R > 0 (R < 0) indicates that R is a positive (negative) definite matrix.
diag{·} represents a block-diagonal matrix. Sym(R) = R + RT. I (0) is the identity (zero)
matrix. ∗ indicates the symmetry term in a symmetric matrix. col{·} denotes a column vector.

2. Problem Formulation
The actual power systems exhibit high-dimensional, nonlinear, and time-varying

properties, making precise modeling extremely challenging [29]. For the convenience of
analysis, a simplified LFC model is adopted in this paper. The system structure is shown in
Figure 1 (for one-area LFC systems, there are no dotted line connections).

 
Figure 1. The simplified diagram of the time-delay LFC system.

In Figure 1, the LFC model includes the generator-load model, the prime mover model,
the speed regulation system model, and the LFC controller model. i and j are the control
area numbers, Tij indicates the synchronizing coefficient, and Tij = Tji. ∆Ptie−i is the
deviation of the exchange power in area i. e−sd(t) represents the comprehensive impact of
time-delay and d(t) is the time delay. β is the frequency bias factor. ∆ f , ∆Pv, ∆Pm, and ∆Pd

are the frequency deviation, valve position deviation, the mechanical output deviation, and
load deviation, respectively.

2.1. One-Area LFC Model

According to the LFC system structure block diagram, the model of a one-area LFC
system is as follows: { .̃

x(t) = Ãx̃(t) + B̃u(t) + F̃δ(t)
ỹ(t) = C̃x̃(t)

(1)

where

x̃(t) = [∆ f ∆Pm ∆Pv]
T, ỹ(t) = ACE(t), ACE(t) = β∆ f (t), β = 1/R + D, δ(t) = ∆Pd,

Ã =

 − D
M

1
M 0

0 − 1
Tch

1
Tch

− 1
TgR 0 − 1

Tg

, B̃ =

 0
0
1

Tg

, F̃ =

 − 1
M

0
0

, C̃ =

 β

0
0


T

.
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M, D, ACE, and R are the moment of inertia, generator damping coefficient, area control
error, and speed drop, respectively. Tch (Tg) is the time constant of the turbine (governor).
N represents the total number of control areas.

The PI controller is:
u(t) = −KP ACE − KI

∫
ACEdt (2)

To simplify the analysis, the following new vectors are defined:

x(t) =
[
∆ f ∆Pm ∆Pv

∫
ACE

]T
, y(t) =

[
ŷT(t)

∫
ŷT(t)dt

]
.

Apply the PI controller described in Equation (2) to the system defined by Equation (1);
the model is expressed as follows:{ .

x(t) = Ax(t) + Adx(t − d(t)) + Fε(t)
y(t) = Cx(t)

(3)

where

A =


− D

M
1
M 0 0

0 − 1
Tch

1
Tch

0
− 1

TgR 0 − 1
Tg

0

β 0 0 0

, Ad=


0 0 0 0
0 0 0 0
− βKP

Tg
0 0 −KI

Tg

0 0 0 0

, F =


− 1

M
0
0
0

,

B =
[

0 0 1
Tg

0
]

, C =

[
β 0 0 0
0 0 0 1

]
.

As external disturbances have no affect on stability of system at the equilibrium point,
stability analysis can be performed without accounting for them. Equation (3) can be
further transformed into the following:{ .

x(t) = Ax(t) + Adx(t − d(t))
x(t) = ϕ(t) t ∈ [−d2, 0]

(4)

where
0 ≤ d1 ≤ d(t) ≤ d2,

∣∣∣ .
d(t)

∣∣∣ ≤ µ < 1.

Scalars d2 and d1 are the upper and lower bound of the time delay, respectively. The
function ϕ(t) is the initial state.

2.2. Multi-Area LFC Model

For ease of analysis, in the multi-area LFC model, all generation units within a region
are aggregated into a single equivalent unit in multi-area LFC models. According to the
LFC system structure block diagram, the model is expressed as follows:

⌢.
x (t) = A

⌢
x (t) + Bu(t) + F∆w(t)

⌢
y (t) = C

⌢
x (t)

(5)
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where

⌢
x i(t) =

[
∆ fi ∆Pmi ∆Pvi

∫
ACEi ∆Ptie−i

]T

,
⌢
y i(t) =

[
ACEi

∫ t
0 ACEi(s)ds

]T

,

ACEi = βi∆ fi + ∆Ptie−i , βi =
n
∑

j=1

1
Rji

+ Di , w(t) =
[

∆Pd1(t)
T ∆Pd2(t)

T . . . ∆PdN(t)
T

]T

,

⌢
x (t) = col

{
⌢
x 1(t)

⌢
x 2(t) . . .

⌢
x N(t)

}
,
⌢
y (t) = col

{
⌢
y 1(t)

⌢
y 2(t) . . .

⌢
y N(t)

}
,

u(t) = col
{

u1(t) u2(t) . . . uN(t)

}
, B = diag

[
B1 B2 . . . BN

]
,

Bi =

[
0 0

1
Tgi

0 0
]T

, Ci =

 βi 0 0 0 1

0 0 0 1 0

, Fi =

[
− 1

Mi
0 0 0 0

]T

,

C = diag
[

C1 C2 . . . CN

]
, F = diag

[
F1 F2 . . . FN

]
,

Aii =



− Di

Mi

1
Mi

0 0 − 1
Mi

0 − 1
Tchi

1
Tchi

0 0

− 1
RTgi

0 − 1
Tgi

0 0

βi 0 0 0 1

2π
N
∑

j=1,j ̸=i
Tij 0 0 0 0


, A =


A11 . . . A1N

...
. . .

...
AN1 . . . ANN

,Aij =

 04×1 04×4

−2πTij 01×4

.

For each area, the PI controller is designed as follows:

ui(t) = −KPi ACEi(t − di(t))− KIi
∫

ACEi(t − di(t))dt
= −KiCixi(t − di(t))

(6)

Combining Equations (5) and (6) yields the following:

⌢.
x (t) = A

⌢
x (t) +

N

∑
i=1

Adi
⌢
x (t − di(t)) + Fw(t) (7)

where
Adi = diag

[
0 . . .−BiKiCi . . . 0

]
, Ki =

[
KPi KIi

]
.

In addition, it should be noted that the net tie-line power exchange among multiple
control areas satisfies the following zero-sum property:

N

∑
i=1

∆Ptie−i = 0 (8)

In a multi-region LFC system, multiple delays occur. For the convenience of calculation,
assume that all delays are equal. Then, the following simple model is obtained:

⌢.
x (t) = A

⌢
x (t) + Ad

⌢
x (t − d(t))

⌢
x (t) = ϕ(t) t ∈ [−h2, 0]

(9)

where

Ad =
N

∑
i=1

Adi, 0 ≤ d1 ≤ d(t) ≤ d2,
∣∣∣ .
d(t)

∣∣∣ ≤ µ < 1.

Scalars d2 and d1 are the upper and lower bound of the time delay, respectively. The
function ϕ(t) is the initial state.

A two-area LFC system is used as a representative example to clarify the multi-area
LFC model, with the corresponding system matrix provided in Appendix A.
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3. Main Results
The stability criterion for system (10), together with key lemmas underpinning its

derivation, are provided in this section.

3.1. Main Lemmas

Lemma 1 ([30]). For a matrix W ∈ Sn
+, scalars ε and η with η > ε, and a continuous

function x: [ε, η] → Qn , the following inequality integral holds:

(η − ε)
∫ η

ε

.
xT

(s)W
.
x(s) ≥ η1

TWη1 + 3η2
TWη2 + 5η3

TWη3 (10)

where

η1 = x(η)− x(ε), η2 = x(η) + x(ε)− 2
η − ε

∫ η

ε
x(s)ds,η3 = η1 +

6
η − ε

∫ η

ε
x(s)ds− 12

(b − a)2

∫ η

ε

∫ η

u
x(s)dsdu.

Lemma 2 ([16]). For a matrix T ∈ Sn
+, scalars ε and η with η > ε, and a continuous

function υ: [a, b] → Qn , the following inequality integral holds:

(η − ε)
∫ η

ε
υT(u)Tυ(u) ≥ x1

TTx1 + 3x2
TTx2 (11)

where
x1 =

∫ η

ε
ω(s)ds, x2 = x1 −

2
η − ε

∫ η

ε

∫ η

u
ω(s)dsdu.

Lemma 3 ([21]). For a scalar α ∈ (0, 1), matririces R1, R2 ∈ Sn
+, if there exist a matrix S such

that

[
X S
∗ X

]
≥ 0, the following inequality integral holds:

1
α

R1
TXR1 +

1
1 − α

R2
TXR2 ≥

[
R1

R2

]T[
X S
∗ X

][
R1

R2

]
(12)

Corollary 1. For a given matrix W and a matrix T ∈ Sn
+, there exist a matrix N and a vector Y of

suitable dimensions such that the following equation holds for ∀ρ ∈ (0, 1):

−1
ρ

WTTW ≤ ρYTNTT−1NY + 2WTNY (13)

Proof. Refer to Appendix B. □

Corollary 2. Consider a continuous function x : [α, β] → Qn and a matrix N with appropriate

dimension. For R =

[
R11 R12

∗ R22

]
> 0, and scalars α and β with β > α, if there exist symmetric

matrices T0,T0 and H > 0, such that

U =

[
R11 R12 − (

.
dt − µ1)T0 − (µ2 −

.
dt)T0

R12 − (
.
dt − µ1)T0 − (µ2 −

.
dt)T0 R22 − H

]
> 0 (14)

and the following inequality holds:

∫ β

α

[
x(ρ)
.
x(ρ)

]T

R

[
x(ρ)
.
x(ρ)

]
dρ ≥ ΞT

3

∑
j=1

ΨjΞ − λYTNTŨ−1NY (15)



Energies 2025, 18, 5614 7 of 21

where

Ξ = col
{

x(β), x(α),
1
λ

∫ β
α x(ρ)dρ,

2
λ2

∫ β
α

∫ β
s x(ρ)dρdλ

}
, λ = β − α, Ψ1 = −Sym{Λ1NY},

Λ1 = col{λe3, e1 − e2, λ(e3 − e4),−e1 − e2 + 2e3}, Y = col{e1, e2, e3, e4},Ũ = diag(U, 3U)

Ψ2 = e1
T((

.
dt − µ1)T + (µ2 −

.
dt)T0)e1 − e2

T((
.
dt − µ1)T + (µ2 −

.
dt)T0)e2,

Ψ3 =
1
λ
(v1

THv1 + 3v2
THv2 + 5v3

THv3), v1 = e1 − e2, v2 = e1 + e2 − 2e3,

v3 = e1 − e2 + 6e3 − 6e4, ei =
[

0n×(i−1)n In 0n×(4−i)n

]
(i = 1, 2, 3, 4).

Proof. Refer to Appendix C. □

Remark 1. Inspired by references [28,31], a new matrix separation inequality that significantly
improves upon existing matrix separation inequalities is proposed.

• In references [28,31], only the matrix T was introduced in J2, which results in only
a slight connection between x(t) and

.
x(t). On this basis, T is further improved to

(
.
dt − µ1)T0 + (µ2 −

.
dt)T0 in this paper. The delay derivative and its upper and lower

bound information are introduced by this improved method. Its advantage lies in the
fact that, for cases involving time-varying delays, this approach can further reduce
the conservatism.

• Zhang et al. introduced high-dimensional free matrices to increase the coupling be-
tween different variables, which could further reduce conservatism. However, it
resulted in increased computational complexity [28]. Xiong et al. estimated the deriva-
tive using a generalized free-weighting-matrix method and also introduced some free
matrices [31]. The LFC system is taken as the research target of this paper, and the
computational complexity must be taken into consideration. So, the Wirtinger inequal-
ity is used to estimate the derivative. This improved method reduces computational
complexity under the condition of slightly increased conservatism, making it more
suitable for application in power systems.

3.2. Stability Criterion

The stability criterion of System (10) are given in this section. To simplify the expres-
sion, the following symbol definitions are given:

ς(t) = col
{

x(t)
∫ t

t−d1
x(γ)dγ

∫ t−d1
t−dt

x(γ)dγ
∫ t−dt

t−d2
x(γ)dγ

2
d1

∫ t
t−d1

∫ t
s x(γ)dγdδ

}
,

∂1(t) =
1
d1

∫ t
t−d1

x(γ)dγ,∂2(t) =
1

dt − d1

∫ t−d1
t−dt

x(γ)dγ,∂3(t) =
1

d2 − dt

∫ t−dt
t−d2

x(γ)dγ,

∂4(t) =
2

d1
2

∫ t
t−d1

∫ t
s x(γ)dγdδ,∂5(t) =

2

(dt − d1)
2

∫ t−d1
t−dt

∫ t−d1
s x(γ)dγdδ,

∂6(t) =
2

(d2 − dt)
2

∫ t−dt
t−d2

∫ t−dt
s x(γ)dγdδ,

σ(t) = col{x(t) x(t − d1) x(t − dt) x(t − d2) ∂1(t) ∂2(t) ∂3(t) ∂4(t) ∂5(t) ∂6(t)}.

Theorem 1. For scalars d2 > d1 > 0 and µ < 1, if there exist matrices P ∈ S5n
+ ,

Qi ∈ Sn
+(i = 1, 2, 3), R1 ∈ Sn

+, R2 ∈ S2n
+ , Tj ∈ Sn(j = 1, 2, 3, 4), Zu ∈ Sn

(u = 1, 2), S ∈ R3n×3n, and Nu ∈ R4n×4n(u = 1, 2) such that the following matrix inequalities
hold for d(t) ∈ [d1, d2] and

.
d(t) ∈ [−µ, µ], then the system (10) is asymptotically stable.[

F Y2
TN2

T

∗ −U2a

]
< 0 (16)
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[
F Y1

TN1
T

∗ −U1a

]
< 0 (17)

[
Z1a S
∗ Z2a

]
> 0 (18)

where

F = Φ1 + Φ2 + Φ3, Φ1 = Sym
{

E1
TPE2

}
,

Φ2 = e1
T(Q1 + Q3)e1 + e2

T(Q2 − Q1)e2 − e4
TQ2e4 − (1 − µ)e3

TQ3e3,

Φ3 = d1
2es

TR1es + d12
2ec

TR2ec + Γ1 + Sym{H1 + H2}+ Γ2 + H3 + H4,

H1 = W1
T N1Y1, H2 = W2

T N2Y2,

H3 = −d12(e2
T((

.
dt − µ1)T1 + (µ2 −

.
dt)T2)e2 − e3

T((
.
dt − µ1)T1 + (µ2 −

.
dt)T2)e3),

H4 = −d12(e3
T((

.
dt − µ1)T3 + (µ2 −

.
dt)T4)e3 − e4

T((
.
dt − µ1)T3 + (µ2 −

.
dt)T4)e4),

E1 = col
{

e1 d1e5 (dt − d1)e6 (d2 − dt)e7 d1e8

}
,

E2 = col
{

es e1 − e2 e2 − (1 − µ)e3 (1 − µ)e3 − e4 2(e1 − e5)
}

,

U1a = diag(U1, 3U1), U2a = diag(U2, 3U2),

Γ1 = −(Π1
TR1Π1 + 3Π2

TR1Π2 + 5Π3
TR1Π3), Γ2 = −

 Er2a

Er2b

T Z1a S

∗ Z2a

 Er2a

Er2b

,

Er2a = col
{

Π4 Π5 Π6

}
, Er2b = col

{
Π7 Π8 Π9

}
, ec = col

{
x(t)

.
x(t)

}
,

Z1a = diag(Z1, 3Z1, 5Z1), Z2a = diag(Z2, 3Z2, 5Z2), es = Ae1 + Ade3, d12 = d2 − d1,

Π1 = e1 − e2, Π2 = e1 + e2 − 2e5, Π3 = e1 − e2 + 6e5 − 6e8,

Π4 = e2 − e3, Π5 = e2 + e3 − 2e6, Π6 = e1 − e2 + 6e6 − 6e9,

Π7 = e3 − e4, Π8 = e3 + e4 − 2e7, Π9 = e2 − e3 + 6e7 − 6e10,

W1 = col
{

(dt − d1)e6 Π4 (dt − d1)(e6 − e9) −Π5

}
, Y1 = col

{
e2 e3 e6 e9

}
,

W2 = col
{

(d2 − dt)e7 Π7 (d2 − dt)(e7 − e10) −Π8

}
, Y2 = col

{
e3 e4 e7 e10

}
,

ei =
[

0n×(i−1)n In 0n×(10−i)n

]
(i = 1, 2, . . . , 10).

Proof. Refer to Appendix D. □

Remark 2. Compared to the double integral
∫ −d1
−d2

∫ t
t+β

.
xT

(α)R2
.
x(α)dαdβ in reference [13],

.
x(α) is extended to

[
x(α)

.
x(α)

]
in this paper, which is key to reducing the conservatism. Moreover,

for the estimation of
∫ t−d1

t−d2

[
x(α)
.
x(α)

]T

R2

[
x(α)
.
x(α)

]
dα, the integration interval [t − d2, t − d1] is split

into [t − d2, t − dt] and [t − dt, t − d1]. Then, the improved matrix-separation inequality presented
in this paper is applied for the estimation.

To demonstrate the advantages of the augmented functionals and the improved matrix-
separation-based inequality, the x(α) in the double integral is deleted, and the derivatives
of the functional are estimated using Lemmas 1 and 3. Theorem 2 can then be derived.

Theorem 2. Given scalars 0 < d1 < d2, µ < 1, the system (10) is asymptotically stable if there
exist matrices P ∈ S5n

+ , Qi ∈ Sn
+(i = 1, 2, 3), Rj ∈ Sn

+(j = 1, 2), and S ∈ R3n×3n such that the

following matrix inequalities hold for d(t) ∈ [d1, d2] and
.
d(t) ∈ [−µ, µ].

Φ̂ < 0 (19)[
R2a S
∗ R2a

]
> 0 (20)

where
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Φ̂ = Φ1 + Φ2 + Φ31, Φ31 =

[
Er2a

Er2b

]T[
R2a S
∗ R2a

][
Er2a

Er2b

]
, R2a = diag(R2, 3R2, 5R2)

The definitions of the other symbols can be found in Theorem 1.

Proof. Refer to Appendix E. □

3.3. Analysis of H∞ Performance

The H∞ performance of the system is analyzed in this section. Given a specified
controller gain, the objective is to minimize the robust performance index to improve the
system resistance to disturbances [8].

According to the LFC system modeling process in Section 1, the state feedback control
system is adapted into a conventional static feedback control system. Subsequently, the
equation is rewritten as follows:

⌢.
x (t) = A

⌢
x (t)− Ad

⌢
x (t − d(t)) + Fw(t)

⌢
y (t) = C

⌢
x (t)

⌢
x (t) = φ(t), t ∈ [−d(t), 0]

(21)

Theorem 3. For scalars d2 > d1 > 0 and µ < 1, disturbance performance index γ, and
controller gain K, if there exist matrices P ∈ S5n

+ , Qi ∈ Sn
+(i = 1, 2, 3), R1 ∈ Sn

+, R2 ∈ S2n
+ ,

Tj ∈ Sn(j = 1, 2, 3, 4), Zu ∈ Sn(u = 1, 2), S ∈ R3n×3n, and Nu ∈ R4n×4n(u = 1, 2) such

that the following matrix inequalities hold for d(t) ∈ [d1, d2] and
.
d(t) ∈ [−µ, µ], then the LFC

system (21) with disturbance performance index is asymptotically stable.[
Φ Y2

TN2
T

∗ −U2a

]
< 0 (22)

[
Φ Y1

TN1
T

∗ −U1a

]
< 0 (23)

[
Z1a S
∗ Z2a

]
> 0 (24)

where

Φ = Φ1 + Φ2 + Φ3 + e1
TCTCe1 − γ2e11

Te11, es = Ae1 + Ade3 + Fe11,

ei =
[
0n×(i−1)n In 0n×(10−i)n

]
(i = 1, 2, . . . , 11), δ(t) = col

{
δ(t) w(t)

}
.

The definitions of the other symbols can be found in Theorem 1.

Proof. Refer to Appendix F. □

4. Case Studies
Conservatism comparisons and simulation verification are introduced in this section

to demonstrate the superiority and correctness of the proposed method. The delay margins
were calculated by using MATLAB 2023. Then, the corresponding models were established
to verify the obtained results. Additionally, a robust performance evaluation was conducted.
Table 1 presents the parameters of LFC systems [4].

In this paper, the computational complexity is not directly discussed but is reflected
by introducing the Number of Decision Variables (NDVs). The more NDVs there are, the
greater the computational complexity is, and the longer the time it takes to calculate the
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delay margin is. The NDVs of the relevant theorems are all given on the right side of
the table.

Table 1. Parameters of LFC systems.

Parameters M(s) D β Tg(s) Tch(s) R Tij

Area 1 10 1.0 21 0.1 0.3 0.05
0.1986Area 2 12 1.5 21.5 0.17 0.1 0.05

4.1. One-Area LFC System
4.1.1. Conservatism Comparisons

When the system has a constant delay (µ = 0), the delay margins for various KP and KI

are solved. The delay margin and the NDVs are presented in Table 2. The symbol “-” indicates
that the result is not given in the reference, and n is the dimension of the system matrix.
Both - and n retain these meanings in the subsequent table. For the sake of convenience,
the abbreviation for Theorem 1 is defined as Th. 1. The abbreviations of the other theorems
are the same as those used here.

Table 2. The delay margin of one-area LFC system for µ = 0.

KP 0 0 0 0 0 0.1 0.1 0.1 0.1 0.1
NDVsKI 0.05 0.1 0.2 0.4 0.6 0.05 0.1 0.2 0.4 0.6

[4] 27.92 13.77 6.69 3.12 1.91 27.03 13.68 6.94 3.29 2.02 7.5n2 + 1.5n
[17] 28.66 14.17 6.90 3.23 1.98 27.98 14.42 7.23 3.41 2.10 21.5n2 + 6.5n
[25] 30.79 15.15 7.33 3.38 2.03 32.73 16.08 7.81 3.62 2.19 1497n2 + 91n
[26] - - 7.33 3.38 2.04 - - 7.79 3.61 2.19 770n2 + 40n
[27] 30.30 14.96 7.26 3.36 2.03 29.49 15.15 7.79 3.61 2.19 45.5n2 + 2.5n

Th. 1 30.78 15.15 7.33 3.38 2.04 29.97 16.01 7.79 3.61 2.19 60.5n2 + 8.5n
Th. 2 30.32 15.04 7.32 3.37 2.04 29.68 15.43 7.77 3.60 2.19 24n2 + 5n

Table 2 shows that the delay margins obtained using Th. 1 and Th. 2 are significantly
better than the results in references [4,17]. Compared to references [25,26], the result of
Th. 1 is the same as that of reference [26] and is slightly worse than that of reference [25].
However, the NDVs are significantly lower than in both references [25,26]. Compared with
reference [27], the result obtained by using Th. 1 is greater, but the NDVs slightly increase.
This demonstrates that the proposed method effectively reduces conservatism in stability
criterion while maintaining lower computational complexity.

For one-area LFC systems with time-varying delays, two scenarios, µ = 0.5 and
µ = 0.9, are analyzed.

As shown in Table 3, the delay margin from Th. 1 significantly exceeds those of
reference [32] and Th. 2, demonstrating the effectiveness of the method. Furthermore,
compared to the case of µ = 0, it is clear that in the LFC system with time-varying
delay (µ = 0.5 or µ = 0.9), the effectiveness of Theorem 1 in reducing conservatism is
more pronounced.

Table 3. The delay margin of one-area LFC system for µ = 0.5 and µ = 0.9.

KP KI
µ = 0.5 µ = 0.9

Th. 1 Th. 2 [32] Th. 1 Th. 2 [32]

0 0.2 7.17 6.41 6.45 7.13 6.33 6.43
0 0.4 3.33 2.94 2.94 3.37 2.91 2.91
0 0.6 2.02 1.74 1.75 2.02 1.71 1.71
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Table 3. Cont.

KP KI
µ = 0.5 µ = 0.9

Th. 1 Th. 2 [32] Th. 1 Th. 2 [32]

0.1 0.2 7.56 6.68 6.80 7.51 6.37 6.59
0.1 0.4 3.53 3.12 3.13 3.52 3.07 3.11
0.1 0.6 2.16 1.87 1.88 2.16 1.84 1.84

4.1.2. Simulation Verification

The correctness of the obtained time delay margin is verified through MATLAB R2023a
simulations. Set KP = 0 and KI = 0.4, and add a step load of 0.1 pu to the system at 10 s.
The frequency deviation of the system is shown in Figure 2.

Figure 2. Frequency deviation of one-area LFC system with µ = 0.

Figure 2 shows the frequency responses of the one-area LFC system with µ = 0.
For KP = 0 and KI = 0.4, the delay margin is 3.38 s. As observed in Figure 2, when
the d(t) = 3.38s, the frequency deviation gradually decreases, and the system returns
to stability.

Based on the results obtained from Theorems 1, it is assumed that d(t) = 1.665 sin(1/3.33)t
+1.665 (see Figure 3) to verify the correctness of this method in the system with µ = 0.5.
The frequency deviation is shown in Figure 4. It can be observed that when 0 ≤ d(t) ≤ 3.33
and µ = 0.5, the system is stable.

Figure 3. Time-varying delay d(t) = 1.665 sin(1/3.33)t + 1.665.
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Figure 4. Frequency deviation of one-area LFC system with µ = 0.5.

4.2. Two-Area LFC System
4.2.1. Conservatism Comparisons

The delay margin of the two-area LFC system is calculated and compared with results
from relevant literature in this section.

The delay margins and the NDVs are presented in Table 4. As shown, the delay margin
reported here is less conservative than those in references [4,17,27]. Moreover, the delay
margin exhibits a similar trend to that of the one-area system. The delay margin decreases
as KI increases when KP is held constant.

Table 4. The delay margin of two-area LFC system for µ = 0.

KP 0 0 0 0 0 0.1 0.1 0.1 0.1 0.1
NDVsKI 0.05 0.1 0.2 0.4 0.6 0.05 0.1 0.2 0.4 0.6

[4] 27.84 13.69 6.60 3.00 1.74 27.00 13.65 6.88 3.17 1.86 7.5n2 + 1.5n
[17] 28.86 14.31 6.94 3.15 - 28.29 14.70 7.27 3.34 - 21.5n2 + 6.5n
[27] 30.41 14.95 7.16 3.21 1.84 29.85 15.33 7.56 3.42 1.98 45.5n2 + 2.5n

Th. 1 30.47 14.99 7.20 3.23 1.85 29.92 15.38 7.59 3.43 2.00 60.5n2 + 8.5n
Th. 2 30.43 14.97 7.18 3.23 1.84 29.89 15.36 7.57 3.43 1.99 24n2 + 5n

The delay margin is presented in Table 5. It can be observed that, compared to
reference [27], the results of this paper are significantly better.

Table 5. The delay margin of two-area LFC system for µ = 0.5 and µ = 0.9.

KP KI
µ = 0.5 µ = 0.9

Th. 1 Th. 2 [27] Th. 1 Th. 2 [27]

0 0.2 6.86 6.30 6.30 6.86 6.30 6.29
0 0.4 3.20 2.77 2.72 3.20 2.73 2.72
0 0.6 1.83 1.48 1.42 1.83 1.43 1.41

0.1 0.2 7.08 6.75 6.70 7.08 6.71 6.47
0.1 0.4 3.42 2.95 2.92 3.41 2.90 2.89
0.1 0.6 1.97 1.59 1.55 1.97 1.54 1.53

4.2.2. Simulation Verification

The method is the same as that described in Section 4.1.1.
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For KP = 0.1, KI = 0.2, the delay margin is 7.59 s according to Theorem 1. The
frequency response is shown in Figure 5. As illustrated, the frequency deviations in both
areas approach zero, indicating that the system is gradually returning to stability.

Figure 5. Frequency deviation of two-area LFC system with constant time-delay.

The time-varying delay is d(t) = 3.54 sin(0.5/3.54)t + 3.54, as shown in Figure 6. Ac-
cording to the frequency deviation in Figure 7, it can be observed that when 0 ≤ d(t) ≤ 7.08
and µ = 0.5, the system returns to stability in 40 s. This further confirms the accuracy of
the method proposed.

Figure 6. Time-varying delay d(t) = 3.54 sin(0.5/3.54)t + 3.54.
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Figure 7. Frequency deviation of two-area LFC system with time-varying delay for KP = 0.1,
KI = 0.2.

4.3. H∞ Performance Analysis

Given the KP and KI , the minimum robust performance index (γ)—representing the
disturbance suppression level of systems—can be calculated for various delay margins.
The details are shown in Figure 8.

Figure 8. The minimum robust performance index of different delay margins.

As can be seen from Figure 8, with the increase in delay margin, the minimum
performance index also rises. This indicates that an increase in time delay decreases the
robustness. Furthermore, for the same delay margin, the robust performance index under
constant delay is higher than the corresponding value under time-varying delay. This
indicates that time-varying delay also reduces the robustness of the system.

5. Conclusions
The stability of time-delay LFC systems is studied, and an innovative analysis method

via an improved matrix-separation-based inequality is proposed to derive a stability crite-
rion with less conservatism and lower computational complexity. By applying a double
integral augmented L–K functional, a foundation is established for deriving a stability
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criterion with less conservatism. Meanwhile, the improved matrix-separation-based in-
equality is obtained by deleting the high-dimensional free matrices but introducing some
delay-derivative-dependent matrices of lower dimensions, utilizing the information of
delay more fully. By applying the augmented L–K functional and the improved inequality,
the stability criterion is established. The numerical results of two examples demonstrate
that this method reduces criterion conservatism with a lower computational complexity,
particularly in the case of time-varying delays. The simulation results strongly validate the
correctness of the stability analysis method. The method provides a theoretical basis and
technical support for the design and optimization of the LFC schemes in the power system
and helps to improve the stability and reliability.

The research findings presented in this paper can be extended to LFC systems with
multiple time-delays, multiple areas, and uncertain parameters. Additionally, to further
reduce the computational complexity, optimizing the modeling method of multi-area
systems to lower the dimension of the system matrix is our next research direction.
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Appendix A
The system matrixs of two-area LFC system.

A =



− D1
M1

1
M1

0 0 − 1
M1

0 0 0 0
0 − 1

Tch1
1

Tch1
0 0 0 0 0 0

− 1
R1Tg1

0 − 1
Tg1

0 0 0 0 0 0

β1 0 0 0 1 0 0 0 0
2πT12 0 0 0 0 −2πT12 0 0 0

0 0 0 0 1
M2

− D2
M2

1
M2

0 0
0 0 0 0 0 0 − 1

Tch2
1

Tch2
0

0 0 0 0 0 − 1
R2Tg2

0 − 1
Tg2

0

0 0 0 0 −1 β2 0 0 0


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Ad =



0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

− β1KP1‘
Tg1

0 0 −KI1
Tg1

−KP1
Tg1

0 0 0 0

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 KP2

Tg2
− β2KP2

Tg2
0 0 −KI2

Tg2

0 0 0 0 0 0 0 0 0


Appendix B

Proof of Corollary 1. The following Equation (A1) can be obtained from [33]:

−2aTb ≤ aTXa + bTX−1b (A1)

where
a, b ∈ Rn, X > 0.

Let X = R
ρ , and it can be obtained as follows:

−2aTb ≤ 1
ρ

aTRa + ρbTR−1b (A2)

Let a = W and b = NY, and substitute them into Equation (A2) yields the following equation.

−1
ρ

WTTW ≤ ρYTNTT−1NY + 2WTNY (A3)

Equation (A3) is Corollary 1. Proof completed. □

Appendix C

Proof of Corollary 2. Provide the following definitions:

J =
∫ β

α

[
x(ρ)
.
x(ρ)

]T

R

[
x(ρ)
.
x(ρ)

]
dρ = J1 + J2 + J3.

where

J1 =
∫ β

α

 x(ρ)
.
x(ρ)

T

U

 x(ρ)
.
x(ρ)

dρ,

J2 =
∫ β

α

 x(ρ)
.
x(ρ)

T 0 (
.
dt − µ1)T0 + (µ2 −

.
dt)T0

(
.
dt − µ1)T0 + (µ2 −

.
dt)T0 0

 x(ρ)
.
x(ρ)

dρ,

J3 =
∫ β

α

.
xT

(ρ)H
.
x(ρ)dρ.

For U > 0, applying the Lemma 2, J1 is estimated as:

J1 ≥ 1
λ

[
ε1

ε2

]T[
U 0
0 3U

][
ε1

ε2

]
(A4)



Energies 2025, 18, 5614 17 of 21

where

ε1 =
∫ β

α

[
x(ρ)
.
x(ρ)

]
dρ, ε2 = ε1 −

2
λ

∫ β

α

∫ β

s

[
x(λ)
.
x(λ)

]
dλdρ

Then, applying the Corollary 1, the Equation (A4) is estimated as:

J1 ≥ −λYTNTŨ−1NY − 2

[
ε1

ε2

]T

NY

= ΞTΨ1Ξ − λYTNTŨ−1NY

(A5)

For J2, the calculation yields the following result:

J2 =
∫ β

α

[ .
xT

(s)((
.
dt − µ1)T0 + (µ2 −

.
dt)T0)x(s) + xT(s)((

.
dt − µ1)T0 + (µ2 −

.
dt)T0)x(s)

]
ds

= xT(β)((
.
dt − µ1)T0 + (µ2 −

.
dt)T0)x(β)− xT(α)((

.
dt − µ1)T0 + (µ2 −

.
dt))T0x(α)

= ΞT(e1
T((

.
dt − µ1)T0 + (µ2 −

.
dt)T0)e1 − e2

T((
.
dt − µ1)T0 + (µ2 −

.
dt)T0)e2)Ξ

= ΞTΨ2Ξ

(A6)

For Z > 0, applying the Lemma 1, J3 is estimated as:

J3 ≥ 1
λ ΞT(y1

THy1 + 3y2
THy2 + 5y3

THy3)Ξ
= ΞTΨ3Ξ

(A7)

Summing Equations (A5)–(A7) leads to Corollary 2. □

Appendix D

Proof of Theorem 1. Consider the following L–K functionals:

V(t) =
3

∑
i=1

Vi(t) (A8)

where

V1(t) = ςT(t)Pς(t),

V2(t) =
∫ t

t−d1
xT(γ)Q1x(γ)dγ +

∫ t−d1
t−d2

xT(γ)Q2x(γ)dγ +
∫ t

t−dt
xT(γ)Q3x(γ)dγ,

V3(t) = d1
∫ 0
−d1

∫ t
t+β

.
xT

(γ)R1
.
x(γ)dγdδ + d12

∫ −d1
−d2

∫ t
t+β

 x(γ)
.
x(γ)

T

R2

 x(γ)
.
x(γ)

dγdδ.

In Theorem 1, it has been required that matrixs P, Qi and Ru be a positive definite
matrix, so the functional V(t) > 0 holds.

Calculating the derivative of the V(t) yields:

.
V1(t) = 2ςT(t)P

.
ς(t)

= σT(t)
(

E1
TPE2 + E2

TPE1

)
σ(t)

= σT(t)Φ1σ(t)

(A9)

.
V2(t) = σT(t)

(
e1

T(Q1 + Q3)e1 + e2
T(Q2 − Q1)e2 − e4

TQ2e4 − (1 −
.
dt)e3

TQ2e3

)
σ(t)

= σT(t)Φ2σ(t)
(A10)

.
V3(t) = d1

2es
TR1es + d12

2ec
TR2ec + G1 + G2 (A11)
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where G1 = −d1
∫ t

t−d1

.
xT

(γ)R1
.
x(γ)dγ, G2 = −d12

∫ t−d1
t−d2

[
x(γ)
.
x(γ)

]T

R2

[
x(γ)
.
x(γ)

]
dγ = F1 + F2,

F1 = −d12
∫ t−d1

t−dt

[
x(γ)
.
x(γ)

]T

R2

[
x(γ)
.
x(γ)

]
dγ, F2 = −d12

∫ t−dt
t−d2

[
x(γ)
.
x(γ)

]T

R2

[
x(γ)
.
x(γ)

]
dγ

Based on Lemma 1, G1 with R1 > 0 is estimated as:

G1 ≤ −σT(t)(Π1
TR1Π1 + 3Π2

TR1Π2 + 5Π3
TR1Π3)σ(t)

= −σT(t)Γ1σ(t)
(A12)

Based on Corollary 2, F1 and F2 with R2 > 0 are respectively estimated as:

F1 ≤ σT(t)(H1 + H3 +
dt − d1

d12
Y1

TN1
TU1a

−1N1Y1)σ(t) + f1 (A13)

F2 ≤ σT(t)(H2 + H4 +
d2 − dt

d12
Y2

TN2
TU2a

−1N2Y2)σ(t) + f2 (A14)

where f1 = σT(t)
(
− d12

dt−d1
ET

r2aZ1aEr2a

)
σ(t), f2 = σT(t)

(
− d12

d2−dt
ET

r2bZ2aEr2b

)
σ(t).

f1 and f2 cause the derivative to be non-convex. Applying Lemma 3 to estimate f1

and f2, we obtained:

f1 + f2 ≤ −σT(t)

[
Er2a

Er2b

]T[
Z1a S
∗ Z2a

][
Er2a

Er2b

]
σ(t) (A15)

It follows from Equations (A11)–(A15) that:

.
V3(t) ≤ σT(t)(Φ3 +

dt − d1

d12
Y1

TN1
TU1a

−1N1Y1 +
d2 − dt

d12
Y2

TN2
TU2a

−1N2Y2)σ(t) (A16)

Combining Equations (A9), (A10) and (A16) leads to:

.
V(t) = σT(t)(Φ1 + Φ2 + Φ3 +

dt − d1

d12
Y1

T N1
TU1a

−1 N1Y1 +
d2 − dt

d12
Y2

T N2
TU2a

−1 N2Y2)σ(t) (A17)

When
.

V(t) ≤ 0, the following equation holds:

Φ1 + Φ2 + Φ3 +
dt − d1

d12
Y1

TN1
TU1a

−1N1Y1 +
d2 − dt

d12
Y2

TN2
TU2a

−1N2Y2 ≤ 0 (A18)

According to Shure Complement, it follows that Equation (A18) is equivalent to
Equations (16) and (17).

Based on the above analysis, if LMIs (16), (17), and (18) hold, then the system (10) is
asymptotically stable. □

Appendix E

Proof of Theorem 2. Construct the following L–K functionals:

Ṽ(t) = V1(t) + V2(t) + Ṽ3(t) (A19)

where Ṽ3(t) = d1
∫ 0
−d1

∫ t
t+β

.
xT

(u)R1
.
x(u)duds + d12

∫ −d1
−d2

∫ t
t+β

.
xT

(u)R2
.
x(u)duds.

In Theorem 2, it has been required that matrixs P, Qi and Rj be a positive definite
matrix, so the functional Ṽ(t) > 0 holds.
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Calculating the derivative of the Ṽ3(t) yields:

.
Ṽ3(t) = d1

2es
TR1es + d12

2es
TR2es − L1 − L2 (A20)

where L1 = d1
∫ t

t−d1

.
xT

(u)R1
.
x(u)du, L2 = d12

∫ t−d1
t−d2

.
xT

(u)R2
.
x(u)du = I1 + I2,

I1 = −d12
∫ t−d1

t−dt

.
xT

(u)R2
.
x(u)du, I2 = −d12

∫ t−dt
t−d2

.
xT

(u)R2
.
x(u)du.

The estimation method for L1 is the same as in Theorem 1. Based on Lemma 1, I1 and
I2 with R2 > 0 are respectively estimated as:

I1 ≤ − d12

dt − d1
σT(t)(Π4

TR2Π4 + 3Π5
TR2Π5 + 5Π6

TR2Π6)σ(t) (A21)

I2 ≤ − d12

d2 − dt
σT(t)(Π7

TR2Π7 + 3Π8
TR2Π8 + 5Π9

TR2Π9)σ(t) (A22)

Applying Lemma 3 to estimate Equations (A21) and (A22), we obtain:

I1 + I2 ≤ −σT(t)

[
Er2a

Er2b

]T[
R2a S
∗ R2a

][
Er2a

Er2b

]
σ(t) = −σT(t)Φ31σ(t) (A23)

Combining Equations (A9), (A10) and (A23) yields:

.
Ṽ(t) = σT(t)(Φ1 + Φ2 + Φ31)σ(t) (A24)

When
.̃

V(t) ≤ 0, the following equation holds:

Φ1 + Φ2 + Φ31 ≤ 0 (A25)

From the Schur complement, Equation (A25) is equivalent to Equation (19). When
Equation (A25) holds, the system (10) is asymptotically stable. □

Appendix F

Proof of Theorem 3. Construct the following L–K functionals:

V(t) =
3

∑
i=1

Vi(t) (A26)

In Theorem 3, it has been required that matrixs P, Qi and Ru be a positive definite
matrix, so the functional V(t) > 0 holds.

Calculating the derivative of the V(t) yields:

.
V(t) = σT(t)(Φ +

dt − d1

d12
Y1

TN1
TU1a

−1N1Y1 +
d2 − dt

d12
Y2

TN2
TU2a

−1N2Y2)σ(t) (A27)

To reduce the impact of external load disturbances on the control output, the distur-
bance performance index are defined as follows:

D =
∫ ∞

0
(
⌢
y

T
(t)

⌢
y (t)− γ2wT(t)w(t))ds (A28)

If the Equation (A29) holds:

Φ +
dt − d1

d12
Y1

T N1
TU1a

−1 N1Y1 +
d2 − dt

d12
Y2

T N2
TU2a

−1 N2Y2 +
⌢
y

T
(t)

⌢
y (t)− γ2wT(t)w(t) < 0 (A29)
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According to Equation (A27), the inequality holds:

.
V(t) +

⌢
y

T
(t)

⌢
y (t)− γ2wT(t)w(t) < 0 (A30)

When w(t) ̸= 0 and V(x(0)) = 0, integrate Equation (A29) from 0 to ∞, it can
be obtained: ∫ ∞

0

⌢
y

T
(t)

⌢
y (t)dt < γ2

∫ ∞

0
wT(t)w(t)dt (A31)

Equation (A31) means
∥∥∥⌢y (t)∥∥∥

2
< γ2∥w(t)∥2. For sufficiently small scalars ε > 0, it

follows that
.

V(t) ≤ −ε∥x(t)∥2.
By replacing Equation (A29) with

⌢
y (t) = Cx(t) and using Schur complement, the

LMI criterion in Theorem 3 can be derived, thereby verifying the asymptotic stability of the
system (21). This completes the proof. □
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