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Abstract

This paper addresses the issue of rotor swings in a high-power synchronous generator
during stable operation with a stiff power grid. The analysis of electromechanical swings
was conducted using a circuit model incorporating fractional-order derivatives. Assum-
ing that variations in the load angle under small disturbances from a stable equilibrium
are minor, a linearized differential equation describing the electrodynamic state of the
synchronous machine was derived. Based on this linearized equation of motion and the
identified parameters of the equivalent circuit, calculations were performed for a 200 MW
turbogenerator. The results indicate that the electromechanical swings are characterized by
a constant pulsation and a low damping factor. Calculations were also carried out using a
lumped-parameter equivalent circuit model. Based on the obtained results, it can be stated
that the fractional-order model provides a more accurate fit of the frequency characteristics
compared with the classical model with the same number of rotor equivalent circuits. The
relative approximation errors for the fractional-order model are, for the d-axis (one rotor
equivalent circuit), relative magnitude error 6,, = 1.53% and relative phase error §,, = 6.32%,
and for the g-axis (two rotor equivalent circuits), d, = 3.2% and é, = 8.3%. To achieve
comparable approximation accuracy for the classical model, the rotor electrical circuit must
be replaced with two equivalent circuits in the d-axis and four equivalent circuits in the
g-axis, yielding relative errors of 6, = 2.85% and , = 6.51% for the d-axis, and 6, = 1.86%
and Jy = 5.49% for the g-axis.

Keywords: synchronous machine; electromechanical swings; equivalent circuit parameter
identification; fractional-order derivatives

1. Introduction

During the operation of a synchronous generator connected to a stiff power grid,
disturbances may arise that cause oscillatory changes in rotor speed, referred to as elec-
tromechanical swings. These speed variations also induce electromechanical swings in
the generator’s power angle and electromagnetic torque. A distinctive feature of these
swings is their low frequency (typically in the range of 1-2 Hz) and low damping ratio.
Such electromechanical swings limit the capacity for electric power transmission within the
power system and, under adverse conditions, may lead to system instability [1]. Changes in
the operating state of a synchronous generator may result from variations in the excitation
current, voltage, and line reactance, or from sudden changes in the driving torque.

This study investigates the electromechanical swings of a turbogenerator subjected
to a step change in driving torque while maintaining a constant excitation voltage. The
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assumption of a sudden increase in turbine torque provides a straightforward means of
illustrating transient phenomena in a synchronous generator.

The transient states of synchronous machines are described by nonlinear differential
equations. To solve these equations under specified initial conditions, numerical methods
are typically employed [2,3]. However, these methods have a limitation: when control
and disturbance signals are known, they yield only numerical results at selected time
steps. Consequently, they do not provide analytical solutions suitable for assessing the
stability of a synchronous machine. By linearizing the nonlinear differential equations
around a chosen operating point, a system of linear differential equations with constant
coefficients is obtained. Applying operational calculus to these equations transforms them
into algebraic equations, enabling analytical solutions. In this study, the linearization of the
differential equations enabled the determination of the damping ratio and the frequency
of electromechanical swings of a synchronous generator under small disturbances from
equilibrium. The analysis of electromechanical swings is typically based on classical
circuit models [4], which assume a single damper circuit in the rotor along the d-axis and
another along the g-axis. Due to their low computational complexity, classical models
are commonly employed in real-time simulations [5,6]. However, classical models often
result in significant discrepancies between measured responses and those obtained through
computer simulations. This necessitates the use of higher-order mathematical models [7-9]
incorporating additional lumped-parameter RL circuits into the equivalent model of the
synchronous machine. Such models more accurately reflect the skin effect occurring in the
solid rotor and in conductive slot wedges. An alternative approach involves employing
equivalent circuits with fractional-order operator impedances [10,11]. In the frequency
domain, fractional-order operator inductance represents an impedance whose resistance
and inductance vary with the frequency of eddy currents induced in the machine’s solid
rotor. To model eddy currents in conductive components more precisely, hybrid elements
should be used [12-14]. These consist of a series connection of lumped-parameter RL
elements and fractional-order operator inductance. In [15], a simulation of a three-phase
short-circuit in a synchronous generator was performed, whereas in [16], the dynamic
states of an induction motor with a solid rotor were analyzed. Both studies employed
fractional-order differential calculus, and the nonlinear differential equations were solved
using the Griinwald-Letnikov method [17]. Although fractional-order calculus is still rarely
applied in the modeling of synchronous machines, its use in power system control research
has been steadily increasing [18,19].

In this study, the electric circuit of a solid rotor along the d-axis is represented in the
equivalent model by a single hybrid element. In the g-axis, the rotor damper circuit is
modeled as a parallel connection of two branches: one containing a hybrid element and the
other comprising lumped-parameter RL elements.

The parameters of the synchronous machine’s equivalent circuit can be identified
either through measurements [7,20] or based on design data [21]. Among the various
methods for parameter identification, the SSFR (standstill frequency response) method [7]
is particularly noteworthy. This method involves determining the frequency characteristics
of spectral inductances, either from measurements or design data, for a stationary machine.
These characteristics are then approximated to determine the parameters of the machine’s
equivalent circuit.

The article is structured into four chapters, organized as follows. The introduction out-
lines the representation of rotor electrical circuits in the equivalent model of a synchronous
machine. Chapter Two presents the mathematical model of the synchronous machine. In
this model, the rotor damper circuit is replaced by a single fractional-order equivalent
circuit along the d-axis and two equivalent circuits along the g-axis. The corresponding
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differential equations describing the electrodynamic state of the synchronous generator are
also provided. Chapter Three describes the procedure for determining the parameters of
the synchronous machine’s equivalent circuit. The equivalent circuit parameters along the
d-axis and g-axis were derived by approximating spectral inductances obtained through
finite element analysis of the electromagnetic field distribution. Chapter Four presents an
analysis of the electromechanical swings of the turbogenerator under small disturbances
from equilibrium caused by a step change in the turbine driving torque. Through lineariza-
tion of the differential equations, a fractional-order operational expression was obtained
for the increments in the power angle Ad(p) and angular velocity Aw. The damping ratio
and frequency of the electromechanical swings of the high-power turbogenerator were
then determined.

2. Mathematical Model of a Synchronous Machine

The analysis of transient states in synchronous machines is based on equivalent circuit
models. To accurately represent the phenomena occurring within the solid rotor, the
equivalent rotor electric circuit should be replaced with one or two lumped-parameter RL
elements in the d-axis, and three or four RL elements in the g-axis, each characterized by
different time constants (Figure 1).

i ; _(D\I’sq RS LGS
1 + ikd1
Lcskd1
(a)
Isq (D\Psd R5 Lcs
N A T, A
qu1 qu2 qum
Usq d‘Psq % |_mq qu1 qu2 qum
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Lckq1 Lckq2 Lqum

(b)

Figure 1. Equivalent circuit of a synchronous machine (a) in the d-axis and (b) in the g-axis, applying
the source-oriented arrow system.

An alternative approach is to represent the damper circuit of the solid rotor using a
fractional-order impedance composed of hybrid elements [16], which are series combina-
tions of lumped integer-order RL elements and a fractional-order element (Figure 2).

In the equivalent circuits, Rs and Ryare the resistances of the armature winding and
field winding, Lys and Los the leakage inductances of the armature winding and field
winding, L,,; and Ly, the magnetizing inductances in the d- and g-axes, T,y and T, the
equivalent time constants of the rotor damper circuit (solid rotor, conducting wedges in
the slots) in the d- and q-axes, and Ry and Ly in the d-axis and Ry, and Ly, in the
g-axis are the resistance and leakage inductance with lumped parameters of the solid rotor
damper circuit.
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Figure 2. Equivalent circuit of a fractional-order synchronous machine: (a) in the d-axis, (b) in the
quadrature g-axis with a single equivalent rotor circuit, and (c) in the g-axis with two equivalent rotor
circuits, applying the source-oriented arrow system.

The analysis of electromechanical swings of a synchronous machine is conveniently
carried out in Park’s d—q coordinate system [22,23] in the rotor reference frame (Figure 3).
In this coordinate system, the rotational voltage components present in the equivalent
circuits of Figures 1 and 2 are eliminated.

Figure 3. The d—q coordinate system of the synchronous machine in the rotor reference frame.

The electrodynamic state of a synchronous machine, where the damper circuit of the
solid rotor is modeled by a fractional-order impedance, in Park’s d—q coordinate system,
applying the source-oriented arrow system for the stator and the load-oriented arrow
system for the rotor, is described by the following equations.

The differential voltage equations for the stator in the d- and g-axes are

. d¥,
Usg = —Rsigg + Tt — Wy } (1)

. dY¥.
Usqg = _Rslsq + T:q + w¥y
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where 1y and us are the components of the armature voltage in the d- and g-axes, iy and
is; are the components of the armature current in the d- and g-axes, ¥; and ¥, are the
components of the flux linkage of the armature winding in the d- and g-axes, and w is the
electrical angular speed.

The differential voltage equation for the excitation circuit is

Ry + f 2
where uy, i, and Yrare the instantaneous values of the field voltage, field current, and flux
linkage of the field winding, referred to as the armature winding side.

The differential voltage equations for the damper circuits of the solid rotor in the d-

and g-axes, including fractional-order derivatives, are

a¥ . di L .
emd = —FH4 = — <delkd + Loga 2 + T';?Da(lkd))

ed
dY¥, . diy, L .
emg = g~ = (qulkq + Lokgar + fﬁ%D“(lkq)

)

where ¥,,; and ¥, are the components of the main flux linkage in the d- and g-axes, ix4
and iy, are the components of the damper winding current in the d- and g-axes, « is the
order of the fractional derivative, and f =1 — &, where 0 < a < 1.

The fractional-order derivatives appearing in Equation (3) are defined as follows [17]:

. d%ig . d* ikq
Da(iua) = " Da (i) =
The equations for the flux linkages related to the stator windings in the d- and g-axes
and the excitation winding are

Ysa = —Lsalsa + Liaif + Lindixa
¥og = —Lagisg + Lungikg

Yod = Liya (—isd +if+ ikd) (4)
Wy = Lung (fisq + ikq)

¥ = Lygisa + Lunaita + Lyis

The equation of motion is

d D

Jao - P 5)
py dt Pb

These equations must be supplemented by the equation for the electromagnetic torque:
3 . .

M, = ipb (qjsdlsq - qulsd) (6)

It is assumed that the turbogenerator operates on a symmetrical three-phase stiff grid.
In this case, the voltages applied to the stator phase windings are

sy = Usmeos(wst + Py,)
ugp = Usmeos(wst + 1, — 3) (7)
usc - uSmCOS(wst + lpu - %)

where uy,, ug, and u,e are instantaneous values of phase voltages a, b, and ¢, respectively;
ws is the angular frequency of the power grid; Us, is the amplitude of the phase voltage;
and ¥, is the initial phase angle of the voltage.

Applying the Park transformation [22],
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B PN S

Usg = —% (usasin(ﬂ) + ugpsin(® — %n) + ugesin(® — %n))

to the phase voltages from Equation (7), the voltage components in the stator winding d-
and g-axes are obtained as follows:

Ugg = Usmsin(wst + ¢, — 9) }

9
usg = Ugpeos(wst + ¢, — B) ©)

where ¢ is the angle between the axis of phase a of the armature winding and the rotor
d-axis (Figure 3).
From the vector diagram in Figure 3, it follows that

usg = Uspsind = Uspmeos(F — 6) (10)
usg = Usmcosd = Usysin(g — )
where ¢ is the load angle.
By comparing Equations (9) and (10), we obtain
wst‘i’qju*ﬁ:g*é
Thus,
ﬁ:wst—l—l/}u—l—é—g (11)

Differentiating Equation (11) with respect to time yields the following relationship for
the electrical angular velocity of the turbogenerator rotor:

o ds

The time derivative of angular velocity is
d d? d?
w _dY_ 140 (13)

dr 4R de
The equation of motion in Equation (5) can, therefore, be expressed as
2
;}Zti+zlg+zws+Me_Mm (14)
where | and D are the moment of inertia and the viscous damping coefficient of the
generator—turbine set, respectively; M, and M,, are the electromagnetic torque and the
turbine driving torque, respectively; and p, is the number of pole pairs.

3. Identification of Equivalent Circuit Parameters

The equivalent circuit parameters in the d- and g-axes of the synchronous machine
(Figure 2) were determined by approximating spectral inductances derived from the anal-
ysis of electromagnetic field distributions using the finite element method (FEM) [24],
with the machine at a standstill. These inductances are determined from the relations in
Equation (A21).

¥ (jw) _ PLsa(jw)Lay (jw)

Ly (jw) = — L) |10 = Lsao(jw) Ry+pLso(p)
G ((U) — 1‘Vsd(]'(“)) — M (15)
faUY) = Tyjw) Ly=0  RetpLpoliw)
. Y.a(jw
Leg(jw) = _M (16)

Isy (jw)
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From relation Equation (15), it follows that the spectral transfer functions Ly; and Gy
can be determined based on the inductances Ly, Ly, and Ly, obtained with the armature
winding supplied and the field winding open, as well as with the field winding supplied
and the armature winding open (Appendix A). The calculations were carried out in the
FEMM 4.2 [25] software, under sinusoidal current excitation of either the armature or field
winding in the frequency range from 0 to 1000 Hz.

Based on the structure of the synchronous machine’s equivalent circuit diagrams
(Figure 2), the operator inductances Lg;(p) in the d-axis and Ls,(p) in the g-axis, as well as
the transfer function G;(p), can be represented as ratios of polynomials with real coefficients
and fractional-order exponents.

P*b1a+p* byt pbag+p*bag+bsg

Lsd(p) L p a1d+p“+1a2d+]ﬂﬂsd+r7 A44+asq (17)
Gralp) = Ly bt p"bog+bak
fd\p Rf prayg+p*Hlagg+pasg+paggtas,

Pblq + Pabzq + bgq
o paig + p*ang + asg

Lsq(p) = (18)

The numerator and denominator coefficients of the polynomials of the inductance
Ls4(p) and the transfer function G(p) are functions of the parameter vector A4 of the sought
parameters of the equivalent circuit in the d-axis. Similarly, the numerator and denominator
coefficients of the polynomials of the armature inductance Ls,(p) in the g-axis are functions
of the vector A, of the sought parameters of the equivalent circuit in the g-axis.

T
Ad = [Los Ligo Ria Teq]

T (19)
/\q = |:L(TS qua qu Teq}

The parameters of the equivalent circuit A4 in the d-axis of the turbogenerator, and,
consequently, of the approximating functions in Equation (17), are selected so that the
magnitude of these functions approximates, with minimal error, the magnitude of the
functions defined in Equations (15) and (16), which were obtained from electromagnetic
field analysis. Similarly, the parameters of the equivalent circuit in the g-axis are determined.
The sought values of the parameter vectors A; and Aq are obtained by minimizing the sum
of squared deviations.

For the d-axis,

N

i(Aa) = Z{ (ILsa(fi)] = L2y (fis Aa)])? (‘Gfd fi)

i=1

- |65 M)Dz} 20)

For the g-axis,

gq(Aq) = lé{ (|qu(fi)| - L:q(fir/\q)’)z } (21)

where N is the number of measurement points, f is the frequency; Ly, Lsg, and Gfd are
the spectral quantities obtained from FEMM 4.2; and L%, L*s;, and G*fd are the spectral
quantities from the approximating functions, determined from Equations (17) and (18) by
substituting p = jw, where w = 2mf.

To solve the non-linear Equations (20) and (21), the Levenberg-Marquardt algorithm
implemented in Matlab R2010a [26] was used.

Figures 4—6 present the frequency characteristics of the spectral inductances in the
d- and g-axes of the TWW-200-2 turbogenerator, calculated using the FEM method
and obtained based on the approximation with fractional-order rational functions
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Equations (17) and (18). The magnitude on the frequency characteristics is expressed in
p-u. (per unit, i.e., relative to the selected base values).

0
_ FEM method —10}-
S approximatio — : :
(=% ' . jo2}
k= : : £-20} FEM method
3 approximatiol
2. 2301
[o2} <
© Q
£ —40 -
H - H H H HIHH HI HIEHEHHHHH | : HEFHHAH | R 750 H il HIHIHH 1 H H H HI H HI HIEHIHHHHH
10t 10 102 107t 10° 10 102 10 104 10° 10 10! 10° 10! 10% 10°
f [Hz] f[Hz]
(a) (b)
Figure 4. Frequency characteristics of the spectral inductance Ly;(jw) in the d-axis: (a) magnitude;
(b) phase.
2 0O«
;1.6— © FEM method _—10f
S S
1.2} 3,
g s
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(a) (b)
Figure 5. Frequency characteristics of the spectral inductance Lg(jw) in the g-axis: (a) magnitude;
(b) phase, with one damping circuit in the g-axis of the rotor (Figure 2b).
2 0¢ : :
_ 1.6 o FEM method FEM method
5 : _—10 approximatiol
o B H
T2} 53 ‘
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é 08l § —20+-
2 <
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Figure 6. Frequency characteristics of the spectral inductance Lg;(jw) in the g-axis: (a) magnitude;
(b) phase, with two damping circuits in the g-axis of the rotor (Figure 2c).

Figures 7 and 8 show the frequency characteristics of the spectral inductances, cal-
culated using the FEM method and obtained from the approximation for the lumped-
parameter model (Figure 1). The approximating functions of the operational inductances in
the d- and g-axes were assumed in the form of Equation (22)

H, 4 (1+pTaoi
z 1(1+P

14+pTy;
Lsd(p) = Ly Hl 1( i d))
qu1:1(1+p )

(22)
Lsq (p) =
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where Lg; and L, are the self-inductances of the armature winding in the d- and g-axes,
respectively; Ty and Ty, are the time constants in the d-axis; Ty; and Ty; are the time
constants in the g-axis; and n; and n, are the order of the operational inductance in the d-
and g-axes, respectively.

2
,__1.6 - FEM method
a FPproxImao
1.2}

magnitude
o
e

o ‘FEM metﬁod

— approximation

0.4+
0 : : R : _i 50 : : Lo t
0% 10 10 10! 10° 10! 0% 10 10+ 10°* 10 10* 10 10t 10>  10°
f[Hz] f[Hz]
(a) (b)
Figure 7. Frequency characteristics of the spectral inductances Ly;(jw) on the d-axis for the lumped-
parameter model: (a) amplitude; (b) phase.
2
16 o FEM method
S _ approximation
2 -
~1.2 &
) e
E
gosp 3
@ <
£ [s%
0.4+
0074 073: ‘ 072 I 071 00 01 02 : 03 40 :
1 1 1 1 1 1 1 1 104 10% 102 10t 10° 100 10° 107
f[Hz] f[Hz]
(a) (b)

Figure 8. Frequency characteristics of the spectral inductances Lg;(jw) on the g-axis for the lumped-
parameter model: (a) amplitude; (b) phase.

Two equivalent circuits (n; = 3) were adopted in the rotor d-axis and four equivalent
circuits (1, = 4) in the rotor g-axis.

To compare the amplitude and phase frequency characteristics of the spectral in-
ductances calculated by the FEM 4.2 software with those derived from fractional-order
approximations (Equations (17) and (18)), the relative error was calculated using the fol-
lowing definition [27]:

\/%Z?:l (Yi - Yi*)z
& = 100+
1

n~i=1

(23)

where Y is the actual value, and Y* is the value obtained from approximation.

The values of the equivalent circuit parameters for the fractional-order model and the
time constants for the lumped-parameter model are presented in Tables 1 and 2 (quantities
marked as p.u. are expressed in per unit, i.e., relative to the selected base values). These
tables also include the values of the relative errors for the magnitude (en) and phase (e),
as well as the coefficient of determination R?.
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Table 1. Equivalent circuit parameters for the fractional-order model.
Parameter F;ig-ti')::i;a Parameter - QAxis -
igure 2b Figure 2¢c
Leg [p-u] 1.812 Lsg [p-u.] 1.775 1.775
Lys [pul] 0.186 Lys [pul] 0.186 0.186
Ry [pul] 0.001083 Ryq [p-u] 0.001457
Lo [pu.] 0.000012 Loyg [puc] 0.01029
Lo [p-u.] 0.1197 Teq [s] 5.952 0.97
Re[pul] 0.00128 Riq1 [pu] 0.001593
Teq [s] 11.708 Lok [p-u] 0.000011
« 0.5 Ryq2 [p-u] 0.00735
em [%] 1.53 Logg2 [p-u] 0.4722
&g [%] 6.32 x 0.5 0.5
R%, 0.9998 em [%] 2.98 3.2
R?, 0.9958 eg [%] 21.69 8.31
R?,, 0.9987 0.9985
R?, 0.8901 0.9839
Table 2. Time constants for the lumped-parameter generator model.
d-Axis q-Axis
Parameter Parameter
Figure 1a Figure 1b
Loy [p-u] 1.812 Lsg [p-u.] 1.775
Lgs [pu] 0.186 Lgs [pu] 0.186
Ty [pul] 386.560 Tq1 [pul] 1362.9
T [pul] 18.047 Tg2 [pu] 109.288
Ty3 [pul] 1.301 Ty3 [pu] 10.3458
Ta01 [p-u] 2450.7 Tq4 [pu] 0.6357
Ta02 [p-u.] 22.872 Tqo1 [p-u.] 1912.3
Ta03 [p-u.] 1.565 Ty02 [pou.] 352.0454
em [%] 2.85 Ty03 [p-u.] 14.5075
eg [%] 6.51 Tq04 [p-u] 0.9744
R2, 0.9992 em [%] 1.87
R?, 0.9955 eg [%] 5.49
R?%, 0.9995
Rz(p 0.9930

The resulting relative errors for both magnitude and phase indicate good accuracy in

approximating the amplitude and phase characteristics of the spectral inductance in the

d-axis. However, significant discrepancies were observed in the phase characteristics in the

g-axis when the damper circuit was modeled using a single equivalent circuit (Figure 2b).

To achieve a high-accuracy approximation of these characteristics, it is necessary to use two

equivalent circuits in the g-axis (Figure 2c).
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4. Analysis of Electromechanical Swings of a Turbogenerator Under
Small Disturbances Around the Equilibrium Point

4.1. Linearization of Differential Equations

The analysis of electromechanical swings addresses small disturbances from the stable
equilibrium of a synchronous generator connected to an infinite bus, caused by variations
in the turbine driving torque from the steady-state condition. A variation in the driving
torque AM,, is accompanied by variations in the voltage components Aug; and Aus,, the
current components Aig; and Aigy, and the flux linkages A¥,; and A¥g, in the d- and
g-axes, as well as variations in the electromagnetic torque AM,, the angular speed Aw,
and the load angle Ad. To obtain a system of linear differential equations, the nonlinear
differential Equations (1) and (5) were linearized [28]. The assumption is made that, during
stable operation of the generator under small disturbances, such as those that occur during
normal operation of the power system [8], the electromechanical quantities are equal to
the sum of the pre-disturbance values (denoted by subscript 0) and small deviations from
the equilibrium point (denoted by the delta symbol). The following system of equations is
then obtained:

usg = Usgo + Dtsg  isg = Isgo + Digg

Usg = Usqo + Augg isq = Iqu + Aisq

Y = Yoao+A%a Me = Moo+ AM, (24)
1lvsq = 1lvqu + Aqfsq My = Mo+ AMp

w = ws+ Aw 6 = 6+ A6

By substituting the relations in Equation (24) into Equations (1), (6), (12) and (14), and
subtracting the equations for the steady states, while neglecting the armature resistance
and higher-order terms, the equations in the operator form are obtained:

Augy(p) = pA¥sa(p) — wsA¥sq(p) — Aw(p)Fsqo 25)
Ausy = pA¥sq(p) + wsA¥(p) + Aw(p)¥sao
Aw(p) = pAd(p) (26)
AM,(p) = %%[wsqlstAisq(P) - Wsllvsquisd(P) + IquWsAllvsd(P) 27)
— Lygows Allvsq (P)]
D
p]bPZM(P) + ﬁPM(P) + AM,(p) = AMu(p) (28)

Taking into account the expression for the electromagnetic moment AM,(p) (A31) in
Equation (28), we obtain the relationship for the load angle Aé(p):

26(p) = — ) ANy (p) 29)
[ P Dws p
(- + ==L 4
Po \ Ws Pp ws
Qu0 - 32 (5052(50 + sindy )+
_’_ﬂ e0 2> sm XSH(F) sa(p)
Ws p 371712 1 1 :
Cws [P‘?O + s (qu(p) B Xsd(P))szst}

Equation (29) allows for determining the variation in the load angle as the driving
torque changes. Using polynomial calculus in Matlab, Equation (29) can be expressed in
the following form:

D3(p) = BMu(PIW (1) = BMu(p) g @)

Both the numerator N(p) and the denominator M(p) of the algebraic fraction W(p) in
Formula (30) are polynomials of the fractional order. This poses challenges for decomposing
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the function into partial fractions and, consequently, for converting the operator form into
the time domain. The order of the fractional derivative of a in the expressions for the
operator inductance Equations (17) and (18) is a decimal fraction in the range 0 < « <1. The
exponent of « can be represented as a proper irreducible fraction:

]
om 31
R+ 1= 041 = mbn (31)

where 1 and m are integers, and n < m.
In such a case, the exponents of the Laplace operator p of the inductances Ly;(p) and
Ls4(p) in Equations (17) and (18) will be

p
lX—‘rl _ % m-+n
pt=(r ) (32)
p
p

Using the substitution
q=pm (33)
the operator inductances Lg;(p) and Ls;(p) in Equations (17) and (18) are transformed into

Lya(p) = 4" b1+ " bog 4" b3+ bag +bsg

sd S 2y gy " a3 " A g a5 (34)
L ) —L q"’b1q+q"bzq+b3q
5q <p - qm”lq+qn”2q+a3q

The order of the fractional derivative should be selected so that the polynomial degree
of both the numerator and denominator of Ly;(g) is as low as possible. When o« = 1/2, the
resulting polynomial order is 4. When a = 2/5 or 3/5, the polynomial order is 10. Therefore,
from the perspective of numerical computation, the most favorable order of the fractional
derivative is a = 0.5. Furthermore, for fractional-order derivatives with « = 0.5, analytical
expressions can be derived for the damping factor and the swing frequency.

4.2. Calculation of Transients

To simplify the calculations, it is convenient to use a relative units system. The
following reference units are adopted:

_ _ _ 3 _ _

Iy =  Igun Up = Usun Sp = 3Usunlsun My = %Sb wp = ws
i usmN — é — % — i

Zb - Lsun Lb T ws Yb T ws tb T ws

where Us,,n and I, are the rated maximum phase values of the armature voltage and
current, w; is the synchronous speed, and pj, is the number of pole pairs.
Introducing the relevant notations,

_ Jw? Dws _ Py
Tn = ppM, T = pM, Pe0 = 5 fie(z) TS (35)
b = u2,sin*dy ¢ = u2,,c08280 d = “5sin24y

_ Qe

and using a relative units system, Equation (29) can be rewritten in the following form:

AS(p) = Ant (p) (36)
(ﬁ)zr + &b + Qoo + 557 + i — & (P + £ — 25)
Ws " ws D e Xsq(p) xs4(p) Ws Peo xsq(p) Xsq(Pp)
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where T, and Tp are the starting time constant and the mechanical time constant of the
turbogenerator set, respectively; x;q4(p) and xsq(p) are the d- and g-axis operator reactance
in relative units; and Am,, is the mechanical torque in relative units.

Considering relationships Equations (32)—(34), Equation (36) can be represented as a
rational algebraic function of the variable q, with the numerator and denominator being
polynomials with real coefficients of the integer order:

dg t+dog O+t diaqgtdis

N(q)
Am — 37
aq +ceg 4+ Foqgton m(p) (37)

M(q)

As(p) = Amu(p)

For an equivalent circuit comprising two rotor circuits in the d-axis and one rotor circuit
in the g-axis, the polynomial degree is given by r = 3m + 4, where m is the denominator of
coefficient « in the relationship in Equation (31). Thus, for « =1/2, r = 10, and for « = 2/5,
r =19. For two rotor equivalent circuits in the d- and g-axes, the order of the polynomial is
r=4m+4,and fora =1/2,r=12,and fora =2/5, r = 24.

The transition from operator form to time form requires determining the roots of
the denominator polynomial in Equation (37). Since the coefficients of the denominator
polynomial M(p) of function Equation (37) are real, it has r roots, which may be real or
occur as complex conjugate pairs. Some roots may have positive real parts. For « = 0.5 and
two equivalent rotor circuits in the d- and g-axes (order of polynomial r = 12), the roots are
presented in Table 3.

Table 3. Roots of the denominator polynomial of the load angle transfer function.

Fractional-Order Model Lumped-Parameter Model

i Figure 2c Figure 1
di di

1 —1.1904-10° —~1.5723-10°
2 —5.3160-10~! —7.6868-10~1
3 —1.2412:1071 —9.3459-102
4 —6.5951-10~* —5.3735-102
5 —9.9400-10~2 +1.2725-10~ ! —6.4067-103
6 —9.9400-102 — j1.2725-10~1 —1.4487-1073
7 —1.9889-1072 +j4.550-102 —6.2823-104
8 —1.9889-10~2 — j4.550-10~2 —4.6353-1073 +j4.0803-102
9 —8.2872-1072 +9.3595-102 —4.6353-1073 — j4.0803-10~2
10 —8.2872-107% —{9.3595-10~2
11 1.3273-10! + 1.4535-107!
12 1.3273-107! + 1.4535-10~!

Thus, there are three negative real roots, six complex conjugate roots with negative
real parts, and two complex conjugate roots with positive real parts, where the imaginary
component exceeds the real component.

By decomposing Equation (37) into partial fractions, the operator equation for the
increment in the power angle Ad(p) can be written as

85(p) = B ()Y — % = Ama(p) )

(38)



Energies 2025, 18, 5170

14 of 24

where q; represents the roots of the denominator polynomial in expression (37), b; = —¢;, Q;
represents the coefficients from the partial fraction decomposition, and A = 1/m, where for
a=1/2m=2,A=0.5.

For a step change in the mechanical torque, Am,;(t) = Am,,1(t), and Amy,(p) = Amyy, /p,
and the variation in the load angle is determined by

AS( Amm 2

= )‘+b ’”Z p(p +b) 39

From the relationship in Equation (26), it follows that the increment in the rotor angular
velocity Aw(p), with a step change in the mechanical torque, is given by

Aw(p) = pAd(p Ammz

p + b; (40)

Applying the inverse Laplace transform (A33) yields the time form of the functions in
Equations (39) and (40):

AS(t) = Ammz %[ —Ey(=bit")]

(41)
Aw(t) = Amy ¥ Qith "Epp (—bitt)
=1

where E, g (2) is the two-parameter Mittag-Leffler function in Equation (A34).

Further analysis of the electromechanical swings of the synchronous generator is
carried out for fractional-order derivatives, where o = 0.5. In this case, the order of the
denominator polynomial in Equation (37) is minimal, which improves the numerical
stability of the partial fraction decomposition.

From the relationships in Equations (A35) and (A36), the load angle AJ can be ex-
pressed as the sum of three components: the steady-state component AJs, the aperiodic
component Ad,, and the periodic component Ad).

AS(t) = Ad5(t) + Ada(t) + Ady(t) (42)

The corresponding equations describe each component:

r—2 r ,
A(ss( ) = Amm( %1 Y %)
z:l i i=r—1VYi

N6, (t) = —Amy, E %ebz‘zerfc(b,-\/f) (43)

T .
NSy (t) = 2Amy ¥ Qi it

i=r—1 Yi
When the fractional-order derivative in Equation (40) is of the order A = 0.5, the
angular velocity response Aw is given by

1 r T r
Aw(t) = Amm—z Q; — Ammz Qibiebz‘zerfc(b,«\/f )+ 2Ammz Qibiebi2 (44)
\/Eizl i=1 i=1
From the partial fraction decomposition [2], if the degree of the numerator polynomial

N(g) in Equation (37) is at least two orders lower than that of the denominator M(g), the
sum XQ; in Equation (44) equals zero. Thus, Equation (44) becomes

Aw(t) = —AmmZleererfc(b\f)JrZAmm Z Qibjel" (45)

i= i=r—1
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The first term of Equation (45) represents the sum of the aperiodic components of the
angular velocity:

Aw, = —Ammz Qibiebfzerfc(bi\/f) (46)
i=1

Meanwhile, the second term of Equation (45) represents the periodic component of
the angular velocity:
r
2
Awy(t) = 28my Y. Qbe"! (47)

i=r—1

If by = x +jy, then exp(brzt) in Formulas (43) and (47) can be written as
VPt — (=Yt pi2xy et (coscopt + jsincwyt) (48)

where aj, is the damping factor of the electromechanical swings, and wy, is the angular
frequency of the electromechanical swings, defined as

— 22
b =x=Y } (49)
wy = 2xy

Given the relationship in Equation (48) and considering that b,_; = b,* and Q,_1 = Q;%,
the periodic components of the load angle Ad, and angular velocity Aw) can be expressed as

AS,(t) = 4Amy,Re | Lent (coscwpt + jsinwy,t
P b, J (50)

Awp(t) = 4Am,,Re[Q,bre™i! (coswyt + jsinwyt)|

From Equations (43) and (45), it follows that during a transient following a step change
in the driving torque, the steady-state component of the power angle Ad; and the ape-
riodic components of the power angle Ad, and angular velocity Aw, are determined by
all the roots of the denominator polynomial in Expression (37). In contrast, the periodic
components of the power angle Ad, and angular velocity Aw), are defined by two com-
plex conjugate roots with positive real parts. From the relationship in Equation (49), the
electromechanical swing frequency is equal to twice the product of the real and imaginary
parts of the complex root with a positive real part, and the damping coefficient equals the
difference in the squares of its real and imaginary parts. The periodic components of the
responses of the power angle and the angular velocity will decay if the damping coefficient
in Equation (49) is negative, which occurs when the real part of the root with a positive real
part is smaller than its imaginary part.

The calculations of the power angle waveform were also performed for the lumped-
parameter circuit model using the data presented in Table 2. Taking into account the relation in
Equation (22), the operational expression of the power angle in Equation (36) for the lumped-
parameter model, under a step change in the turbine torque, takes the following form:

_ By dip P oop" P gap e Ammi Qi

AS _
) p cap +ep Tl top o = p(p—a)

(51)

where r is the order of the denominator polynomial, and r = 14 + 1y + 2.
The roots of the polynomial of Equation (51) are presented in Table 3. The time-domain
form of Equation (51) is defined by the relation

= Qi = Qi o LoQi gt
AS(t) = —Am) W +Am) ?e"’ +Am Y =l (52)
i=1 "1 i=1 1

i=r—1 1
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The first term of Equation (52) represents the steady-state component. The second
term represents the sum of the aperiodic components associated with the real roots. The
third term of Equation (52) defines the periodic component of the power angle and is
associated with a pair of complex conjugate roots g = g%-_1. The real part of these roots
determines the damping factor, while the imaginary part determines the frequency of
the electromechanical oscillations. The values of the damping factor and the oscillation
frequency are presented in Table 4.

Table 4. Values of the damping factor and the pulsation of electromechanical swings.

Fractional-Order Model Lumped-
Parameter One Circuit in the  Two Circuits in the =~ Parameter Model
q-Axis (Figure 2b)  q-Axis (Figure 2¢) (Figure 1)
ay [pu] —0.00565 —0.0035094 —0.0046353
wy [pul] 0.04168 0.038585 0.040803
Ty, [s] 0.563 0.907 0.687
fn [Hz] 2.08 1.93 2.04

The waveforms of the load angle and angular velocity, as well as the damping coeffi-
cient and electromechanical swing frequency, were calculated for the TWW_200 turbogen-
erator with the following rated parameters: Py =200 MW, Uy = 15.75kV, Iy = 8625 A, and
cosgn = 0.85.

It was assumed that the time constant of the turbine generator unit T;, = 6.8 s, the
induced voltage in the armature winding ez, = 2.46 p.u., the load angle 5o = 349, and the
step change in the driving torque Am,, = 0.2.

For the fractional-order model, Figures 9 and 10 show the load angle and angular
velocity waveforms, while Figure 11 presents the angular velocity—load angle trajectory.

12 ! ! ‘ ! : ! ! : T
10 : ' ‘ ' ' ‘ ' ' ‘
8

load angle [deg.]

0 0.5 1 1.5 2 25 3 35 4 45 5
t[s]

Figure 9. Waveform of the load angle Ad: Ad;—steady-state component, Ad,—aperiodic component,

Aé,—periodic component, full line—two equivalent circuits, and dashed line—one equivalent circuit

in the rotor g-axis.

From the waveforms presented in Figure 9, it follows that the number of equivalent

circuits (Figure 2) used in the rotor affects the load angle waveform, as well as the values of
the damping factor and the frequency of electromechanical swings (Table 4).
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Figure 10. Waveform of the rotor angular velocity Aw. Aw,—aperiodic component, and Aw,—periodic

component.

8 ; ! . ! . ; ! . z

[rpm]
S N R O

Ad [deg.]
Figure 11. Trajectory of angular velocity Aw versus load angle AJ.

The values of the damping coefficient and the pulsation of electromechanical swings,
calculated from Equation (49), are oy, = 0.00351 pu and wy, = 0.03858 p.u, which corre-
spond to the damping time constant and the electromechanical swing frequency of the
turbogenerator: Tj, = 0.907 s and f;, = 1.929 Hz.

Figure 12 compares the power angle waveforms calculated based on the fractional-
order model and those determined from the lumped-parameter circuit model.

load angle [deg.]

|
oo

t[s]

Figure 12. Waveform of the load angle Ad: Ads—steady-state component, Ad,—aperiodic component,
Aép—periodic component, full line—fractional-order model (two equivalent circuits in the rotor

g-axis), and dashed line—lumped-parameter model.
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Table 4 presents the values of the damping factor oy, and the pulsation wy,, as well
as the time constant of damping T}, and the frequency f; of the electromechanical swings
(quantities marked as p.u. are expressed in per unit, i.e., relative to the selected base values).

The values of the swing frequency f;, determined from the fractional-order model and
the lumped-parameter model are similar.

5. Conclusions

From the conducted considerations and performed calculations, it follows that it is
possible to determine the variation in the load angle of a synchronous generator connected
to an infinite bus under small disturbances from the equilibrium state by applying fractional
derivatives of order 0.5. In this case, analytical relations are obtained, on the basis of which
the damping coefficient and the frequency of electromechanical swings can be determined.

The presented fractional-order model of the synchronous generator can be used to
analyze small disturbances, such as those that normally occur in a power system. These
disturbances are sufficiently small to allow the linearization of the differential equations
around the equilibrium point. Therefore, this model cannot be applied to simulations of
large disturbances, such as faults in the transmission system. Due to its computational
complexity, it is also not suitable for real-time simulation.

Commonly used models of synchronous generators for power system analysis are
based on equivalent circuit models with lumped parameters. They typically include one
damper circuit in the d-axis and one in the g-axis, or two damper circuits in the d-axis and
the g-axis. A drawback of lumped-parameter models is the difficulty of measurement-based
identification of more than two equivalent circuits in the rotor in the d-axis and g-axis.

A key advantage of the fractional-order model is its accuracy in the frequency domain.
The results indicate that the fractional-order model achieves a more precise fit of the
frequency characteristics compared with the classical model with the same number of
equivalent circuits in the rotor. Specifically, using one equivalent circuit in the rotor d-
axis and two circuits in the g-axis for the fractional-order model corresponds to the need
for two equivalent circuits in the d-axis and four circuits in the g-axis in the lumped-
parameter model to attain comparable approximation accuracy. The correctness of the
obtained results can be verified by calculating the steady-state value of the load angle using
Equation (29) based on the final value theorem in the Laplace domain, and by calculating
it from Equation (43) in the time domain. In both cases, the same values were obtained.

Future work will involve developing a cylindrical rotor synchronous generator model
and performing both simulation and experimental studies under large disturbances, em-
ploying nonlinear integer-order and fractional-order models. The test setup will consist of
a synchronous generator with a power of approximately 10 kW driven by a separately ex-
cited DC motor and a high-power single-phase sinusoidal voltage generator for measuring
frequency characteristics of spectral transmittances in the range of 0.001-200 Hz.
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Appendix A

The differential voltage Equations (1) and (2), as well as the flux linkage equations for
the armature and excitation windings, expressed in operational form for a stationary rotor
(w = 0), are as follows:

usd(p) = _Rslsd<p) + pllvsd(p)
Usq(p) = —Rslsq(p) + p¥sq(p) } (A1
Ur(p) = Rel(p) + p¥5(p) (A2)
Y (p) = —Lsao(p) La(p) + Lag(p) s (p)
¥y (p) = —Leg(p) g (p) } (49
Ye(p) = Lro(p)If(p) — Lra(p)Lsa(p) (A4)

where Ly, and Ls, are the operational inductances of the armature winding in the d- and
q-axes, Ly is the operational inductance of the field winding, and Lg; and L, are the mutual
operational inductances between the armature winding and field windings in the d-axis.

mew= ﬁ;y—ouﬂmz—ﬁ$
b e
Laf(p) = )|Isd =0 Lg(p) = sﬁ&; Ir=0 (A5)

Lio(p) = ’”llsd =0

The inductances Lgy9 and Lfo should be increased by the end-winding leakage induc-
tance of the armature and field windings, respectively. These inductances are determined
from empirical formulas [29].

The inductances Lyo(p) and Lg(p) correspond to the condition with the field wind-
ing open, whereas Ly(p) and Ly(p) correspond to the condition with the armature
winding open.

By calculating the field current from Equation (A2), incorporating the expression for
the flux linkage of the field winding in Equation (A4), and substituting it into Equation (A3),
the expression for the flux linkage of the armature winding in the d-axis is obtained
as follows:

pLraLas(p) ¢ (p)
¥a(p) = —{Lao(p) — 12Els b la(p) + 7o Ur(p) = A6)
= —Lsa(p)La(p) + Gra(p)Us(p)

where Ly is the operator inductance of the armature with the field winding short-circuited,
and Gg(p) is the transfer function of the field circuit, with

¥ (p) pLraLaf(p)
Ly(p) = La(P) |Up=0 = Logo(p) — Rr+pLso(p)
v Lus(p) (A7)
Gra(p) = i = gz
Us(p )\Isd,o Re+pLso(p)

From the relationship in Equation (A7), it follows that the transfer functions Ly (p)
and Gg(p) can be determined from the inductances Lyo(p), Laf(p), Lro(p), and Lg(p), which
are obtained under open-circuit conditions of either the armature or field winding. These
transfer functions, along with the operator inductance L,(p), form the core parameters
used in the analysis of transient states in synchronous machines. By substituting the
Laplace operator p = j w, where w = 27f, into relationships Equations (A5) and (A7),
the spectral inductances are obtained. Calculations performed for frequencies in the
range of 0-1000 Hz yield the frequency characteristics of these spectral inductances. The
spectral inductances were determined based on FEM simulations of electromagnetic field
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T axis
phase a
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distribution with the machine at standstill. These calculations were carried out using the
FEMM 4.2 software, applying sinusoidal currents to the armature or field windings over
the 0-1000 Hz frequency range.

The spectral armature inductance Ly in the d-axis and the mutual inductance between
the armature winding and the field winding are determined by supplying two phases of
the armature winding, with the rotor direct axis aligned with the resultant stator flux
Y (8 =90°) (Figure Ala), and the excitation winding open.

T axis
phase a
a

w
q_
N
L

|-
-
=

axis

phase b IT U I phase ¢

Figure A1. Diagrams for identifying the spectral inductances of the synchronous machine at standstill:
(a) rotor in direct alignment; (b) rotor in quadrature alignment.

The following conditions apply: & = 90°, is; = 0, isc =—igp, Usy = 0, and ug, — Use = —Up,.
Applying the Park transformation to Equation (8) under these conditions gives

isd = Lisb = Lis
SR (A8)
lsq - 0
Uy = —de
sd /3 (A9)
qu - O

Using relation Equation (A5), and taking into account Equations (A1), (A8), and (A9), an
expression is obtained for the spectral inductance Lg;( with the field winding open-circuited:

, 1 ¥ (jw) 1 ( Ugy (jw) ) 1 (1 Upe (jw) )

Laoliw) = ——=—s4V20 — - (_ZsdJ%) R} = — (=) R A10
WU = "o Talw) o\ L) w2 DGw) — F) A1
By introducing the notation

. Upe (jw)
Zs(jw) = : All
U9 =Ty ) )

of the spectral inductance in Equation (A10), it can be written in the following form:

Lsao (jw) = 1{25(]“’)_21{5] _ 1

2| 5 Ls(jeo) (A12)

Taking into account Equation (A8), the mutual spectral inductance Ly is determined
from the following relationship:

Loa(jew) = ~ ¥r(jw) __Hlw)  VBY¥(w)

d Lia(je) 1,0 La(p) 2 Is(jw)

In the linear case, the spectral inductance Ly is equal to the inductance Lg;. The FEMM

4.2 software enables direct computation of the spectral inductance L;, impedance Z;, and

(A13)

resistance R; in Equation (A12), as well as the associated flux ¥y in Equation (A13) for a
given stator current frequency.
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The spectral inductance Ls; in the g-axis is determined by supplying two phases
of the armature winding, with the rotor g-axis aligned with the resultant stator flux
(® =0°) (Figure Alb). The following conditions apply: ¢ = 0, is, = 0, ise = —ig, and
Usg = 0 Ugy — Use = —up.. Applying the Park transformation in Equation (8) under these
conditions gives

isg =0
. > . 5 . (A14)
lsg = ﬁlsb = %ls
ugg =0
AR (A15)
uSq — _%

Following the same procedure as for the d-axis, the spectral inductance in the g-axis is

L) = 5 | 2V =2 | = o) (A16)

determined by

where the spectral impedance Z, incorporating Equations (A14) and (A15), is defined by

(A17)

The self-spectral inductance Ly of the excitation winding under open-circuit armature
conditions is determined from the relationship in Equation (A5):

I (jw) (A18)

Lso(jw) =
The excitation flux ¥y and excitation current ir appearing in the above relationships are
quantities referring to the armature side. In contrast, FEMM 4.2 uses the actual quantities

‘I’f* and if* in its magnetic field analysis. To refer the field circuit quantities to the armature
side, the voltage transformation ratio k, and current transformation ratio k; are applied [28].

k., = Nskuws
u kallif
ki = m Nskws m

(A19)
T 2 Nrkys 2 ku

where N and kys represent the number of series turns of one stator phase and the winding
factor of the stator; Nf and kwf represent the number of series turns and winding factor of
the field winding; and m is the number of stator winding phases.

The flux linkage ‘f’f* and the field current if*, referring to the armature winding side,
are, respectively, equal to

¥ =ku¥;
. / (A20)
lf == F,

where ¥¢* and if* are real quantities, and ¥ and if are referred quantities.

Based on the computed spectral inductances Ljo, Lfd, Lfo, and Ldf, determined under
open-circuit conditions of the field winding (L;o and Lgy) or the armature (L and Lyy), the
armature inductance in the d-axis with short-circuited field winding Ly; and the transfer
function Gy; are determined.

, . jwLfaLag (jw)
Loa(je0) = Loao (i) = &t o )

N Lyp(jw)
CUw) = Repit)

(A21)

All calculations were performed using FEM-based electromagnetic field simulations
over the frequency range of 0 < 1000 Hz.
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Appendix B
Appendix B.1

For steady-state conditions, Equations (1) and (4) take the following forms:

Usgo = —ws¥sq0 (A22)
Usqo = +ws¥sio
ws¥sg0 = —wsLsglsgo + Efm = Usgo (A23)
ws¥sq0 = —wsLsqlsgo = —Usqo
From the relationship in Equation (10), it follows that
Usgo + Dugg = Usysin(y + AS) = UsmsindocosAd + Usy,cosdosinAd (A24)
Usqo + Ausg = Usmcos(8 + A(S) = Usgy;c0860c0sAS — Uy, SindpsinAd

Assuming small deviations in the power angle increment AJ, cosAé ~ 1 and
sinAd =~ A9, the relationships from Equation (A24) take the following form:

Usgo + Augg = Usysindg + Uspcosdy Ad (A25)
Thus,
Usgo = Usmsindy (A26)
uqu = Usmcosdy
Ausd = usmC(‘JS(SO A = usq() A (A27)
Ausg = —Usmsindy AS = —Uggg AS

The transformation voltages appearing in Equation (25) can be neglected, since the
transients associated with electromechanical swings can reasonably be approximated as
slowly varying processes [23]. Equation (25), written in operator form and incorporating
relationships Equations (26) and (A26), becomes

Usqo Ad(p) = _WSATSQ(P) - PA‘S(P)YSCIO (A28)
—Uggo D3(p) = wsA¥sy(p) + pAS(p)Fsao

The deviations in the flux linkages in the d- and g-axes are given by Equations (A3) and (A6):

A¥sq(p) = —Lsa(p)Bisa(p) + Gra(p)dus(p)
() = —Lag(p)isg(p) } (A29)

Assuming that the field winding voltage is unregulated, uy = Up, and the voltage
deviation Augin Equation (A29) is zero. Using Equation (A29), and applying the relationship
in Equation (A28), the armature currents in the direct axis Aiz; and quadrature axis Aigg can
be determined.

AL‘sfg(F(’;) UWSLj-dp(‘};’)
) s 5q0 5q0
Aisg(p) = 07 = “anlegtp) 20(P)

Taking into account the relationships in Equations (A23), (A27), (A29), and (A30), the
expression for the electromagnetic torque (Equation (27)) becomes

(A30)

Aigy(p) = _AMu(p) _ Usdo'*'P‘I’sdoA(;(P) }

3772 cos%8y sin>dy
AM,(p) = P { Qeo - 2Usn (Xeq(l’) + Xsd(P))+

— As(p) (A31)
_pr 37112 1 o 1 .
[PEO + 1l ( Xa(® — Xa(p) ) sz‘so] }

Ws
Ws

where P,y and Q. are quantities representing active and reactive power, respectively.
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E,, U . .
Py = % [ sindo + %Uszm (% - Xi)sm%o
e ETA (A32)
_ 3 EfmUsm 3772 (sin“dg c0s~dg
Qe=73% X c0sdy 2U5m< Xoy + % )

Appendix B.2

The inverse Laplace transforms of the operator expressions appearing in Equations (39) and
(40) take the following form [30]:

M} = j[1—Ea(-btY)]

pAlM} = ME) A (bt

(A33)

where E, g (2) is the two-parameter Mittag-Leffler function [30,31], where Ey = Eq 1 (2).

k

ad z
E,zs = -
wp k;() I'(ak + B)

(A34)

For the specific case A = 0.5, the inverse transforms in Equation (A33) take the following
form [11,30,32]:
1 _ 1]q _ bt
P(PO'5+b)} b [1 e erfe (b\/{”
1

(A35)
i) = g b erfe(bV)

If a complex root of g; of the denominator of the polynomial M(g) in Formula (40) has a
positive real part, the inverse Laplace transform is obtained from the following relationship:

L1 7’&@0_154;) } = 1 {1 —eMterfe (b\ﬁ) +2(eb’ — 1)}

L1 7,,051_[,} = L —bellerfe(bV/E) + 2bet™

(A36)

where erfc(z) is the complement of the Gaussian error function [32].
The product of the complex function exp(z?)-erfc(z) for a complex argument z is
calculated from the following series [11,30,32]:

2 2 2 0 2k22k+l )
e“erfe(z) = e ~ TR z—l—k;m = 7 +Jj7 (A37)
For large arguments |z |, for which larg(z)| < m/2, the relationship [11,30,32] may
be applied:
2 1 {1 & 413 (k1)
e“erfe(z) = \/E{Z +k;( 1) R S (A38)
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