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Abstract

Energy conservation, rooted in the time invariance of physical laws and formalized by
Noether’s theorem, requires that systems with space-time translational symmetry conserve
momentum and energy. This work examines how this principle applies to a charged
retarded field engine, where the rate of change of total energy—mechanical plus field
energy—is balanced by the energy flux through the system’s boundary. Using electric and
magnetic field expressions from a Taylor expansion to incorporate retardation effects, we
analyze the energy equation order by order for two arbitrary charged bodies. Our results
show that total energy is conserved up to the fourth order, with mechanical and field
energy changes exactly offset by boundary energy flux. Consequently, the work done by
the internal electromagnetic field precisely equals the engine’s gained mechanical kinetic
energy, addressing the central focus of this study.

Keywords: electromagnetism; retardation; relativity

1. Introduction

Charged retarded systems represent a ground-breaking approach to space propulsion,
aimed at addressing the major limitations of traditional rocket fuel. Robertson et al. [1]
reviewed the principal barriers slowing advancements in space propulsion technologies
and highlighted several theoretical ideas that, within the last twenty years, have evolved
from speculative fiction into scientific theory. Thus, it is essential to explore various aspects
of these systems, such as linear momentum and energy conservation, as all engines operate
within the constraints of the laws of mechanics and the first law of thermodynamics: energy
cannot be created or destroyed—only transformed.

To articulate clearly the research gap, we must show explicitly what is the source of
energy of the charged retarded field engine and how it converts stored electromagnetic
energy into kinetic energy. The present study specifically advances prior work, in which
we calculated engine characteristics such as force and gained linear momentum, but no
attention was given to the source of the engine’s kinetic energy. Thus, we aim to explicit
connect the problem statement, which is the source of energy, to a methodology of analytical
calculations, which will allow us to pinpoint this source. This illuminating calculation is
the main result of the current paper.

This work discusses the retardation effects caused by the relativistic finite speed of sig-
nal propagation in a charged engine. As signals must propagate at a finite speed, it follows
that an action and its corresponding reaction cannot occur simultaneously. Although retar-
dation already exists in Maxwell’s equations, relativity went even further to postulate that
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no object, message, signal (of any kind, including non-electromagnetic), or field can travel
faster than the speed of light in a vacuum [2—4]. In their paper, Griffiths and Heald [5]
highlighted in that Coulomb’s law and the Biot-Savart law are strictly valid only for de-
termining electric and magnetic fields from static sources. To extend their applicability
beyond the static domain, Jefimenko’s time-dependent generalizations [6] of these laws
were formulated, taking into account the retardation effect. In this case, momentum and
energy are exchanged between the field and the material, enabling the relativistic engine
effect. This result had already been observed and highlighted by several authors [7-11].
This should not be confused with photonic sails [12], in which external photons need to

transfer their momentum to the device. Basically, photons can only be used to gain linear
E

c’
the photons’ energy and c is the speed of light in vacuum; thus, it seems much better to

momentum (p, which is the concept of photonic sales) at amounts of p = <, in which E is
store the energy (E) and use it as a source for a relativistic kinetic engine.

This process differs significantly from the transfer of momentum and energy between
two material bodies, which is the basis of standard transportation (a rocket ejects material
to propagate and a car moves forward by pushing against the road). Relativistic effects
indicate a novel type of motor, consisting not of two material components but of a com-
bination of matter and an electromagnetic field. In [13], we provided a detailed analysis
of the retardation effect and presented the conceptual framework and design principles
underlying a charged relativistic motor. In particular, we have shown that if retardation
is not neglected in a two-body charged system, then the system will be affected by a total
force (despite the lack of an external force) and will gain linear momentum. The system’s
center of mass will move with a velocity equal to the total linear momentum divided by
the system’s mass. Mathematical expressions for total force, total linear momentum, and
system velocity were derived and shown to be of order Clz Recently, we also investigated
the interaction between charged bodies and magnetic currents generated by permanent
magnetic materials, analyzing the potential implications for a charged relativistic engine
utilizing a permanent magnet [14]. Energy conservation has already been discussed in the
case of an uncharged relativistic engine [15], in which the energy transfers between the
mechanical component of the relativistic engine and the electromagnetic field for a non
charged engine. In this case, the total utilized electromagnetic energy is six times the kinetic
energy gained by the relativistic motor. Furthermore, previous research [16] has provided a
mathematical proof that demonstrates that linear momentum is conserved in a retarded
electric motor that is uncharged. More explicitly, we calculated the electromagnetic linear
momentum in a retarded electric motor and found it to be equal in quantity and opposite
in sign to the gained mechanical linear momentum in the same retarded electric motor, as
calculated in [17].

In the current work, we investigate a relativistic charged engine consisting of
two subsystems of arbitrary geometry as in [13], with a clear intention to show that the
kinetic energy acquired by the system is deducted from its stored field energy. We begin by
analyzing the energy exchange between mechanical and electromagnetic components in
the relativistic regime. Subsequently, we carry out a detailed examination of the engine’s
energy dynamics by expanding the relevant field quantities as a power series in 1/c, where
c denotes the speed of light in vacuum. This expansion systematically incorporates the
effects of retardation. The total energy, comprising mechanical energy, electromagnetic field
energy, and energy flux via the Poynting vector, is analyzed to verify the energy balance
equation at each order. Specifically, we evaluate the contributions to the energy equation
forn =0,1,2,3, and 4, demonstrating how retardation influences energy exchange and
confirming that the energy balance is satisfied at each order within the accuracy of the
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expansion. Finally, we demonstrate that the kinetic energy acquired by the engine exactly
equals the amount of electromagnetic energy lost.

2. Energy Conservation

The conservation of energy in the general electromagnetic system is expressed by the
following equation:

dEecn  AEfiela f 4
_— - da. 1
T, + T SSp fida (1)

This equation reflects the fact that any decrease (or increase) in the total energy within the

system is accounted for by the energy carried away (or supplied) by the electromagnetic

field through the system’s boundary. Here, S denotes a closed surface enclosing the volume

of interest, 71 is a unit vector normal to the surface, and da represents a surface element.
Poynting’s vector is defined as follows:

Sp= LExB= 9 ExB=e®E x5, @)
Fo Ho€o

where ey = 8.85 x 10712 Fm~! is the vacuum permittivity, po = 47 X 10~7 (H/m), and
¢ ~ 3 x 108 m/s is the velocity of light in vacuum. The term fs S p - fida represents the
total electromagnetic power flux through the closed surface (S). The field energy density is

defined as follows:
o _©0 72 | 232 3
Efzeld = > /(E +c°B )d X. (3)

The derivative of the mechanical energy is the mechanical power given by the follow-
ing expression:

Power = dEstECh = /d3x J-E, (4)

where ] is the current density. Hence,

. dEg .
/d3x]-E+ﬂ:—fSpoﬁda (5)
dt S
or
L . dEg .
/d3x]~E:— Z;;dd—jiSp-ﬁda. ©)

In what follows, we interpret Equation (6) in terms of its role in governing energy
conservation for a charged relativistic engine system.

Kinetic Energy

According to [13] (see also Appendix K), the mechanical momentum associated with
the time-dependent charged retarded field engine is expressed as follows:

_ 1 X . o
P(t) = Z—i//d3X1d3X2 [Z(Pzatpl — 019tp2)R — (Pl]Z +P2]1)R l}, (7)

1 . . _ 1
W and, as is customary, defining k = 4 L

or taking into account the fact that c =

— k 1 5 - =\ ,—
P = 5 [ [ |y - poe)R - (nh+ph)R )@
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It is clear from the expression that the mechanical momentum is of the order of

Clz. The kinetic mechanical energy associated with this momentum is given by the

following expression:

P2 1
Ek—m—zp'vs, (9)
where M is the mass of the relativistic engine and the engine velocity (7s) is defined
as follows:
. P 1

We notice that the expression for kinetic energy is of order C% ; lower order corrections
do not exist, and higher order corrections are neglected.

3. Field Energy for Two Charged Sub-Systems

Consider two arbitrary charged sub-systems denoted system 1 and system 2 (see
Figure 1).

Figure 1. Two charged bodies.

The charged subsystems are far apart such that their interaction is negligible. In this
case, Equation (6) is correct for each sub-system separately, that is,

L. dEg ;

/ Bxf, By =— g’f’dl - ?i Spy - Ada. (11)
L. dEg ;

/ By By = — 1{;’:"” - ?i Sp, - Aida. (12)

Next, we put them closer together such that they may interact but without modifying
the charge or the current densities of each of the subsystems. The total fields of the
combined system are expressed as follows:

E= El + Ez, B= El + Ez. (13)

Since both the field energy (Equation (3)) and Poynting’s vector Equation (2) are
quadratic in the fields, the following result is obtained:

€ . -
Efiela = 70 / (52 + Csz)dax = Efielar + Efietaz + Efiela12- (14)
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Efiela1 = Ekfieian + Emfielnn = %0. (E? + 023?)0139@ (15)
Efiela> = Egfieia2 + Emfielan = %0 /(E% + Czé%)d%, (16)
Efielq12 = Egfiela12 + Emfiela1z = €o / (El -Ey+¢*By - Ez)dSX- (17)
Sp = €oc*E x B = Spy + Spa + Spra. (18)

Sp1 = €9c?E; x By, (19)

§p2 = eoczfz X 52, (20)

§p12 = eoc2 (El X 52 + Ez X 1?71>. (21)

The power invested in the combined system is bilinear for the current density and
electric field according to Equation (4). This will lead to the following expression:

Power = /d3x f E= Powery + Powery + Powers. (22)
Power; = /d3x Ji-Ei, (23)

Power, = /d3x E By, (24)

Powerqy, = /d3x (]_i Ey+5- 1::1). (25)

Subtracting the expressions given in Equations (11) and (12) from Equation (6) yields
the following:

d (E field — Efietd1 — E fiele)
dt

Power — Powery — Powery, = — - 7{ <§p —Sp1 — §p2) -fida. (26)
S

Taking into account Equations (14)—(25), we arrive at the following:

dEfie1a12

Poweryy = — 7t —

ji §p12 -fida. (27)

The significance of the above equation is best illustrated by the flow chart presented
in Figure 2, which illustrates the possible exchange between stored electromagnetic energy,
mechanical work and radiated energy.
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Figure 2. An illustration of the possible exchange between stored electromagnetic energy, mechanical
work, and radiated energy.

4. Power Expansion in %

Let us now expand Equation (27) in power of % ; to this end, we introduce the notation
of G to designate a term of order % and quantity G. Thus, any quantity (G) may be
written as the following sum:

G=Y G (28)
Specifically,
Powergnz] = f leldu 7{ p1p - fida. (29)

It follows from Equation (25) that
Power@ = /d3x (H . Egl] +]5- Egn]) (30)
It also follows from Equation (17) that

n n+42
Efthar = [ (Z BB ey B ~B£"]) Pz (31)
k=0

k=0

Finally, from Equation (21), it follows that
51, = epc? Z (E[”“ Ix B+ B B, (32)

In the subsections below, we discuss Equation (29) for different values of n—from 0 up
to 4. An analysis of the field contributions can now be carried out, considering each order
in turn.
41.n=0

Let us look at Equation (27) and study it for the zeroth order in %:

Powerg = - ﬁeldu %g[oz iida. (33)
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4.1.1. Power

We start by calculating Powergoz} according to Equation (30):

Powerl?) = / P (B + R EY). (34)

After some calculations elaborated upon in Appendix A, it follows from Equation (A18) that

[]_77 3. 43 Ple
Powers, { //d x1d°x R ] (35)

4.1.2. Field Energy

Next, we calculate field energy according to Equation (31).
Ej[g]eldu = ¢ /(Ego] B4 [B’P (B 4 BV BV 4 B *ﬂ)d?’x (36)

The magnetic field does not have terms that are lower than second order. We use the
null magnetic field expressions from Equation (58) of [13]:

59 _ 59 _ 5 _ g o, @)
Accordingly, the field energy takes the following form:
B = o (9 B9 -

After calculations elaborated upon in Appendix B and taking into account the identity
expressed as k = ﬁ, it follows from Equation (A28) that

W =k { I/ d3x1d3x2lep2} (39)

Based on Equations (35) and (39), it is now clear that

Agl
Powergoz] = — f;ldu (40)

It follows that the power related to mechanical work equals less thanthe temporal rate
of change of the stored field energy.

4.1.3. Poynting Vector
Finally, we study the Poynting vector according to Equation (32):
S0, = coc? (P x B+ E[1 s B+ 0 B2 B2 w B0 Y < ) 4 £ x B). )
It is clear from Equation (37) that

50, — eoc? (B x B2 + Y x B, 2)

As both El and BIZ decrease as %2 at infinity, it follows that their cross product
decreases as %4 ; thus, a surface integral over an infinite sphere will also vanish, which is
what should be expected from Equation (40), balancing the changes in the electromagnetic
energy and mechanical power without any Poynting contribution. For n = 0, we conclude
that the energy equation of order zero is, indeed, balanced, as is expected.



Energies 2025, 18, 4661 8 of 48

4.1.4. Summary

The key results of the n = 0 calculation is that in this order, stored field energy, which
is basically electric (Coulomb type), can be transferred to mechanical energy and vice-versa,
but no energy can be radiated. This is illustrated in Figure 3.

/\\ /\
\ /

'f : Stored \I [ Mechanical

\ ectromagnetc ‘J Work

Energy

N/ N

Figure 3. Energy exchange for n < 2. Stored electromagnetic energy can be converted to kinetic
energy and vice-versa, but energy cannot be radiated.

42.n=1
Let us look at Equation (27) and study it for the first order in %:

Powerglz] =— f Zezdu f ~[12 fida. (43)

4.2.1. Power

The first-order expression for the power invested in mechanical work is expressed
as follows:

Power12 = / dx ] El] +J2- E[l]) (44)

According to Equations (51) and (54) of [13], the first-order term in the electric field
expansion is expressed as follows:

B =gV =, (45)

Therefore,

Powerglz] =0. (46)

4.2.2. Field Energy

Now, we calculate the field energy according to Equation (31) for n = 1.

= [0 BB L e
From Equations (37) and (45), we obtain the following:
1
E}illdlz =0. (48)

4.2.3. Poynting Vector

Taking into account Equations (37) and (45), the first-order expression for the Poynting
vector is given by the following expression:

301, — eoc? (B x B+ Y x B, (49)

According to Equation (61) of [13], it follows that
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BB = 0. (50)

Hence, 1)

1
Sp1p = 0. (51)

Thus, for n = 1, we conclude that the energy equation of order one is, indeed, balanced
in a trivial way. Equation (27) is satisfied in the sense that 0 = 0.

4.2.4. Summary

The key result of the n = 1 calculation is that in this order, both electric and magnetic-
field components vanish. Thus, no mechanical work can be done, no energy can be stored,
and no energy can be radiated.

43.n=2
Let us look at Equation (27) and study it for the second order in %:
Powergzz] =— f wldu }{ 52 pip - fida. (52)

4.3.1. Power

The second-order expression for the power invested in mechanical work is given below:
Powergzz] = /d3x (]_i . I_E?] + E . E»gz]). (53)

After calculations elaborated upon in Appendix C and following Equation (A40), we
obtain the following;:

Power@_zm[ [ [ @nix ( atm(xlz)atpz(xz))+fl<fl>éfz<fz>>]_ 50

Thus, we obtain a power expression accurate to the second order.

4.3.2. Field Energy

We now proceed to calculate the field energy using Equation (31) for n = 2:

2 4
an=ar | (LE0 Bt s e e
k=0 k=0
As we already know that
EM=El =0 BY=80=0 Bl=8l=o, (56)

it follows that the field energy takes the following simplified form:
EP = / (B + EP B + 2B B ) (57)

After calculations elaborated upon in Appendix D and combining Equations (A73),
(A64) and (A65), we obtain the following expression for the second-order field energy:

: ' h-h, R
E][‘t]ddu 2 / / dx1dx) lle + 2atp1at921. (58)
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4.3.3. Poynting Vector
Next, we study the Poynting vector according to Equation (32) for n = 2:

4
Sh = eoc? Y- (B BY 4 ER M BY), (59)
k=0

According to Equation (56), we obtain the following resulting form of the Poynting vector:
S8, = coc? (B B2 4 0 B9 1 E x B 4 50 < ). )

The Poynting vector term, typically associated with radiation, contributes to the energy
balance only through the surface integral over a closed surface enclosing the system. When
this surface is taken to be spherical and located at a far distance (R;;4x), only the asymptotic
forms of the electric and magnetic fields are relevant for evaluating the Poynting vector
contribution. Accordingly, the expression for the Poynting flux on a far-away sphere of
radius Ryqy is given by the following expression:

j{ 52 nda = R2,, 7( 52 Q. 61)
Rmﬂx

After calculations elaborated upon in Appendix E and plugging Equations (A85),
(A86), (A90) and (A91) into Equation (A74), we obtain the following:

pr =, (62)

in which the equality sign is only correct forthe current approximation. Hence, there is no
Poynting vector contribution to the energy balance. This is expected, as the mechanical
work (Equation (54)) is balanced by the field energy loss Equation (58) in the second-order
t f 1.

erms of _:

dE?
Powergz] = —%. (63)

It is remarkable that no radiation losses need to be considered up to the second-order
approximation. This will have implications for the retarded field motor that we discuss in
later sections of this paper.

4.3.4. Summary

The key results of the n = 2 calculation are outlined as follows. First, we notice that
this is the first order in which retardation effects are present in a non-trivial way. However,
as we have shown, no energy is lost to radiation; thus, the only exchange that is possible is
between stored energy and mechanical work and vice-versa. This is very significant for the
development of a retarded field engine, as we emphasized above and will elaborate upon
later in this paper. This is illustrated in Figure 3.

44.n=3
Let us look at Equation (27) and study it for the third order in %:

Power%] = — fmldu fg[a'z fida. (64)
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4.4.1. Power

The third-order expression for the power invested in mechanical work is given below:
Powerg] = /de (ﬁ ‘ E?] +]o EF]) (65)

After calculations elaborated upon in Appendix F and combining Equations (A104)
and (A105), we obtain the following;:

2k - o . .
Pow”g = <3C3> //d3x1d3x2 (h(fl) 0712 (%2) + o (%2) 'a%h(fl)) (66)

The obtained expression represents the third-order mechanical power.

4.4.2. Field Energy

We now proceed to calculate the field energy using Equation (31) for n = 3:

3 5
e [(LE e DB i) @
k=0 k=0

It is known from [13] (see also Equation (56)) that

EM—gl—o BY=Bl—0, BY=8"=0 BY=8=o0 (68)
Therefore, the field energy can be written as follows:
3 (=B z0] | z0] 2B
Efarn = o [ (BB + E EYT) P (69)

After calculations elaborated upon in Appendix G and by inserting the results of
Equations (A117) and (A118) into Equation (69), we obtain a null result:

Bl _

EfieldlZ =0. (70)

Remarkably, it follows that no electromagnetic energy can be stored at the third order

1
ofE.

4.4.3. Poynting Vector
Next, we study the Poynting vector according to Equation (32) for n = 3.

5B = epc? kz (5 x B 4 5 59) o

According to Equation (68), the Poynting vector takes the following form:
58, = coc? (Y x B+ EO x B 4 Y B2 1 29 B). ™)
The Poynting flux on a far-away sphere of radius (Ryax) is given by the following expression:

P = ]{ 58 hda = R2,,, ﬁ 38 rdo. (73)
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After calculations elaborated upon in Appendix H and by inserting Equations (A131),
(A132), (A136) and (A137) into Equation (A119), we obtain the total Poynting flux contribu-

tion of the third order in %:

2k T - 92To + 02T, - T-
pro— % / / Pxidsy (- o+ 0, - To). (74)

This term is minus Equation (66), that is, minus the power invested by the electromag-
netic field to do mechanical work to the third order in % It follows that in the third order,
no energy can be stored in the electromagnetic field and the energy equation is balanced
between radiation and work. That incoming radiation can cause charges to do work, or
charges can radiate at the expense of their mechanical energy. However, if the currents in
the two subsystems are orthogonal, no radiation is radiated and no work is done.

4.4.4. Summary

The key results of the n = 3 calculation are outlined as follows. First, we notice that in
this order, no energy is stored. This is a surprising result and can only be justified based
on calculations. However, energy can be radiated by doing work or vice-versa—work can
be done by absorbing radiation. From the point of view of the development of a retarded
field engine, one should take special care such that radiation losses are avoided. This can
be done by avoiding currents in either subsystem or by designing the engine such that the
currents are perpendicular. The energy exchange is illustrated in Figure 4.

[ Mechanical l
\ Work |

/  Radiated ]
Energy J

(

Figure 4. Energy exchange for n = 3. Radiation can be converted to kinetic energy and vice-versa,
but energy cannot be stored.

45.n=4
Let us look at Equation (27) and study it for the fourth order in %:

Power%] = f wldu ?{ ﬂ1[f12 fida. (75)
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4.5.1. Power

The fourth-order expression for the power invested in mechanical work is given below:
Powerﬁ] = /de (I_i . Egl] + E . E£4]). (76)

According to Equations (51) and (54) of [13], the fourth-order term in the electric field
expansion is expressed as follows:

Ew(f) = —% /d3x1 Eafle%Rl +3?ER1]- (77)
Let us calculate both integrals of Equation (76) one by one:
L= /d3x o B = —% /dgx R (%) - /d3x1 Ela%pl(fl)R%Rl +at3f1(551)R1]- (78)
Changing the integration symbol from X to ¥, results in the following form:
k 3. 3 1y o (7o B 37 o T
=53 /d x1d° xR |:4atpl(x1)(]2(x2) 'R) — 9/ 11(%1) 'fz(xz)}- (79)
Exchanging indices 1 and 2, we obtain the second integral of Equation (76):
b= oy [ xR |~ ot (RGH) R) - R Aw)]. 60
Adding the contributions, we finally obtain the following fourth-order power expression:
Power%] = % /d3x1d3x2R Lll (afpl(fl)]z(fz) —a?PZ(fZ)E(fl)) 'ﬁ
i CUEANACIEIACARACHN (81)

4.5.2. Poynting Vector

Next, we analyze the Poynting vector for n = 4 using Equation (32):
6
cl4 z=[6—k 3k =[6—k 3k
s - eoc2kz (P x B+ BP9 < BY) (82)
=0

According to Equation (68), the Poynting vector takes the following fourth-order form:

Shl = ep? (Eﬁ x B+ B o B 4 BV B 4 B B B B 4 B Ef]). (83)

The Poynting flux on a far-away sphere of radius Ry;ay is given by the following expression:
T CocH
PE = § Sl nda = R f S}, -ra02 (84)

After calculations elaborated upon in Appendix I and by inserting Equations (A145),
(A146), (A150), (A151) and (A153) into Equation (A138), we obtain the total Poynting flux
contribution of the fourth order in %:

kR 1 - > o 1 - - R -
prit = D [ [ iR Bt 1) - 5 (0 - #4241 ). 69)
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4.5.3. Field Energy

Now, the contribution of the field energy to the energy balance at the fourth order is
evaluated as follows:

4 6
Efan =0 | (Z EFNEY ey B B,é”) ax. (86)
k=0 k=0

Taking into account Equation (68), the field energy simplifies as follows:
E]L‘ildu — ¢ / [Eg‘ﬂ CEWO B0 B ERER 2 (B’%‘ﬂ B2 4 g .B'g”)}d%. (87)

After calculations elaborated upon in Appendix | and by adding the fourth-order
electric field energy given in Equation (A186) with the fourth-order magnetic field energy
contribution given in Equation (A199), we arrive at the total fourth-order field energy:

4 _ pl4 4] —
EfieldlZ - EfieldlZ electric + EfieldlZ magnetic —

k 1 1
5t / / dx1d%x, {—38%;)18%(12 (R3 + ZRZRMX) + §R3(8?p28tp1 + af’platpz)—i—
49¢]1 - 9tJ2(2Rmax — R) +4(R — Rynax) (972 - T + 071 - Tz)} . (88)

This expression can be partitioned into a volume contribution and surface contribution.
The latter type of contribution involves R, designating the maximal distance to which
our expansion is applicable and, thus, also the radius of the sphere in which our energy
calculations are performed. Thus,

4 _ gl [4]
Efieldlz - Efieldlz volume + EfieldlZ surface

4 k 1
Efatit2 sotume = 3 / / @ x1d%x; [3R3 (3‘?929471 +07p10u02 — 3?013?.02) +

4R(3RTy- T+ 3 To— 319112 |-

4 kR o 1 - o - o
Ej[fi]eldu surface = 4z14ax / / Px1d°x; [3R23%P13%P2 - 2(5%]2 i+ T
20,1 - atfz)] : (89)

After a few lines of calculations, it can now be shown that

A

w = 7P0wer£42], (90)

4]

in which Power, is the mechanical work done by the system and is given in Equation (81).
For the surface term, we may only write the following:

(4]
dEfield12 sur face

T ~ —PF[4], 1)

in which PF is the Poynting flux given in Equation (85). Although both sides of
Equation (91) contain the same type of expressions, the numerical factors are only of the
same order of magnitude—not identical. This is probably due to the crude approximations
used in Section 4.5.2 and in the {appendices}. Notice, however, that this will not change the
final results of the current paper.
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4.5.4. Summary

The key results of the n = 4 calculation are outlined as follows. First, we notice that in
this order, we have, for the first time, all energy components: energy is stored and radiated
and does mechanical work. This, however, is not relevant to the retarded field engine, as
it involves higher derivatives of the field sources that are not needed for the functioning
of the retarded field engine. The radiation terms do not balance exactly in the above
calculation for the following reasons. First, in the Poynting flux, we keep only terms that
are proportional to Ry, neglecting lower order terms. Second, in the integral calculation
of the energy, we neglect corrections associated with a small change of boundary terms due
to the change of variable (from ¥ to R;), which considerably simplifies the calculation. A
more accurate and detailed calculation should balance those terms as well; however, this
has no baring on retarded field engine theory and, from this point of view, is redundant.
The energy exchange is illustrated in Figure 2.

5. Discussion

In order to verify the validity of the energy balance equation at various orders of approx-
imation, we systematically evaluate the mechanical work, field energy, and Poynting vector
contributions corresponding to successive terms in the Taylor expansion of the electromagnetic
fields. Each term, labeled by index n, represents a distinct order in the 1/c expansion and
contributes differently to the total energy dynamics of the system. Below, we summarize the
outcome of this analysis for n = 0 through n = 4, highlighting the nature of energy exchange
and the role of radiation at each order. The results are also given in Table 1.

For n = 0, the zeroth-order energy equation is found to be satisfied. Mechanical work
performed on or by the system leads to a corresponding increase or decrease in the field
energy, as expected in the absence of any contribution from the Poynting vector. For n =1,
we find that the first-order energy equation is trivially satisfied, that is, it reduces to an
identity of 0 = 0 under the condition in which the mechanical work, field energy, and
Poynting contribution all vanish individually. Vanishing mechanical work implies that,
to the first order in 1/c, no mechanical energy is either supplied to or extracted from the
relativistic engine. Furthermore, the first-order terms in the 1/¢ expansion do not contribute
to either the field energy or the Poynting vector associated with the engine. In other words,
in the first order, the electromagnetic fields neither stores energy nor transports it through
radiation or absorption, indicating the absence of any real energy exchange. For n = 2, we
conclude that the second-order energy equation is, indeed, balanced: the power associated
with mechanical work equals the negative time derivative of the field energy, as expected
in the absence of any Poynting contribution. In the case of n = 3, the absence of field
energy implies that the electromagnetic field cannot store energy, leading to an energy
balance strictly between radiation and mechanical work. Thus, incident radiation has
the potential to drive charged particles to perform work. However, when the currents in
the two subsystems are orthogonal, radiation is not emitted, and consequently, no work
is done. It is also important to note that, if not properly configured, a relativistic motor
may emit radiation. This behavior has been demonstrated in earlier studies involving
uncharged relativistic motors [18]. For n = 4, we conclude that the fourth-order energy
balance holds. At this order, both the electric and magnetic-field energies are influenced by
the mechanical work. At the order of 1/¢%, the structure of our series expansion limits our
ability to evaluate the radiation flux at infinity. Instead, we must restrict our analysis to
the radiation flux through a spherical surface of radius R;.x, beyond which the validity
of our approximation breaks down. We also notice that for terms dependent on R4y,
the approximation we use here is not sufficient to exactly balance the terms of the energy
change and the Poynting flux, for which a better approximation is required.
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Table 1. Table of energy balance results.

n Field Energy Derivative Mechanical Power Radiated Power

¢ wlkfS d3361d33(2%] —alkff dled%%] ‘

? & 4[] (Mgt 4 5] T A Lt 0

3 0 (;?g) I @xadx (L) -0 (@) + h(%) - (%) —(Z) [ [ @xadx (i) - BhE) + (%) #h((%))
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Our motivation for this study is to understand the energy exchange in a relativistic
motor; however, for this motor, one needs to consider only the first-order derivative of the
charge density. On the other hand, n > 3 terms in the energy equation depend on higher
derivatives. This problem will be resolved in the next section.

We conclude this section by listing the limiting assumptions of our analysis:

1. Our analysis is within the framework of classical electromagnetism; this means that we
exclude extremely high electric and magnetic fields, which are beyond the Schwinger
limit and for which a proper physical treatment will require quantum electrodynamics.

2. We assume that each of the interacting subsystems (subsystems 1 and 2) is small
enough such that the retardation effects can be neglected within each system. The
precise meaning of “small enough” for slow, non-relativistic systems was developed
in [19] and has to do with the size (R) of each subsystem satisfying R < 27(:2, in
which a is the acceleration of any microscopic constituent of those systems. The
abovementioned paper concentrates on gravitational systems, but the analysis should
be approximately relevant to electrodynamic systems as well.

3. We assume that the subsystems have the same charge and current densities with
respect to the engine frame but not necessarily with respect to the laboratory frame.

The engine may move and even accelerate with respect to the laboratory frame.

6. The Source of the Charged Retarded Field Engine Energy

So far, our discussion has been quite general. We have calculated the energy balance
terms for various orders of 1/c" up to n = 4. We have not paid specific attention to the char-
acteristics of the relativistic engine, which we consider now. Suppose we have two static
charge distributions consisting of a retarded field engine and suppose one induces a time-
dependent change in one of the charge distributions generating momentum according to
Equation (8), after which the charge distribution becomes static again, as shown in Figure 5.

Notice that at this point, we have two static charge distributions in the engine’s frame
but not in the laboratory frame. In the laboratory frame, the two subsystems connected to
the engine are now moving with a velocity of 7; (see Equation (10)), which is the velocity
of the engine. The engine has gained kinetic energy, as represented by Equation (9). We
now inquire regarding the source of this energy.

o

15F

051

Figure 5. A change is introduced momentarily to p, after which it becomes static.

Let X be the location vector of a point in the laboratory (inertial) frame and let X () be
the location of the engine in that frame, as shown in Figure 6.
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Retarded Field Engine

Figure 6. The retarded field engine comprised of charged subsystems 1 and 2. The engine is located
at X () with respect to the inertial system.

It follows that the location of the same point with respect to the engine is expressed

as follows:
¥ =%-X(t),= X=X +X(t). 92)
It also follows that 4.1
S dXe(t
U= — (93)

The charge density can be expressed in either the laboratory (inertial) frame or in the
engine frame. In the first case, it is designated by p, and in the second, it is designated by
om; these two functions are related as follows:

p(%,t) = Pl 1) = pu(¥ — e(1), ). 04)

In the case in which the charge distribution is “static” in the engine frame, this reduces
to the following;:

(X, 1) = om(¥ = Xc(t))- (95)
Similarly, the partial temporal derivative can be calculated as follows:

—

dp(%,1) |z = drom (¥ — Xe(t), t)|z = —s - Vo + dppm] - (96)
For the case in which the charge density is “static” in the engine frame, this reduces to

the following:
otp(X, 1)y = —Ts - Vom = =V - (0Ts). 97)

Taking into account the continuity (Equation (A9)), we notice that although no current
densities were initially assumed in the system, it now follows that, from the laboratory
point of view, the engine now carries current density of the following form:

] = o7 (98)

We are now at a position to calculate the work done by the internal electric field in
such a system. This is done by using Equation (54), which describes the time derivative of
this work. We remind the reader that we have shown this work to be exactly equal to the
amount of energy change in the electromagnetic field (see Equation (58)). Thus,

Eyouy = —Ckz//dgxld?’xz (R(atm(ﬁ)atpz(fz)) n J1(¥1) ']2(3?2)) (99)

2 R

This can be written in the following form:
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E'BJFE'B). (100)

k R
Epecn = 52 //d3x1d3x2 <2(atP13tP2 +01010:02) + R

Taking into account Equations (97) and (98), it follows that

ko[ Rin o o . o 1 - Tsp2 + 105 - o
Enecn = 202 / /dsxldSXZ <2 <atplvs V2 +Ts - VPlat(~72> et R‘Dl : ]2> (101)

Notice that
/d3X2R?75 . ﬁzpz = /d3X2 [62 : (szﬁs) — P25s . ﬁzR] . (102)

Using the Gaussian theorem and Equation (A34), this can be written in the
following form:

[ ExaR3 a0 = §dSs - (Rpad) + [ dPrapadi R= [P R, (103)
in which we assume, as usual, that there is no charge on a far encapsulating surface. Similarly,
/d3X1R55 . ﬁlpl = —/d3x1p1?7's : R (104)

Plugging Equations (103) and (104) into Equation (101) it follows that
1. &k R [102 + P12 1., o
Eecn = 57s - C7//113361!13962 (2(3tP1P2 —P101p2) — thRPﬂz) =50 P=E. (105

The linear momentum is given by Equation (8), and the kinetic energy was defined
in Equation (9). Hence, the work done by the retarded electromagnetic field is converted
into the kinetic energy of the retarded field engine. We use an n = 2 expression for the
work, but since 7 is proportional to Clz, it turns out to be proportional to, C%, as previously
discussed, thereby resolving the dilemma stated in the end of the previous section.

7. Conclusions

A relativistic engine is not a self-sustaining device, nor is it in perpetuum mobile; it
requires an input of energy to function. This energy is drawn from the electromagnetic
field, reducing its energy in the process. In this study, we explore the validity of energy
conservation in relation to a charged retarded engine. This research focuses on how
energy is conserved in charged retarded systems, proposing an exciting new way to power
spacecraft. By using electromagnetic fields instead of traditional rocket fuel, this technology
could help spaceships travel faster and farther while using much less energy.

The practical applications of the proposed “retarded field engine” are described in sev-
eral papers. In [13], we describe a relativistic engine based on a charged capacitor/electret
(system 1) and a coil carrying current (system 2) (see Figure 7). In this case, the capacitor is
charged for a brief moment, after which both currents and charges are stationary, the force
and momentum are in the direction of the current in the upper part of the figure.

In [20], we describe a relativistic engine based on two wires carrying periodic currents
(see Figure 8). In this case, the upper wire is system 1, and the lower wire is system 2. The
force is generated in the y direction, which is perpendicular to both wires. The current in
each wire propagates along the wire.

In [14], we describe a relativistic engine composed of a permanent magnet (system 1)
and a capacitor (system 2) (see Figure 9). In this case, the capacitor is charged for a brief
moment, after which both (magnetic) currents and charges are stationary. The force and
momentum are in the direction of the magnetic current in the upper part of the figure.
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Figure 7. A cross section of the relativistic engine composed of a charged capacitor/electret (system 1)

and a coil carrying current (system 2). In this implementation, the capacitor is charged for a brief
moment, after which both currents and charges are stationary, the force and momentum are in the
direction of the current in the upper part of the figure. The distance between the capacitor plates is
d, and the width of the capacitor is a. The coil winding width is w, and it carries a current density
of J. The negative charged plate is located a distance of A; from the middle of the lower part of the
winding and a distance of A, from the middle of the upper part of the winding.

The major obstacles to obtaining a useful retarded field engine have to do with the
phenomenon of dielectric breakdown, which limits the amount of charge density that can
be accumulated before a discharge occurs and the amount of current density that a wire can
carry, even if it is superconducting. Modest figures that are relevant to the configuration
described in Figure 7 are presented in Table 2.

¥
L1
ym ) -
-X01 X01 h
| |
X
| |

-Xo02 Xoz

Yo2 e £
L2

Figure 8. Two current strips. The upper wire is system 1, and the lower wire is system 2. The force is
generated in the y direction, which perpendicular to both wires. The current in each wire propagates
along the wire. One strip is of length Ly; its ends have of coordinates (—xg1,101) (left end) and
(4+x01, yo1) (right end). The other strip is of length L;; its ends have coordinates of (—xgy, yo2) (left
end) and (+xqp, yo2) (right end). The distance between the wires is h.
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'L

J E—————————
Figure 9. A cross section of the relativistic engine based on a permanent magnet (gray) (system 2)
and a capacitor (system 1). J denotes the magnetic current. The force and momentum are in the
direction of the current in the upper part of the figure. The distance between the capacitor plates is d,
and the width of the capacitor is a. The permanent magnet has a magnetization of M, and it carries a
magnetic current density of J =V x M. The negative charged plate is located a distance of A1 from
the lower magnet surface and a distance of A, from the upper magnet surface.

Table 2. Maximal momentum gained by a relativistic motor for three cases of parameters. We
assume an extreme case of charge density of o = 3.7 x 1073 Coulomb/m? and current density pf
Jo =5x 107 Ampere/mz.

Car Rocket Engine Size Giant Cube Units
a 6 200 1000 m
b 2 10 1000 m
d 1 10 1000 m
w 0.2 0.4 0.4 m
Pr 0.3 868 3.1 x 107 kgm/s

Obviously, one needs a very sensitive and precise experimental setup to measure such
effects. On the atomic scale, the figures are quite different; for example, one can reach a
volume charge density of

o= ~26x 10" Coulomb/m3, (106)
2 ral
37770
in which e ~ 1.6 x 107" Coulomb is the electron charge and a9 ~ 0.53 x 1071 m is
Bohr’s radius. The surface charge density of an electron in a hydrogen atom has an order

of magnitude of
e

7= ~ 4.5 Coulomb/m?. (107)

4mag

This is a thousand times larger than what is available for macroscopic charge densities.
The order of magnitude of the current density is

J=

6h4 ~23x108 Am1:>ere/m2 =23x 10" Ampere/cm2 (108)
mea;

This current density is ten orders of magnitude larger than what can be achieved at
a macroscopic scale. This motivates suggestions for implementations involving material
design [21,22] (see, for example, Figures 10 and 11).
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Figure 10. The 100 plane of a lattice of Na™CI~ (table salt). Blue circles depict sodium-positive ions,
and green circles depict chlorine-negative ions. The trajectory of relativistic electrons is represented
by a thick black line. If the electron is close enough to the ion, a significant net force should appear in
the direction of the electron trajectory.

The above examples explicitly highlight the practical implications of this paper’s
findings. The authors welcome potential experimental demonstrations of any of the above
configurations. They also direct readers to possible future work in the fields of material
science and solid-state physics, in which it is hoped that materials that are relevant to the
retarded field engine could be produced.

Tmax

Tnu‘n‘ -
#

Figure 11. A schematic of an elliptical orbit of an electron around a proton. If one is able to introduce
asymmetry to the electron orbital such that when the electron is going upwards, the electron is closer
to the nucleus than in the case in which it is going downward, a retarded engine effect is expected.
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Appendix A

Equations (51) and (54) of [13] provide detailed expressions for the zeroth-order term
in the electric field expansion, which is just the Coulomb field:

R X1) A

BV =k / Pxy Pll({%l) Ry, (A1)
Similarly,

E’£O] = k/dSXQ pzl(;éz) Rz, (AZ)

where R; and R, define the relative position vectors:

Ri=%-x, Rp=%-%, Ri=|R|, R=IR, Ri=—, R =

(A3)

By substituting Equations (A1) and (A2) into Equation (34), we obtain the following;:

Power!) _k/d3 []1 (/d3x2p2 >+]2 </d3x1pl 1)] (A4)

Applying the identities expressed as

R =f1 R =(1
R () RS “(5) (49

the expression in Equation (A4) can be simplified as follows:

Powergg] = —k/d3 []1 /d3x2 pz(xz)(VR )) + L% /d X1 pl(xl)(VR )} (A6)

The same can be achieved by changing the order of integration in the following form:

Powerg = [/ dx, 02(X /d3x J1(X) - (; )
2

+ /d3x1 p1(x1 /d3x J2(X) - (Rllﬂ (A7)

Next, we compute the individual integral terms to simplify the above equation:

/d%ﬁ(f)ﬁ(éz) :/d%lv (%?) ij e )1 (A8)

Using the Gaussian theorem and continuity equation, i.e.,

dp+V-]=0, (A9)

we obtain the following result:

/d%]}(f)ﬁ( ) fds (h > /d3 0 (). (A10)

The surface integral is applied over a surface encapsulating the volume of the volume
integral. If the volume integral is applied over all space, the surface is at infinity. Provided
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. /1
/d3x jl(f)-v<R2) - /d3xRizatp1(z). (A11)
Similarly,
3.7 o 1 3. 1 4
/d x]z(x).V<R1> = /d xR—lE)tpz(x). (A12)

Substituting these identities into Equation (A7), we obtain the following:
Powerl) = —k[ @2 02(5) [ @x g tpn()+ [ pr(5i) [ d3xRilatpz<f>}
= k[ Prapa() [ Prga @)tk [ ) [ Expen® @)
Thus, the power contains two contributions:
Powergo2 = —k/d3x2 02(%% /d3x—8tp1( X) (A14)
and

Pouhe'rgog2 = —k/d3x1 pl(fl)/deRiatpz(f) (A15)
1

We now make a change to the integration variable (¥ — ¥) in Powergl ; thus,

Rr=%—7% — X1 — X = R. We obtain the following:

Powergg = —k /d3x2 02( /d xl—atpl( 1)

_ 3. 3. P2(¥2)0rp1(¥1)
- k//d xdxy 2 . (A16)
Similarly,
Powerg2 —k / / d3xyd3x % (A17)

We now present the complete expression for the power:

Powergoz] = Power%Z] + Powerg

= —k//d3x1d3x2E[P1(fl)ath(f2) + 02(%2) 91 (¥1)]

— K / / d3x1d3xzat(ﬁ{71p2). (A18)

Appendix B
According to Equation (38), the field energy takes the following form:

p1(x1)p2(2)
Eftuane = <ok* [ [/ [ s e

Now, we separately solve the integral:

11:/ U :/ SN VA P A20
(R% R%> % e L (A20)

d3x (A19)
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Using the identity expressed as
=1 =1 = 1 =21 1 =,1
— L v Nl
\Y R V— R =V (Rl \Y R2> R, \Y & (A21)
and taking into account the fact that [3]
-1 .
V22— = —4716(Ry), (A22)
Ry
in which 6(R)) is a three-dimensional delta function, we obtain the following:
-1 21 = 121
—.V— =V | =—V— 2SR A2
le sz v <R1VR2) Ry (Ra) (A23)

The first term on the right is a divergence. Thus, using Gaussian theorem, its volume
integral will become a surface integral, and the second term contains a delta function. This
means that there is no contribution to the volume integral from the delta term unless X = x7.
Thus, Equation (A20) simplifies to

Ry Ry 4 / 11 4
1= Bx=[d - A24
/<R2 R2> =B 7 VR ) TR (A24)

Let us look at the surface integral and assume that the system is contained inside an
infinite sphere such that the surface integral is taken over a spherical surface of radius
r=|¥X| = oo

lim [d5 29X — lim [45. 2 Ry

r—00 Ri Ry r—e Rl R2 ' (A25)

where dS = r2dQ) 7, in which Q is the solid angle. Furthermore, Ry — r — 00, Ry = r — 0o,
and R, — 7. It follows that

lim [d§. %L = lim de— = lim de (A26)

r—00 1 2 r—oo r—oo

(see also Appendix A.1.2. of [15] for a complete explanation of Equation (A25)). We simply

conclude the following:

4
Il = — A27
- (a27)

Hence, the expression for the field energy becomes the following:
x7)p2 (%7
Ej[‘z]ffldu €k’ [/ / Pxdx, P1(F1)02(%2) 1)152( 2) 4rt (A28)

Appendix C
We start by addressing the first integral in Equation (53):

h=[Ex @B, (A29)

According to Equations (51) and (54) of [13], the second-order term in the electric field
expansion is expressed as follows:

Ez) = /d3xz {—atpz(xz)Rz — N2 (F)Ry | (A30)
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Inserting this in the I; expression will result in the following;:

& [ 5@ [ 0] Rer-ah@R | @

We now change the integration variable (¥ — ¥1) as before such that

L —k( )/d3x1 (%) /d3x2 [—3%92(362)1{ /2 (%2)R 1]
1=
k() [ [Pre|-3R@) R - @) AhGR . 4
Let us look at the following expression:

//d3x1d3x2h(x1) RI?02(%,) /d3x23t402 X /d x11(%) (A33)

Notice that
ViyR=—-R, VyR=R (A34)

Based on the continuity (Equation (A9)) and taking into account the Gaussian theorem
and the vanishing of current densities on a far-away encapsulating surface, it follows that

/ B3y (%) - Vg, R = / xRy (T1), / Pxaf3(%) ViR = / P x2R3;p2(72). (A35)

Thus, Equation (A33) takes the following form:
//d3x1d3x2]1(x1) Ratp2(x2 //d3x1d szatpl(xl)atpz(xz) (A36)
Upon substitution of Equation (A36) into Equation (A32), the resulting expression is
L= k( ) [ [ i [—Ratpl(xnatpz(xz) Fi(@) - o (2)R 1]- (A37)
Exchanging indices 1 and 2, we obtain the second integral of Equation (53):
1 3. 43 1 2\2 ) (= 2= P2\ p—1
b=k(=) [ [ dxidx| 3 Ropa(32)0f0: (71) — (%) -9fi(EDR | (A38)

Combining Equations (A37) and (A38), we obtain the complete expression for
the power:

1 R . R . R
Powery) = k(c2> {—//d?’xld?’xzz(3%P2(x2)atpl(x1) + 3701 (xl)atPZ(xz))
3. 3. L7 PN L T P
- [ [ ndnag (@) -2k + ) ki) | (A39)
Applying the product rule of derivatives, we obtain the following;:
1 R o -
Power%] = k(c2> {—//d3x1d3x2Zat(atp1(x1)atp2(x2))
3, 3. Lo (7o 7o
- [ [ #ndnaga(fic) ~Jz<xz>)} (A40)
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Appendix D
Equation (57) can be expressed as the sum of the following terms:
Epuga = i1 +i2+ 13, (A41)
where
iy = eo< / El .Egzlda‘x), (A42)
i = €5 ( / EP. ggold%), (A43)
and
is = eoc? ( / B B’Ed%). (A44)
We now compute the integral of each term separately:
i = e ( / . Eﬁd?’x) (A45)

The relevant field expressions are provided in [13] (as well as being previously men-
tioned in the current paper):

EVz) =k / B, P 11({’%“1) Ry, (A46)
and
0] 1 1 - A N
12 (%) = k(c2> / By [Zazpz(xz)(—zzz) — %3 (%)Ry 1]. (A47)

Substituting these field expressions into Equation (A45), we obtain the following;:

h =kl [ d3x[< e ) ([ 22| 32Roa() (~R) - ()R, m (A43)

which can also be expressed in the following form:

ip = 471’C2 //d3x1d3x2 [atpz(xz)pl(xl)</d3 R2 R2>

3
+ p1(5)02(%) </d xR2R2> (A49)
Let us look at the following expression:
iy = / <R§ -R2> . (A50)
1
Taking into account Equation (A229),
Ymax 1
i = 27R / dy / ds—_Y+s (A51)
0 -1 /14+y?+2ys
Notice that

WIN

1 s
[ds e = -
-1 /14+y%+2ys

L oy>1
{ v y—l (A52)
y y<
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and
1 1 2 y>1
y / ds———— = y= (A53)
-1 \/1+y*>+2ys 2y y<1l
Substituting these integral forms into Equation (A51), we obtain the following;:
i1n = 4nR [ymax -1+ } ~ 471(Rypax — R) (A54)
3]/mux

Next, we simplify the second integral appearing in Equation (A49):

. R
>[5 R 1 3y
Ty = /d YRR, /d < ) (A55)
/ Prr (VL) = ZonR (A56)
R\VRy )~ :

Subsequently, the required integral follows from a straightforward exchange of indices.

as is known from [16]:

A

1
3
/d R2 5 = 2nR. (A57)

Thus,
712 = 7271'1%. (A58)

Inserting the evaluated integrals into Equation (A49) yields the following:

i =~ [ [ P 5ea (2o () 47 (R ~ )
+01(¥)2:2(%2) - (~27R) . (A59)

Alternatively,

]. = N
5 [ [ P Joteaer (Russ ~ R) ~ jra . (A60)
We now focus on the second term to enable further simplification:
/d X2 9Ja(%) - R = _at(/d3x2 h(%) - szR) = —at(/d3sz3tP2(f2))

— — [ xRt (%), (A61)

In the above, we use Equations (A34) and (A35). By substituting this result into
Equation (A60), we arrive at the following:

. K L .
1 = —sz//dejxldaxz {zplang(Rmax - R) + zpla%sz]

kR
= / / By dx, [plafpz]. (A62)
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Notice that the following terms would be zero considering Equation (A9), the Gaussian
theorem, and the null current densities at the convergence radius (Rax):

/( fo)dx = —af ! (/@ : Td3x) — ! (yff d§> =0, n>1 (A3

Hence, as the double integral in Equation (A62) decouples, it follows that

i1 =0. (A64)
Analogously, the second integral in the field energy expression also nullifies:

ip =0. (A65)

Next, we calculate the third integral to finalize the field energy equation, employing

Equation (61) of [13]:
B = 5 [dn gt <T@ =~ [dnpg <R e
Similarly,
], k [ a4 Ry -
P@ = -5 [0 x k). (A67)
c R5
Hence,

is = eoc? < / B‘F] . ggz] Fe x>

k /[/ /.d3x1d3x2 (R x J1) - (Ry x ]2)1 N (A68)

= 4 R2R2

Applying the following vector identity expressed as

=

Ry x 1) - (Rox o) = (R - Ro) (1 - o) — (Ry - o) (Ra - 1), (A69)

Equation (A68) can be rewritten as

Ry-R
o 3. 13 1- Ry 5
i3 = [//d x1d®xo(J; - fz)( Rszdx>

(et (i)l
Similar to Equation (A11), it can be shown that
/ By L _ / d3x1—8tp1 (A71)

Taking into account Equations (A27) and (A71), it follows that

5= e [//d3x1d3x2]1 ]2_//d3x1d 20101902 (/ dx Rleﬂ (A72)

Taking into account Equation (A235), we obtain the following:




Energies 2025, 18, 4661 30 of 48

) k
13 = ?//d3x1d3x2 hR]2 ( Zymﬂx)atplatsz

N

k
= C—z//d3x1d3x2 IE ]2+ atPlatpz Rmaxatplat92‘|

k - R
= 0—2//613)(1613)(2 ]lR]2 +28tp18tp2], (A73)

The last equation sign is due to the fact that in the term containing R;4x, the volume
integrals decouple; thus, according to Equation (A63), this term is null.

Appendix E

Following the approach used in the field energy analysis, the Poynting flux may,
likewise, be represented as a sum of distinct terms, enabling the successive calculation of
the corresponding integrals, i.e.,

pr? = pr? 4 pEP 4+ PE? 4 PEP, (A74)
such that
PF? = R2, eoc? 7{ (EP < BY') - #ao, (A75)
PE? = R2, eoc? ]{ (B < B]") -#a0, (A76)
Rnlﬂ}‘
PE? = R2, eoc? }{ (B < BYY) - a0y, (A77)
and
PF? = R2, eoc? ]i (B < B") - #ao. (A78)

According to Equation (57) of [13],

@) =-5 / d%[ atm(xl)RwatE(fl)Rfl]- (A79)

Let us now write an asymptotic expression for the second-order electric field:

lim E(%) = [ /delatm( +?(x1 'r)> + ! } (A80)
7= Ripax ax Rimax ax
According to Equation (A63), we have
lim E[z]( ) [ /d3x18tp1( X+ f’(f] . f)) + /d3x18tf1} (A81)
r— Ripax C Rmax
Taking into account Equation (A243), we obtain the following:
22] (= /

Jim E(®) = o Rmx dx1 [0y +#(0eTh 7)) (A82)

The above expression decreases as R —. According to Equation (62) of [13],
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A

l(z) = ——/d3x2 x Jo(%a). (A83)

—»

Let us now write an asymptotic expression for the second-order magnetic field:

g2 _ ko [P0p(E)
rillglax B} (%) = af R (A84)

The above expression decreases as

R2 . From Equations (A82) and (A84), it follows

that the Poynting vector decays as 1/R3,,,, and the associated surface integral over a large
sphere with a radius of Ry, whose surface area grows as R2,,,, will decrease as 1/ Ryqy-
Thus, provided Ry is large enough, we consider this contribution to be negligible, that is,

P ~0. (A85)

Similarly,
PE ~o. (A86)

Next, we compute the third integral:
PE? = R2, eoc? ]4 (B = BYY) - 7. (A87)

According to Equation (55) of [13]:

[O]ﬂ_ 3. P1(¥1) 4
E(z) k/dx1 ek (A8S)

Let us now write an asymptotic expression for the zeroth-order electric field:

3
lim E[ (¥) = 7fd 101 xl)r.

= Ronax R%mx

(A89)

As this vector is radially oriented, the cross product of the above with any other vector
must be perpendicular to the radial direction. It follows that said cross product will have a
zero scalar product with a radially oriented surface vector; thus,

PE ~ 0. (A90)

Similarly,
PEZ ~ 0. (A91)

Appendix F

Equations (51) and (54) of [13] combine to yield the third-order terms in the electric
field expansions:

E](f /d3x1{ ap1(X1)RiRy + 07 h(xl)} (A92)

We proceed to evaluate each integral individually.

/d3x E-E[3])
= 5[ [mw) ([ en(Ganertc @) | o

I
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Changing the order of integration, we obtain the following:

|:/ d3X1 E)tpl %) /d3x]2 ﬁl + /d3x1 /dSXE(f) 3%];(551) . (A94)
Let us look at the following expression:

Ly —/d3xlatpl X1 /d3x]2 )Ry = /dsxfk /dsxlatpl %)RE, (A95)

in which we have changed the order of integrals and use the Einstein summation conven-
tion. Now, by continuity,
dpo1 = —Vi-Ji; (A96)

hence,

hy=-— / Prjk(®) / Px192%, - TR = / Br]k(F) / Pxi1 - (PTORE. (A7)

Now,
Vi (071)RY = V1 - (0}1RY) — 971 - V1RE. (A98)
However,
ViRE = Vi(xF —of) = —Vxf = 28, (A99)
Thus,
Vi @F1)RE = Vi - 0FLRY) + 01 - 5 = V1 - (971RY) + 97 F. (A100)

Inserting Equation (A100) into Equation (A97) and using the Gaussian theorem, we
obtain the following:

hy —/de]k (%) /d3x1 (V1 (@RY) +
— / Bx]o () / Px102]) — / P ]k () j[ ds; - (RRY).  (Al01)

Assuming a lack of currents on a far-away encapsulating surface, the above expression
simplifies as follows:

hy = / AL / Px10%, (A102)
Inserting Equation (A102) into Equation (A94), we obtain the following form:
= & [ [ () Ri(0) = oy [ @y [@xp(3) R (A109)
We now change the integration variable (¥ — X;). Thus, J>(¥) — J(¥,), and also:
L= (;j@) [ Exid () @) (A104)

By switching the indices, we obtain the second integral:

k - .
b= (35) [ Pndulfie) - #hc). (A105)
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Appendix G

As the first- and third-order electric field expression is given in Equation (A92), we
now focus on the first integral in Equation (69):

ilzeo/K ( )/d%{ p1(T1)R1Ry + 2T ( mD ( [@x2t2) g )15139(. (A106)

By separating the terms, we obtain the following:

. € k2 1 . B X R
1 = 273 [//d3x1d3x238?p1(x1)p2(x2) (RlRl . R;)
2

. N 4
+ //d3x1d3xzpz(x2)<a%h(x1)'R%)
2

Using Equation (A5), we obtain the following:

- R, - = 1
/(8%]1(3?) R%)d?’x— —/(afh(fl)-VRZ)d“?’x

- -/ ( (ath<x1>R1> Va%ﬁ(fﬁgz)d%, (A108)

d3x. (A107)

since:
N (F1) =%V -1 (F1) = 0. (A109)

As J; is a function of ¥; and does not depend on %, it follows that

“[-,.. R " |
/ (a%hm) : Ré)di”x =~ fas- @) ) =0, (A110)

in which we use Gaussian theorem and assume, as usual, that there are no currents on the
far-away encapsulating surface. Thus, it follows from Equation (A107) that

, k 3, 3. 1.3 3 2 R
11 = W//d xld ngatp1p2 (/d X R]Rl : ng . (Alll)

We now evaluate the following integral independently:

zlf—/d x<R1R1 ) /Rl —d3 (A112)

This can also be written in the following form:

, - (R 1o = - (R 1
=9 (8) wm ke 7 (e [t

Using Gaussian theorem, we can recast i1 in the following form:

iy = — 7{(15 ( )+3/d3 (A114)

Calculating the surface integral on a far-away spherical surface of radius Ry, and
assuming that all currents and charges are close to the origin of the axis with distances
much smaller than R, such that Ry >~ Ry, and ﬁl ~ Ruax?, it follows that
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]{ dS( ) ]{ RmadeA< ) ?f R2,,dOF -7 = 4R, .. (A115)

Thus, Equation (A114) takes the following form:
2 L s
iy o —47R .y + 3/ R (A116)

At this point, we notice that up to rather small terms, i1y depends only on ¥; and not
on X1; thus, we may partition the double integral given in Equation (A111) in the form of

i1 127{C3 /d3x18tp1/d3x2p2i1f =0 (A117)

because [ d3x193p1 = 0 (see Equation (A63)). Similarly,

€ / (B EY)dPx =o. (A118)

Appendix H

For ease of computation, we divide the Poynting flux expression given in Equation (73)
into four independent integrals:

PFB! = pE® 4 pE 4 PEP 4 PP (A119)

We begin by evaluating the first integral:

PF = R2, eoc? ﬁ (EP = BY) - 70 (A120)
Let us now write an asymptotic expression for the third-order electric field given in
Equation (A92):
(3] L\ | Rimax 3,093, )5 3.0 2T
im B k()| /d 133 r+/dx1at]1 (A121)
Using Equation (A63), we obtain
lim EY = k( ) U 3197 ] (A122)
r—Rimax
and an asymptotic expression for the second-order magnetic field:
dxa]
im B2 — K] .
Hlﬁﬂm > cz 7 X R%1 - (A123)

Thus,

PE] = *#}4 //d3x1d3x2(62]1 x (7 x 3))} 240
:_#7{ //deldez( (5 -F2) - (zfq.f)g)},?m
:‘ﬁf //d3x1d3x2(( k) - (0 f'?><ﬁ~?>>}dﬂ
s [ [ #ndralan(#-B) - (35 (fanan) )| @n
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In the above, we use the Einstein summation convention. Now, the radial unit vector
can be written in Cartesian coordinates in the following form:

# = sin 0 cos ¢ + sin 0 sin ¢ + cos 62 (A125)

in which ¢ is the azimuthal angle; 6 is the angle of latitude; and £, J, and Z are unit vectors
pointing in the direction of the Cartesian axes. Now,

21 T
Ikl = %?kﬁda = / d(P/ do sin Gfkfl. (A126)
0 0

As every non-diagonal element of Ii; is calculated by integrating over a complete
period, for a term containing either sin ¢ or cos ¢, it follows that the non-diagonal elements
of this matrix vanish. The remaining step is to calculate the diagonal elements:

27 b 21 U 4
Iy = / dg / 40 sin 0717, — / do / d0sin®0cos? ¢ = (A127)
0 0 0 0 3
21 s 27 s 4
Iy = / d¢ / 46 sin 07y7y — / dp / d0sin®Osin2p = ., (A128)
0 0 0 0 3
27 T 27 7T ) 47
Iz :/ dfP/ d0 sin 07373 :/ d(p/ dfsinfcos 0 = —, (A129)
0 0 0 0 3
Thus,
Iy = 47”%, (A130)

in which Jy; is Kronecker’s delta. Inserting Equation (A130) into Equation (A124), it
follows that

ko ol
5[ [end|( { AR CARN 2 )} =2 [@xdth [ (A131)
Analogously, the second integral of the Poynting flux takes the following form:

PER) = anaxeocz jf (B = BYY) - 70
R”’lﬂx

/ By - / By (A132)
We now proceed to evaluate the third integral:
PEP = R2, eoc? 74 (B < BY) - 7aca. (A133)
Rmax
As referenced earlier, we adopt the electric and magnetic field expressions provided
by [13]:
43
lim EY = ) ST, (A134)
= Rnax Rzax
and
lim B = s / BxyR o X o (A135)
= Rpax
Therefore,

PR = -5 < [ [ #x1d o1 R (2 x (7 a?fz))) =0, (A136)
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In a similar manner,

PEP = R2, eoc? ]f (B < BYY) -ra0 = 0. (A137)

Appendix I

For each of the terms appearing in Equation (83), we may write a Poynting flux; thus,
we obtain the following:

pel = peY 4 PR 4 PR 4 PRI 4 pEIY 4 PR (A138)

Let us now calculate the first term (PFlm ):

4] _

PEH = R2, eoc? 7{ (B < BY) - 7. (A139)

Calculating the electric field on a far-away sphere, we may write Equation (77) in the
following asymptotic form:

lim EfY = 2C4[ [ @51 (31 (Rus? ~ R824 7)) ) + R [ d3xla;°’f1} (A140)

r—Rax

Taking into account Equation (A63), we obtain the following:

. =[4] kR )P
) il]]érmlﬂxE[ = 2;”4”"{ / d3x1 atpl rr+x1 / d3x,97] ] (A141)

As current density integrals are related to charge density integrals through Equation (A243),
it follows that

l}l]lén E’?] = kl;:ifx[ ( /d3xlath 7 r+/d3x18 > /d3x18 ]
r max
— *Ruas x93, - #)P Ax,07 ] Al142
= 4 1( X1 th'r)r—z x10¢ 1| ( )
2]

The asymptotic expression for B£ is given in Equation (A84). Using the asymptotic

4

expressions, we are now in a position to calculate PF; !, Taking into account the fact that

radial components of neither the electric nor magnetic field contribute to the Poynting flux,
we obtain the following expression:

[4}_3kRmaxf-//3 3 37 (s 7 s
PF" = oreadl d°x1d”xo (E)t]l X (r X ]2>) ?dQ)
3kR [ . > o = 7|
= 327;';? % _//d?’xld?’xzr(a‘?]l -]2) — //d3x1d3x2 (8?]1 -r) ]2] - PdQ)
3kRpmax [] 3. B (B7 T 3. B (37 2\ (T .5
= S $| [ [ et (@ 5) - [ [ nd (i) (-7) a0
3kR - o ' sk [ . . =1
= S [ / / Pridxoar (i - o) - / / By dxy (a?h (frkr,d0> ]2)]. (A143)
7tC . J . .
Inserting Equation (A130) into Equation (A143), it follows that

pEY — % / / d3xld3x2[<a?fl B) - ;(aﬁflk(skl]g’)]. (A144)
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pEH = kR’”‘”‘ / / B2, - T (A145)

Similarly, the second integral of the Poynting flux takes the following form:

- — kR e
PR = R f (BN BT) pa = T [ [ dndadlf i (a146)

We now proceed to calculate the following:
PEY = R2, eoc? 74 (EP = BYY) - 7. (A147)
RWlﬂX

The fourth-order term of the magnetic field can be calculated using the asymptotic
limit of Equation (61) of [13]:

lim B ( —r X / P02 (%), (A148)

= Ripax

Using the asymptotic form of the second-order electric field given in Equation (A82)
and recalling that the radial part of any field does not contribute to the Poynting flux, we
now obtain the following:

prlt = SR f[ [ [ s x (7 282))

KRax [ [ o S
- —167;1% //d3x1d3x2(r(at]1 L 2%) — (4] -r)a?fz)] 24O
kR ax i - - - o
T 16ndt f //dsxldsXZ(@th -9t 2) — (3]1 - P)(9F )2 - r)]d()
kRmux 3 3 — 5= _k R 2_'[
= ~Tenci //d x1d°xp |471(d¢]1 - 95 )2) — | Ot frkr,d() i |- (A149)

Using Equation (A130), we obtain the following:

dQ

g

kR ' - - 1. -k -1
PF?EAH = - 4;1” / / Px1d%x; [ath 07 — gath 807 2 }
__ KkRyux 3. B a7 2T
= - 60k d xld XQath -ath. (A150)

In a similar manner,

PEY = R, e0? ffk (B < BY) -#d0 = - kR"”" / / Pxid®x0, 2 - 1. (A151)
Subsequently, we calculate the fifth and sixth contributions appearing in Equation (A138):

PEY = R2, eoc? ﬁ (B < BY) 0 = R el 74 B (rx E)a0. (a152)

max

The asymptotic form of the zeroth-order electric field is given in Equation (A89) and
has only a radial component; hence, it follows that

Pl — prl¥ —o. (A153)
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Appendix ]
Equation (87) can be separated into a sum of terms such that for each term, the integral
is calculated separately, i.e.,

i = 60/(]?%4} ,ggo])dax
:eO/K (2 4) /d3x1{ o1 R, +; thD (k/d?’le’éz%)
or in the following form:
, k 1 5 R
n = —W/[//d3x1d3x24a‘fp1pz (R%Rl . R§>
+ /./d3x1d3x2p28f’]_i~ <R1§§>]d3x (A155)

2

d®x, (A154)

The following simplifies the expression with the aid of Equation (A238):

RiRs 5
RZ

R N
/ Rlvz—d x =%, / o = TR, (A156)
2
Now, let us evaluate the following term:

iy = /d x<R2R1 ?) - —/RlﬁlﬁRizde, (A157)

2

which can also be written in the following form:

, - [ RR o - (RR
wz—/[V-( 11121>_R2V (R1Ry) d3x:—/V-< 11{21

Using Gaussian theorem, we can recast i, f in the following form:

iy = fds <R1R1> +4/ (A159)

Calculating the surface integral on a far-away spherical surface of radius Ry, and

>d3x +4 / %d%. (A158)
2

assuming that all currents and charges are close to the origin of the axis with distances much
smaller than R,y such that R; >~ Ry ~ R and ﬁl o~ Ryuax?, we obtain the following;:

R R
]{ ds - < 1 1> f Rmxdm.<R1R1> f R2, dORyax? - # = 47R3,..  (A160)

Hence, using Equation (A238), it follows that

. "R 47T 47T
iy = —A7TRS,, + 4 / oy = AR+ (4R30s — B) = 5 (o — BO). (A161)

We now can write the triple volume integral given in Equation (A155) as a double
volume integral:

. 4
h = —g3 {//d?’xld?’xz atplpz( (R%mx - R3)>

+ //d3x1d3x2p28 ]1 <7TR2 )} (A162)
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Alternatively, it can be expressed more simply as

il = [//d3x1d3xzatp1p2< (Rimx R3)> +// d3x1d3x2p28;°’fl . (RZR):| . (A163)

Now, for the R3,,, term, the double volume integrals decouple, and according to
Equation (A63), we obtain the following:

=g [ / / d3x1d3x28tp1p2( ) - / / Px1d 20203 - (szi)]. (Al64)
Let us look at the following term:
i, = / B33 - (szz) - % / Bx193], - V1 RC. (A165)
This can be written in the following form:
i =5 [ @091 @R - KRV -Ti]. (A166)

Using Gaussian theorem and the continuity (Equation (A9)), this can be written
as follows:

o = ;[ fasi- @RR) + [ d3x1R3a§p1]. (A167)
Assuming no currents at far-away surfaces, this reduces to the following:
i, = / Px; R3%0,. (A168)
Plugging i1, back into Equation (A164), we obtain the following:
e / (B E)dPx =iy =o0. (A169)
In a similar fashion, the second integral of Equation (87) is obtained by interchanging

the indices:
iy = € / (B EY)dx =, (A170)

Next, using Equation (A30), we calculate the following:
, =2 = k 1 5 oo
i3 = € /(E?] : E£2])d3x =€o /(c2 /d3x1 [Za%PlRl + 0t R; 1])
k 1 A —
<_c2 [ & [2a%p2R2 +9JoR; 1] >d3x, (A171)

which can be cast in the following form:

. R
i3 = 4nc4//d3x1d3x2{ 8 tp2</d3xR1 R2> + atplath (/ R;d3x)

+- atpzath (/d3 )+aj1-aj2< ﬁf )] (A172)

To reduce the above triple volume integral into a double volume integral, we notice
that by using Equation (A238), it follows that

Ri 5 V1R1 _ 3 3 p3)) _ p2p
= / - v/ ahdx = =V (5 (4R — RY)) = nRPR. (A173)
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Exchanging the 1 and 2 indices, we obtain the following:

—2#3x = —nR?R. (A174)
Rq

Taking into account Equation (A235), it follows that

1 3
/<R1R2>d % = 271(2Ryax — R). (A175)
The following integral can be computed using methods similar to those used in
Appendix L such that
A A Ymax
/ PxRy - Ry = 27R3 / Py / __y+s (A176)
0 V1+y?+ Zys

Using Equations (A52) and (A53), we obtain the following:
/ PRy - Ry = 2R3 |2 4+ g(y3 - ymax) 2 (2R3 — 2R*Rypax + R3). (A177)
3 3 max 3 max

Thus,

3 47-[C4//d3x1d3x2[ atplatP2< (ZRgmx 2R2Rmux+R3))

+ 53%P13t5'<ﬂR2 >+ S970204]1 - ( nR*R )+ath 9t/2(27 (2R max — R))], (A178)

which can be slightly simplified as follows:
s =g / / d3x1d3x2{ 920,97 pz( (2R 0z — 2R%Rox + R3)>
+ Ea%platf} (R2R) - Ea%pzatﬁ : (RZR) +9¢/1 - 0:J2(2(2Rmax — R))} (A179)

The R3,,, term decouples into a multiplication of two volume integrals and, thus,
according to Equation (A63), vanishes; thus, we obtain the following;:

i3 4C4//d3x1d3x2[ atplatPZ( < ZRszax))
+ Ea%plat 7 (R2R) _ Ea%pzat i (R2R> +0Th - 02 (2(2Rpax — R))}. (A180)

The above can also be written in the following form:

. 1 - 1=
13 4C4 //d3x1d3x2[ atplatpz (R3 2R Rmax) — Ea%Platfz (3V2R3)

- ia%PZBt]_i : <3@1R3) +204]1 - 92 (2Rax — R)]. (A181)
Now:
/ X1ath V1R3 /d3X1 V1( a,}hR3> R3atV1 ]1 del ]1R3+/d3X1R38tp1, (A182)

in which we use Gaussian theorem and the continuity (Equation (A9)). Taking a far-away
encapsulating surface in which no currents are to be found, it follows that

/ B3], - RS = / Px1R3%01. (A183)
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Similarly,
/ Pxydify - VoR® = / B3, R39%05. (A184)
Plugging Equations (A183) and (A184) into Equation (A182), we obtain the following

simplified expression:

i3 = 1k //d3x1d3x2 l:—82p1a 02 (R3 +2R Rmax) +20¢]1 - at]Z(ZRmax R)|. (A185)

In summary, the electric part of the fourth-order electromagnetic energy can be written
in terms of the temporal derivatives of charge and current densities in the following form:

4 =[4] z[0] , z0] 4] , g2 g<2
@@umwz%/ﬁpfp+ngufpfﬂfx

= 1d / / P, dx {—afplatpz( 3+ 2R?Ryng ) + 2041 - 9o (2R — R) | (A186)

We remind the reader that R,y is the maximal radius for which Taylor-series expan-
sion is applicable. The remaining step is to calculate the magnetic terms’ contributions, a
task which we now attend to. First, we set

iy = eoc? / (B’Q‘” : 1§£2])d3x. (A187)
Now, according to Equation (61) of [13],

BlY(z) = / Bxi Ry x 2T (%), (A188)

A

l7)= - & / d3x2 x Jo(%2). (A189)

Plugging Equations (A188) and (A189) into Equation (A187), it follows that

== / [ / / By, (R >#F1) - (R > ) ] B, (A190)

4 2
87tc R5
According to a well known vector identity, i.e.,

(Ry x07]1) - (R x J2) = (Ry - Ro) (071 - ]2) — (Ry - ]2)(Ro - 97 1), (A191)

we may write Equation (A190) in the following form:

- R{-R
- l / / By dx (32 - ]2)< 1R2 2d3x>

ig
/d3x(/d3xla 7 Rl) (/d3 l- RZ)]. (A192)
Notice that
/d3x18%f1 Ry = —/dgxla%fl'ﬁlRl /d3x1 v at]lR1> A fl}
—fds] (Fhiki) - /d xR = — / PxiR, 301, (A193)

In the above, we have use the Gaussian theorem, assuming that there is no current
density on far-away surfaces, and the continuity Equation (A9). Similarly,
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- R oo 1 - I,
/d3x2]2 : é = /d3x2]2'V2R72 = /d3x2 lvz' <1]{22> - Evz ]2]
_ ]{ i3, - I]{i + / P, a*pz / B, afpz (A194)
2

Plugging Equations (A54), (A193) and (A194) into Equation (A192), we arrive at the
following expression:

. 1
ly = 87’[C4 //d3x1d3x2 l:(a ] )(47‘( Rmar /d3 Rlatpl (Rzatp2>:|
| [ #xd {(a L J2) (4(Ros = R)) + (@i01d1p2) | deR;]. (A195)

87rc4

Taking into account Equation (A238), the above expression reduces as follows:

iy = [ [ 01z @R B (Ruax = R)) + @3013102) 5 (4Roas — B

87TC4

= T8t //d3xld3x2 { (ath : ]2)(Rmax —R) + g(a?PlatPZ) (4R§nax — Rs):| . (A196)

The term containing R3,,, decouples into a multiplication of two volume integrals.
However, according to Equation (A63) and due to the fact that we assume no current density
on the far-away encapsulating surface, it follows that [ dx197p; = 0and [ d3x9;02 = 0.
Thus, we obtain a simplified form of Equation (A196):

in= gt | [ e R - Run) @R )+ 3RG0d)|. (A197)
By analogy,
= = k = = 1
6002/( £4] : Bgz])d%‘ = @//ﬂﬁxlﬂﬁxz [4(R—Rmux)(a%]2'h) + 3R3(a?PzatP1)} (A198)

Summing up Equations (A197) and (A198), we arrive at the fourth-order contribution
to the magnetic field energy in terms of a double volume integral:

E][jli]eldu magnetic = €0C2 / [5[4] : E[Z] + Em : EH]} d3X =

//d3x1d3x2[ (R = Ryax) 02 1 + 971 - ) + Ir 3(03 029101 +atp1atpz)]‘ (A199)

8ct 3

Appendix K

What follows is aimed at deriving the momentum (Equation (7)) as outline in [13].
Using the expressions of the electric and magnetic fields given in [13], we may now calculate
the force that system 1 exerts on system 2 in the n" order through the Lorentz force given
in Equation (10) of [13]:

Byl = / dxz (Pz(xz) EM (%) + (%) x B (552))~ (A200)
It follows that for the zeroth order, we obtain the following:
Y = [rp@)E ). (A201)

Inserting Equation (55) of [13], we obtain Coulomb’s force:
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1,
B =k / / a1 %21 (%1)p2(%2) o5 R = —Fj. (A202)

This type of force, which is just the quasi-static force, satisfies Newton’s third law;
hence, the total force on the system is null:

FO_ 9 Y o, (A203)

The first-order force in %

is null, since the first-order electric and magnetic fields are
null; thus,
U _ gll) _
1 = Fy =0. (A204)
We now proceed with the calculation of the second-order force term; this will suffice,
as % is a rather small number. To do this, we first divide the force given in Equation (A200)

into electric and magnetic terms:

2 -2 2
2[1] = F 2[1]3 F, 2[l]m
Bl = / Pz p2(%2) EY) (%2)
Bl = /d3x2 Ja(%2) x B (%) (A205)

Inserting Equation (57) of [13] into Equation (A205), we readily obtain the electric
force as follows:

- k 1 . -
Fz[i]e = (C2> / / Px1dx; [zpzafle —p20t/1R 1] (A206)
The magnetic force can be obtained by inserting Equation (62) of [13] into Equation (A205):

£l

k - oA -
2Am = (C2>//d3x1d3x2 J2 X (R 2R><h>

_ (2)//d3x Px [ Rl ]2—]1R 2(R-Th) (A207)
c
However, given
RZ2R=VgzR™, (A208)
it follows that
B g (R
By = (Cz> [ [ #xida| RG22 < T ((95,R 1)-12)]. (A209)
Let us look at the following integral:
3o (T RN T — [ B | I2 leg 7
Txo(VoRT) o= [#0|Ve (| g Va2 (A210)

Using Gaussian theorem and the continuity (Equation (A9)), we arrive at the following

/d3x2(6f21z—1) Ty = ?{ds?z- (%) +/d3x2%atp2. (A211)

The surface integral is applied over a surface encapsulating the volume of the volume

expression:

integral. If the volume integral is applied over all space, the surface is at infinity, provided
there are no currents at infinity:
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Lo 1
/d3X2(v552R 1)- 2:/d3x2ﬁatp2. (A212)

Inserting the result of Equation (A212) into Equation (A209), we arrive at the following
expression for the second-order magnetic force:

- k
FZE]WZ = <62) //d3x1d3x2

We remark that for the magnetic field, the second order is the lowest order for the

_h
R

oS
R 2

d
R 1%

. (A213)

force, as the zeroth and first orders are null. Moreover, we observe that the force is the sum

of two parts; the first one satisfies Newton’s third law, and the second does not. We can now

calculate the total electromagnetic force by adding Equation (A206) to Equation (A213):
g2 _ gl gl
By = Ky +Ey,

- -

k 1 . . R :
= <62> //d3x1d3x2 [2P2B%P1x12_at(lel)R ! +x12hR2]2

(A214)

We now use the notation of R = %1, for clarity. Based on the above expressions, it is

easy to calculate Fl%] by exchanging indices 1 and 2:
=2
E 1[2] =

k - 1 ) i
(Cz> / / d*x1d°x; lzmafpzle — 9 (01J2)R L4 01 ]1R2]2

(A215)

Combining Equations (A214) and (A215) and taking into account the fact that
X1p = —Xo1, it follows that

=2 =] =2
B - R
k 1 A L
(Cz //d3x1d3x2 [2 (Pza%Pl - P1afpz>R —d¢(p1)2 +p2/1)R 1} (A216)
Now, as C% = [ and since
020701 — P107p2 = 3¢ (p201p1 — P19102), (A217)

it follows that
. . 1 . - R
B = —V;;at / / dPx1d%x, {z(pzatm —019102)R = (012 + p2J1) R (A218)

We remark that in some fast-changing systems, the second-order correction will not
suffice and higher order terms will be needed. According to Newton’s second law, a system
with a non-zero total force in its center of mass must have a change in its total linear
momentum (B(t)):

F2 4P A219
Assuming that P(—c0) = 0 and that there are no current or charge densities at t = —co,

it follows from Equation (A218) that

. 1 R . L
B = B2 [ [ i et — pidipaR— (oo +p2h)R ], (a220
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which is the same as Equation (7).

Appendix L

We know that R} = ¥ — 5, R, = ¥ — ¥, and as ¥ is constant with respect to the ¥
integration, it follows that dR; = d%, so

iy = /(ﬁ% .R2> Py = /(ﬁ% .R2> PR, (A221)
Using spherical coordinates (Ry, 61, ¢1), i.e.,
d°Ry = R3dR1dQYy, dQy = —dsdp;, s = cosby, (A222)
we may write Equation (A221) in the following form:
iy = / (Ry - Ry)dRydOY,. (A223)
We now recall the following definitions:

—

X—X=Ri+x—-x%=R+R R=Xp

L

Il
=

|
R

R

(A224)

Using the above equation for Ry, we obtain the following:
Ry Ry Ry - (R +E) Ri+ Ry R
ill = / = dedﬂl = / ?d&dﬂ] = / ﬁdedQl (A225)
Rz Ry + K| Ry + K]

Let us choose the z axis in our spherical coordinates to be in the R direction.

A

Ry = sin @) cos ¢1 %1 + sin 0; sin ¢1 71 + cos 621, R=% (A226)

Furthermore, let us expand as follows:

Ry +R| = \/R2+ R2 + 2R, - R = \/R3 + R? + 2RRR; - R = /R? + R? + 2Ry Rs, (A227)

since Ry - R = Ry - 21 = cosb; = s. We now introduce the dimensionless variable: y= %
Thus, Equation (A225) takes the following form:

iy = / Yo (_Rdydy). (A228)

V1+y?+2ys

Taking into account the solid angle expression given in Equation (A222), we finally
obtain the following;:

. Rl N 3 /]/max /1 y +s Rmax
= =1 R, |d®x = 27R d d = MY (A2
in / ( 2 2) x=2nR | v, s, Yimax R (A229)

V14+y?2+2ys

where R;;4y is the radius of a sphere whose surface is presumably far away from the charged
systems and defines the limit when Taylor-series expansion is applicable.



Energies 2025, 18, 4661 46 of 48

Appendix M
/ < ! >d3x - / PR / RidRydh (A230)
Ry R; R1 |R1+R| /RS + R2 + 2Ry RR; - R
where
d°Ry = R3dR1dQ)  dQy = —dsdep, (A231)
Lety = &,5 =cost,

ydyd(,
/ (fim )™= At
:R/'ymax/ /ZH —ydydsd(Pl
0 1 Joo /142 +2ys

"Ymax 1 ds
— 27R / ydy / S (A232)
Jo -1 4/1+y%+2ys
1 2 y>1
/ PR S— (A233)
-1 /1+y>+2ys 2 y<1

1 3. 1 Ymax -
/(R1R2>d x =27R Uo 2ydy+/1 yydy} =27tR(1 + 2(Ymax — 1)) (A234)

Thus,
1
/ d*x = 2tR(—1 + 2Yax) = 271(2Rmax — R). (A235)
R1R;
Appendix N
As in Appendix L,
R3dRdQ)
x= [ PRy -/ e — (A236)
1+RI /RS + 2+ 2RiRR; - R

in which we replace the ¥ integration variable with the R; integration variable and we use
spherical coordinates as in Equation (A222). Again, we use the dimensionless variable
y= &) and obtain the following:

Rip, _ g / _ YPydOy /y / /2” —y>dydsdgy
R, V1+y? +2ys V14+y?2+2ys

= Rinax. (A237)

27R3 /ymax y3dy/ —S, Ymax =
0 -1 4/1+y2+2ys R

Now, taking into account Equation (A233), it follows that

"Ri 3. s[ s Ymax 5 1 AR3 5 N (i3 o3
./dex—élnR [/Oydy+/l vy| = =3 (4ymax 1)_3(4Rmﬂx R). (A238)
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Appendix O

Let us calculate a volume integral of a current density component:
/ PBx], = / Prok], = / Bracx i, (A239)

in which 55.‘ is Kronecker’s delta and the Einstein summation convention is assumed
regarding repeated indices. Thus,

—
7

/ Px]; = /dax[ak(xi]k) — xi0kJx] = / dx W (x]) = %V ]} (A240)

where in the last equation sign, we have switch to vector notation. Taking into account
Gaussian theorem and the continuity (Equation (A9)), it follows that

/d?’x],- = fd@ (x;]) + /d3xx,-8tp. (A241)

Assuming no currents on the (far-away) encapsulating surface, the surface integral
vanishes. Adopting vector notation, we have the following:

/ Br] = / Priow =ad,  d= / Pxip, (A242)

In the above, d is the system (or subsystem) electric dipole moment. It follows that

/ Bra'] = / Bzl = ortid. (A243)

References

1.  Robertson, G.A.; Murad, P; Davis, E. New frontiers in space propulsion sciences. Energy Convers. Manag. 2008, 49, 436-452.
[CrossRef]

2. Einstein, A. On the Electrodynamics of Moving Bodies; John Walker: Edinburgh, UK, 1905.

3. Jackson, ].D. Classical Electrodynamics, 3rd ed.; Wiley: New York, NY, USA, 1999.

4. Feynman, R.P; Leighton, R.B.; Sands, M. The Feynman Lectures on Physics, Vol. I: The New Millennium Edition: Mainly Mechanics,
Radiation, and Heat; Basic Books: New York, NY, USA, 2011; Volume 1.

5. Griffiths, D.]J.; Heald, M.A. Time-dependent generalizations of the Biot-Savart and Coulomb laws. Am. |. Phys. 1991, 59, 111-117.
[CrossRef]

6.  Jefimenko, O. Electricity and Magnetism, 2nd ed.; Electret Scientific: Star City, WV, USA, 1989.

7.  Breitenberger, E. Magnetic interaction between charged particles. Am. J. Phys. 1968, 36, 505-515. [CrossRef]

8.  Scanio, J. Conservation of momentum in electrodynamics—An example. Am. J. Phys. 1975, 43, 258-260. [CrossRef]

9.  Portis, A. Electromagnetic Fields, Source and Media; John Wiley & Sons Inc.: New York, NY, USA, 1978.

10. Jefimenko, O. A Relativistic Paradox Seemingly Violating Conservation of Momentum in Electromagnetic Systems. Eur. J. Phys.
1999, 20, 39. [CrossRef]

11.  Jefimenko, O. Cuasality, Electromagnetic Induction and Gravitation, 2nd ed.; Electret Scientific: Star City, WV, USA, 2000.

12.  Lin, ].Y,; de Sterke, C.M.; Ilic, O.; Kuhlmey, B.T. Photonic Lightsails: Fast and Stable Propulsion for Interstellar Travel. arXiv 2025,
arXiv:2502.17828.

13.  Rajput, S.; Yahalom, A. Newton’s Third Law in the Framework of Special Relativity for Charged Bodies. Symmetry 2021, 13, 1250.
[CrossRef]

14. Sharma, P;; Yahalom, A. A Charged Relativistic Engine Based on a Permanent Magnet. Appl. Sci. 2024, 14, 11764. [CrossRef]

15. Rajput, S.; Yahalom, A.; Qin, H. Lorentz symmetry group, retardation and energy transformations in a relativistic engine.
Symmetry 2021, 13, 420. [CrossRef]

16. Tuval, M.; Yahalom, A. Momentum conservation in a relativistic engine. Eur. Phys. ]. Plus 2016, 131, 374. [CrossRef]

17.  Tuaval, M.; Yahalom, A. Newton’s Third Law in the Framework of Special Relativity. Eur. Phys. J. Plus 2014, 129, 240. [CrossRef]

18. Rajput, S.; Yahalom, A. Material Engineering and Design of a Relativistic Engine: How to Avoid Radiation Losses. In Proceedings
of the Advanced Engineering Forum; Trans Tech Publications: Béach, Switzerland, 2020; Volume 36, pp. 126-131.

19. Yahalom, A. Gravitational Hamiltonian Systems and the Retarded Gravity Inequality. Entropy 2024, 26, 986. [CrossRef] [PubMed]


http://doi.org/10.1016/j.enconman.2007.10.013
http://dx.doi.org/10.1119/1.16589
http://dx.doi.org/10.1119/1.1974955
http://dx.doi.org/10.1119/1.10065
http://dx.doi.org/10.1088/0143-0807/20/1/010
http://dx.doi.org/10.3390/sym13071250
http://dx.doi.org/10.3390/app142411764
http://dx.doi.org/10.3390/sym13030420
http://dx.doi.org/10.1140/epjp/i2016-16374-1
http://dx.doi.org/10.1140/epjp/i2014-14240-x
http://dx.doi.org/10.3390/e26110986
http://www.ncbi.nlm.nih.gov/pubmed/39593930

Energies 2025, 18, 4661 48 of 48

20. Yahalom, A. Time-Dependent Retarded Microwave Electromagnetic Motors. Appl. Sci. 2024, 14, 10975. [CrossRef]

21. Yahalom, A. Newton’s Third Law in the Framework of Special Relativity for Charged Bodies Part 2: Preliminary Analysis of a
Nano Relativistic Motor. Symmetry 2022, 14, 94. [CrossRef]

22.  Yahalom, A. Implementing a Relativistic Motor over Atomic Scales. Symmetry 2023, 15, 1613. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.3390/app142310975
http://dx.doi.org/10.3390/sym14010094
http://dx.doi.org/10.3390/sym15081613

	Introduction
	Energy Conservation
	Field Energy for Two Charged Sub-Systems
	Power Expansion in 1c
	n = 0
	Power
	Field Energy
	Poynting Vector
	Summary

	n = 1
	Power
	Field Energy
	Poynting Vector
	Summary

	n = 2
	Power
	Field Energy
	Poynting Vector
	Summary

	n = 3
	Power
	Field Energy
	Poynting Vector
	Summary

	n = 4
	Power
	Poynting Vector
	Field Energy
	Summary


	Discussion
	The Source of the Charged Retarded Field Engine Energy
	Conclusions
	Appendix A
	Appendix B
	Appendix C
	Appendix D
	Appendix E
	Appendix F
	Appendix G
	Appendix H
	Appendix I
	Appendix J
	Appendix K
	Appendix L
	Appendix M
	Appendix N
	Appendix O
	References

