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Abstract: This article presents the measurement verification of a novel strategy for inrush current
reduction in an unloaded three-phase Dy transformer. The strategy combines appropriate pre-
magnetization of transformer cores with an original control switching system using initial phase
values of the supply voltage as control variables. Measurements were recorded for primary voltages
and currents as well as secondary voltages during transient states at start-up under no-load conditions.
Various inrush scenarios were examined across the full angular spectrum of initial phase angles,
both polarities, and in regard to different pre-magnetization current values. A detailed analysis of
the inrush currents was performed using proprietary automated software based on the recorded
data. A comparative study with a nonlinear mathematical model of the transformer was also
conducted. Additionally, key technical aspects of the designed system for implementing the proposed
pre-magnetization strategy with controlled voltage energization are discussed.

Keywords: three-phase Dy transformer; inrush current phenomenon; strategy of pre-magnetization of the
transformer cores; controlled voltage energization; electromagnetic transients; measurement verification

1. Introduction

The issue regarding transformer inrush currents (identification and mitigation tech-
niques) has been known and investigated for a long time. Studies are still under way [1-3].
When a transformer is energized, an inrush current is generated and its amplitude and
harmonic content are high. The presence of an inrush current can mislead the transformer
protection so that the circuit may be broken without necessity. This will prolong the trans-
former’s energization process and increase the number of times the transformer windings
may be subjected to undesirable mechanical stress [4,5]. This current adversely affects
the power system, decreasing its reliability. It also damages the transformer, causing a
reduction in its lifetime and leading to the maloperation of the protective relay.

Therefore, several studies have been carried out on the inrush current of a transformer.
The techniques proposed in [6-9] can improve the ability to distinguish between inrush
and fault currents. References [3,10-15] studied the inrush current-mitigating techniques.
Studies on the controlled energization of transformers can be found in [16-20].

This article presents a comprehensive approach to modeling a distribution transformer
with a primary focus on developing an effective strategy to reduce inrush currents during
transformer energization. The study emphasizes practical implementation and stands out
by offering a complete solution that encompasses the concept, methodology, tools, and
mathematical models, all based on minimal input data. The data required for this model
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can easily be obtained from standard measurements of the transformer itself, making the
approach highly accessible and practical for professional engineers.

The authors” model has been validated on a real object. The validation distinguishes
the current study from previous works. This novel approach is particularly useful for
analyzing the transient states of the transformer, such as calculating current pulses during
the energization of an unloaded transformer. The necessity for such research arises from
the growing complexity of distribution systems caused by the increasing integration of
renewable energy resources and energy storage devices [21,22].

The detailed presentation of the mathematical model highlights its utility in addressing
challenges in modern power distribution, providing engineers with a reliable tool to
enhance transformer performance and mitigate inrush current issues effectively.

This model does not account for magnetic hysteresis, as it does not track the ‘history”
of core magnetization, meaning it does not consider the points at which the directions of
current and magnetic flux reverse. However, the magnetization history of the core can be
specified solely for the moment of transformer energization in the form of residual mag-
netism. In the model under consideration, the presence of residual magnetism is accurately
accounted for in all columns of the transformer core. Therefore, if the residual magnetism
is known, it is possible to set the initial conditions in the form of the state variables ¥ (#;),
which represent the flux linkages of the primary (energized) windings ¥ (o) = Bispe N1,
where By is a residual flux density in the transformer core’s different columns (for all
symbols used in this paper—see Abbreviations). By performing integration under these
initial conditions, the first entry into the core saturation region is calculated. Since this
region is where the largest current pulses occur, the obtained solution is highly accurate.

The variable ¢ in the equations represents a parameter that is varied according to the in-
stantaneous values of the supply voltages 11 = |E|sin(wty + %%), uz3 = |Ey|sin(wt + 0)
and u3; = |Ey|sin(wty + 4. This approach allows for calculations that account for the
impact of the moment when the voltage is applied to the unloaded transformer, measured
relative to the moment when the reference voltage u3(t) crosses zero.

This study primarily focuses on the comparative analysis of measurement and simu-
lation waveforms during the initial phase of the transient state caused by energizing an
unloaded transformer. The analysis relies on an improved model that has been refined
through experimental research and previously developed practical modifications (see [23]).
The inrush scenarios were recorded for varying initial phase angles of the supply voltage,
covering the entire 0-360-degree spectrum in 10-degree increments, for both polarities
of the pre-magnetization current (positive and negative) and with currents ranging from
approximately 0.7 of the no-load current up to 1.3 of its rated value.

The comparisons include voltage and current waveforms on both the primary and
secondary sides of the transformer, focusing on the accuracy of reproduced current pulse
magnitudes observed in 72 instances (2 magnetization polarities x 36 phase angle changes)
in the inrush scenarios, including their peak values. The study also examines deforma-
tions in induced voltages on the secondary side and their influence on the primary side.
Due to the complexity and number of attributes involved in assessing the conformity
between recorded and calculated results, graphical analysis serves as the most effective
and comprehensible approach to illustrating these results.

This article concludes and wraps up a triplet series dedicated to the dynamics of inrush
currents in three-phase Dy transformers. The series progresses from the initial strategy and
simulations presented in [24] through the practical experiments and refinements in [23]
before reaching the current phase of empirical measurement verification. The methods
described have been fully implemented and validated across the full range of operational
conditions, solidifying the practical application of the research findings.

As the final installment, this article encapsulates the entire process from theoretical
strategy development to practical and measurement-based verification, emphasizing the
robust implementation of the methods investigated throughout the publication cycle.
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2. Model of Unloaded Three-Phase Dy Transformer

To compare and verify the measurement results of the mathematical modeling, it
is first necessary to present the structure and properties (assumptions) of the considered
mathematical model. This model is the original work of the authors and has been developed
entirely from scratch. During the conducted simulations and experimental studies, the
model has been continuously updated and its functionality has been validated [23,24].

2.1. Model Principles

In its current form, it is fully suitable for achieving the originally intended two objec-
tives: 1* reliable simulation of inrush currents occurring during the initial period of the
transient state in a 3-phase Dy transformer being energized under no-load conditions; 2*
practical implementation of any simulation scenario (strategy) for energizing the trans-
former with full control over the generated inrush current pulses (primary objective is to
minimize these currents). The equivalent circuit of this model is shown in Figure 1.

Uy, (1)

Rlnil (t)

Figure 1. Circuit model of the considered three-phase Dy transformer in unloaded state.

2.2. Nonlinear Characteristic of the Ferromagnetic Core

The model takes into account the nonlinear magnetization curve ¥ (Ip) in the form of
a polynomial approximation using odd powers (1) of the original B(H) curve provided by
the transformer sheet manufacturer [19].

H(B) = i 4, B%*1 1)
k=1

The approximation was performed using an 11th-degree polynomial. The choice
of method (polynomial approximation) is natural /obvious in the context of the classical
method for solving systems of overdetermined equations. The odd degree arises from
the requirement that the function must be symmetric with respect to the center of the
coordinate system. The high order significantly enhances the reproduction of points
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beyond the saturation knee, a crucial region for analyzing extreme saturation states of the
core in inrush scenarios. Accurate mathematical representation of this saturation region is
essential, as current pulses occur when the core initially enters saturation.

The most significant model implementations included solutions that allow for the
consideration of residual magnetism in individual core columns and control over the
precise timing of voltage switch-on, also in relation to the voltages of all three phases [24].

The authors” model is described by nonlinear differential equations which are classi-
fied as stiff equations. The nature of such equations is specific, and the numerical solution
process is highly demanding (high computational cost). It requires the use of an origi-
nal approach (including custom numerical libraries and original implementations of the
Runge-Kutta and Radau methods) and specific solution techniques (e.g., solutions incorpo-
rating approximations determined within the limit cycle). Due to the use of a specialized,
proprietary solver dedicated to the issue of stiff equations, the developed mathematical
model of the transformer can also be used to determine the steady state [25,26].

3. Residual Magnetism

Since it is difficult to measure the value of residual magnetism [27-30] necessary for
formulating initial conditions in simulations, we decided that the exact value could be
entered manually (artificial setting) instead of putting in the measured value. This approach
ensures the preliminary magnetization of the core to a known or estimable value. The
preliminary magnetization of the columns of the tested transformer was carried out in the
setup shown in Figure 2.

4
sy B2 <0 B2 a0y B3
N0 80"

Figure 2. Diagram of the system for pre-magnetization of transformer core limbs (it is also used for
the windings” DC current decay test).

The starting point for the practical implementation of the intended task is based on
the guidelines provided in [24]. A DC voltage source with a adjustable current (a rheostat
is used) is connected to the terminals of the primary winding in the central column of the
transformer (in place of the reference voltage u3(f)). The configuration of the primary
winding connections (delta connection) remains intact.
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The value of the current Ij is set slightly above the no-load current value. The current
Ip supplied by the source flows through the windings arranged in a series-parallel circuit.
Since the winding resistances are identical, the current distribution is symmetrical.

2 1
=3, h=B1=zl,lo=hL+1 ()
3 3
Such a distribution of direct currents ensures magnetization of the individual trans-

former columns in the following proportions:
By = 1B B, = By, B3 = 1B 3)
1= —5bo, b2 = Bo, b3 = —5bo

The proportions may be changed if the direction of current Ij in the setup shown in
Figure 2 is reversed.

This arrangement is well illustrated by the magnetic circuit diagram of the transformer
model for the steady state (Figure 3), which confirms the above finding.

N, N N
Upy(#9) Uy() Ups( 79

Figure 3. Equivalent diagram of the magnetic circuit of a three-phase transformer after applying
pre-magnetization (duplicated open access resource [23]).

If the value of DC current Iy exceeds the amplitude of the transformer’s no-load
current (see diagram in Figure 2), then magnetization and eventual saturation of the
magnetic core in the transformer’s columns will follow. In the experiment aimed at
determining the value/level of magnetization, the induced voltages on the secondary
side of the transformer e (t) (Figure 2) are recorded during the decay of current in the
primary windings [31]. This decay is caused by short-circuiting the powered windings
while simultaneously disconnecting the source (as illustrated in Figure 2 by switching the
breaker from position ‘a’ to position ‘b’). In this process, the magnetic fluxes @k (t) in the
individual transformer columns (Figure 2) also change. According to Faraday’s Law, these
flux changes induce voltages in the secondary windings of the transformer.

By adapting the magnetic flux density in the windings of the individual transformer
columns, the following can be expressed

D (t) = B (t)sre (4)

Changes in these fluxes, in accordance with Faraday’s Law, cause voltages to be
induced on the secondary side of the transformer with N, number of turns [32,33]

d 1
3 o) = N, k(o) (t) (5)

Finally
d 1

&Bk(t) = mek(s)(t
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By performing the operation of integrating the equations while taking into account
the initial conditions in the form of By (0), one obtains

t

Bu(t) = Bu(0) + . [ e (Tt 7)
0
where .
Bi(0) = 1 o~ ®)

The results obtained through this practical (measurement-calculation) approach can
be derived from the numerical solution of the system of nonlinear equations based on
Kirchhoff’s first and second laws for the magnetic circuit shown in Figure 3

f1(X) I)Ny — U 2(¥2) — U1 (1)
H(X)| = [IoN] — Um2(¥2) — Ums(¥3)| =0 )
3(X) bR S £

where Uy,  represents the magnetic voltage drop.
When this system of nonlinear equations is solved, then flux linkages ¥ (t) are deter-
mined; subsequently, corresponding magnetic flux density values By (t) are obtained.

4. Initial Magnetization

Regarding the measurements, the influence of the pre-magnetization current value
on the residual magnetism was investigated. This was accomplished using a proprietary
device designed for controlled transformer energization (with a specific initial phase of the
reference voltage—this issue will be discussed later). Different values of the current were
set, reaching values exceeding the transformer’s no-load current. For each specified current
value, the decaying current in the primary windings and the electromotive forces induced
at the secondary winding terminals were recorded. If it is necessary to filter the measured
waveforms, the optimal SASS method [34] can be used for these transient signals with
discontinuities. When the instantaneous values of the induced voltages on the transformer’s
secondary side e;(7) are given, the result of the integration, according to Equation (7), yields
the corresponding magnetic flux density values Bi(t) for the transformer’s columns. In
the limiting case, the magnetic flux density values correspond to the point on the magnetic
hysteresis curve (flux density value) of residual magnetism for the transformer’s central
column [19], By = tli_}rgoBk(t) (Figure 4).

The measurements conducted for several values of By(0) associated with the initial
magnetization of the transformer core, and corresponding to current Iy values (see Table 1),
proved that the initial magnetization value is independent of the magnetizing current
(remaining practically unchanged for values exceeding the no-load current). The limits
By = tlgrgo By (t) are approximately the same; for the discussed transformer, they are equal

to By = 1T. This represents the magnetic hysteresis value for the transformer’s central
column. For the outer columns, these values are approximately By = B3 = — %Bz.

Table 1. Initial flux density values obtained during calculation based on measurement waveforms
(DC decay test) recorded for carefully chosen values of the magnetization current (greater than the
no-load current value).

Ip, mA 160 287 395 481
B,(0),T 1.809 1.835 1.878 1.893
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2 =
r_
— B(0)=1.809 _-
B,(0) = 1.835 ’é
— By(0)=1.878 &
— B5(0)=1.893 =
0‘8 1 1 | | |
0 100 200 300 400 500
no load current , mA
Figure 4. Set of flux density curves against current obtained for the carefully chosen values of the
magnetization current.

Using the proprietary device for controlled energization (where the transformer is
energized at a specified instant of the reference voltage uy3(t)), the impact of the pre-
magnetization current on the maximum generated inrush current of the transformer was
examined (Table 2).

Table 2. Maximum values of transformer’s inrush current depending on the pre-magnetization current.
Ip, mA 0.1 0.3 0.6 1.2 1.8 21 24
Imax, A 30.4498 30.0584 30.0836 30.1146 29.8151 30.4899 29.962

Measurements indicated that the peak value of this current is practically independent
of the magnetizing current if it exceeds 0.1 A (no-load current value). This means that, if
the transformer’s core is magnetized with a current exceeding this value, the hysteresis
will be stabilized when the current decays to zero (see Figure 2, switch set to ‘b’ position).

The practical experiment was validated through simulation studies. Calculations
of the maximum current values were conducted under the same switching conditions
(identical time instant in the reference voltage) while the initial magnetization value was
changed. The simulation studies have shown that the maximum current pulse of 30 A is
obtained when the initial values for calculations are input in accordance with (2), i.e., for
By = 1T. This indirect approach allowed for the approximate identification of the residual
magnetism values with proportions specified in/given by (3). Therefore, it is beyond
doubt that the decrease in current in the windings to zero accompanying the changes in
magnetic fluxes induced by the DC magnetization of the core columns ultimately leads to
the stabilization of flux density values corresponding to residual magnetism.

As demonstrated in studies [24], the best approach for initial magnetization is to
maintain a certain symmetry; this is evident in the circuit shown in Figure 3. In this
system, the flow of direct current ensures magnetization in the individual columns of the
transformer in guaranteed proportions (3).
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If the direction of current I in the system shown in Figure 2 is reversed, the magneti-
zation symmetry will be preserved but with an opposite polarity

1
By = —By, By = B3 = EBO (10)

These values form the basis for calculating transformer current pulses in the no-load
state after the device is energized. Such values of residual magnetism By will be considered
in all numerical experiments (with By (0) as initial conditions for integration). Results
of numerical experiments will be compared with measurement results. The developed
symmetry of initial magnetization ((3) and (9)) ensures that the resulting pulses upon the
transformer’s connection to the grid maintain the same timing regardless of the sequence
of the supply voltage phases.

5. Laboratory Setup

The experiments were conducted using a measurement setup designed specifically
for this purpose. The setup includes the following components: a tested three-phase Dy11
transformer, a power circuit switch, a regulated DC power supply, a thyristor controller
synchronized with the zero-crossing signal of the phase voltage, and two six-channel event
recorders (with a sampling frequency of more than 10 kHz per channel). Photos of the setup
are presented in Figure 5 while the schematic diagram of the implemented DC and AC
power switching is shown in Figure 6. The power circuit switch consists of a three-phase
ACoN, which connects the AC voltage source to the system, and a DCop switch, which
applies the magnetizing current to the winding.

(@) (b)

Figure 5. General view of the laboratory measurement setup (a) and the connection layout of the
investigated transformer (b).

The magnetization of the columns of the tested transformer is carried out according to
the diagram (Figure 6), which fully corresponds to the diagram (Figure 2).

The tested transformer was powered from the mains through triacs, which were
triggered at a specified phase angle of the supply voltage applied to the winding of the
central column. The power circuit switches in the system allow for the connection of the
setup either to the mains or to a DC power supply used for magnetizing the core before each
application of the mains voltage. A special controller enables the setting of the phase angle
of the supply voltage for the central column winding of the transformer. The thyristors are
triggered at this particular angle/time instant in a reference sine wave. The block diagram
of the controller is shown in Figure 7.
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Figure 6. The schematic diagram of the implemented DC/AC power switching—implementation of
the initial magnetization connections of the tested transformer.

1> 1
2 A At L L
N ,,,,,,,,,,,,, _ 2= I 42>
L3> L,

A\ J
\ J

A A t
Start Up

Stop Down

Figure 7. Block diagram of the original controller.

The user interface consists of four buttons and a display. They are used for setting the
phase angle value as well as switching thyristors on/opr. To determine the phase angle for
thyristor triggering, a voltage limiter and comparator are used at the input of the controller.
The signal from the comparator output is fed to a Spartan 3 programmable logic device,
which triggers the triacs with a delay proportional to the phase angle value. The signal
from the FPGA outputs is then sent to the inputs of the optotriacs, which provide a galvanic
isolation between the controller part and power part of the circuit.

Before each application of the supply voltage, the transformer core was magnetized
with a direct current of a specified value and flow direction. After disconnecting the DC
power supply, the mains voltage was applied. The delay in triac activation was determined
by the controller based on the previously set phase angle value.

Measurements were carried out using two six-channel recorders. The recorded data
included the waveforms of voltages and currents in the primary windings of the transformer
and the supply lines, as well as the voltages in the secondary windings.

The collected measurement data contain/include recordings made for both directions
of the magnetizing current flow (polarization) across the full phase angle range (angle
incremented by 10 deg). Additionally, separate recordings were made for selected phase
angles and various magnetizing current values ranging from 0.1 to 2 A with increments of
0.1A.
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6. Calibration Measurement—Updating Magnetic Circuit Diagram

For the purpose of calibrating the system, the individual columns of the transformer
were pre-magnetized in accordance with (3). Then, a three-phase supply was connected
with a correct phase sequence. The connection was made at a precisely defined moment,
corresponding to the zero-crossing of the reference voltage up3(f).

The discretely recorded waveforms of the instantaneous voltages 1y ;(t) and currents
ix;(t) on the primary side of the transformer (currents in delta winding) are presented in
Figure 8, along with intentionally recalculated secondary side voltages ex(t) (for comparison
purposes). To achieve this, the previously established principle was utilized. It states
that, based on the voltage ¢;(t) waveforms induced in the N, windings of the unloaded
secondary side, one can determine the waveforms of the voltages induced in the N;
windings of the primary side. In modeling, these correspond to the time derivates of flux
linkages %‘Fk (t) (see Figure 1), which are given by

— T (t) = rneg(s) (1) (11)

/3 / \\
A%
[N

L\

f s \
\
: \
i ; 4
. \

10 20 30 40
time, ms

Figure 8. Measured and recorded waveforms of all three delta currents iy ;(t) of the transformer’s
primary windings—inrush currents of the unloaded transformer in the first period of the transient
state and all primary voltages iy ;(t) as well as all secondary voltages e, (t) intentionally rescaled by
transformer winding ratio ry; energizing occurred with residual magnetism in variant By = — % By,
By = By, B3 = — %Bo ; the reference supply voltage uy3(t) applied to the transformer center column
winding of the unloaded Dy transformer exactly at the time instant when voltage uy3(t) crosses zero.

As can be observed, the waveforms uy(t) differ significantly from the waveforms
ex(t) - ry in the time intervals where current pulses iy () occur.
This is due to the fact that (based on Figure 1)

u1a(t) — LisFina(t) — Rusina(£) — ey s (1) =
23 () — Los §rin3(t) — Rosin(t) — Nexs) () =
131 (t) — Las riz1 (£) — Rasiz () — Ness) () =

(12)

o O O
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The conducted experimental studies demonstrated that the sum
d d d

™N (el(s)(f) + es) () + 63(5)(t)) = )+ FH() + ¥ #0 (13)

voltage , V ; current , A

400

300

100

-100
-200
-300

-400

200

is different from zero (Figure 9), particularly in the initial interval where current pulses
occur upon the transformer’s energization [35].

0 10 20 30 40

time , ms

Figure 9. The dynamic waveform of the unbalanced sum of secondary winding voltages multiplied
by the winding ratio calculated from the measured and recorded waveforms during transformer
energizing shown in Figure 8; the correspondence of the unbalanced sum to the inrush current pulses
is seen.

This finding indicates that, when modeling the transformer circuit during such tran-
sient states, Kirchhoff’s first law cannot be applied to the magnetic circuit in the form
¥ (t) + ¥a(t) + ¥3(t) = 0. To develop a proper solution, taking into account this phe-
nomenon, an introduction of a special (air) magnetic shunt in the transformer’s core
columns within the circuit model might be considered [23]. The magnetic resistance (reluc-
tance) of this shunt could be determined based on Figure 10.

To determine the value of the magnetic shunt’s reluctance Ry,s, a criterion linking
measurement with simulation was established. The value of the shunt’s reluctance is
selected based on the conformity between the measured value

max {rN (6’1(5) (t) +exs) (1) +e6) (t)) } (14)
and the value
d d d d
a‘f’l(f) + a‘f’z(t) + a‘f’s(t) = a(‘f’l(t) +¥a(t) + ¥s(t)) (15)
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U (#@®) U ,(%@) U, (#®)

Figure 10. The equivalent magnetic circuit diagram of the unloaded three-phase transformer dur-

(duplicated open access resource [23]).

ing magnetization (after applying pre-magnetization) updated by adding a shunt to account for
unbalanced residuals of the fluxes leaking from the core and closing beyond it, e.g., through the air

obtained from computer simulations, minimizing the sum of the squared differences.
It is important to emphasize that, in the experiment, it is absolutely necessary to
introduce the initial magnetization of the transformer core columns to enable a valid
comparison between the simulation results and the measurements on the actual object
(ensuring an identical reference setup).

(see Figure 10). It was calculated under the same test conditions as those shown in Figure 8,
A
4420970 -

The best measurement deviation results (Figure 11), in accordance with Equations (14)
i.e., at the moment when the voltage u,3(t) crosses zero. It was calculated as Ry =

and (15), were used to determine thr magnetic reluctance of the air magnetic shunt Ry,s

150
L
.:. T
100 £ A
50 ;. .
> :o '_-.
L LN m : .‘;
rT:Ieasu FEd g’ 0 Fata p’.‘-‘ TR :. ]
simulated & o 4 X I
=] . > . '.:“,0'“'- R ] PP F
= 1y - o
50 : 2
_1 00 Ii...-‘o(
-150 . L
0 5

|
10
time, ms

20
Figure 11. Comparison of the results of the calculated sum of the electromotive forces of self-induction

in the primary winding (numerically determined %‘Iﬁ (t) + %‘Pz(t) + %'ﬂ(t)) with the sum of the
electromotive forces of self-induction in the secondary windings of the transformer (derived from the

tests and multiplied by the transformer ratio ry (61 (s) (1) +ex(5) (1) + €35 ( )) )-
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The waveform obtained from the measurement serves as a reference point in the
process of estimating the value of the reluctance Ry,s present in the mathematical model.
The estimation algorithm adjusts the value of this element by minimizing the deviations
between the simulated and measured waveforms. In practical implementation, a compari-
son between measured and simulated waveforms can be made using a variety of criteria
(for instance, as in [36], when sums of squares are used or through an integral error [37]).

7. Nonlinear Differential Equations for Transformer Transient State Computations

For the updated transformer model (with magnetic resistance Ry,s in the form of an
air shunt), based on Kirchhoff’s second law for the magnetic circuit shown in Figure 10, the
following equations are obtained:

O1(t) = Um,1(F1(t)) — Rms (F1(t) + ¥a(t) + ¥3(t)) =0
Oa(t) — Ump2(¥2(t)) — Rms (F1(t) + Fa(t) + F3(t)) =0 (16)
O3(t) — Uma(¥3(t)) — Rms (F1(t) + P (t) + F3(t)) =0
where magnetic voltage drops are defined by
_ Fe(t)
Unn (i) = hpe,kH#SFe (17)

The magnetomotive forces of the individual windings on the primary side of the
transformer can be expressed as

O1(t) = (T12(p) (t) — iFe1(t) | N1
O2(t) = (in(p) (1) —ire2(t) | N1 (18)
O3(t) = (131(p) (t) — iFes(t) | N1

In the model shown in Figure 1, it is assumed that the resistances Ry, ; represent the
total power losses in the transformer’s core. It is also assumed that the flux derivative
%‘Pk(t) is the electromotive force at the terminals of the coil with N; turns and zero
resistance. This coil is wound around thr k-th column of the transformer and is shorted by
Rge i resistance

d

a‘f’k(t) = Rye kiFek(t) (19)

Model parameters Rge x may be determined by measuring the active power of the
transformer at no-load and under steady-state conditions. It is worth mentioning that this
mathematical model of the transformer may be used to determine the steady-state of the
transformer as the limit cycle of the solution of the differential equation system describing
the operation of the transformer [25,26,38].

The currents i,k (t), simulating iron losses (see Equation (19)), are substituted into
Equation (18), and then the resulting magnetomotive forces (MMFs) Oy (t) are substituted
into Equation (16). After transformation, the following expression is obtained

V() = Rpeing(p (t) — RpFﬁ’l (Um¥1(t) + Rms (F1(£) + ¥a(t) + ¥3(2)))
W (t) = Rpeing(p (1) — Rzl\:fl'z (UmpPa(t) + Rms (F1(2) + Fa(t) + H5(1))) (20)
(1) = Rpeisy(p (1) — R;fff (Um3¥3(t) + Rms (F1(t) + Fa(t) + ¥3(1)))

Equation (20) demonstrates that circuit modeling of the transformer for the analysis of
such transient states as those accompanying the energization of an unloaded transformer
requires taking into account all column flux linkages ¥y (f).
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At the next stage of modeling, in accordance with Kirchhoff’s second law, three
equations corresponding to the independent loops on the primary side of the transformer
(Figure 1) are considered, and they take the following form:

u12(t) — Rinit (t) — Lin i1 () — Rsina(t) — Lis §rina () —
—$#1(8) + Rania (1) + Lon §ia (1) = 0

123 (t) — Ronia (£) — Lon Sin (t) — Roging(£) — Los ing (t) —
— &¥(t) + Raniz(t) + Lan g ia(t) = 0
Risina () + Lis $ina(t) + S () +
+Rosins (t) + Los S ina (1) + S ¥a(t) + Rasizt (t) + Las Sia1 (£) + $¥3(t) =0

where the relationships between the line currents and the winding currents can be expressed
as follows:

(21)

i =i1p —i31 Iy = ip3 —i1p i3 = i31 — i3 (22)
After expressing the line currents in terms of the winding currents (for delta configu-
ration) and rearranging, the following expression is obtained

—Lindity — LisSinn(t) — Lon$itn + Lon i3 + Lin s
—Rini1p — Risita(t) — Ronitn + Ronizz + Riniz
*%Yﬁ(f) +upp(t) =0

Lon ity — Lon $hing — Los $rina (t) — Lan S ins + Lan iz
+Roni12 — Ronios — Rosina(t) — Ranizz + Ranis (23)
—%Yz(f) +ups(t) =0

Lis&iin(t) + Los ins(t) + Las S iz (£)

Rigi1p(t) + Rosina(t) + Rasizi (t)

+4¥ () + SB() + S =0

Then, after isolating the designed state variables, the following set of equations is obtained

—(Rin + Rys + Ron)it2(t) + Ronizz + Rinizt
—S¥ (1) + u12(t) = (Lin + Lis + Lon) Si1n(t) — Lon i23 — Lin iz

Ronita — (Ron + Ros + Ran)inz(t) 4+ Raniz

. . . 24
— 3 (t) + us(t) = —Lonsrita + (Lon + Los + Lan) $i23(t) — Lan $ria1 @)
Rigitp(t) + Rosina(t) + Rasiz (t)
+EH() + $B() + () = —Lis$ina(t) — Las $ina(t) — Las iz (t)
The resulting system of equations was ordered in matrix form
Lip i —%‘Fl(t) [u12(t)
L|$in| =R|in| + —5H(t) + |u2s(t) (25)
Lig 131 W)+ S + LH(H) L 0
where -
(Lln + Lls + LZn) *LZn *Lln
L= _L2n (LZn + L2s + L3n) _L3n
_Lls _LZS _L3s
! 26
*(Rln + R1s + RZn) RZn Rln ( )
R = R2n - (RZn + R2s + R3n) R?)n
Rls RZs R3S

In this type of modeling, the currents iy (t) of the primary windings of the transformer
should be considered as additional state variables.
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Finally, the state variable vector of the analyzed transformer model (see scheme in
Figure 1) assumes the form:

x1(t) i12(t)
ngtg 1'23Et§
x3(t 131 (t
XO= | = a0 @)
x5(t) a(t)
Xé(t) Y?,(t)

The system of differential equations for the state variable vector formulated in this
way can be expressed as follows:

x1(t) i1p(t) f1(X)

T B s

B xa(t)| ()| _ | f(X
X0 =5 xi(t) T at foi(t) - fi(X) 2

x5(t) ¥ (t) f5(X)

X6 () Y3 (t) f6(X)

where

fa(X) Rreaitn(p) () — Rfﬁ’l (Um1(F1(t)) + Rms (F1(t) + P2 (t) + ¥5(t)))
k&s(x) = | Rrein(p)(t) — R{ﬁ’z (Um2(¥2(t)) + Rms (F1(t) + ¥2(t) + ¥3(1))) | (29)
6(X) Rreiz1(p) (1) — R{[if(um,a(‘f’?)(t + Rums (F1(t) + Ya2(t) + ¥5(t)))
and
fH1(X) ha(p) —fa(X) + u12(t)
f(X)| =L7R|inp) | +L71|  —f5(X) +uzs(t) (30)
3(X) 131(p) 4(X) + f5(X) + f6(X)

In this way, a general state system was obtained in the form of nonlinear differential
Equations (29) and (30), describing the updated transformer model.

8. Measurements and Simulations of Transformer Inrush Dynamics
8.1. Positive Pre-Magnetization

As demonstrated in studies [3,24], when a transformer is connected to the grid, current
pulses appear during the first cycle of the voltage waveform. Their maximum values
significantly exceed the nominal values. Therefore, if the analysis of the transformer’s
transient state is limited to the first voltage cycle, using the proposed model with the
specified initial conditions enables a detailed investigation of the impact of these current
pulses, particularly in relation to residual magnetism [39].

Subsequently, a comparative analysis was conducted between the waveforms of the
current pulses iy j(sim)(t) (determined numerically) and the discrete (recorded) measure-
ment currents iy j(meas) (t). These were analyzed for different time instances At, measured
from the time instant when the voltage u3(t) crosses zero, and for specific pre-magnetization
of the transformer columns in the proportion By = — %Bo, B, = By, B3 = — %Bo (see (3)).

The measurements were performed using the proprietary systems shown in Figures 2 and 6,
which incorporated the capability to control the timing of the voltage application to the
transformer. In the experiment, 36 transformer switch-ons were carried out at intervals of
% s, where T is the period of the supply voltage. In each computational cycle, the core is
magnetized by a set magnetized current (see Figure 2 and Equation (2)); then, this current
is switched off and the thyristor switch is activated.

The graphs of the instantaneous values of the inrush currents with positive magnetiza-
tion are shown in Figures 12-14.
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Figure 12. Comparison of instantaneous values of currents iy j gim) () (numerically determined) with
the discrete values of measured currents iy j(meqs) (t); transformer is energized immediately after
voltage up3(t) crosses zero; initial magnetization values set at the proportion B = —0.5T,B; =1.0T,
Bz = —0.5 T; the current waveforms are magnified 10 times for readability’s sake.
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Figure 13. Comparison of the instantaneous values of currents iy ;(gim) (#) (numerically determined)
with the discrete values of measured currents iy j(meas) (t); transformer is energized after one-sixth
(%) of the supply voltage period Ty, counting from the time instant when voltage up3(t) crosses zero;
initial magnetization values set at By = —0.5T, B, = 1.0 T, B3 = —0.5 T; the current waveforms are
magnified 10 times for readability’s sake.
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Figure 14. Comparison of instantaneous values of currents iy j(sim) () (numerically determined) with
the discrete values of measured currents iy j(meas) (f); transformer is energized after half (%) of the
supply voltage period Ty, counting from the time instant when voltage w53 (t) crosses zero; initial
magnetization setat By = —0.5T, B, = 1T, B3 = —0.5 T, the current waveforms are magnified 100
times for readability’s sake.

Analyzing the obtained results, it can be observed that current pulses (Figure 14) of
small magnitude occur when the transformer is energized at the time instant % ; this is set
in relation to reference voltage u3(t), when the voltage passes from negative to positive
values. This takes place with the magnetization of core columns set as follows (positive
magnetization) By = —0.5T,Bp =1T,B3 = —0.5T.

To illustrate the full spectrum of emerging patterns, a set of characteristics of the
maximum current values in the first period of the transient state as a function dependent
on the time instant when the voltage u3(t) crosses zero from negative to positive values
was compiled; initial magnetization By (Figure 15) was set at different values.

In the analysis, a norm was adopted for determining the maximum current value in a
three-phase system in the form of the relationship

Imax(Bo) = max {[i12(t)], [i23(t)[, [i31 ()|} (31)
t€[0,T]

The calculations and measurements shown in Figure 15 show that the minimum
values of Imax(Bp) occur at a time At = 10 ms after the reference sine voltage u3(t) crosses
zero, passing from negative to positive values. However, this minimum depends on the
magnitude of the initial magnetization By. For By = 0, the maximum current Imax(Bo)
reaches its highest value, whereas for By = 1.0 T, the inrush current of the transformer
under no-load conditions is practically reduced to the rated current of the transformer. This
general trend is confirmed by the measurement curve of the recorded maximum values
superimposed over the family of calculated characteristics (Figure 15).
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Figure 15. Comparison of the maximum current pulse values for different energizing times At of
the voltage applied to the transformer, measured relative to the time instant when the voltage u3(f)
crosses zero, for various magnetization values By = var with the proportions By = —0.5 By, B, = By,
B3 = —0.5 By in relation to the measurement data.

8.2. Negative Pre-Magnetization

To demonstrate and verify the impact of reverse initial magnetization of the trans-
former’s core columns with proportions (10), a similar experiment was conducted. Once
again, 36 transformer energizations were carried out at intervals of % seconds to perform a
comparative analysis of the current pulse waveforms iy ;(sim) () (numerically determined)
with the discrete values of measured currents i j(meas) (f) during the energizing of the
transformer at different time instants At measured from the time instant when the voltage
up3(t) crosses zero, as well as for the given magnetization levels of the transformer columns.
This time, in each calculation cycle, the system undergoes magnetization by setting the mag-
netizing current in such a way that its sudden disconnection establishes the magnetization
level within the limits with thr proportions By = 0.5 By, B, = —By, B3 = 0.5 By.

The graphs of selected instantaneous inrush current values at negative initial magneti-
zation are shown in Figures 16 and 17.

Using the previously validated norm Inmax(By) = t1g181>T<]{|i12(t) |, liaz ()], liz1(t)]}, cal-

’

culations were carried out to analyze the entire spectrum of the maximum inrush current
values during the first period of the transient state. This function consistently depended on
the time instant when the voltage u3(t) crossed zero from negative to positive values for
different levels of initial magnetization By (Figure 18).

As indicated by the collected simulation results compared with the measurement data
(Figure 18), the minimum values of Imax(Bp) occur at the time instant At when the voltage
up3(t) crosses zero. This minimum, however, depends on the level of initial magnetization
By. For By = 0, the maximum current Imax(Bp) reaches its highest value, whereas for
By = 1.0T, the inrush current of the transformer under no-load conditions is practically
reduced to the rated current. This trend is once again confirmed by the curve representing
the measurements of maximum current values superimposed over the family of calculated
characteristics (Figure 18).
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Figure 16. Comparison of instantaneous values of currents iy j(sim) () (numerically determined) with
the discrete values of measured currents iy j(meas) (£) during the energizing of the transformer and
after half of the supply voltage period At = % counted from the time instant when the voltage 13 (f)
crosses zero; initial magnetization values set in proportions By = 0.5T,B, = —1T, B3 = 0.5 T; the
current waveforms are magnified 10 times for readability’s sake.
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Figure 17. Comparison of the instantaneous values of currents iy j(qim) (t) (numerically determined)
with the discrete values of measured currents iy j(meas) (t); transformer is energized immediately after
voltage 13(t) crosses zero; initial magnetization values set in proportion By = 04T,B, = —0.8 T,
B3 = 0.4 T; the current waveforms are magnified 100 times for readability’s sake.
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Figure 18. Comparison of the maximum current pulse values for different energizing times At of
the voltage applied to the transformer, measured relative to the time instant when the voltage u3(f)
crosses zero, for various magnetization values By = var with the proportions B; = 0.5 By, B, = —By,
Bz = 0.5B in relation to the measurement data.

The comparison between measurements and calculations (Figures 15 and 18) shows
that such a sudden disconnection of the magnetizing current stabilizes the magnetization
level within the range of 0.8 Tto 1.0 T.

9. Systematization of the Obtained Results

Comparing the families of instantaneous values of winding currents shown in Figures 12-17,
it can be observed that the current pulses are almost identical as to the absolute value (in
pairs), but their polarity is opposite (the entire group)—Figure 19.

When Figures 12 and 16 and Figures 14 and 17 are compared, interesting patterns
can be observed. The figures, when arranged in these combinations, exhibit very clear
similarities. They are mirror images with respect to the time axis. The amplitudes of the
current pulses, their phase sequence, and even the distortions visible in the waveforms of
the induced voltages on the secondary side of the transformer remain nearly identical.

Figure 12 presents the transformer’s energization with a zero-phase reference voltage
and positive magnetization in the central core. Figure 16 illustrates the change induced
by reversing the polarity of the magnetization in the central core and introducing a phase
shift in the reference voltage by %, resulting in a mirror image with respect to the time axis
when compared to Figure 12.

The same regularity is demonstrated by the comparison of Figures 14 and 17; this
takes into account a similar simultaneous change in both factors. Figure 14 illustrates the
energization at a reference voltage, an initial phase of 180 degrees, and through positive
magnetization. The mirror effect (Figure 17) is achieved by reversing the polarity of the
magnetization By = — By and energizing the transformer at the instant the reference voltage
Crosses zero.

It is crucial to emphasize that, in both of these combinations, a constant reference
system is assumed for calculating the energization moment (initial phase, the time instant
at which the switch-on takes place) of the reference voltage, represented by its transition
from negative to positive values (—/+). Disrupting this reference system immediately
introduces chaos. Referring again to Figure 12 (positive magnetization and energization
with zero-phase at the reference voltage’s —/+ transition), the result in Figure 16 can be
achieved merely by reversing the magnetization polarity (negative) without the need for a
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% phase shift. This effect will naturally occur due to the change in the reference system,
where the voltage transitions from +/—.
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Figure 19. Comparison of the transformer’s selected inrush scenarios (both measured and simulated);
the characteristic values corresponding to the parameters defining each scenario are summarized in
the table below each waveform.

The above findings finally allow us to address the most crucial aspect—the minimiza-
tion of inrush current during the energization of an unloaded three-phase Dy transformer.

Taking into account Figures 12 and 14 and Figures 16 and 17, and keeping in mind
that a constant reference system is applied (the transition of the reference voltage from
—/+) and that magnetization polarity does not change, it may be observed that the time
difference between the maximum and minimum inrush current values is always %

Energizing with a zero-phase reference voltage (Figure 12) and positive magnetization
results in the highest maximum inrush current values. Shifting the energization moment
by % in the reference voltage reduces this value to the minimum (Figure 14). The same
effect can be achieved merely by changing the magnetization polarity without altering the
energization time instant (still at zero-phase)—(Figure 17).
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For energization with an initial phase of %, this pattern differs only in the polarity of
the resulting waveform (a mirror image with respect to the time axis).

Naturally, in all the aforementioned patterns, one cannot overlook the documented
symmetry, namely By = By and By = B3 = %, as well as the value of By (assumed to be
approx. 1 T)—Figures 15 and 18.

10. Final Conclusions

The article presents an original (authorial) strategy for reducing the inrush current
of a three-phase Dy transformer. The concept of the strategy is based on the successful
combination of two tightly controlled procedures: —1—preliminary magnetization of the
transformer’s columns in specific proportions and with a defined polarity; —2—controlled
switching at a precisely determined time instant. The methodology, measurement and
research (simulation) procedures, as well as the detailed structure of the developed control
systems presented in the article, are the culmination of successful mathematical modeling
studies (described in series of publications [23-25]) and offer a ready-to-implement solution.

Moreover, the article presents the results of experimental verification of the developed
strategy. The research was conducted on a real object, and the results were intentionally
compared with those obtained from mathematical modeling. The high consistency between
the waveforms obtained through calculations and those recorded on the tested transformer
confirms the effectiveness of the developed strategy in reducing the inrush current pulses
generated when an unloaded three-phase Dy transformer is switched on. It is worth
emphasizing that this particular connection group (Dy) of three-phase transformers is
widely applied in power engineering, especially in transmission and distribution networks.

The model of the transformer proposed by the authors allows for a wide range of
simulation possibilities, enabling the analysis of the impact of almost any variable among
those describing the transformer on the value of the inrush current generated during the
first cycle of the supply voltage. The possibilities range from physical parameters, such as
the ferromagnetic core properties and the number of turns, to the simulation-based control
of the pre-magnetization of individual columns in arbitrary proportions and polarities, as
well as the manipulation of the time instants at which the voltage is applied.

In the model, a single equivalent element was adopted to represent the influence of
all three columns during the transient state that occurs when the unloaded transformer is
energized. The shunt is considered common to all three phases, which exhibit significant
asymmetry at this particular moment. The value of the reluctance Ry,s obtained through
estimation is therefore an average for all three phases (see Figure 11 and observe the lack of
complete conformity between the waveforms used to estimate the value of the reluctance
Rms adopted in the mathematical model). While this could seemingly be perceived as a
weakness of the circuit model (compared to, for example, a field model), it is worth noting
how excellently the considered model managed to replicate the current pulse maxima in all
scenarios and phases (at a significantly lower computational cost compared to a potential
field model).

Furthermore, the mathematical apparatus employed, specifically dedicated to solving
stiff equations, allows for rapid calculations of the steady state (using an approximate
solution of nonlinear differential equations).

The scope of the study is complete, experimentally verified, and ready for further
exploratory work. Moreover, the solution is complete and verified on a real object. In the
authors’ opinion, this constitutes a novelty of this study compared to previous works. The
proposed solution is primarily addressed to professional engineers.

In conclusion, with regard to the most important substantive aspect of the research—the
reduction in inrush currents in the Dy transformer switch-on without load—it should
be noted that, from the obtained pairs of recurring distributions of maximum current
pulse values for different voltage switching times At on the transformer, two clearly yield
minimal values:
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1.  With preliminary magnetization, as shown in Figure 2, where the proportions are
By = 0.5By, B, = —By, B3 = 0.5 By, the transformer should be energized when the
voltage 13 (t) crosses zero from negative to positive values, i.e., when Sua3(t) > 0.

2. With preliminary magnetization, as shown in Figure 2, where the proportions are
By = —0.5Bg, By = By, B3 = —0.5 By, the transformer should be energized at the
moment when the voltage uy3(t) crosses zero from positive to negative values, i.e.,
when %Mzg(t) < 0.

This means that there are two practical methods for connecting the transformer to
the grid where the preliminary magnetization results in minimal inrush current pulses.
Considering the practical applications of the obtained results, it is crucial to take into
account the aforementioned pairs of distributions (solutions).

The value of the initial magnetization By can be set using the system shown in Figure 2.
In this system, the magnetization maintains a symmetry characterized by maximum mag-
netization in the central column of the transformer, while, in the outer columns, it is half as
strong and of an opposite polarity. Maintaining this specific symmetry during preliminary
magnetization is crucial as it ensures minimal (reduced) inrush current values for the
transformer regardless of the phase sequence of the power supply system.

The implementation of the developed strategy can significantly reduce the inrush
currents of a three-phase Dy power transformer, which should be considered a step to
improvement in the efficiency and stability of the power system.
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Abbreviations

The list of symbols and notations used in this paper:

N turns ratio of transformer

Ny number of turns of primary winding

N number of turns of secondary winding

Ik (p) (t)  no-load current in the primary winding of the transformer
ug(p)(t)  sinusoidal waveform of supplied voltage

o) initial phase of the supplied voltage

ex(s) (1) the electromotive force (emf) induced in the secondary winding
Reye k iron core resistance

Rex primary winding resistance

L primary leakage inductance

Ye(t) flux leakage

B magnetic flux density

H magnetic field strength

Up i magnetic voltage drop

O1(t) magnetomotive force (mmf) of individuals transformers coils
Rms air shunt magnetic resistance

SFe cross-sectional area of the core of the transformer
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