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Abstract: This article presents an original methodology to determine the optimal level of reactive
energy transmission to low-voltage consumers supplied from MV/LV substations that guarantees
the lowest total costs of reactive energy transmission through the DSO network and its generation
in receiving installations within the reactive power compensation process. The average value of
the optimal factor tgφ to be maintained by customers depends on the efficiency of the network,
the characteristics of the load, and the market costs of energy losses due to the transmission of
reactive energy through the network that are covered by the DSO and the costs of reactive energy
generation in receiving installations. The results presented for real MV/LV substations operating in
the Polish distribution network demonstrate the application of annual measurements of active and
reactive energy consumed and generated registered by AMI systems to calculate the optimal reactive
power compensation level. They can be applied to verify the permissible levels of reactive energy
compensation applied by the DSOs until now within the yearly tariffs for customers.

Keywords: advanced metering infrastructure; distribution network; energy losses; reactive energy;
reactive power compensation

1. Introduction

The level of network losses in distribution networks determines the efficiency of
an electricity supply to consumers and a reduction in network losses is one of the basic
tasks of distribution system operators (DSOs) responsible for the electricity supply while
maintaining energy-quality parameters and enabling uninterrupted network operation.
Losses in the distribution network occur at all voltage levels, but the highest share of losses
is recorded at the low-voltage level because of the transfer of significant amounts of energy
at high current levels. The methods of calculating network losses are discussed in [1], the
monitoring of these losses is presented in [2], and the parameters of the power network
needed to calculate the losses are given in [3] for Polish networks. Many receivers that use
magnetic or electric fields in their operation, apart from active energy, consume or generate
also reactive energy, which oscillates in the network causing additional losses.

Fundamental harmonic reactive energy flows are reflected by the power factor that
has a value below 1, which is also influenced by the possible nonlinearity of the current
or voltage sine waves that could affect the quality of the electricity available from the
network. Future trends in reactive power demand in distribution networks are described
in [4]. In [5], some typical profiles of residential customer consumption are presented, and
the power factors and reactive power consumption of these types of customer are discussed
in [6]. Significant changes in electricity consumption occurred recently in households
that generally operate about a dozen commonly used devices, according to the case of
Poland in 2018 [7]. The main technological changes in the operation of household receivers,
influencing the flow of reactive energy in supply networks, include replacing incandescent
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lighting with electroluminescent and diode light sources, which usually have low-capacitive
power factors, and their load current contains a high level of harmonics; therefore, they
often require the use of power factor correction. Correction measures for LEDs are presented
in [8] and for heat pumps in [9]. Furthermore, the increasing share of receivers such as
television sets, monitors, and computers also causes a higher-capacitive energy flow, as they
often use nonlinear electronic power supplies, although they are often required to provide
reactive power control and regulation to prevent excessive voltage disturbances [10] and
limit harmonic injections [11] using appropriate corrective circuits [12]. Other changes
that influence reactive power flow include the introduction of electric power supplies
that control motor drive operations to improve their efficiency, the widespread use of
heat pumps with various types of compressor drives, and an increased load of electric-
car chargers for which reactive power consumption occurs at the level of tgφ = 0.4 [13].
Furthermore, significant reactive power generation is caused by the growing number of
electricity consumers who use inverters to feed the energy produced to the grid, which is
analyzed in [14] for microgrids and is limited by some network codes presented in [15].
The problem of reactive power flow in networks with an important share of distributed
generation networks has been discussed in [16] for the case of an Internet supply via a solar
system and in [17] for the case of electric vehicles with power storage. Reactive power
compensation is analyzed for the case of future battery power dispatch in [18] and for the
case of the presence of hybrid systems in [19] and generally in the presence of distributed
resources in [20]. The reduction in loss in the compensation process using inverters is
presented in [21] and for the case of photovoltaic (PV) systems in [22]. The technical and
economic feasibility problems of reactive power compensation circuits are discussed in [23].
The application of fuzzy methods to improve reactive power compensation in the case
of distributed solar and wind generators is presented in [24]. Special tasks of reactive
power compensation in the case of a three-phase grid-connected photovoltaic system are
reported in [25]. Reactive power compensation in the presence of a high share of prosumers
is analyzed in [26] and a strategy to optimize reactive energy management in microgrids
in the presence of hybrid power sources in [27]. The described changes contribute to
the change in the type of reactive power load of low-voltage networks from inductive to
capacitive and to increased consumption of distorted currents and therefore to an increased
level of network losses [28].

DSOs implement numerous investment, modernization, and operational measures to
reduce network losses [29]. Furthermore, DSOs are constantly implementing an advanced
metering infrastructure (AMI) that enables real-time measurements of active and reactive
power consumption or generation profiles [30]. The efficient measures to minimize the
levels of reactive energy flows in the grid are presented in [31] by appropriate pricing of
its consumption, in [32] by preparing an adequate tariff system, and in [33] by setting the
permissible values of the tgφ factor calculated for the settlement periods of electricity [33].
Furthermore, a reduction in network losses is also possible by appropriate reactive power
flow control to achieve minimal operating costs [34] and maximize network efficiency [35],
which can be carried out by reactive power generators [36] taking into account voltage
regulation [37] or compensating devices such as inverters [38] or traditional capacitor
banks [39]. Algorithms for reactive power control with the aim of achieving optimal
conditions of distribution network operation are discussed in [40] and taking into account
especially the regulation of voltage in [41]. Problems of voltage instabilities that occur
during reactive power compensation are treated in [42] and possibilities to enhance voltage
stability are presented in [43]. In [44], the support of voltage by forced flows of reactive
power is discussed, which prevents voltage instabilities in distribution networks. Reactive
energy generation or consumption by distributed generation or residential appliances can
also be used by DSOs as ancillary power services to compensate for excessive reactive
power flows. The market for reactive power ancillary services is presented in [45]. The
possibilities of providing such services through distributed generators are discussed in [46].
The review of the procurement trends for relative power is presented in [47]. The use of
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distributed photovoltaics to correct the power factor in distribution feeders is presented
in [48] and with the special application of residential appliances in [49]. The problem
of sharing active power and reactive power compensation tasks within a grid with PV
resources is recognized in [50]. Numerous changes in the network configuration and its
operating conditions during longer periods of time influence the reactive power flows.
In [51], this problem is considered as a consequence of network retrofitting. The authors
of [52] propose a long-term analysis of network operation to optimize the operation of
customer compensation devices using the equivalent resistances of the network based on
the active yearly losses registered within the network areas that supply the considered
load group.

The purpose of the presented paper, which is the development of the method pre-
sented in [52], is to demonstrate a methodology to determine the optimal levels of reactive
energy flows in low-voltage networks based on AMI system measurements, including the
following original solutions:

• minimizing the total costs of active energy losses due to reactive energy flows in the
distribution network and simultaneously the costs of compensation of reactive energy
consumption carried by consumers;

• determining the optimal level of customer factors tgφ in the case of reactive energy con-
sumption and generation which may further serve as a basis for DSO tariff decisions;

• use of long-term power flow measurements registered in the basic period of settlement
of the electricity market via AMI for customers, as well as by AMI balance meters
in the MV/LV substations that supply these customers, to determine the network
and load parameters necessary to calculate the optimal tgφ factor according to the
methodology presented.

In addition to the presented introduction, Section 2 describes the measures of reactive
energy flow control in Polish distribution networks. In Section 3, the proposed novel
methodology for determining the optimal reactive energy flow level using AMI measure-
ments is presented. Section 4 constitutes a case study of the determination of the optimal
reactive energy level for sample MV/LV substations and connected consumers supplied
from the Polish distribution network and presents the consequences of such reactive en-
ergy flows in terms of voltage quality. The discussion of the results obtained is presented
in Section 5, and the whole study is concluded in Section 6. The analyses presented in
this article were supported by the association of Polish DSOs and concern low-voltage
distribution networks.

2. Reactive Energy Flow Control in Polish Distribution Networks

Reactive power flows to commercial and industrial customers are limited by introduc-
ing tariff regulations to supply electricity at an appropriate quality level defined in [53,54].
The restrictions in force in Poland on the use of reactive energy by consumers in the
network [55] relate to the permissible value of the tgφ factor, which is determined for
reactive energy consumption as a ratio of reactive to active energy flow within the customer
settlement period based on the data of electricity meters as follows:

tgφc =
Erci
Eai

≤ 0.4 (1)

where Eai—active energy consumption, Erci—reactive energy consumption (inductive
reactive energy), i—billing period.

Reactive energy generation is forbidden, so

Ergi = 0.0 (2)

where Ergi—reactive energy generation (capacitive reactive energy).
Commercial and industrial customers are fined for penalties according to tariff regula-

tions in the case of any kvarh exported to the network.
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The value of 0.4 in (1) results from the necessity to limit active energy losses when
transmitting excessive amounts of inductive reactive energy and to limit associated voltage
drops. The value of 0.0 in (2) is due to the fact that the DSO should be able to effectively
control the voltage level in the network, which would be difficult in the case of capacitive
reactive energy flows. Maintaining the permissible voltage levels is one of the most signifi-
cant tasks for the DSO, and it should be fulfilled while implementing efficiency measures
such as the minimization of energy supply costs to consumers, which is analyzed below.

3. Determining the Optimal Level of Reactive Energy Compensation for Consumers
Based on AMI Measurements

Further analysis conducted is based on the following assumptions:

• data from smart meters are available, allowing for the balance of active energy flow
at the voltage levels of the distribution network for the period of determining the
optimal compensation parameters;

• equivalent resistances for calculating active energy losses due to the flow of the current
of receivers are determined based on annual energy losses, maximum loads, and load
characteristics reflecting their changes over time for parts of the distribution network
supplying the receivers according to [52];

• the optimal parameters of the compensation devices for tariff purposes in the case
of many receivers connected to the LV network can be calculated as averages for
all receivers supplied from the MV/LV station, without taking into account their
individual location within the LV network.

3.1. Network Losses in Supply Cables Due to Reactive Power Flow

For the purposes of determining an optimal reactive energy compensation level, the
case of a load supply from an MV/LV substation connected to this substation with a low-
voltage power line with known parameters will be considered. The increase in power
losses d(∆Pa(r)LV) due to the flow of reactive current Ir forced by the phase voltage value
Uph at the consumer network connection point is described by Equation (3). The sign of
the reactive current is assumed to be positive for the consumption of reactive energy from
the network (inductive current) and negative for the feeding of reactive energy into the
network (capacitive current). The power losses are influenced by the parameters of the
supply cable line, that is, the unit resistance R0 and the unit susceptance ωC0, forcing the
capacitive current flow of the cable and its length l.

d(∆Pa(r)LV)/dl = 3(±Ir − UphωC0l)2R0dl (3)

The total active power losses along the entire length of the supply line are determined
as follows:

∆Pa(r)LV = 3
∫ lcab

0
(±Ir − UphωC0l)2R0dl = 3I2

r R0l ± 3IrUphωC0R0l2 + U2
phω2C2

0 l3R0 (4)

Substituting the reactive load current with the instantaneous reactive power Q(t)
divided by the rated voltage Un, that is,

Ir =
Q(t)√

3Un
(5)

the power losses may be calculated as a function of the reactive power consumed by the
receiver:

∆Pa(r)LV =
Q2(t)

U2
n

R0l ± Q(t)ωC0R0l2 +
U2

nω2C2
0 l3R0

3
(6)
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3.2. Influence of Reactive Load Power Compensation

For the purpose of this analysis, it is assumed that the load tgφ(t), variable in time, is
grater then tgφ, which is the value set in the compensator used in the customer’s installation
in the analyzed period, so a constant ratio of reactive to active power is maintained:

tgφ(t) = tgφ = const (7)

Therefore, the value of the reactive power flowing from the network due to the
compensator operation can be calculated as follows:

Q(t) = P(t)·tgφ(t) = P(t)·tgφ (8)

The annual active energy losses Ea(r)LV at the low-voltage (LV) level due to the flow
of reactive energy through the resistance of the line Rc = R0 · l having line capacitance
Cc = C0 · l can be calculated by integrating the power losses given by relationship (6) for
the period of year Ta:

Ea(r)LV =
∫ Ta

0
∆Pa(r)LV(t)dt =

Rc

U2
n

∫ Ta

0
P2(t)tg2 φdt ± ωCcRc

∫ Ta

0
P(t)tgφdt +

U2
nω2C2

c RcTa

3
(9)

The value of the annual active energy consumed by the load with the maximum power
Pp is reflected by the value of the maximum load utilization time Tp:

∫ Ta

0
P(t)dt = Ea = PpTp (10)

and the peak loss time τp reflects the value of annual losses in the supply lines at peak
active power:

τp =
1

P2
p

∫ Ta

0
P2(t)dt (11)

Taking into account that the LV current flows through the equivalent resistance
Req(MV+HV) of the network at higher- (HV) and medium-voltage (MV) levels, the losses in
the distribution system can be calculated as follows:

Ea(r)Σ =
P2

p

U2
n

tg2 φ(Rc + Req(MV+HV))τp ± Pptgφ(Rc + Req(MV+HV))ωCcTp+

+U2
nω2C2

c

(
Rc
3 + Req(MV+HV)

)
Ta

(12)

To satisfy the constant value of the tgφ factor according to Equation (8), the instanta-
neous reactive power of the compensation devices can be described as follows:

Qcomp(t) = Qcust(t)− P(t)tgφ (13)

The annual reactive energy produced by the compensation devices Ea comp is the
difference between the annual reactive energy of the receiver Ear cust and the reactive energy
supplied from the grid with the value of the tgφ set at the compensator controller:

Eacomp =
∫ Ta

0
Qcust(t)dt − tgφ

∫ Ta

0
P(t)dt =Earcust − PpTptgφ (14)

3.3. Optimal Compensation Granting Minimum Costs for the Network Operator and Customer

Assuming the costs of the losses of the grid covered by the DSO at the average market
prices Cmp and the costs of the reactive energy generation of compensators as their levelized
cost of reactive energy (LCOEr) value, the total cost of losses due to the flow of reactive
energy in the grid and its generation in the compensation devices is determined by the
following equation:
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Ksum = Ea(r)Σ·Cmp + LCOEr·(Earcust − PpTptgφ) (15)

By calculating the derivative of the costs after tgφ taking into account the equation for
Ea(r)Σ (13) and equating it to zero:

2
P2

p

U2
n

tgφ(Rc+Req)τpCmp ± Pp(Rc + Req(MV+HV))ωCcTpCmp − LCOEr·PpTp = 0 (16)

the optimal value tgφ may be determined as follows:

tgφopt =
Tp

[
LCOEr ±

(
Rc + Req(MV+HV)

)
ωCcCmp

]
U2

n

2Ppτp

(
Rc + Req(MV+HV)

)
Cmp

(17)

The graphical interpretation of the annual cost Equation (15), which allows the deter-
mination of the optimal value of the tgφopt coefficient, is presented in Figure 1.Corrected Figure 1 

 

 
 
Corrected Figure 2 
 

 
 
 
 
 
 
 
 
 
 
 
 
Corrected Figure 8 
 

Figure 1. Annual total costs Ksum including annual losses in the network KnL and annual costs of
reactive energy generation Kcomp by the consumer with changes in the compensation coefficient tgφ.

Optimization is carried out for a series circuit consisting of the equivalent resistance
of the high- and medium-voltage network with the value Req(MV+HV) = 0.0022 Ω and the
resistance of the low-voltage circuit Rc = 0.05 Ω determined for an aluminum cable with a
cross section of 120 mm2 and a length of 200 m. Req(MV+HV) is the equivalent resistance of a
fragment of the 110 kV network with an HV/MV transformer and a fragment of the medium-
voltage network with an MV/LV transformer supplying the considered load. This resistivity
was determined based on the annual active energy losses recorded at the high-voltage and
medium-voltage levels in the network covering the fragment of the network mentioned above
for the Polish distribution network that supplies mixed urban and rural areas based on [52] in
a manner analogous to the method of determining the equivalent resistance of the LV network
presented in this article using the dependence of (22) to (30). The low-voltage cable supplies a
consumer with peak power Pp = 150 kW, peak power usage time Tp = 3400 h, and maximum
loss duration time τp = 1660 h and tgφp = 1.0. The cost of generating reactive power in the
compensator is LCOEr = 0.001 EUR/kvarh and the cost of active energy losses in the network
Cmp = 61.36 EUR/MWh. The terms of Equation (15) that contain the cable susceptance of
ωC = 0.000048 S can be neglected in practical calculations.
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The optimal value of tgφopt is proportional to the levelized costs of reactive energy
generation in receiving installations, that is, LCOEr, which can be determined as a result of
market analyses of the investment expenditures on reactive energy compensation devices
and the costs of using these devices during their operation period:

LCOEr =
QRPC·KjRPC + ∑k((Wl ·EaiRPC ·Sdvar + Kmi)/(1 + r)i)

∑k(EaiE+RPC/(1 + r)i)
(18)

where LCOEr—levelized cost of reactive energy generation in a reactive power compensator,
QRPC—rated reactive power of the compensator (RPC), KjRPC—unit investment expenditure
for the reactive power compensator, EaiRPC—reactive energy generated in the compensator
in the i-th year, Wl—active energy losses per unit of reactive energy generated [Wh/kvarh],
Sdvar—variable component of the distribution fee in the tariff group in which the consumer
is settled, Kmi—annual maintenance costs of the compensator, k—years of the reactive
power compensator operation resulting from the period of its tax depreciation, r—assumed
discount rate.

According to the results of LCOEr analyses carried out in Poland in 2018, controlled
capacitor banks (CCBs) with a nominal capacity of 20–200 kvar, for the compensation of
inductive reactive energy, are characterized with an LCOEr in the range of 0.002–0.00025
EUR/kvarh. For the cheapest capacitive reactive energy compensators, which turned out
to be static var generators (SVGs) capable of bidirectional compensation, for the capacity of
20–100 kvar, the LCOEr values were in the range of 0.006–0.003 EUR/kvar.

The value of tgφopt also depends on the total equivalent resistance of the high- and
medium-voltage network supply path Req and the resistance Rc of the line that supplies the
receiver. Due to the low value of susceptance ωC of the supply line for low-voltage cables
and overhead lines, it can be assumed that

LCOEr ≫
(

Rc + Req
)
ωCcCmp (19)

which leads to the simplification of Relationship (17) in the following form:

tgφopt =
TpLCOErU2

n

2Ppτp
(

Rc + Req
)
Cmp

(20)

In the case of supplying a single consumer with a dedicated supply line, the values
of Pp, Tp, and τp can be determined based on the data recorded by its smart meter. The
remaining elements of (20) depend on the type of compensator used, the parameters of the
supply system, and the average price of electricity on the market.

The MV/LV substation usually supplies several groups of consumers connected to the
low-voltage network using power lines of various lengths and types, which are loaded in a
variable daily and seasonal manner. The composition of customer groups is also changing
as a result of connecting new customers and migrating existing ones. Moreover, in the
case of the presence of distributed generation sources in the low-voltage network, their
active energy generation and its possible export to a higher voltage level should be taken
into account. In the case of numerous consumers supplied from a transformer substation,
Relationship (20) cannot be applied directly to each of them because the individual losses
caused by the supply of a given consumer in the network cannot be determined. The
following analysis describes how the relationships presented can be applied to determine
the optimal tgφopt factor for consumers supplied from the MV/LV substation based on the
practically available data.

3.4. Calculation of Compensation Parameters for the LV Supply Area Based on Data Registered in a
Smart Metering System

In Poland, as a result of the amendment to the Energy Law Act [56], the implementation
of smart metering systems was forced on DSOs in the scope of balancing meters at MV/LV
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stations by 2026, and by 2028, it is expected to cover 80% of customer meters. The growing
number of smart metering installations [30] encourages the use of recorded measurements
to determine the optimal level of reactive energy compensation.

In this subsection, the data that can be obtained from intelligent measurement systems
will be used to determine the optimal value of the tgφopt coefficient defined by Relationship
(20) for the case of supplying the LV network from an MV/LV station with many customers.
Relationship (20) allows one to determine the optimal compensation parameters with a
known resistance of the low-voltage circuit connecting the customer to the grid, and in
Section 3.3, it was determined as Rc based on the known parameters of the connecting line.
Therefore, this relationship does not allow one to determine the optimal compensation
conditions taking into account all customers supplied from a given station. Based on
the last of the assumptions presented at the beginning of Section 3, in this subsection,
the equivalent resistance of the low-voltage circuit ReLV, causing the same active energy
losses in a year occurring in real low-voltage circuits supplied from an MV/LV station
and calculated using data registered in the AMI system, is determined. The value of this
resistance ReLV will be used as a replacement for Rc in Relationship (20) to determine the
optimal conditions for the compensation of all customers supplied from the MV/LV station,
assuming equal values of the optimal compensation coefficient for all customers if their
individual tgφcust coefficient exceeds the determined optimal value. The optimal value of
the tgφopt coefficient determined in this way satisfies the features of a value that can be
included in the tariffs for a given supply area.

To use Relationship (20) to calculate the optimal value of tgφopt, the individual factors
appearing in Relationship (20) will be determined using the hourly values registered in the
AMI system.

The losses occurring during the energy flow from the grid to consumers can be
determined as the difference between the annual active energy fed into the grid measured
by the balancing meter Eaa(+)st, registering the energy inflow on the low-voltage side of
the transformer in the MV/LV substation and the sum of annual energy values ∑Eaa(+)cust
consumed by the consumers supplied from the given substation. The losses occurring
during the energy flow from the prosumers or energy generators to the grid are determined
as the difference between the annual active energy generated at various points in the low-
voltage grid ∑Eaa(−)cust and the annual active energy transferred to the higher-voltage-level
grid measured by the balancing meter Eaa(−)st. Total losses ∆EaaLV may be determined as

∆EaaLV = Eaa(+)st − ∑i Eaa(+)cust + ∑i Eaa(−)cust − Eaa(−)st (21)

The energy losses measured in the low-voltage grid during a year can be used as
a basis to determine the equivalent resistance of the low-voltage grid, which can also
be used to determine the optimal levels of reactive energy transmission to consumers in
the low-voltage grid, ensuring the minimum costs of reactive energy supply to receiving
installations, in accordance with Relationship (20). To determine the equivalent resistance of
the low-voltage network ReLV, the value of the network loss factor ρLV should be determined
first according to the following relationship:

ρLV =
∆EaaLV

∑i Eaa(+)cust
(22)

In case of a group of consumers supplied from an MV/LV substation, simultaneous
consumption of reactive energy (inductive load) and its generation (capacitive load) often
occurs within the basic electricity market settlement period of 1 h. It is assumed that in
any shortest period of time considered, the reactive energy used may be either inductive
or capacitive, and the total transmission losses are the result of summing up the losses
in consecutive periods of consumption or generation of reactive energy in the period of
the basic market settlement. The same applies to the active energy of consumers, which
can be consumed or generated at any time. Thus, the apparent powers, being the result
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of summing the registered energy flows to customers during the basic period of market
settlements of 1 h, can be calculated according to the following relationship:

S2
hcustLV ∗ Tb =

[(
∑i Eha+i

)2
+
(
∑i Eha−i

)2
+
(
∑i Ehrindi

)2
+
(
∑i Ehrcapi

)2
]

(23)

where ShcustLV is the apparent power of the summed energy flows to the customers con-
sidered in the above relation as average power divided by 1 h; Eha+i, Eha−i—active energy
consumed and generated in 1 h values, Ehrind i, Ehrcap i—reactive energy consumed (in-
ductive) and reactive energy generated (capacitive) values registered in the basic market
settlement period of Tb, Tb—the basic period of settlement of the electricity market which
is 1 h, i—individual customers supplied from the MV/LV substation.

Active energy losses in the LV network can be expressed as a function of peak hourly
apparent power in the year Sp cust LV based on AMI-registered measurements:

S2
pcustLV = maxh(S2

hcustLV), (24)

the equivalent duration of peak losses τeq cust LV, being the result of total energy flows to
the customers:

τeqcustLV =
1

S2
pcustLV

∫ Ta

0
S2

eq(t)dt =

(
∑
h

S2
hcustLV

)
/S2

pcustLV , (25)

and the equivalent network resistance ReLV, as follows:

∆EaaLV = 3I2
pReLVτeqcustLV =

S2
pcustLV

U2
n

ReLVτeqcustLV (26)

where Ip is the maximum current resulting from the LV intake of the Sp cust LV at nominal
voltage Un.

Active energy supplied to consumers during the year can be determined using their
total peak power Pp cust LV and the value of the maximum load utilization time Tpcust LV
according to the following relationship:

∑h ∑i Ehai = PpcustLV ·TpcustLV (27)

where the peak active power of the consumers Pp cust LV and the peak load utilization time
Tp cust LV can also be determined on the basis of the recorded measurements according to
the following relationships:

TpcustLV =
(
∑h ∑i Ehai

)
/PpcustLV (28)

PpcustLV = max
(
∑h ∑i Ehai

)
(29)

The transformation of Equation (22) using (26) and (27) allows the determination of
ReLV according to the following relationship:

ReLV =
ρLV ·Tpcust·U2

n·PpcustLV

S2
pcustLV ·τeqcustLV

(30)

The equivalent resistance value obtained, reflecting the actual losses registered in a
year in the LV network, can be used to determine the optimal value of tgφopt defined by
Relationship (20). Assume that

Rc = ReLV (31)
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considering the parameters of the common distribution networks for which

ReLV ≫ Req(MV+HV) (32)

Then, the value of Req (MV+HV) can be neglected in (20), and with further simplifications
using (32), the following equation, independent of the voltage value, can be obtained:

tgφopt approx =
LCOEr·S2

pcustLV ·τeqcustLV

2·P2
pcustLV ·τp·ρLV ·Cmp

(33)

where τp defined by (11) can be calculated based on the AMI measurements according to
(25) but for the values of active energy per hour.

Equations (20) and (33) were derived with the assumption that the compensation of
the reactive inductive and capacitive energy over tgφ to the value of tgφopt is carried out
continuously so that the load has a steady tgφopt in the time period considered. In practical
cases, taking into account (23), it could be necessary to use customer compensators capable of
compensating for both types of reactive energy. These compensators are significantly more
expensive than compensators based on a controlled capacitor bank, which can result in high
optimal values of tgφopt factors and increased losses in the network due to inductive reactive
energy flows. The decisions to be taken in view of this fact are discussed in the next section
with examples of two sample MV/LV substations based on the recorded AMI measurements.

4. Analysis of Optimal Reactive Energy Compensation Levels for MV/LV Substations
Based on AMI Measurements

Data recorded by advanced measurement systems at two sample MV/LV substations
will be analyzed to determine the optimal values of consumers’ tgφopt. Substation S1
supplies customers in the urban area using a low-voltage cable network with a predominant
cable cross section of 120 mm2 Al and a total length of 5.1 km. The S1 substation is equipped
with an MV/LV transformer with a capacity of 400 kVA. The summed consumption of
active energy in this network during the year and the summed generation of active energy
generated in prosumer installations in this period are shown in Figure 2. The summed flows
of the consumed inductive and capacitive reactive energy in the receiving installations of
the network supplied by the S1 substation are shown, respectively, in Figures 3 and 4.

Corrected Figure 1 
 

 
 
Corrected Figure 2 
 

 
 
 
 
 
 
 
 
 
 
 
 
Corrected Figure 8 
 

Figure 2. Profile of the active energy consumption (A+) and generation (A−) of consumers of the S1
substation.
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Substation S2 is equipped with a 160 kVA transformer and supplies the residential
area and commercial/industrial consumers in the rural area with an overhead line network
that has an overall length of 2.9 km with a dominant overhead line cross section of 70 mm2

Al. The consumption of active energy by network consumers and the generation of active
energy by consumers during the year are shown in Figure 5. The total flow of inductive and
capacitive reactive energy summed for the receiving installations of the network supplied
by the S2 substation is shown during the year in Figures 6 and 7.
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Table 1 presents the technical data of the substations, the values of the annual active
energy flows registered by the balancing meters, the summed energy registered in the smart
meters of consumers, and the difference in the active energy balance ∆EaaLV determined
according to Relationship (21), which enables the determination of the low-voltage network
loss factor according to Relationship (22).

Table 1. Data from low-voltage substations and the LV network analyzed, as well as the results of
active energy flows recorded in this network for a year.

MV/LV Substation S1 S2

Sn tr MV/LV [kVA] 400 160
LV network urban rural
Conductors cable OHL

Dominant cross section [mm2] 120/150 70
LV network length [km] 5.1 2.9

Eaa(+)st [kWh] 767,191.4 394,352.8
∑Eaa(+) cust [kWh] 761,398.3 412,540.9

Eaa(−)st [kWh] 0.0 2542.8
∑Eaa(−)cust [kWh] 15,946.9 37,199.2

∆EaaLV [kWh] 21,740.0 16,468.3
ρLV [%] 2.86 3.99

∑Earind cust [kvarh] 200,706.8 141,963.8
∑Earcap cust [kvarh] 130,845.6 42,173.3

To determine the optimal compensation levels for customers supplied from substations
S1 and S2, the equivalent resistances of LV networks ReqLV were determined for these
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facilities according to Relationship (30), and the equivalent resistances of medium- and
high-voltage networks Req(MV+HV) were assumed for urban networks (S1) and for rural
networks (S2) according to the data in Tables 1 and 2. Table 2 also presents the assumed
operation costs LCOEr of SVG compensators for capacitive energy compensation and of
CCB compensators for inductive reactive energy compensation.

Table 2. Electric energy market price, levelized costs of reactive energy generation in consumers,
substations’ peak loss time τp, peak load utilization time Tp based on energy flows recorded in the
AMI system, and the network equivalent resistance value ReLV for the networks supplied from S1
and S2 substations.

MV/LV Substation S1 S2

Cmp [EUR/MWh] 61.36 61.36
Sp cust LV [kVAh/h] 202.0 145.9
Pp cust LV [kWh/h] 199.0 136.96

Tp cust LV [h] 3826 3032
τeq custLV [h] 2023 1391

τp [h] 1917 1417
ReLV [Ω] 0.0431 0.0970

Req(HV+MV) [Ω] 0.0028 0.0047
SVG LCOEr [EUR/kvarh] 0.003 0.003
CCB LCOEr [EUR/kvarh] 0.001 0.001

The market price of energy is assumed at the level of 61.36 EUR/MWh specified in [57]
for 2019, which is also the year of data collection from substations and market studies of
the costs of the use of compensators.

As can be seen from the analysis of Figures 3 and 4, as well as Figures 6 and 7, the
reactive energy consumption during the year is not constant and varies from the maximum
to the minimum value and also reaches zero in certain periods. This means that there
are periods in which inductive or capacitive energy consumption compensation could
be needed and other periods when compensation is not required due to zero or small
reactive energy flows from the grid. Relationship (20) was derived assuming that the
tgφ coefficient of the analyzed load remains at a level higher than the optimal value for
the whole analyzed period. However, in practical considerations, it should be taken into
account that the reactive energy compensation should therefore be continued only in certain
load states of limited durations.

The energy losses due to the flow of reactive energy to consumers in the time periods
when the compensation is active and not within the whole year are the sum of the two
components considered below, provided the optimal compensation level in both areas
is maintained:

∆Ea = RenU−2
n ·(tg2 φoptg

∫ Tag

0
P2(t)dt + tg2 φoptc

∫ Tac

0
P2(t)dt) (34)

where Tag—period of reactive energy generation at a level higher than the optimal tgφoptg
value, Tac—period of reactive energy consumption by customers at a level higher than the
optimal tgφopt c value.

For such cases, the calculation of the optimal values of tgφopt should be performed
separately for the consumption and generation of reactive energy. In the case of reactive
energy consumption, the optimal tgφopt c is expressed by Relationship (20) transformed
into (35), substituting ReLV (30) as the equivalent resistance and Tpc, Ppc, and τpc calculated
for the period of Tac, which is the duration of the energy consumption of a reactive load
greater than or equal to the chosen value of tgφic:

tgφoptc =
U2

n
2 ∗ ReLV ∗ Ppc

∗
Tpc

τpc
∗ LCOErc

Cmp
(35)



Energies 2024, 17, 4116 14 of 24

The relationship for tgφopt g can be obtained in a similar way for the duration Tac in
which the reactive energy generation of the load is greater than or equal to the chosen value
of tgφig.

Compensation is active only in the case of load tgφig being smaller than tgφopt g for
reactive power generation and only if load tgφic is greater than tgφopt c for reactive power
consumption.

For each period value of Tac or Tag, including all measurement periods with tgφ greater
than the chosen value of tg ic and smaller than tgφ ig, the resultant optimal values of tgφopt c
and tgφopt g can be calculated. As these results depend on the ratio Tpi/τpi, it is difficult
to find the value that globally minimizes the total cost of losses. It can be achieved in an
iterative way by comparing the compensation cost for various values of tgφopti. The AMI
system registers load energy measurements every 15 min or every 1 h, so we have a finite
number of measurements to consider.

The optimal value to which the load tgφ should be compensated can be determined
according to the algorithm presented in Figure 8, which aims to find such a value of tgφopt
within the sets of ‘h’ AMI measurement periods arranged in descending order of tgφi.
The practical operation of this algorithm is demonstrated in the examples of two MV/LV
substations, with the results shown in Figures 9–12.

 
 
Corrected Figure 9 
 

 
 
Corrected Figure 10 
 

Figure 8. Algorithm for the search of the tgφopt value.
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Corrected Figure 10 
 

Figure 9. Periodic values of tgφi(h) for load reactive energy consumption in descending order and
the corresponding values of tgφopt i(h) calculated for sets of periods with tgφk ≥ tgφi together with
the compensation profit for tgφi(h) > tgφopt i(h) for the S1 substation. Optimal compensator setting
tgφopt = 0.419.

 
 

Corrected Figure 12 
 

 
 

Figure 10. Periodic values of tgφi(h) for reactive energy consumption in descending order and the
corresponding values of tgφopt i(h) calculated for period sets with tgφk(h) ≥ tgφi(h) together with
the compensation profit for tgφi(h) > tgφopt i(h) for the S2 substation. Optimal compensator setting
tgφopt = 0.158.
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Figure 11. Periodic values of tgφi(h) in descending order for reactive energy generation and the
corresponding tgφopt i(h) values of tgφopt i(h) for the sets of periods with tgφk(h) ≥ tgφi(h).

 
 

Corrected Figure 12 
 

 
 Figure 12. The aggregated cost of losses due to reactive energy flow in substations S1 and S2 without

compensation.

In the algorithm, the hourly tgφh values are calculated based on the summed en-
ergy flows of n consumers supplied from the substation for every AMI-registered period
according to

Eha = ∑n
1 Ehai Ehr = ∑n

1 Ehri tgφh = Ehr/Eha (36)

and the set of registered measurements, for the case of reactive energy consumption, is
arranged in descending order of tgφh.

Then, the values of tgφoptm are calculated using (35) based on parameters calculated
according to (37)–(39), for successive sets of m AMI measurement periods with decreasing
values of tgφh:

Ppm = maxm(Eha/Th) (37)
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Tpm =
(
∑m

1 Eha

)
/Ppm (38)

τm =
(
∑m

1 (E2
ha/T2

h )
)

/P2
pm (39)

In the third step, k subset of periods is selected from the m set for which the following
condition is satisfied:

tgφm > tgφopt m (40)

If Condition (40) is satisfied for all sets of m, it means that in the whole period analyzed
(year), the compensation should be active, and then tgφopt can be determined for the set of
m with the lowest tgφh value. If there are no sets that meet Condition (40), the compensation
is not required due to higher costs when applying the compensation than in the case of
its absence.

In the case of a selected subset of k, the choice should be made among the k optimal
tgφopti values calculated based on a different number of registered measurements. The
choice of a globally optimal value among these tgφopti is based on the highest profit resulting
from compensation compared to the lack of compensation, which depends on the shape
of the annual load curve. The maximum profit Pri (43) should be selected as the value
that results in the maximum difference between the costs of losses KEri nC caused by the
transmission of reactive energy without compensation (41) and the costs of losses in the case
of the transmission of reactive energy and its generation in the customers’ compensators
KEri(tgφopti) expressed by (42):

KErinC = Cmp
Req

U2
n

∑i
1 E2

rh (41)

KEri
(
tgφopti

)
= Cmp

Req

U2
n

P2
piτpitg2 φopti + LCOEr(∑i

1 Erh − PpiTpitgφopti) (42)

Pri = KErinC − KEri(tgφopti) (43)

The compensator setting tgφoptcomp is the value of tgφopti that maximizes the Prki
profit (43). The compensator operation time Tacomp can be determined as the sum of m
measurement periods in the optimal set:

tgφoptcomp = tgφopti (44)

Tacomp = ∑m
1 Th (45)

The presented method allows us to determine the optimal values of tgφopt for both
the consumption and the generation of reactive energy of the supplied customers, and the
result obtained depends on the relationship between the market price of energy Cmp to
cover DSO losses and the operating cost LCOEr of the compensator used, as well as the
mutual relationship of the characteristic values Tp, τp, and Pp of the summed load.

Optimal values of tgφopt are determined for substations S1 and S2 according to the
algorithm depicted in Figure 8 for the area of reactive energy consumption, and the results
are presented in Figures 9 and 10. The periodic values of tgφi(h) are presented in descending
order with the associated tgφopti(h) values for data sets that cover measurement periods of
1 to 8760. The point of intersection of the tgφi(h) and tgφopti(h) curves defines the possible
compensation area where tgφi > tgφopti. The curve Pr(tgφopti) allows one to determine the
optimal value of the compensator setting slightly different from the mentioned intersection
points, which are presented in Figures 9 and 10.

The case of reactive energy generation to the grid (capacitive load) is presented
in Figure 11 and also shows the tgφi(h) values in descending order based on the AMI-
registered data and the associated optimal tgφopti(h) factors calculated for the sets of
data starting with the highest periodic tgφ(h) and ending with tgφi(h). These curves
do not intersect.
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The aggregated cost of losses due to reactive energy flow in substations S1 and S2
without compensation is presented in Figure 12. The costs associated with reactive energy
generation for the S2 substation are small due to the much lower volume of capacitive
reactive energy transmitted to customers of the S2 substation than in the case of the S1
substation. For the S1 substation, the costs are significantly higher; however, the com-
pensation of these reactive energy flows is still not profitable due to the high operating
costs of capacitive energy compensators. The high costs of capacitive energy compensators,
causing a lack of profitability of the compensation process, may serve as a justification for
certain additional fees for introducing reactive energy into the grid, partially compensating
significant losses of the DSO.

The above-presented original methodology for determining the optimal value of the
tgφopt coefficient allows for practical use of data recorded by AMI systems for determining
the optimal operating conditions of low-voltage networks in terms of losses caused by
reactive energy flows.

The voltage level at the busbars of the MV/LV substations was also examined. The
variation of voltage level in the busbars of the MV/LV substations is presented in Figures 13
and 14 for the substations S1 and S2, respectively. For a period of a year, the voltage values
in all three phases did not exceed the permissible limits of ±10% Un [53]. At the S1
substation, the maximum voltage reached 250 V, while the minimum measured voltage
value was equal to 238 V. At the S2 substation, the maximum voltage value was 248 V, with
a minimum of 168 V, as can be seen in Figure 14. The crossings of lower voltage limit values
in Figure 14 were recorded as voltage sags, apparently due to external faults, not related to
the reactive energy flow. When omitting the fault voltage values, the minimum voltage in
the considered period was equal to 228 V, as shown in Figure 14.
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5. Discussion of Results

Compensation of reactive energy consumption or generation should be carried out
for measurement periods for which tgφi ≥ tgφopti. For the remaining periods, compen-
sation at levels tgφi < tgφopti is less profitable or even unprofitable in relation to the lack
of compensation.

For the S1 substation, characterized by a lower equivalent resistance Req than the S2
substation, the compensation of the reactive energy consumed is profitable only for high
levels of tgφi, and the optimal value is tgφopt = 0.419. The optimal value is not at the point
of the intersection of the tgφi(h) and tgφopti(h) curves which falls at the 554/555 period
counting from the highest tgφi value but about 30 periods earlier for a set of registered
measurements containing 532 periods of the highest tgφi(h) values. With such equivalent
resistances and the relationship Cmp/LCOEr, it is relatively more profitable to supply
reactive energy from the grid than to produce it in receiving installations because of
relatively low active energy losses resulting from the transmission of reactive energy
through the grid. Compensation at high tgφopt values, although profitable, makes low
profits due to the limited time it takes to use compensating devices during the year and
the small cost reduction resulting from the small reduction in reactive energy supplied by
the network.

In the case of the S2 substation, the high equivalent resistance of the power grid creates
favorable conditions for the production of reactive energy used by consumers in their
installations because its transmission through the grid causes significant losses of active
energy. Therefore, it is profitable to compensate for reactive energy flows at lower optimal
levels, as evidenced by the value of tgφopt = 0.158 for the S2 substation. The long operation
period of the compensating devices in this case and the low level of tgφopt allow a significant
increase in profits due to reactive energy compensation in relation to the S1 substation. In
the case of S2, the point of the intersection of the curves tgφi(h) and tgφopti(h) falls between
the 8529/8530 period counting the highest value of tgφi, and the highest profit that indicates
the optimal value is observed for a set of measurement periods shorter than 280 periods.
The optimal value of tgφopt is stable for a wide set of measurement periods with a size of
8000 periods, and stable profits can be expected for a set of measurement periods that cover
from 7500 to 8500 measurement periods with the highest tgφopti(h) values.

In the case of reactive energy generation in receiving circuits, the values of optimal
tgφopti(h) coefficients are significantly higher than the values of tgφi(h). These curves do
not intersect, and therefore there are no AMI-registered data sets for which compensation
would be profitable. Therefore, the compensation of capacitive reactive energy leads
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to greater losses, taking into account the costs of losses in the network and the costs of
using compensation devices, than in the case of lack of compensation, which is due to the
significantly higher costs of using capacitive energy compensators (SVGs) than inductive
energy compensators (CCBs).

In summary, taking into account Equation (35) and the results presented for the two
analyzed substations, the factors that have the greatest impact on the range of reactive
energy compensation and profit, i.e., the value of the optimal tgφopt coefficient, are the
equivalent resistance ReqLV of the supply network and the ratio of the price of energy
losses in the network to the costs of reactive energy generation in the compensator circuits
Cmp/LCOEr. The optimal value of tgφopt is also influenced by the supplied load characteris-
tics expressed by the factor Tp/(2Pp*τp), and the conclusion concerning this last influence
can be formulated later only based on a larger amount of MV/LV investigated.

This last conclusion is the original one and could be formulated as a consequence of
the detailed analysis of losses and not only reactive power flows as is usually performed in
reactive power compensation studies.

The optimal value determined for tgφopt is an approximate value of the value that
consumers should maintain to ensure the minimum costs of reactive energy supply to their
installations throughout the year. The approach to minimize the expenses of both the DSO
and the consumer seems reasonable, as it can be assumed that all costs of energy distribution
are borne by the consumers, and therefore the reduction in the total losses cost during
reactive energy transmission in the network through the installation of compensators by
consumers also brings benefits to them. This conclusion ensures that customer interest
should be carefully considered and provides the original basis on which the cost of losses
should be divided among DSOs and their customers.

Clearly, consumers with a natural factor tgφcust < tgφopt do not need to use reactive
energy compensation devices because they do not increase network losses due to reactive
energy consumption in relation to consumers maintaining their tgφcust factor at the optimal
level by using compensating devices.

Optimal tgφopt values reach higher values with the use of a bidirectional SVG com-
pensator at the level that exceeds 1.0 for S1 and 0.9 for S2. Such high optimal values
would not lead to the need to perform reactive energy compensation for consumers who
have a natural value of the tgφcust factor at a lower level. With such high optimal tgφopt
factors, the limitation of reactive energy flows due to their compensation would be in-
significant, and therefore the costs of the DSO could be relatively high, especially in the
case of uncompensated reactive energy consumption, as can be seen in Figure 12. In such
cases, it would be advisable to consider the optimal tgφopt values of tgφopt allowed only in
terms of inductive energy consumption and use CCB compensators with moderate LCOEr,
leaving the generation of reactive energy uncompensated. This is the meaningful original
conclusion taking into account the strong legal limitation concerning the generation of
reactive energy mentioned in Section 2. Its application seems to be justified and practical in
low-voltage networks where the reactive power flows do not influence the voltage level
due to the very low reactance of power lines, and some level of reactive power generation
should be allowed.

For low-voltage networks characterized by low values of the equivalent reactance of
distribution lines in relation to their resistance, the impact of reactive energy transmission
on the voltage level at consumers is not significant. Even at the highest levels of the tgφ
factors analyzed in this article, there is no risk of exceeding the acceptable voltage levels
at the consumer connection points defined in [53] as ±10% for 95% of the week. Threats
should rather be sought in the transmission of significant active energy from prosumers to
MV/LV stations, which may increase the prosumer’s voltage, which in turn may block the
operation of customer inverters. Forcing reactive power consumption to a limited extent
may be helpful in such cases but, however, leads to greater energy losses in the grid.
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6. Conclusions

The advanced metering infrastructure enables the optimization of the operation of
the LV network supplied from the transformer substation by determining the optimal
level of the tgφ factor to ensure the lowest costs of reactive energy supply to consumers.
The level of the optimal tgφopt factor is associated with the equivalent resistance of the
LV network that supplies the substation load, calculated on the basis of the low-voltage
network loss factor. The uniform level of tgφopt results from averaging the conditions of the
electricity supply to consumers. This averaging favors consumers connected using network
portions with greater resistance, to which the inflow of reactive energy causes higher
network losses, compared to consumers connected using network portions with lower
resistance. However, the relationships introduced within this article allow the calculation
of the optimal level of compensation of the customer’s group supplied by separate feeders
based on the resistance of the feeder, which can also be used further for the differentiation
of the optimal tgφ values for various groups of customers. The average results presented in
this document on the level of tgφopt may constitute the basis for decisions on the applicable
level of reactive energy compensation in low-voltage grids for consumers, proposed by the
DSO and approved by the regulatory authorities in the DSO tariff approval process.

The original methodology presented is an alternative to determining the permissible
values of the tgφ coefficient using computer methods of power flow in the distribution
network. The available data recorded by intelligent measurement systems, installed at
different voltage levels, can be used to verify calculations based on detailed modeling of
network elements and load variability during the year.

The widespread use of receivers equipped with power electronic systems that control
energy consumption causes an increase in capacitive reactive energy flows in the network.
Compensation of capacitive reactive energy flows requires the use of more expensive
compensation devices in consumer installations, resulting in two- to three-times higher
absolute values of optimal tgφopt factors, compared to inductive energy consumption.
Capacitive energy flows can jeopardize the DSO strategy to limit network losses in the
event of an important injection of reactive energy into some point of the network. Preventive
actions can include increasing the consumption of reactive inductive energy by inverters
used in solar or wind distributed generators. The costs of such activities and the feasibility
of their use by DSOs may constitute a further stage of the research to optimize reactive
energy flows in the low-voltage grid.
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AMI advanced metering infrastructure
CCB controlled capacitor bank
DSO distribution system operator
HV high voltage
MV medium voltage
LV low voltage
PV photovoltaic
RPC reactive power compensator
SVG static var generator

References
1. Sorokin, A.; Rebennack, S.; Pardalos, P.M.; Iliadis, N.A.; Pereira, M.V.F. (Eds.) Handbook of Networks in Power Systems I; Springer:

Berlin/Heidelberg, Germany, 2012. [CrossRef]
2. Blinov, I.; Zaitsev, I.O.; Kuchanskyy, V.V. Problems, Methods and Means of Monitoring Power Losses in Overhead Transmission

Lines. Stud. Syst. Decis. Control. 2020, 298, 123–136. [CrossRef]
3. Kulczycki, J. Straty Energii Elektrycznej w Sieciach Dystrybucyjnych. (Electricity Losses in Distribution Networks); PTPiREE: Poznań,
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