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Abstract: The share of wind energy in the energy mix is continuously increasing. However, a
very important issue associated with its generation is the high failure rate of wind turbines. This
situation particularly concerns large wind turbines, which are expensive and have a lower tolerance
for system damage caused by various failures and faults. Vulnerable components include sensors,
electronic control units, electrical systems, hydraulic systems, generators, gearboxes, rotor blades,
and so on. As a result, significant emphasis is placed on improving the reliability, availability,
and productivity of wind turbines. It is extremely important to detect and identify abnormalities
as early as possible and predict potential failures and damages and the remaining useful life of
components. One way to ensure turbine efficiency is to plan and implement preventive repairs.
This work shows a semi-Markov model of a preventive maintenance system based on Enercon
E82-2 wind turbines. The system’s performance quality is evaluated based on profit over time and
an asymptotic availability coefficient. The developed model establishes formulas describing the
efficiency functions and formulates the conditions for the existence of extremes (maxima) of these
functions. Computational examples provided at the end of the paper illustrate the obtained research
results. A preventive maintenance model is developed that can be applied to wind turbine hazard
prevention (determining optimal times for wind turbine preventive maintenance).

Keywords: wind turbine; age-replacement; profit per unit time; availability; semi-Markov processes;
preventive maintenance; corrective maintenance

1. Introduction

Wind energy is one of the fastest-growing types of renewable energy sources, used
as an effective response to social development and global industrial growth in recent
decades [1–3]. This process is stimulated by the increasing integration of renewable energy
sources, including wind turbines, with the power system. The increase in distributed gen-
eration in the share of generating sources in the power grid has resulted in many questions
about the reliability and assessment of this type of wind farm [4–6]. This assessment is
necessary to examine the availability of wind farms, impacting energy costs and economic
benefits, as well as what is being done to reduce uncertainty in wind power production
forecasts [7,8].

Wind turbines must produce electricity under difficult environmental conditions,
which can lead to the occurrence of faults, malfunctions, damages, and inoperability. This
is particularly true for offshore wind turbines. Maintaining them is also highly costly [9].
As reported by McMillan and Ault [10], the operational costs of offshore wind turbines are
twice as high as those of onshore turbines, constituting 20–35% of the total life cycle costs
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of wind energy conversion systems. Because of this, it is crucial to enhance the reliability,
availability, and productivity of wind power plants. The primary solution employed
for this purpose is the monitoring of technical conditions and diagnostic identification
of faults and damages. This enables the determination of where failures occur and the
assessment of their significance, allowing for appropriate actions to be taken. Such an
approach facilitates the prevention of further damage, which could give rise to hazardous
situations during the operation of wind turbines. In the work by Tchakoua et al. [11],
existing techniques for monitoring wind turbines were discussed, and emerging trends
were highlighted. Meanwhile, Liu et al. [12] discussed the most frequent types of faults
and damages in turbines, while Lau et al. [13] focused on the main failure types of offshore
wind turbines. [14,15] addressed fault-tolerant control, prognosis, and resilient control for
wind turbine systems. A review of topics associated with fault prognosis and predictive
maintenance was presented by Abid et al. [16].

A wind turbine is a complex machine composed of mechanical, hydraulic, and electri-
cal components. The flow of wind through the rotor blades drives their movement and the
rotation of the rotor to which they are attached. Depending on the design, further energy
conversion may involve an additional gearbox for acceleration. Mechanical energy from
the shaft is transformed into electrical current by the generator. Hydraulic systems of the
wind turbine are responsible for adjusting the nacelle and rotor blades to change wind
speed. Monitoring the condition of the wind turbine allows for verifying its operational
parameters to detect early signs of faults and damage. Diagnostics involve detecting,
locating, and identifying existing faults and damages. This enables the planning of repair
strategies for the system to prevent complete failures.

Ensuring the availability of wind turbines is often closely linked to ensuring an ade-
quate amount of operational time. Consequently, it becomes possible to carry out minimal
repairs, which restore the system to its reliability state just before the damage occurs. How-
ever, such actions bring the system to an intermediate state between inoperability and
“good as new” operability. This state is termed imperfect maintenance. Many authors have
discussed various scenarios of imperfect maintenance in their works [17,18].

By implementing appropriate strategies for preventive and corrective actions, it is
possible to reduce the system maintenance costs. Activities carried out as part of such strate-
gies include replacing key system elements and determining the frequency of inspections
assessing the technical condition. The schedule for these activities is often established by
the system designer or manufacturer. During the operational phase, and after the warranty
period has ended, this schedule is often adjusted by the user. Typically, they decide on the
replacement of worn-out components. Corrective maintenance (CM) actions always require
prior diagnosis of the damage and its identification, making them costly and necessitating
highly skilled personnel. Repair costs (CM) are generally higher than those of preventive
maintenance (PM). Similarly, average repair times exceed average preventive maintenance
times. For certain systems, users opt to repair a damaged component without replacing it.
This type of repair can be referred to as minimal repair (MR). Minimal repair restores the
damaged object to its state prior to the occurrence of the damage. From this standpoint,
some replacements can be considered minimal repairs. Based on this reasoning, a variety
of practical models for replacements with minimal repair have been proposed in the litera-
ture. For this reason, various scenarios of preventive actions are written to reduce repair
costs and increase the readiness of technical facilities. Due to their economic importance,
maintenance models are becoming increasingly popular in system reliability research.

2. Materials and Methods

The research work focuses on the operation of Enercon E82-2 (MW) wind turbines—specifically
the Wicko 10 MW wind farm. Five Enercon E-82 wind turbines constitute the Wicko wind
farm studied here. Historical data were collected for analysis and underwent statistical
examination. The primary objective of the study was to develop regression models. The
average daily energy amount can be determined from the average daily wind speed using
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these models. The models developed in this study are based on data stored in the SCADA
system and are appropriate for the analyzed wind turbine. This usefulness is due to the
lack of analysis of other factors, such as terrain roughness, daytime temperature, and other
disruptive factors [17–20], which may depend on the wind farm’s location. To analyze the
problem, we developed two linear regression models. We are the first to analyze the impact
of average daily wind speed on energy production in individual months for the entire year
of 2019. The second model analyzed the impact of average daily wind speed on weekly
energy production throughout 2019. The SCADA system in the wind turbines provided
the data used to develop the regression models. The actual data obtained included the
average speed (m/s) of wind and the average electricity production (kWh) in the period
under consideration. Wind speed is measured using a wind turbine sensor [21].

A mathematical model of the operation and maintenance of the Enercon E82-2 wind
turbine was developed in this study; the procedure followed is shown in Figure 1. The
wind turbines considered are gearless structures with a rated power of 2 MW each. The
mathematical model was developed using semi-Markov processes. Data for the individual
operational states of the modeled process were obtained from the SCADA system. The
data were for five Enercon E82-2 turbines at the Wicko wind farm and were collected
in 2019–2020. The obtained and processed source information included the number of
individual operational states in the analyzed period, the duration of individual operational
states, the amount of energy produced, and related revenues, as well as the costs incurred
during downtime, maintenance, and repair of the analyzed wind turbines.
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3. Model of Preventive Maintenance System Based on Wind Turbine Age
3.1. States of the Preventive Maintenance System Model

The technical object considered in the study—an Enercon E82-2 turbine—can exist in
one of the six states defined in the examined preventive maintenance system model:

• State 1: Task execution state—electricity production state;
• State 2: Downtime state caused by lack of access to the power grid;
• State 3: Downtime state caused by weather conditions;
• State 4: Waiting state for corrective maintenance after a failure or damage;
• State 5: Corrective maintenance state after a failure or damage;
• State 6: Preventive maintenance state—a state in which the operational technical object

undergoes preventive maintenance after operating hours and in accordance with
the strategy.

Figure 2 is an illustration representing state transitions in the preventive mainte-
nance system model based on the age of the considered technical objects (Enercon E82-2
wind turbines).

Energies 2024, 17, x FOR PEER REVIEW  4  of  17 
 

 

Figure 1. Block diagram of the modeling process. 

3. Model of Preventive Maintenance System Based on Wind Turbine Age 

3.1. States of the Preventive Maintenance System Model 

The technical object considered in the study—an Enercon E82-2 turbine—can exist in 

one of the six states defined in the examined preventive maintenance system model: 

 State 1: Task execution state—electricity production state; 

 State 2: Downtime state caused by lack of access to the power grid; 

 State 3: Downtime state caused by weather conditions; 

 State 4: Waiting state for corrective maintenance after a failure or damage; 

 State 5: Corrective maintenance state after a failure or damage; 

 State 6: Preventive maintenance state—a state in which the operational technical ob-

ject undergoes preventive maintenance after operating hours and in accordance with 

the strategy. 

Figure 2 is an illustration representing state transitions in the preventive maintenance 

system model based on the age of the considered technical objects (Enercon E82-2 wind 

turbines). 

 

1 

3 4 

2 

6 

5 

 

Figure 2. Illustration depicting state transitions in the preventive maintenance system model based 

on the age of Enercon E82-2 wind turbines, with the state S = {1 to 6}. 

3.2. Mathematical Model of the Preventive Maintenance System 

To develop a mathematical model, data for five Enercon E82-2 wind turbines were 

processed. On this basis, average values describing the operation process of an average 

technical object—a single turbine—were determined. The actual exploitation process was 

described using a semi-Markovian mathematical model. The main advantage of this type 

of model is the ability to model the considered process using any type of distribution of 

random variables, e.g., the Weibull distribution. Additionally, the developed model takes 

into account the possibility of considering both corrective maintenance after damage oc-

curs and preventive maintenance aimed at preventing damage. However, the limitations 

are the need for statistical analysis of data and the determination of test results for only a 

single averaged technical object; in this case, a single wind turbine. 

A model was constructed for the illustration shown in Figure 1, assuming that it cor-

responds to a stochastic process marked X(t). The theory of the semi-Markov processes 

allowed  is described  in  [22–24]. The  study  considers  a  6-state  semi-Markov model  of 

Figure 2. Illustration depicting state transitions in the preventive maintenance system model based
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3.2. Mathematical Model of the Preventive Maintenance System

To develop a mathematical model, data for five Enercon E82-2 wind turbines were
processed. On this basis, average values describing the operation process of an average
technical object—a single turbine—were determined. The actual exploitation process was
described using a semi-Markovian mathematical model. The main advantage of this type
of model is the ability to model the considered process using any type of distribution of
random variables, e.g., the Weibull distribution. Additionally, the developed model takes
into account the possibility of considering both corrective maintenance after damage occurs
and preventive maintenance aimed at preventing damage. However, the limitations are the
need for statistical analysis of data and the determination of test results for only a single
averaged technical object; in this case, a single wind turbine.

A model was constructed for the illustration shown in Figure 1, assuming that it
corresponds to a stochastic process marked X(t). The theory of the semi-Markov processes
allowed is described in [22–24]. The study considers a 6-state semi-Markov model of
preventive maintenance based on age, with state space S = {1 to 6}. If X(t) = i, then at time t,
the analyzed object is in state i.
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We can determine the Markov chain built into the semi-Markov process when we
know the transition probabilities with which the process moves from state to state. In the
case of this model, such a transition matrix can be written as:

P =



0 p12 p13 p14 0 p16
p21 0 0 0 0 0
p31 0 0 0 0 0
0 0 0 0 p45 0

p51 0 0 0 0 0
p61 0 0 0 0 0

 (1)

pij, i, j = 1 to 6—the probability of transitioning from i to j.
The Markov chain has a steady state probability, which is given by the equation:

PT · Π = Π

0 p21 p31 0 p51 p61
p12 0 0 0 0 0
p13 0 0 0 0 0
p14 0 0 0 0 0
0 0 0 p45 0 0

p16 0 0 0 0 0

 ·



π1
π2
π3
π4
π5
π6

 =



π1
π2
π3
π4
π5
π6


(2)

where:

πi, i = 1 to 6—the steady-state probability of the embedded Markov chain.

We can replace the equation shown in matrix (2) with a system of linear Equation (4),
but a normalization condition (3) is introduced to obtain a unique solution

∑
i
πi = 1 (3)

therefore, the system of linear Equation (4) is written as

π1 + π2 + π3 + π4 + π5 + π6 = 1
p12 · π1 = π2
p13 · π1 = π3
p14 · π1 = π4
p45 · π4 = π5
p16 · π1 = π6

(4)

3.3. Steady-State Distribution of the Markov Chain Embedded within Semi-Markov Process X(t)

To solve Equation (4), the results are formulas defining the steady-state probabilities
for the Markov chain under study:

π1 = 1
m1

π2 =
p12
m1

π3 =
p13
m1

π4 =
p14
m1

π5 =
p14·p45

m1

π6 =
p16
m1

(5)

where:
m1 = 1 + p12 + p13 + p14 ·

(
1 + p45

)
+ p16
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The technical object undergoes preventive maintenance at age T, or repair when it
is damaged, whichever occurs first. The time to preventive maintenance or the object’s
technical repair is determined by T1(x). The variable T1(x) is determined as:

T1(x) =
{

T1, gdy T1 < x
x, gdy T1 ≥ x

(6)

We assume that if the object has not been damaged after time x, it goes into preventive
maintenance mode. The transition of states i = 1 to 6 includes preventive maintenance after
time x and becomes a new semi-Markov process with the transition probability matrix P(x).
Regarding the previously mentioned matrix P, we only change the first row. In this case,
P(x) looks like this:

P(x) =



0 p12(x) p13(x) p14(x) 0 p16(x)
p21 0 0 0 0 0
p31 0 0 0 0 0
0 0 0 0 p45 0

p51 0 0 0 0 0
p61 0 0 0 0 0

 (7)

In addition, the steady-state probabilities for the Markov chain were calculated analo-
gously to Formula (5):

π1(x) = 1
m2

π2(x) = p12(x)
m2

π3(x) = p13(x)
m2

π4(x) = p14(x)
m2

π5(x) =
p14(x)·p45

m2

π6(x) =
p16(x)

m2

(8)

where:
m2 = 1 + p12(x) + p13(x) + p14(x) ·

(
1 + p45

)
+ p16(x)

4. Defining the Objective Function

The semi-Markov model in age-based maintenance has been investigated. This model
X(t) is based on six states, with a state space S = {1 to 6}. Let zi, i = 1 to 6 denote the unit
profit or cost for state i over time. It is assumed that z1 > 0, and zi < 0 for i = 2, 3, 4, 5, 6.
We interpret this as a profit for the object in state 1, while there is a cost for the remaining
objects (i = 2 to 6).

The objective function describing the cumulative profit or loss over time, similar to
that described in [17], for the considered model of the preventive maintenance system is
expressed using the formula:

Z = g(x) =
π1(x)·ET1(x)·z1+

6
∑

i=2
πi(x)·ETi·zi

π1(x)·ET1(x)+
6
∑

i=2
πi(x)·ETi

Z = g(x) = π1(x)·ET1(x)·z1+π2(x)·ET2·z2+π3(x)·ET3·z3+π4(x)·ET4·z4+π5(x)·ET5·z5+π6(x)·ET6·z6
π1(x)·ET1(x)+π2(x)·ET2+π3(x)·ET3+π4(x)·ET4+π5(x)·ET5+π6(x)·ET6

(9)
where:

ET1(x)—the time spent in state 1, based on [17]

ET1(x) =
x∫

0
dF1(t) + xP{T1 ≥ x}

ET1(x) =
x∫

0
R1(t)dt

(10)
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ET2, ET3, ET4, ET5, and ET6—the mean times in states 2–6, respectively.
Additionally, based on [18], it can be written as:

p12(x) = p12 · F12(x)
p13(x) = p13 · F13(x)
p14(x) = p14 · F14(x)

p16(x) = p16 · F16(x) + R1(x)

(11)

where:
F1j(x), j = 2, 3, 4, 6—conditional distribution functions of the time in state 1, given that

the next state will be state j, defined in [19]:

Fij(t) = P{τk+1 − τk < t|X(τk+1) = j, X(τk) = i}, for i, j = 1to6 (12)

R1(x) = 1 − F1(x)—the reliability function of the random variable T1.
To make further considerations easier, we assume that the following equalities are true:

F12(x) = F13(x) = F14(x) = F16(x) = F1(x) (13)

Therefore, we describe function (9) using the following formula:

g(x) =
ET1(x) · z1 + p12 · F1(x) · ET2 · z2 + p13 · F1(x) · ET3 · z3 + p14 · F1(x) · (ET4 · z4 + ET5 · z5) +

[
1 −

(
1 − p16

)
· F1(x)

]
· ET6 · z6

ET1(x) + p12 · F1(x) · ET2 + p13 · F1(x) · ET3 + p14 · F1(x) · (ET4 + ET5) +
[
1 −

(
1 − p16

)
· F1(x)

]
· ET6

(14)

after transformation:

g(x) =
ET1(x) · z1 +

[
p12 · ET2 · z2 + p13 · ET3 · z3 + p14 · (ET4 · z4 + ET5 · z5)−

(
1 − p16

)
· ET6 · z6

]
· F1(x) + ET6 · z6

ET1(x) +
[
p12 · ET2 + p13 · ET3 + p14 · (ET4 + ET5)−

(
1 − p16

)
· ET6

]
· F1(x) + ET6

4.1. Conditions for the Existence of a Function Maximum: Profit over Time

Parameters of the analyzed semi-Markov model of the preventive system will enable
the formulation of the conditions for the existence criterion function extreme (maximum)
(9), that is, probability matrix elements of model state changes P = [pij], i, j = 1 to 6, of the
average time of staying in ETi model states and unit profits (expenses) generated in zi, i = 1
to 6 state models. The data shown is input into the model. Their values depend on the type
of technical objects tested and the adopted maintenance strategy and operating conditions.

We consider the tested system for the parameter values. The established assumptions
need to take into consideration actual relationships between parameters typical for the
repair of damaged technical objects and for preventive service:

• Z1: z1 > 0, zi < 0, for i = 2 to 6; meaning that a technical object generates profit while in
state 1 (+) and generates expenses while in states 2–6 (−);

• Z2: z6 < z5; meaning the cost per unit in state 6 (preventive service) is smaller than the
cost per unit in state 5 (correction repair);

• Z3: z2 < z6 < z5; meaning the cost per unit in state 2 (downtime caused by energy
shortage) is smaller than the cost per unit in states 6 (preventive service) and 5
(correction repair);

• Z4: z3 < z6 < z5; meaning the cost per unit in state 3 (caused by weather conditions) is
smaller than the unit cost in states 6 (preventive service) and 5 (correction repair);

• Z5: z4 < z6 < z5; meaning the cost per unit in state 4 (awaiting correction repair) is
smaller than the cost per unit in states 6 (preventive service) and 5 (correction repair);

• Z6: ET4 + ET5 > ET6; meaning that the average downtime caused by damage to
the technical object (total of average time of awaiting correction repair and average
correction repair time) is longer than the average preventive service time;

• Z7: ET4 + ET5 > ET2; meaning that the average downtime caused by damage to
the technical object (total of average time of awaiting correction repair and average
correction repair time) is longer than the average downtime caused by energy shortage;
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• Z8: ET4 + ET5 > ET3; meaning that the average downtime caused by damage to the
technical object (total of average time of awaiting correction repair and average correc-
tion repair time) is longer than the average downtime caused by weather conditions.

In these assumptions, we do not take into account all the relationships between
average times and unit costs; for example, relationships between ET2, ET3, and ET6. For
the system under consideration, it is difficult to clearly determine the relationship between
average time values. Further into the work, to formulate conditions for criterion function
maximum (9), additional conditions were introduced through Formulas (15) and (18)—for
situation criterion function means profit over time or Formula (19)—in the case where
criterion function means profit availability.

By introducing the numerator and denominator of criterion function (9) in the follow-
ing way:

L(x) = A1 · ET1(x) + B1 · F1(x) + C1
M(x) = A · ET1(x) + B · F1(x) + C

By analogy, function (9) can also be introduced as follows:

g(x) =
A1 · ET1(x) + B1 · F1(x) + C1

A · ET1(x) + B · F1(x) + C

where:

A1 = z1
B1 = p12 · ET2 · z2 + p13 · ET3 · z3 + p14 · (ET4 · z4 + ET5 · z5)−

(
1 − p16

)
· ET6 · z6

C1 = ET6 · z6
A = 1

B = p12 · ET2 + p13 · ET3 + p14 · (ET4 + ET5)−
(
1 − p16

)
· ET6

C = ET6

The following coefficients are introduced to elaborate on conditions for the existence
of function maximum:

α = A · B1 − A1 · B = B1 − z1 · B
β = A1 · C − A · C1 = z1 · C − C1

γ = B1 · C − B · C1

Coefficients α, β, and γ are necessary to write sufficient conditions for a function to
have extremes. Therefore, sufficient conditions are described below to match the α < 0,
β > 0, and γ < 0 inequalities.

Having considered the above:

• coefficient α is defined as:

α = p12 ET2 (z2 − z1) + p13 ET3 (z3 − z1) + p14 [ET4 (z4 − z1) + ET5 (z5 − z1)] + (1 − p16) ET6 (z1 − z6) (15)

• Inequality α < 0 is equal to inequality:

z1 >
p12 · ET2 · z2 + p13 · ET3 · z3 + p14 · (ET4 · z4 + ET5 · z5)−

(
1 − p16

)
· ET6 · z6

p12 · ET2 + p13 · ET3 + p14 · (ET4 + ET5)−
(
1 − p16

)
· ET6

(16)

• coefficient β is defined as:

β = ET6 (z1 − z6) (17)

With the established Z1 assumption that: β > 0.

• coefficient γ is defined using the formula:

γ = [p12 ET2 (z2 − z6) + p13 ET3 (z3 − z6) + p14 [ET4 (z4 − z6) + ET5 (z5 − z6)] ET6 (18)
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Equation γ < 0 is equal to the equation:

z6 >
p12 · ET2 · z2 + p13 · ET3 · z3 + p14 · (ET4 · z4 + ET5 · z5)

p12 · ET2 + p13 · ET3 + p14 · (ET4 + ET5)
(19)

Conclusions 1 and 2 can be written based on equations and inequalities (15), (16), (18)
and (19):

Conclusion 1. If we consider that the condition described by formula (15) is met—the inequality
α < 0 is true.

Conclusion 2. If we consider that the condition described by formula (18) is met—the inequality
γ < 0 is true.

Here, sufficient conditions for the existence of a criterion function maximum (9) can be
formulated for two variants. In the first variant, the subject for consideration is the random
variable class of distribution for this variant, assuming the time preceding damage to the
T1 technical object is a random variable during the growth function of damage failure rate
λ1(t), that is, T1 ∈ IFR (Increasing Failure Rate). Otherwise, the subject of consideration is
the random variable class of distribution with the unimodal function of damage failure
rate, that is, T1 ∈ MTFR (Mean Time to Failure or Repair). The results of testing the random
variable properties of the MTFR class distribution were described in [19].

Conclusion 3. If T1 ∈ IFR, λ1(t) is differentiable α < 0, β > 0, γ < 0, β + γ f1(0+) > 0, λ1(∞) α
ET1 + β − α < 0, then the value of the function g(x) is maximum.

Proof. The criterion function derivative is as follows:

g′(x) =
α · [f1(x) · ET1(x)− R1(x) · F1(x)] + β · R1(x) + γ · f1(x)

M2(x)

with M(x) being a denominator of criterion function g(x).
It is known that if the time preceding damage to T1 belongs to the random variable

MTFR class of distribution, then equation H(x) = λ1(x) ET1(x) − F1(x) ≥ 0 for x ≥ 0 is true.
The random variable MTFR class of distribution has been tested in [9,10]. To the MTFR class
belong distributions of life spans with unimodal function of damage failure rate [11,12].
Considering that derivative H′(x) = λ1′ (x) ET1(x), if the failure rate λ1′(x) increases, function
H(x) increases as well. Random variable class of distribution with non-decreasing function
of failure rate (IFR) is included in the MTFR class. The symbol of derivative is the same as
the symbol of function:

h(x) = α · [λ1(x) · ET1(x)− F1(x)] + β+ γ · λ1(x)

H(0+) = 0, therefore h(0+) = β + γ f1(0+) > 0. The fact that α < 0, β > 0, γ < 0, as well as
H(x) increase indicates that function h(x) decreases from a value of h(0+) = β + γ f1(0+) > 0
to a value of h(∞) = λ1(∞) α ET1 + β − α < 0. Therefore, the derivative g′(x) changes the
symbol from “+” to “–” exactly once, thus, it is concluded that the value of the function
g(x) is maximum. □

If λ1(∞) = ∞, then in order to reach the maximum of criterion function g(x), only the
following conditions are required: T1 ∈ IFR, differentiability λ1(t), α < 0, β > 0, γ < 0, β + γ

f1(0+) > 0. A special example of random variable distribution is the Weibull distribution
with the increasing function of failure rate.

Conclusions 1, 2, and 3 indicate that the following condition is sufficient for the
existence of criterion function maximum g(x)—profit over time.
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Conclusion 4. If T1 ∈ IFR, λ1(t) is differentiable, α < 0, β > 0, γ < 0, β + γ f1(0+) > 0, λ1(∞) α
ET1 + β − α < 0, the value of function g(x) is maximum.

4.2. Conditions for the Existence of Criterion Function Maximum: Availability

Sufficient conditions for the existence of an asymptotic maximum availability coeffi-
cient are formulated below. To get the availability coefficient from the criterion function
g(x), the following conditions need to be assumed: z1 = 1, zi = 0, for i = 2 to 6. After taking
into account conditions from (9), formula A1 = 1, B1 = 0, C1 = 0 is obtained. Therefore:

α = − B = − p12 ET2 + p13 ET3 + p14 (ET4 + ET5) − (1 − p16) ET6,
β = C = ET6; β > 0,

γ = 0,

Equation α < 0 is equal to equation

ET6 <
p12 · ET2 + p13 · ET3 + p14 · (ET4 + ET5)

1 − p16
(20)

Taking into account the fact that β > 0 i γ = 0, a condition for the existence of criterion
function maximum can be formulated.

Conclusion 5. If T1 ∈ IFR, λ1(t) is differentiable, λ1(∞) α ET1 + β − α < 0, and the inequality
(20) is fulfilled, then the availability coefficient reaches exactly one maximal value.

Proof. In the case of the availability coefficient, the criterion function derivative is
as follows:

g′(x) =
α · [f1(x) · ET1(x)− R1(x) · F1(x)] + β · R1(x)

M2(x)

with M(x) being a denominator of function g(x).
If the failure rate λ1(t) increases, then H(x) increases. The derivative has the same sign

as the function.
h(x) = α · [λ1(x) · ET1(x)− F1(x)] + β

It is known that H(0+) = 0, hence h(0+) = β > 0. The fact that condition (20) is fulfilled
indicates that α < 0 and function h(x) is increased from h(0+) = β > 0 to h(∞). If h(∞) = λ1(∞)
α ET1 + β − α < 0, then the derivative g′(x) changes the symbol from “+” to “–” exactly
once. Therefore, it should be summarized that function g(x) has only one extremum—the
maximum. □

Conclusion 5 indicates the following sufficient condition for the existence of criterion
function maximum g(x): availability.

Conclusion 6. If λ1(∞) = ∞, then in order to reach the maximum of criterion function g(x), only
the following conditions are required: T1 ∈ IFR, as well as the condition in formula (20).

5. Calculations Confirming the Model

Example 1. In Figure 3, criterion function g(x) graphs have been introduced in the case representing
profit over time; however, in Figure 4, if g(x) means availability of the considered technical objects—
Enercon E82-2-type wind turbines—Calculations were undertaken using the data.
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• average time of the technical object in a model state in (day): ET2 = 0.11, ET3 = 0.17,
ET4 = 0.48, ET5 = 0.44, ET6 = 0.21; for task completion time (useful life) for T1, the
Weibull distribution has been adopted, for which the parameter scale value = 8. Four
scenarios were studied, where the shape parameter value of the Weibull distribution
is ∈{6.5, 8, 9.5, 11};

• average profit (cost) values per time unit in particular model states in (1k PLN/day):
z1 = 4.1, z2 = −2.6, z3 = −2.6, z4 = −2.6, z5 = −17.3, z6 = −7.1.

In both cases where function g(x) means profit over time (Figure 3) and function g(x)
means availability (Figure 4), the values of the criterion function take the maximum. In
each of the four studied scenarios, for each particular shape parameter value of the Weibull
distribution, the time value of preventive service xmax (day) is optimal for what the criterion
function g(x) value takes the maximum. Based on the analysis of the given charts, it can be
concluded that for an increased shape parameter, the maximum profit increases over time,
while at the same time, the xmax value decreases. In the case of availability, along with the
increase in the shape parameter value, the maximal value of the function increased while the
xmax value remained practically constant at 6 days. Based on the results obtained for the unit
profit and the readiness of the analyzed wind turbines presented in Figures 4 and 5, it can
be concluded that the average monthly profit calculated is approximately PLN 107–108 000,
while the average annual profit is approximately PLN 1,310 000.
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Figure 5. Function g(x) graph: profit over time (1k PLN/day) in the function of time preceding
preventive service x (day), marked when the frequency of preventive service is the same as in example
1 (line a) and in the case of shortening the period of preventive maintenance by 15%, 25%, and 35%,
respectively (lines b–d).

Example 2. Figures 5 and 6 introduce, respectively, graphs of function g(x) (with g(x) as profit
over time and availability of Enercon E82-2-type wind turbines. The calculations were performed
using data from example 1, assuming that the task completion time (useful life) T1 based on the
Weibull distribution parameters scale value = 7 and the shape value = 10. The graphs introduce four
scenarios: scenario a, if the frequency of preventive maintenance is identical to that in example 1;
and scenarios b, c, and d if the frequency of preventive maintenance is increased by 15%, 25%, and
35%, respectively, of scenario a.
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(line a) and in the case of shortening the period of preventive maintenance by 15%, 25%, and 35%,
respectively, (lines b, c, and d).

Based on analysis of the graphs introduced in Figures 5 and 6, it can be noted that
with the increase in preventive service frequency, there is an increase in criterion function
g(x) for both profit over time and availability; the maximum of function g(x) is achieved
for decreasing values of xmax (optimal value of the period preceding preventive service).
Increasing the frequency of preventive maintenance for the considered cases results in an
increase in the average monthly profit of the wind farm in question by approximately PLN
12.6–15.3 000, and the average annual profit by approximately PLN 151.5–184.3 000.

Example 3. Figures 7 and 8 introduce function g(x) graphs (with g(x) as profit and availability
of Enercon E82-2-type wind turbine, respectively). The graphs introduce four scenarios: scenario
a, for the same data as scenario a in example 2, and scenarios b, c, and d, for which the abilities of
production and electric energy storing in state 2 of system modeling are estimated at 50% (line b)
and 100% (line c).

Based on the analysis of the graphs introduced in Figures 7 and 8, it can be noted that
with the increase in preventive service frequency, there is an increase in criterion function
g(x) for availability and profit over time. The maximal value of function g(x) when there
is a profit over time unit (Figure 7) is reached for bigger values of xmax (time preceding
preventive service), while in the case of wind turbines (Figure 8), it is reached for bigger
values of xmax. The development of the possibility of storing electricity in state 2 of the
modeled system in 50% (curve b) and 100% (curve c) results in an increase in the average
monthly profit of the wind farm in question by approximately PLN 14.5–17.2 000, and the
average annual profit by approximately PLN 173.3–PLN 206.2 000.
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Figure 7. Function g(x) graph: profit over time (1k PLN/day) in the function of time preceding
preventive service x (day), marked for data from example 2 (scenario a) and scenarios b and c,
for which the abilities of production and electric energy storing in state 2 of system modeling are
estimated at 50% (line b) and 100% (line c).
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tive service x (day), marked for data from example 2 (scenario a) and scenarios b and c, for which the
abilities of production and electric energy storing in state 2 of system modeling are estimated at 50%
(line b) and 100% (line c).

6. Conclusions

This study introduces the Enercon E82-2 (MW)-type wind turbine preventive service
system model, elaborated using semi-Markov processes. Criterion functions are taken into
account for the infinite time frame in the elaborated model. Within the introduced model,
designating the solution is based on the maximal value of the analyzed functions—profit



Energies 2024, 17, 199 15 of 16

over time or availability. The conducted analysis provided the basis for describing the
necessary conditions for creation function maxima when the time preceding the damage to
the wind turbine is a random variable that increases the failure rate. We made assumptions
and described the defining conditions needed to describe the relationships between the
model’s input parameters and to assess the usefulness of selected input data used to
calculate the extremum of the tested criterion functions. The created preventive service
system model can be used to designate optimal preventive service strategies in wind turbine
exploitation systems (designating optimal times for preventive service of wind turbines).
The introduced study results are another stage of work on technical object exploitation
system modeling in which preventive replacement is conducted based on age. In the next
stages, we plan to introduce a two-criterion model in which choosing optimal (suboptimal)
solutions would be realized with the use of the Pareto front as well as genetic algorithms.
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Abbreviations

CM corrective maintenance
ET(x) the time spent in state
Fj(x) conditional distribution functions of the time in state
IFR Increasing failure rate
λ(t) damage failure rate
M(x) being a denominator of criterion function g(x)
MR minimal repair
MTFR Mean time to failure or repair
P transition matrix of probabilities with which the process moves from state to state
PM preventive maintenance
R(x) the reliability function of the random variable T
SCADA Supervisory Control and data acquisition;
T time to preventive maintenance or repair when it is damaged, whichever occurs first
x time
Z = g(x) objective function describing the cumulative profit or loss over time.
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