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Abstract: The cogging machine is a new design of a machine with permanent magnets, which
combines the advantages of a machine with transverse flux (TFM), eliminating its disadvantages.
The biggest advantage of TFM machines is their high torque density, which varies with the design
parameters. The developed machine retains these advantages while simplifying the construction of
the stator core, which is the biggest disadvantage of TFM machines. This article presents the results of
an analysis of the power density of the developed cogging machine as a function of a number of pole
pairs and the basic design parameters. Analyses were carried out on the basis of the derived analytical
equations, which make the generated torque depend on the construction parameters. Thanks to the
derived dependencies, one can easily examine the effects of modifying the machine structure. The
results presented in the article prove that the developed design of the cogging machine is competitive
in relation to machines with permanent magnets existing on the market.

Keywords: cogging machine; transverse flux machine; power density; torque density; PMSM design
parameters

1. Introduction

In the new construction of electric machines designed for use in mobile drives, par-
ticular importance is attached to the power density, understood both as the ratio of the
achieved power to a unit of volume and weight. Among the various types of machines with
unforced cooling, constructions with permanent magnets have the highest power-density
values. Among these solutions, machines with a transverse field stand out. The design of
an electric machine with transverse flux (Transverse Flux Machine, TFM) was patented in
1888 [1] and almost a hundred years later it was adapted to current technical possibilities
and technologies [2]. Over the past 30 years, many research papers have been devoted to
TFM, e.g., [3–5]. There are also many review articles in the literature, the most recent of
which is [6,7]. The work carried out showed its numerous positive operational properties,
the most important of which is the moment obtained per volume unit, which is much
higher than in classic machines. An important design advantage is the independence of
the cross-section intended for the windings from the cross-section of the magnetic circuit.
Despite this, it is not yet widely used or produced. The reasons for its shortcomings should
be determined, the most serious of which include:

• Small use of the surface of permanent magnets;
• large leakage fluxes;
• complicated core structure;
• higher production cost.

Table 1 presents a list of parameters of individual types of machines which allows for
a comparison of the performance of TFM with other types of machines. The table compares
machines with similar power ratings, rotational speeds, and cooling methods.
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Table 1. Summary of features and parameters of various types of electric machines.

Torque Density
[Nm/kg]

Power Density
[kW/kg] Design Utilization

IM—induction
machine 0.57 0.086

- no magnets
- simple rotor construction
- robust and reliable

universal, mainly
industrial due to low
power density

PMSM—permanent
magnet synchronous

machine
0.9 0.13

- magnets on the rotor
- simple stator construction

universal,
electromobility,
renewable sources

AF-BLDC—axial flux
brushless machine 0.67 0.105

- magnets on the rotor
- complicated mechanical

structure due to magnetic
tension

special applications,
boat drives,
electromobility

TFM—transverse flux
machine 1.37 0.2

- magnets on the rotor
- segmented construction
- complex geometry of the

stator core

high-torque drives,
direct drive
electromobility (in a
wheel)

CM-PM—permanent
magnet cogging

motor
2 0.3

- magnets on the rotor
- segmented construction
- simplified core geometry

compared to TFM

high-torque drives,
high-power and torque
density applications

Due to their relatively high power and torque density, the main application area of
TFM machines is electromobility. Research on this TFM application has been presented
in many publications [8,9]. A special way of using this machine in vehicle drives is direct
drive, mounted on the wheel [10,11]. Due to the high torque developed by the machine in
the literature, a description of TFM applications in ship propulsion can also be found [12].
It was also proposed to use this machine as a direct drive wind turbine generator [13].

Machines with a transverse field are understood as constructions containing such
configurations of electromagnetic circuits in which the force lines of the field mediating
energy conversion remain in the plane perpendicular to the direction of motion. Figure 1
shows a general view of a motor segment with a transverse magnetic circuit [8]. Figure 2
shows a fragment of its cross section. The magnetic field lines generated by the permanent
magnets on the rotor close through the inverted U-shaped stator cores. These cores encircle
the coil, providing magnetic coupling. The number of U-cores is equal to half the number of
pairs of magnets placed on the rotor. When the rotor rotates by the pole pitch, the direction
of the field lines changes to the opposite one, due to which an alternating electromotive
force can be induced in the winding. Due to the alternating flux, U cores must be made of
soft magnetic materials. The system shown in Figure 1 should be considered as a segment
(part) of the machine that covers its one phase. Several systems of a similar type can be
combined to form a two- or multiphase machine.
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Figure 1. General view of the TFM machine segment. 

 
Figure 2. A fragment of the TFM segment with the lines marked the magnetic field. 

In order to improve the use of the active surface of the magnets and reduce the scat-
tering flux, various variants of the construction described in the literature have been de-
veloped [14,15]. The modifications consisted mainly of the use of diagonal cores and the 
use of extensions at the ends of the cores. These solutions improved the parameters of the 
machines, but at the same time significantly complicated the construction of the stator 
cores. In practise, making them would require the use of magnetic powder compounds 
(MPCs), which are not widely used in the construction of electrical machines. 

A New Use of the Principle of Transverse-Flux Machine Operation 
The core used in classic machines with radial flux can be treated as a sequence of U 

cores used in the TFM machine (Figure 1) rotated 90°. With this configuration, the flux 
excited by the magnets no longer flows transversely but in the plane of the rotor rotation 
vector, hence the name flat. A machine with such a core is no longer a machine with trans-
verse flux. However, it can retain its properties after an appropriate winding modification 
[16]. By rotating the U cores 90°, the flat ring of the TFM winding takes the shape of a 
wave winding, similar to the structure presented in [17]. To distinguish the proposed new 
construction, this was called the cogging motor. A general view of one segment (one 
phase) of the cogging machine is shown in Figure 3. 

Figure 1. General view of the TFM machine segment.
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Figure 2. A fragment of the TFM segment with the lines marked the magnetic field.

In order to improve the use of the active surface of the magnets and reduce the
scattering flux, various variants of the construction described in the literature have been
developed [14,15]. The modifications consisted mainly of the use of diagonal cores and
the use of extensions at the ends of the cores. These solutions improved the parameters of
the machines, but at the same time significantly complicated the construction of the stator
cores. In practise, making them would require the use of magnetic powder compounds
(MPCs), which are not widely used in the construction of electrical machines.

A New Use of the Principle of Transverse-Flux Machine Operation

The core used in classic machines with radial flux can be treated as a sequence of
U cores used in the TFM machine (Figure 1) rotated 90◦. With this configuration, the
flux excited by the magnets no longer flows transversely but in the plane of the rotor
rotation vector, hence the name flat. A machine with such a core is no longer a machine
with transverse flux. However, it can retain its properties after an appropriate winding
modification [16]. By rotating the U cores 90◦, the flat ring of the TFM winding takes the
shape of a wave winding, similar to the structure presented in [17]. To distinguish the
proposed new construction, this was called the cogging motor. A general view of one
segment (one phase) of the cogging machine is shown in Figure 3.
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As a result of the modification, the winding is extended by front connections, which 
is unfavourable from the point of view of the classic TFM design. It is also possible to 
wind the winding in the form of the tooth coils often used in PMAC and BLCD machines, 
but in this case the front windings are half as long. The segment fragment with a concen-
trated winding is shown in Figure 4. 

The result of the proposed modification is the loss of the independent dimensioning 
of the magnetic and electric circuit, which is emphasised as an advantage of TFM. How-
ever, this is independence within the cross-section, not the space occupied by the machine. 

Analytical tests and finite element method (FEM) tests were performed on the ma-
chine with the proposed structure, the results of which are presented in the paper [18]. 
They show that the average value of the torque generated by the cogging machine is ap-
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to three times higher than the torque of the induction machine of the same size. 

TFM has many valuable advantages, such as high torque and high-power density, 
but this is associated with its complicated segmented structure. In addition, in the original 
version, TFM requires a stator core with a complicated geometry. The solution to this 
problem is the use of the core proposed by the author (Figure 3). However, it is still a 
modular design, which makes it complicated to implement. These problems, which are 
cost-intensive, prejudge that the TFM will instead remain a structure for special applica-
tions, not used on a mass scale in industry. Currently, the most promising application area 
where power density is of great importance is electromobility, especially in wheel direct 
drives. The second area where this solution may turn out to be profitable is wind farm 
generators without mechanical gears. 
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Figure 3. General view of a cogging motor segment with a flat core.

As a result of the modification, the winding is extended by front connections, which is
unfavourable from the point of view of the classic TFM design. It is also possible to wind
the winding in the form of the tooth coils often used in PMAC and BLCD machines, but in
this case the front windings are half as long. The segment fragment with a concentrated
winding is shown in Figure 4.

The result of the proposed modification is the loss of the independent dimensioning of
the magnetic and electric circuit, which is emphasised as an advantage of TFM. However,
this is independence within the cross-section, not the space occupied by the machine.

Analytical tests and finite element method (FEM) tests were performed on the machine
with the proposed structure, the results of which are presented in the paper [18]. They show
that the average value of the torque generated by the cogging machine is approximately
25% higher than the TFM torque of the traditional design (Figure 1), and up to three times
higher than the torque of the induction machine of the same size.

TFM has many valuable advantages, such as high torque and high-power density, but
this is associated with its complicated segmented structure. In addition, in the original
version, TFM requires a stator core with a complicated geometry. The solution to this
problem is the use of the core proposed by the author (Figure 3). However, it is still a
modular design, which makes it complicated to implement. These problems, which are cost-
intensive, prejudge that the TFM will instead remain a structure for special applications,
not used on a mass scale in industry. Currently, the most promising application area where
power density is of great importance is electromobility, especially in wheel direct drives.
The second area where this solution may turn out to be profitable is wind farm generators
without mechanical gears.

Energies 2023, 16, 3000 4 of 18 
 

 

 
Figure 3. General view of a cogging motor segment with a flat core. 

As a result of the modification, the winding is extended by front connections, which 
is unfavourable from the point of view of the classic TFM design. It is also possible to 
wind the winding in the form of the tooth coils often used in PMAC and BLCD machines, 
but in this case the front windings are half as long. The segment fragment with a concen-
trated winding is shown in Figure 4. 

The result of the proposed modification is the loss of the independent dimensioning 
of the magnetic and electric circuit, which is emphasised as an advantage of TFM. How-
ever, this is independence within the cross-section, not the space occupied by the machine. 

Analytical tests and finite element method (FEM) tests were performed on the ma-
chine with the proposed structure, the results of which are presented in the paper [18]. 
They show that the average value of the torque generated by the cogging machine is ap-
proximately 25% higher than the TFM torque of the traditional design (Figure 1), and up 
to three times higher than the torque of the induction machine of the same size. 

TFM has many valuable advantages, such as high torque and high-power density, 
but this is associated with its complicated segmented structure. In addition, in the original 
version, TFM requires a stator core with a complicated geometry. The solution to this 
problem is the use of the core proposed by the author (Figure 3). However, it is still a 
modular design, which makes it complicated to implement. These problems, which are 
cost-intensive, prejudge that the TFM will instead remain a structure for special applica-
tions, not used on a mass scale in industry. Currently, the most promising application area 
where power density is of great importance is electromobility, especially in wheel direct 
drives. The second area where this solution may turn out to be profitable is wind farm 
generators without mechanical gears. 

 
Figure 4. Fragment of a CM segment with tooth coil winding. Figure 4. Fragment of a CM segment with tooth coil winding.



Energies 2023, 16, 3000 5 of 17

2. Analysis of the Impact of Design Parameters on the Torque Produced by
the Machine

The power density of machines excited by permanent magnets largely depends on the
number of pole pairs—in [19] the kW/kg ratio was reported in the case of PMSM machines
increases more than three times with the increase in the number of pole pairs.

In machines with permanent magnets of a typical structure, the number of pairs of
poles is directly related to the increase in the diameter of the stator and rotor; moreover,
more optimal power density parameters are obtained for structures with a larger diameter-
length ratio [20]. The cogging machine is an unusual design because the machine phases
form separate segments placed on a common shaft (Figure 5). The length of this structure,
apart from the size of the stator and rotor cores, is also affected by the winding ends, whose
axial dimension decreases with an increase in the number of pole pairs. The formulas
presented in the following have been derived to capture the relationship between the
method of structural division of the cross-section of the cogging machine segment and the
moment generated by it. This required the introduction of several simplifications, which,
for a specific structure, may result in differences between the values of the torque calculated
from the formulas below and those actually generated. In particular, errors may come from
the trapezoidal shape of the armature teeth assumed in the model. Magnetic tensions in
the yokes were also omitted (µFe = ∞).
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2.1. Dependence of the Torque of the Cogging Machine on the Design Parameters

In each segment of the cogging motor, the magnetic field comes from a system of
2pp magnets mounted on a cylindrical core, in the considered variant of the internal con-
struction. The winding of one segment consists of 2pp coils connected in series, alternately
wound around Zs = 2pp of the teeth of a cylindrical stator. The symbol pp denotes the
number of pairs of poles of the magnets. The winding-coupled flux is the sum of the
associated fluxes of the individual coils.

ψ =
2pp

∑
k=1

ψck = 2ppψc (1)



Energies 2023, 16, 3000 6 of 17

The associated flux of a single segment tooth coil is a periodic function of the rotor
position ϕ:

ψc =
∞

∑
ρ =1,3,5...

Ψcmρ cos ρ ppϕ (2)

In position ϕ = 0, the axis of the tooth and coil No. 1 coincides with the magnet axis of
the sector with positive polarity. When the segment power supply system provides current:

i = Im sin pp(ϕ + α) (3)

then the segment produces a torque:

Ts = 2pbi ∂ψc
∂ϕ = −2p2

b Im
∞
∑

ρ =1,3,5...
ρ Ψcmρ sin pb(ϕ + α) sin ρ pb ϕ

= p2
b Im

∞
∑

ρ =1,3,5...
ρ Ψcmρ { cos pb((ρ + 1)ϕ + α)− cos pb((ρ − 1)ϕ− α)}

(4)

For ρ = 1 the torque is:

Ts1 = pp2 ImΨcm1(cos pp(2ϕ + α)− cos ppα) (5)

The average value of the torque for ppα = π is:

Ts1sr = pp2 ImΨcm1 (6)

The dimensions of the segment are introduced into the torque formula via the current
density in the windings. This value depends on the allowable heating of the windings and
the cross-sectional area of the tooth that relates the flux to saturation-limited induction. The
way of formulating the relations between the dimensions of the machine and the induction
and current density depends on the location of the unwound core with magnets, which can
be external or internal. In the considered construction (Figure 4), it was assumed that the
wound core, also called the armature, is external.

In the armature ring, a uniform outer ring (yoke) with radii can be distinguished:
external (yoke and the entire stator) Rjaz and internal Rjaw. The remaining part of the
armature is also a ring made of 2pp of identical slots and teeth with an average angular
width respectively βs and βt. The sum of these angles is called the slot pitch τp:

τp = βt + βs = π/pp (7)

The tooth/groove ring is bounded by cylinders with a radius of Rjaw and an airgap
with a radius of Rag. For the external armature, the following applies: Rag < Rjaw < Rjaz,
where Rjaz is also the external radius of the machine (dimension).

If the surface of individual slots Ss and teeth St are treated as segments of the inner
stator ring, the surface of the trapezoidal slot is:

Ss = π
(

R2
jaw − R2

ag

) 1
2pp

βs

τp
=

1
2

(
R2

jaw − R2
ag

)
βs (8)

Tooth surface:

St =
1

2pp

(
π(R2

jaw − R2
ag)− 2ppSs

)
= π

2pp (R2
jaw − R2

ag)
(

1− βs
τp

)
= 1

2 (R2
jaw − R2

ag) (τp − βs)
(9)

The surface of the slot together with the permissible current density j determines the
ampere-turns of the slot through the so-called slot utilisation factor kws. It is the relation
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between the cross-sectional area Ssu of the slot occupied by the wires and the cross-sectional
area Ss of the slot:

Isknpz = jSsu = jkwsSs (10)

The npz symbol denotes the number of wires in the slot, whereby “wire in the slot”
is understood as the active side of a single turn of the coil. If each tooth is enclosed by a
coil, i.e., the number of coils is equal to the number of teeth Zs = 2pp, then for identical
around-tooth coils with the number of turns zcs each, npz = 2zcs must occur.

The maximum value of the current Im can now be expressed as:

Im =
√

2Isk =
√

2
jkwsSs

npz
(11)

The radial dimension of the teeth/slots armature ring is:

ht = Rjaw − Rag (12)

The ht value is also the height of the stator tooth. The surface area and its height can
be considered as the average width of the tooth btsr:

btsr =
St

ht
= π(R2

jaw − R2
ag)

1
2pp

βt

τp

1
(Rjaw − Rag)

=
1
2
(Rjaw + Rag)βt (13)

Assuming that the coercive strength and the height of the magnet provide the maxi-
mum value of the first harmonic induction in the tooth Bt, it can be assumed (approximately)
that the maximum value of the flux associated with a single-tooth coil is determined by the
average thickness of the tooth.

Ψcm1 ≈ zcslFebtsrBt =
1
2

zcslFeBt(Rjaw + Rag)βt (14)

Im =
√

2Isk =
√

2
jkwzSs

npz
=
√

2
jkwz

npz

1
2
(R2

jaw − R2
ag)βs (15)

Ts1sr = pp2 ImΨcm1 = pp2
√

2 jkwz
npz

1
2 (R2

jaw − R2
ag)βs

1
2 zcslFeBt(Rjaw + Rag)βt

= pp2

2
√

2
zcs
npz

jkwzlFeBt(Rjaw − Rag)(Rjaw + Rag)
2βsβt

(16)

Attention must be paid to the difference between the Bt induction value in the tooth
and the induction in the gap Bm, in particular in the middle of the tooth height. It depends
on many factors, and above all on the relationship between the width of the crown of the
tooth and the average width of the tooth. Generally, this can be written as Bt = γ Bm. On
the whole, γ > 1.

If the thickness of the armature yoke hja is taken equal to the average width of the
tooth, it will be approximately equal to the length of the arc βt (Rjaw + Rag)/2:

hja = Rjaz − Rjaw =
1
2
(Rjaw + Rag)βt → Rjaw = Rjaz

1− 1
2 βt

Rag
Rjaz

1 + 1
2 βt

= Rjaz
1− 1

2 βtkpr

1 + 1
2 βt

(17)

The radius quotient of Rag/Rjaz = kpr < 1 is an important design parameter called the
split ratio. This division can be called a “radial”. The “circumferential” division will be
the second basic design parameter and will contain information on the division of the
slot pitch into tooth and slot zone, e.g., βt/τp = kpo < 1. Of course, with that definition
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βs = τp(1 − kpo). By entering the division coefficients kpr and kpo in brackets (16) we get the
following:

Rjaw − Rag = Rjaz
1− 1

2 βtkpr

1+ 1
2 βt
− Rjazkpr

=
1−βtkpr−kpr

1+ 1
2 βt

Rjaz =
1−kpr kpoτp−kpr

1+ 1
2 kpoτp

Rjaz

(18)

Rjaw + Rag = Rjaz
1− 1

2 βtkpr

1 + 1
2 βt

+ Rjazkpr =
1 + kpr

1 + 1
2 βt

Rjaz =
1 + kpr

1 + 1
2 kpoτp

Rjaz (19)

The expression for the torque will take the form:

Ts1sr =
pp2

2
√

2
zcs
npz

jkwzlFeBt(Rjaw − Rag)(Rjaw + Rag)
2βsβt

= pp2

2
√

2
zcs
npz

jkwzlFeBtR3
jaz

(
1−kpr kpoτp−kpr

1+ 1
2 kpoτp

)(
1+kpr

1+ 1
2 kpoτp

)2
τ2

p kpo(1− kpo)

= π2

2
√

2
zcs
npz

kwz kpo(1− kpo) jBtlFeR3
jaz

(
pp(1−kpr)−kpr kpoπ

pp+ 1
2 kpoπ

)(
pp(1+kpr)

pp+ 1
2 kpoπ

)2

(20)

In the case of equal 2pp around-tooth coils, npz = 2zcs, and it will be:

Ts1sr =
π2

4
√

2
kwz kpo(1− kpo) jBtlFeR3

jaz

(
pp(1− kpr)− kprkpoπ

pp + 1
2 kpoπ

)(
pp(1 + kpr)

pp + 1
2 kpoπ

)2

(21)

Formula (21) presents the average torque developed by one phase (one segment) of
the cogging machine as a function of the number of pairs of poles and five design factors
describing the dimensions and proportions of the machine. Using the above relationship,
it is possible to analyse how the torque value changes for the cogging machine with the
increase in the number of pole pairs, as well as with the change of other construction
factors.

The second possible winding configuration of the cogging machine is the wave wind-
ing, which has winding ends shorter by half, which is favourable from the point of view of
winding leakage flux. The general view of the wave winding is shown in Figure 6.
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For wave windings, the number of coils is equal to the number of pairs of poles, with
the fronts on one side of the core connecting the active sides of the coils, the fronts on the
other side connecting the coils in series, one per pair of poles. The linkage flux (1) in this
case will take the form:

ψ =
pb

∑
k=1

ψck = pbψc (22)

Taking into account this change consistently in the derivations 2–21, the torque equa-
tion is obtained in the form:

Ts1sr =
π2

4
√

2
zcs

npz
kwzkpo(1− kpo)jBtlFeR3

jaz

(
pp(1− kpr)− kprkpoπ

pp + 1
2 kpoπ

)(
pp(1 + kpr)

pp + 1
2 kpoπ

)2

(23)

Taking into account that in the wave winding zcs = npz, the final form of the formula is
the same as for the loop winding (21).

2.2. Verification of the Convergence of Torque Results

Since in the presented derivation some of the parameters were included in an approxi-
mate way, it was necessary to check the discrepancies between the value of the moment
determined from the formula and obtained from the calculations on the FEM 3D model. Cal-
culations were carried out for two cases: the cogging machine with the number of pairs of
poles pp = 8 and pp = 12. The configurations of both versions are shown in Figures 7 and 8.

The results of the FEM calculations for the configuration shown in Figures 7 and 8
are shown in Figure 9. The dashed line shows the average value of the torque generated,
which is 9.55 [Mm] for 8 pair poles and 11.5 [Nm] for 12 pair poles.
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The analytical value of the moment for both cases was calculated from Formula (21)
by substituting the values and coefficients according to Figure 7 and adopted for the
simulation:

Rsz = 0.95 [mm]
LFe = 0.25 [mm]
Bt = 0.9 [T]
j = 6 [A/mm2]
kws = 0.35
kpo = 0.5
kpr = 0.54
In the values adopted for the calculations, the low induction in the Bt tooth is notable.

The calculations were aimed at examining the convergence of the results of analytical
calculations and FEM, therefore the cross section was adopted for a non-optimised stator
structure, for which βs/βt ≈ 1.

For the eight and 12 pairs of poles, the results of 11.2 [Nm] and 13.5 [Nm] were
obtained, respectively. In both cases, the values calculated from Formula (21) are overesti-
mated in relation to the FEM simulation results; the errors are 17.3% for eight pair poles
and 14.8% for 12 pair poles. As mentioned above, the torque determined from Formula (21)
is approximate due to the adopted simplifications (e.g., slot area); however, it should be
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stated that the convergence of the results is satisfactory to determine the trend of machine
power density with the change in the number of pole pairs.

On the basis of the determined dependence, the curve of change of the average torque
generated by one segment of the cogging machine was calculated as a function of the
number of pairs of poles. All parameters adopted for the calculations are consistent with
the assumptions used to verify the torque (Figure 9). The graph is shown in Figure 10.
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Figure 10. The average value of the torque of one CM segment as a function of the number of pole
pairs.

As can be seen in Figure 10, with the dimensions and design coefficients of the cogging
machine remaining unchanged, the torque value increases with the increase in the number
of pole pairs, and up to about 15 pairs of poles, these changes are significant. For larger
pp values, the torque variability is much smaller. It should be added that with a fixed
diameter, the adopted number of pair poles determines the dimensions of the slots, which,
for technological reasons, cannot be arbitrary. Thus, for a specific machine configuration,
the maximum number of pole pairs will be limited by the minimum dimensions of the
slot. Assuming the output parameters for eight pairs of poles, the ratio of the torque for
the three phases to the maximum phase current is Tav/Im ≈ 2. This is a higher result than
that achieved in classic TFMs with an external rotor, which are generally characterised by a
higher torque density [8].

3. Determination of the Dependence of the Volume and Mass of the Machine Segment
on the Design Parameters

In all calculations of mass and volume, it was assumed that the rotor of the machine
is a uniform structure with a density equal to the material from which the stator core
was made, ignoring the air gap. However, this is an obvious simplification, taking into
account that the density of electrical sheet and neodymium magnets is comparable (7.7 and
7.5 kg/dm3, respectively); it was assumed that the error resulting from this assumption will
not have a large impact on the calculations of changes in the power density of the machine.

The radius of the cylinder described on the segment is Rc = Rjaz, but the length
(axial dimension) lc is the sum of the lengths of the core lFe and the ends of the windings
lcz:lc = lFe + 2lcz. It seems reasonable to assume that in the case of coils around single teeth,
the radius of each face is equal to half of the pitch of the slot expressed in metres, on the
radius Rjaw (17):

lcz =
1
2

2πRjaw

2pb
=

π

2pb

1− 1
2 βtkpr

1 + 1
2 βt

Rjaz =
π

2pb

2pb − kprkpoπ

2pb + kpoπ
Rjaz (24)
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Thus, the length of the entire cylinder described on one segment is as follows.

lc = lFe +
π

pp
2pp− kprkpoπ

2pp + kpoπ
Rjaz (25)

And volume:

Vc = πR2
jaz

(
lFe +

π

pb

2pb − kprkpoπ

2pb + kpoπ
Rjaz

)
= πR3

jaz

(
kFe +

π

pb

2pb − kprkpoπ

2pb + kpoπ

)
(26)

The coefficient kFe = lFe/Rsz is the third important design parameter adopted in the
design, which demonstrates the assumed relationship between the length of the stator
package and its outer radius.

In the case of a wave winding, the radius from each end depends on the angular span
of the stator tooth, then Equation (24) will have the form:

lcz =
(

π
pb
− βT

2

)
Rjaw =

(
π
pb
− βT

2

)
1− 1

2 βtkpr

1+ 1
2 βt

Rjaz

= (2− kpo)
π

2pb

2pb−kprkpoπ
2pb+kpoπ Rjaz

(27)

Taking into account (27), the volume of the cylinder described in one segment with a
wave winding will be as follows.

Vc = πR3
jaz

(
kFe + (2− kpo)

π

pp
2pp− kprkpoπ

2pp + kpoπ

)
(28)

The dependence of the volume of one segment on the number of pair poles for the
winding with toothed and wave coils, determined from the Formulas (26) and (28), is shown
in Figure 11. As can be seen, the differences between the volumes are quite significant and,
as expected, are more significant for configurations with fewer pole pairs. The same design
factors were used for the calculations as for determining the dependence of the moment on
the number of pole pairs.
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Having the formula describing the dependence of the radius of the winding faces, it is
possible to determine the mass of the windings and the cores of the segment, similarly as
before, assuming the same density of the stator and rotor material and ignoring the air gap:

Mc = ρFeVFe + ρCuVCu (29)

wherein:
VFe = (πRjaz

2 − 2ppSs)lFe (30)

For a winding with toothed coils, the total volume of copper will be the sum of the
copper in the slots and the copper of the winding ends:

VCu = kws(2pbVs + 4pbVcz) = kws(2pbSslFe + 4pbπlavcz
1
2 Ss)

= kws2pbSs(lFe + π lavcz) = kws2pbSs

(
lFe + (1 + kpo)

1
4

π
pb

πRjaw
pb

)
= kws2pbSs

(
lFe + (1 + kpo)

1
4

π2

pb

2pb−kprkpoπ
2pb+kpoπ Rjaz

) (31)

So, finally, the mass of the segment:

Mc = ρFe(πRjaz
2 − 2ppSs)lFe + ρCukws2ppSs

·
(

lFe + (1 + kpo)
1
4

π2

pp
2pp−kprkpoπ

2pp+kpoπ Rjaz

) (32)

For wave windings, the volume of the windings is as follows:

VCu = kws(2pbVs + 2pbVcz) = kws(2pbSslFe + 2pbπlavczSs)

= kws2pbSs(lFe + π lavcz) = kws2pbSs

(
lFe + π 1

2
πRjaw

pb

)
= kws2pbSs

(
lFe +

1
2

π2

pb

2pb−kprkpoπ
2pb+kpoπ Rjaz

) (33)

Taking into account the above, the mass for the wave winding is as follows:

Mc = ρFe
(
2πRjaz − 2pbSs

)
lFe + ρCukws2pbSs

(
lFe +

1π2

2pb

2pb − kprkpoπ

2pb + kpoπ
Rjaz

)
(34)

The slot area Ss, in Equations (32) and (34), determined on the basis of (8) considering
the introduced coefficients, is:

Ss =
1
2

Rjaz
2τp

((
1− 0.5τpkpokpr

1 + 0.5τpkpo

)2

− kpr2

)(
1− kpo

)
(35)

Comparing expressions (32) and (34), it can be seen that the mass of the segment with
tooth coils is slightly smaller, the change of this value depending on the number of pair
poles is shown in Figure 12. The mass of the entire segment in both cases of windings
decreases with the increase in the number of pair of poles, because the number of slots in
which the fill factor is smaller than one increases.
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4. Power Density of the Cogging Machine

Using the derived torque, volume, and mass relationships as functions of the number
of pair of poles and basic design factors, power density curves can be derived. When
creating a machine design in terms of maximum power or torque yield per unit of mass
and volume, the basic problem is to examine the dependence of these quantities on the
number of pair poles. Power density is most often defined as the ratio of power to the
volume or weight of the machine. The rated power of the machine is the product of the
torque produced for the rated current and the rotational speed, which depends on the
number of pole pairs and the frequency of the supply. For this reason, for the evaluation of
the construction of a machine designed to work at a speed that varies over a wide range, it
seems more reliable to replace power with the value of the torque.

For the developed structure, using the derived dependencies (23), (26), (28), (32) and
(34), the curves Ts1sr/Vc Ts1sr/Mc were determined. In each case, the torque density for the
lap and wave winding was calculated. Figure 13 shows the dependence of torque versus
volume on the number of pairs of poles.
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Figure 13. The torque-to-volume ratio as a function of the number of pole pairs for lap and wave
windings.

The relationship presented in Figure 13 reveals the advantage of the lap winding in
relation to the wave winding. In the case of the latter solution, the ends of the windings
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make an arc with a larger radius, which affects the overall volume of the machine. In
general, the segmental construction of the machine has an impact on enlargement of
dimensions compared to classic PMSM machines, however, the increased torque yield
makes it comparable to typical constructions in terms of torque density per unit volume [21].
The type of winding is less important for the torque-to-weight ratio as a function of the
number of pole pairs. This is shown in Figure 14.

Energies 2023, 16, 3000 15 of 18 
 

 

construction of a machine designed to work at a speed that varies over a wide range, it 
seems more reliable to replace power with the value of the torque. 

For the developed structure, using the derived dependencies (23), (26), (28), (32) and 
(34), the curves Ts1sr/Vc Ts1sr/Mc were determined. In each case, the torque density for the 
lap and wave winding was calculated. Figure 13 shows the dependence of torque versus 
volume on the number of pairs of poles. 

 
Figure 13. The torque-to-volume ratio as a function of the number of pole pairs for lap and wave 
windings. 

The relationship presented in Figure 13 reveals the advantage of the lap winding in 
relation to the wave winding. In the case of the latter solution, the ends of the windings 
make an arc with a larger radius, which affects the overall volume of the machine. In gen-
eral, the segmental construction of the machine has an impact on enlargement of dimen-
sions compared to classic PMSM machines, however, the increased torque yield makes it 
comparable to typical constructions in terms of torque density per unit volume [21]. The 
type of winding is less important for the torque-to-weight ratio as a function of the num-
ber of pole pairs. This is shown in Figure 14. 

 
Figure 14. The torque-to-mass ratio as a function of the number of pole pairs for lap and wave wind-
ings. 

The total weight of the lap and wave windings is similar because the fronts in the first 
case are located on each tooth on both sides, but their volume is equal to about half the 
volume of the fronts of the wave winding located on every other tooth (Figure 6). The 
slight difference in mass is due to the different arc radius of the winding fronts in both 
cases. When comparing both relationships, it can be concluded that the largest changes in 

0 5 10 15 20 25 30 35

number of pole pairs

0

2

4

6

8

10

12

14

16

18

V
 [N

m
/d

m
3

] lap winding
wave winding

0 5 10 15 20 25 30 35

number of pole pairs

0

0.5

1

1.5

2

2.5

3

3.5

4

m
 [N

m
/k

g]

lap winding
wave winding

Figure 14. The torque-to-mass ratio as a function of the number of pole pairs for lap and wave
windings.

The total weight of the lap and wave windings is similar because the fronts in the
first case are located on each tooth on both sides, but their volume is equal to about half
the volume of the fronts of the wave winding located on every other tooth (Figure 6). The
slight difference in mass is due to the different arc radius of the winding fronts in both
cases. When comparing both relationships, it can be concluded that the largest changes
in the torque yield from unity of mass and volume are for structures with up to about
15 pair poles. The torque density results for pole pairs greater than or equal to eight are
competitive with motors designed for high-power density [10]. The second observation
focusses on the advantage of lap winding over wave winding in terms of volume.

Dependence of the Torque Density on the Width of the Stator Tooth

The second relationship analysed is the change in Ts1sr/Vc and Ts1sr/Mc depending
on the width of the tooth width βT. Reducing the angular width of the tooth in relation
to the slot increases the surface to which the ampere turns of the armature winding are
related, which causes an increase in torque with slightly changing volume and mass.
Simultaneously with the reduction of the tooth width, the induction increases in it, which,
after reaching the saturation level, limits the torque generated by the machine. To make the
results realistic, a constraint was introduced in the calculation algorithm, which calculates
the torque only for induction values below the saturation level adopted at the level of 1.7
[T]. As in the previous case, the calculations were made for two winding versions. The
results of the calculations of the torque-volume ratio as a function of the span angle of the
stator tooth are shown in Figure 15.
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Figure 15. The torque-to-volume ratio as a function of the stator tooth width for lap and wave
windings.

The calculations show that the Ts1sr/Vc ratio reaches an extreme for a certain tooth
width. For the structure adopted for calculations structure with eight pair poles, where the
groove pitch τp = 22.5 [◦], the extreme is reached for βT = 9 [◦]. As in the previous case,
much better results are achieved with the lap winding.

The same relationship was calculated for the Ts1sr/Mc coefficient. The maximum
value of the coefficient also occurs for βT = 9 [◦], with much smaller differences that can be
observed for both types of winding (Figure 16).
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5. Conclusions

This article comprehensively presented the results of research on the impact of the
design parameters of the new version of the TFM on its torque density. In review articles,
information on the dependence of the torque on the number of pole pairs can be found, but
it concerns the classic version of TFM; however, the influence of other parameters was not
considered. The derived dependencies make it possible to predict the effects of changes
in the design parameters of the developed machine on its performance without using the
time-consuming FEM method.
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