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Abstract: The modular multilevel converter (MMC) is a keystone of modern energy transmission
systems. Consequently, there is an ongoing pursue for mathematical models to represent it un-
der different configurations and control approaches. In short, this paper introduces an analytical
Thévenin-equivalent model for representing the MMC when it is controlled with inner current- and
an outer voltage-loop altogether. The model is based on a linearized representation of the converter
and conveys the dynamics of passive components, such as submodule capacitors and arm reac-
tors, as well as both control loops. Besides that, the proposed model is divided into a close-loop
transfer matrix and the equivalent impedance matrix, both of which represent the relationships
between the ac-side dq voltages and currents. We also propose a framework for implementing
electromagnetic–transient simulations using the impedance model of this power electronic converter.
The framework reduces a multi-bus power grid to a multi-input multi-output (MIMO) feedback
system where impedance/admittance matrices of the MMC and other grid elements compose its
loops. For validation purposes, it is considered a three-bus power grid comprising one MMC and
another two grid-connected VSC. The proposed model was validated by comparing its results with a
switching-level PSCAD model of the system.

Keywords: MMC model; impedance modeling; MMC transfer function; grid-forming; inverter-based
power grid

1. Introduction

Currently, power-electronic converters have assumed important roles in power gen-
eration (especially due to the renewable energy), transmission (HVDC and FACTS), and
distribution. In almost all these applications, the grid-side converters operate as a con-
trolled current source, the so-called grid-following converters. However, there is an in-
creasing need of these converters to operate as voltage-controlled sources, the so-called
grid-forming converters responsible for imposing the voltages at controlled frequencies in
a power grid [1,2]. One example, which stands out in this new scenario, is the power grid
into which offshore wind farms are connected. For several reasons beyond the scope of
this article, HVDC transmissions are being considered in a great deal of new enterprises,
as stated in [3]. Modular multilevel converter HVDC (MMC-HVDC) is one of the leading
options due to, among other points, black-start and weak-grid integration capabilities [4].
Differently from other generation systems, wind turbines are fully or partially connected to
the grid through grid-following converters. In this MMC-HVDC scenario, consequently,
the offshore converter shall act as a grid-forming element to create the grid voltages and
frequency for the turbines. Furthermore, there is ongoing tendency of setting grid-side
converters (e.g., onshore converters in the case of offshore HVDCs) as grid-forming to
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provide the grid with ancillary services, such as voltage and frequency regulation [5,6]. In
this context, the modular multilevel converter (MMC) arises among the main options of
very high power topology due to the capability of operating with high-voltage level and
produce low distorted voltages without the need of high-frequency switching harmonic
filters. Considering the MMC, one segment, which is gathering a great deal of attention,
is the modeling of the converter. Some examples consider a time–domain modeling ap-
proach, for instance, the references [7–12]. These references cover a wide objective spectrum
that includes analyzing the dynamics of the MMC [7], curbing the computation burden
of representing the MMC in large simulations [8], proposing reduced-order models for
the MMC [9], analyzing the electromechanical transient behavior of hybrid (LCC-MMC)
HVDCs [10], providing electromagnet transient models for MMC [11], and evaluating the
small-signal dynamics of MMC-HVDCs under unbalanced conditions [12].

A myriad of papers proposing frequency domain models are also found in the litera-
ture [13–19]. Liu et al. [13]. One example is, for instance, the presentation of a frequency–
domain model (in addition to a time–domain model, to be more precise) considering
asymmetric arm parameters. They considered a current-controlled MMC, and they used
the model to design a control, which tackles the influence of asymmetry on the performance
of the converter. Wang et al. [14] also considered a current-controlled grid-connected MMC,
but instead of basing their work in the typical average modeling approach into which
the set of sub modules of an arm is represented as a single equivalent source, they also
included the dynamics of each of the SM capacitors in the model. Ma et al. [15], on the
other hand, proposed an equivalent model in which the ac-side of the MMC is modeled
as a two-level voltage source converter, whereas the dc-side dynamics are mimicked by
an equivalent dc/dc converter. This approach allowed their model to verify the influ-
ence of the SM capacitors voltage oscillations in both the dc and ac-side of the MMC.
Bessegato et al. [16] intended to analyze the ac equivalent admittance of the MMC for
different control configurations, i.e., open-loop voltage control and grid connected current
control. They also analyzed the influence of the control implementation—natural reference
frame or SRF—in the admittance, and they used the models to predict the stability of the
converter. Man et al. [17] follows a more practical approach and provides a model for
analyzing a real resonant event in a MMC-HVDC system in China Southern Power Grid. In
this approach, the grid-connected MMC, along with the transmission lines, is represented
by an impedance matrix. Still, to analyze high-frequency resonances, Zhu et al. [18] built a
linear impedance model for a current-controlled MMC considering the effects of PLL and
sampling delays. Besides that, a dynamic-phasor approach was considered for representing
the MMC power stage. Liu et al. [19], on the other hand, focused their work on analyzing
the stability of the interaction between the voltage-controlled MMC-HVDC and the wind
farm. For this matter, they presented the Thévenin-equivalent model of the MMC controlled
in natural reference frame with proportional-resonant controllers.

Despite the variety of papers presenting frequency-domain models for the MMC, there
is still a shortage when it comes to MMC controlled with a dual-loop control approach.
In this approach, an outer voltage-control loop works with an inner current-control loop,
allowing the limiting of the current in case an ac fault occurs in the system. To be fair, the
modeling of the MMC with this control approach was already addressed in [20] and by
the authors in [21]. Although the primary focus of Sánchez-Sánchez et al. [20] was not to
provide an analytical model, they derived a frequency–domain model relating the ac and
dc powers and the energy stored internally. Their frequency–domain model considers the
MMC with energy-based control, i.e., a control system that mitigates imbalances in the
energy stored in the MMC. In [21], on the other hand, the MMC Thévenin-equivalent model
was obtained, yet it was considered controlled in the natural reference frame with resonant
controllers. In this regard, the present work provides a small-signal SRF model for a grid-
forming MMC with an outer voltage control loop and an inner current control loop. In short,
the model is divided in two parts, the open-circuit voltage and the Thévenin-equivalent
impedance of the system. Both parts encompass, as already mentioned, parameters from the
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current and voltage control loops, along with ac-side impedances and SM capacitances. The
validation of the proposed model was conducted by comparing their frequency responses
with the frequency responses obtained through simulations of a typical non-linear time-
domain model of the MMC. It is also important to mention that this non-linear time-domain
model mimics accurately the average-value behavior of the MMC, neglecting only the
switching effects, and it is widely used in the literature to validate analytical models for
the MMC [19,22,23]. For now, the term non-linear time–domain will always refer to the
average-value representation of the MMC. Conversely, the term switching-level will be
used when referring to detailed simulation models. Besides that, the terms grid-forming
and voltage controlled are interchangeably used hereafter to represent the same thing.

Additionally, it is understood that the proposed MMC model could be especially
used with the objective of conducting low-burden transient simulations and stability
analysis of inverter populated power systems. Notice that an impedance model carries
the low-frequency dynamics of the converter, and because of that, it does not require
significant resources for computing the states related to each of the capacitors. Of course,
the term low-frequency embraces everything under the Nyquist frequency, or half the
equivalent sampling/modulation frequency of the MMC. For this reason, we propose a
simulation framework where impedance models can be easily employed for conducting
electromagnetic–transient analysis. This framework follows a modular approach where
impedances, admittances, and other transfer matrices of a power-electronics-populated
system are arranged in a feedback loop. It is important to notice that other authors, such as
Lekić and Beerten [24], Li et al. [25], Liu et al. [26], and Orellana et al. [27], already presented
different frameworks for representing converter-dominated systems, nonetheless, our
solution allows the user to include either grid-forming and current-controlled converters
following an easy approach. Besides that, our framework structure separates the different
components of the grid—grid-forming converters, current-controlled converters, and ac
network—so that it might be useful in future researches for analyzing electromagnetic
interaction among them. For instance, following the harmonic resonance mode analysis [28],
an application of the eigen decomposition, it is possible to shed light on the resonant modes
between different converters and between them with the grid. In this work, nonetheless,
the framework was used for conducting time–domain simulation for validation matters. In
this regard, a test case encompassing a three-bus grid with a grid-forming MMC and two
current-controlled VSCs was considered. The framework results were similar to those from
a switching-level PSCAD model, i.e., the electromagnet dynamics were equivalent.

Summarizing, our objective in this article was to provide a frequency–domain model
for the MMC and also a modular approach for using it in electromagnetic analysis in
inverter-based grids. The major contributions are enlisted as follows:

• A small-signal model for a grid-forming MMC with dual-loop control. This model
includes not only the equivalent impedance, but also the open-circuit voltage-to-
reference transfer matrix of the converter;

• A framework for simulation and analyzing inverter-based power grids using impedance
models and voltage-to-reference and current-to-reference transfer matrices.

This work is divided in six sections, covering the basic concepts of the MMC for the
development and validation of the proposed simulation framework. In short, Section 2
presents some basic concepts about the MMC and its time–domain state equations in natural
reference frame. In Section 3, firstly, the linearized equations presented in the previous
section are transformed into synchronous reference frame (SRF) and then transformed into
the Laplace domain. The control loops of the MMC are also presented in this section before
the proposed model is developed in detail. Section 4 focuses on validating the proposed
model through simulation results. Section 5 presents the proposed simulation framework
and its validation. Finally, Section 6 draws the conclusions of this paper.
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2. Modular Multilevel Converter

Figure 1 depicts the studied MMC. It comprises N half-bridge submodules (SM) in
series with LR circuit at both the upper and lower arms of the converter. Moreover, there is
a RLC circuit, indicated by L f , R f , and C f , synthesizing a filter between the MMC and the
grid. It is important to mention that this RLC net was included to make the results as generic
as possible. Thus, during the usage of the model, RL may represent the series-equivalent
parameters of a transformer, and C f may represent the capacitance of a transmission line or
even a capacitor bank in the grid. In this article, nonetheless, we assigned generic values
for this RLC net, considering them neither as transformers nor as transmission lines.

vko

vdc
2

L

R

L

R

ik,pc

ik,nc

Lf Rf

vdc
2

ikc

C

+

−

ikcir

C

C

C

C

C

SM

SM

SM

SM

SM

SM

C

SM

Cf

Ceq

vpkdc

Arm averaged model

iko

Figure 1. Block diagram of the Modular Multilevel Converter (MMC).

Back to Figure 1, the notation xk refers to the variables in natural reference frame
(NRF), where k = a, b, c is the phase to which the variable is related. In this case, the AC
voltages vk

o are produced by the MMC, supplied by a dc-voltage source (vdc). The currents
delivered to the load are represented by ik

o, whereas ik
c represents the currents produced by

the converter.
Still, in Figure 1, the currents flowing through the upper and lower arms of the

converter are ik,p
c and ik,n

c , respectively. Furthermore, ik
cir denotes the circulating current

within the MMC. The insertion indices, as defined by [29], correspond to the number of the
inserted SMs. It is defined as follows:

mk
p =

1
2

(
1 − ek∗

c − ek∗
cir

)
; (1)

mk
n =

1
2

(
1 + ek∗

c − ek∗
cir

)
; (2)

where ek∗
c are the reference signals to generate the ac voltages, whereas ek∗

cir are necessary to
mitigate the circulating currents.

For purpose of modeling, the upper and lower groups of SMs were represented by
their average models, i.e., a pair of linear sources labeled in Figure 1 arm average model. In
this case, vp,k and vn,k are the equivalent dc voltages of the upper and lower arms of the
phase k, and Ceq = C/N is the equivalent capacitance of each arm [30].

According to [21], the small-signal dynamics of the MMC, not including the circulating
current, are given by:
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2Ceq
dṽk∆

dc
dt

= − 2S0

3Vdc0
ẽk

c + ĩk
c ; (3)

2
(

L + 2L f

)dĩk
c

dt
= 2Vdc0 ẽk∗

c − ṽk∆
dc − 4ṽk

o − 2
(

R + 2R f

)
ĩk
c ; (4)

where S0 and Vdc0 are the produced power and the dc-bus voltage at steady-state condition.
The tildes notation in the variables indicate small-signal quantities, with ṽk∆

dc representing
the difference between the upper and lower dc voltages of the MMC,
i.e., ṽk∆

dc = ṽpk
dc − ṽnk

dc [31]. Notice that, different from a two-level converter, the MMC
ac model contains the dynamics of the dc capacitors, even when the dc bus is driven by a
stiff voltage source Vdc.

3. Control and Modeling of the MMC

The starting point of the modeling process is to aggregate the submodules (SM) into
a pair of equivalent sources, one to the ac side, and another for the dc side. For the lack
of space, we chose not to present this process, but more information can be found in our
previous papers [21,32].

Figure 2 presents an overall view of the applied control-loops to the MMC. The control
system comprehends three control loops: one to mitigate the second-harmonic component
of the circulating current. The remaining ones control the converter AC-side, which refers
to the output current (ik

c) and the main-bus voltage (vk
o). The outer voltage control loop

computes the reference ik∗
c for the inner loop so as to drive vk

o toward the designated
reference vk∗

o . The SRF was chosen for the control loops of the output voltages and currents,
whereas the doubly SRF (D-SRF) was used for the circulating-current control to transform
the negative-sequence second harmonic components into dc quantities. Still, in Figure 2,
notice that Tdq and T−1

dq represent the Park transformation and its inverse, whereas θ is the
electrical angle. As the work focus on the dynamics of the inner control loops, it was not
considered any energy-balancing system for the MMC.

Ci(s)
I∗c

Cv(s)
V∗

o

T−1
dq

Tdq Tdq

θ

θ θ
Ccir(s)T−1

dq

-2θ

Tdq

0Eabc∗
cir

Eabc∗
c

Eabc
c V abc

o

Vabc
o

Iabco

Iabccir

Iabcc

I2dqcir

Ic

Cf

MMC

SM

SMSM

SM

SMSM

(1) and (2)

Vdc

2

Vdc

2

1
s

θ ω∗
1

Zf (s) = Rf + Lfs

Di(s)

-2θ

E∗
c

Current Control Voltage Control

Circulating current Control

Figure 2. Control block diagram of the grid forming MMC.

The Vector notation x =
[
xd, xq

]T represents these variables in the synchronous-
reference frame quantities. The dq notation was necessary to reduce the size of the equa-
tions, enabling their use in matrix algebra, as described hereafter.

3.1. Output-Current Loop

Initially, the small-signal dynamics of the MMC ac-side, already presented in [21,32],
are rewritten into SRF as follows:

2Ceq(Ω + sI)Ṽ∆
dc = − 2S0

3Vdc0
Ẽ∗

c + Ĩc, (5)
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2
(

L + 2L f

)
(Ω + sI)Ĩc = 2Vdc0Ẽ∗

c − Ṽ∆
dc − 4Ṽo − 2

(
R + 2R f

)
Ĩc, (6)

where each tilde-covered capital letter refers to Laplace-domain vectors, such that
X =

[
Xd(s), Xq(s)

]T . As for I, it is simply a 2 × 2 identity matrix to link the complex
frequency s with each component. Furthermore, S0 and Vdc0 are steady-state values of the
produced power and dc-bus voltage, representing the point around which the linearization
was conducted. Indeed, these values should be chosen in accordance with the operational
condition at which the analysis will be conducted. The variables Ṽ∆

dc, Ẽ∗
c , and Ĩc repre-

sent the difference voltage between the upper and lower SM dc voltages, the modulation
reference, and the output current, respectively.

As a consequence of the frame transformation, a coupling term Ω comes out:

Ω =

[
0 −ω1

ω1 0

]
, (7)

where ω1 is the angular frequency of the fundamental component. For the sake of simplifying
equations, from this point on, the SRF complex frequency (sdq) denotes the Ω + sI matrix.

As presented in Figure 2, the error between output current, Ĩc, and its reference, Ĩ∗c , is
multiplied by the controller Ci to produce the reference vector Ẽ∗

c , i.e.:

Ẽ∗
c = Ci

(
Ĩ∗c − Ĩc

)
+ Di Ĩc, (8)

where Ci = Ci(s)I is a 2 × 2 transfer matrix, with Ci(s) representing the transfer function
of PI controllers used for direct- and quadrature-axis control. Moreover, the factor Di is
used to decouple the direct and quadrature axis, and it is given by:

Di =
L + 2L f

Vdc0
Ω. (9)

Combining (5), (6), and (8), it is possible to reach the equation for the current loop of
the MMC, i.e.:

Ĩc = Gi,cl Ĩ
∗
c − YacṼo. (10)

This result is compatible with a Norton circuit representation of the MMC with its
current control loop. The circuit is not presented here due to lack of space. Note that Gi,cl
and Yac are matrices containing the closed-loop current gain and output admittance of the
converter. They are given by:

Yac = 8CeqΓ−1
i sdq, (11)

Gi,cl = Γ−1
i

(
4CeqVdc0sdq +

2S0

3Vdc0
I
)

Ci, (12)

where Γi corresponds to:

Γi = I +
(

4CeqVdc0sdq +
2S0

3Vdc0
I
)

Ci + 4Ceq

(
Z + 2Z f

)
sdq −

2S0

3Vdc0
Di, (13)

where Z = R + Ls and Z f = R f + L f s.

3.2. Main-Bus Voltage Loop

The outer control loop of the ac side aims at controlling the voltage vo in the main
bus, as already mentioned. This voltage control loop receives the reference voltage vector
Ṽ∗

o and computes the reference current, which might drive the voltage toward this value.
Thus, according to Figure 2, it is possible to write:

Ĩ∗c = Cv
(
Ṽ∗

o − Ṽo
)
. (14)
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The voltage controller Cv = Cv(s)I, similar to the current control-loop, is a diagonal
transfer matrix, and Cv(s) represents the PI transfer functions used in the voltage loop.
Substituting (14) in (10) with algebraic manipulations, one may reach the following result:

Ṽo = ZinGi,clCvṼ∗
o − Zin Ĩc, (15)

where:
Zin =

(
Gi,clCv + Yac

)−1
. (16)

Basically, (15) represents a voltage model without accounting the effect of the capacitor
bank, C f . As a matter of fact, Gv,cl = ZinGi,clCv is the closed-loop voltage gain, whereas
Zin is an inner series impedance of the converter, as depicted in the equivalent circuit
of Figure 3a. Notice this circuit representation is valid only when matrix arithmetic is
employed. The usual notation of dq circuits, with independent d and q axes, was avoided
here to reduce the size of the figure.

Zin ĨoĨc

ZCf ĨcfGv,clṼ
∗
o Ṽo

(a)

Zth

Ṽo

Ĩo

GthṼ
∗
o

(b)

Figure 3. Equivalent circuits of the voltage controlled MMC. (a) MMC + capacitor bank; (b) Thévenin-
equivalent circuit.

From Figure 3a, one may obtain the following node equation:

Ĩc = Ĩo + Ĩc f , (17)

where Ĩc f is the vector representing the currents in the capacitor C f . Besides that, in SRF,
the relationship between currents and voltages in a capacitor is given by:

C f sdqṼo = Ĩc f . (18)

Finally, combining (17) and (18) and substituting the result into (15), one may reach
the following result:

Ṽo = GthṼ∗
o − Zth Ĩo. (19)

It corresponds to the Thévenin-equivalent net equation of the MMC, with both inner
ac current control loop and the outer ac voltage loop. Figure 3b depicts this equivalent
model. Gth is the closed-loop voltage gain, and Zth is the equivalent series impedance of
the system. These terms are given by:

Zth =
(

I + C f Zinsdq

)−1
Zin, (20)

Gth = ZthGi,clCv. (21)

From a transfer-matrix point of view, Gth represents a dimensionless voltage gain.
It receives the reference voltage of the MMC as an input, and it returns the open-circuit
voltage of the converter. As for Zth, it clearly represents an impedance, which indicates
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that it receives the MMC ac current as input and outputs the voltage drop in the circuit.
Figure 4 summarizes this information.

Gth

Ṽ∗
o

Ṽo
Zth

Ĩo

Open-Circuit
Voltage

Voltage Drop

Figure 4. Block diagram representing the MMC equivalent model (equivalent voltage).

One last point should be addressed: as already mentioned, the developed model is
valid for small-signal analysis. Thus, it is intended for understanding the dynamics of the
MMC whenever a disturbance (load change, for instance) appears in the system. Besides
that, the model should be useful, as well, for spotting resonances and helping design control
systems. On the other hand, the model is not valid to evaluate the initial transients or the
system behavior during faults.

4. Frequency Responses of the MMC

The main objective of this section is to validate the aforementioned transfer functions.
Essentially, a time–domain non-linear model of the proposed system was simulated and
used as a base for numerically obtaining the system transfer functions. In sequence, there
is a comparison between the obtained results through the time–domain model to the ones
predicted by the analytic model developed in Section 3. As already mentioned, all of the
control loops have PI controllers with their proportional gains and time constants described
in Table A1 in the Appendix A. As for the other MMC parameters, they are presented
in the Table A2, as well as in the Appendix A.

The transfer matrices in this section, Gth and Zth, have the following pattern:

M =

[
Mdd Mdq
Mqd Mqq

]
, (22)

where the terms Mdd and Mqq are the d- and q-axis self-related terms, and Mdq and
Mqd are the cross-coupling terms. Due to the symmetry of the system, Mdd = Mqq
and Mdq = −Mqd [33], are the only frequency responses for two of the terms, (Mdd and
Mdq), of each transfer matrix, which are needed to validate the model.

For obtaining Gth from the non-linear model, the MMC simulated delivering voltages
to a current-source load, as in Figure 2. Then, a sinusoidal disturbance with frequency ωp
was introduced in one of the axis (d or q) of the reference voltage (input), at a time, and
the corresponding voltage components Gth(jωp) (output) were measured. The closed-loop
voltage gain components were computed, then, as follows:

∣∣Gth,dd(ωp)
∣∣ = ∣∣∣∣∣ ṽo,d(ωp)

ṽ∗o,d(ωp)

∣∣∣∣∣ and ∠Gth,dd(ωp) = arctan

[
ṽo,d(ωp)

ṽ∗o,d(ωp)

]
, (23)

∣∣∣Gth,qd(ωp)
∣∣∣ = ∣∣∣∣∣ ṽo,q(ωp)

ṽ∗o,d(ωp)

∣∣∣∣∣ and ∠Gth,qd(ωp) = arctan

[
ṽo,q(ωp)

ṽ∗o,d(ωp)

]
. (24)
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A similar procedure was conducted to determine the components of Zth, yet, in this
time, the input perturbation was injected in one of the axis of the current Ĩo. Once more,
the output was the voltage components Ṽo(jωp), and the computations were conducted
accordingly to the following formulation:

∣∣Zth,dd(ωp)
∣∣ = ∣∣∣∣∣ ṽo,d(ωp)

ĩo,d(ωp)

∣∣∣∣∣ and ∠Zth,dd(ωp) = arctan

[
ṽo,d(ωp)

ĩo,d(ωp)

]
, (25)

∣∣∣Zth,qd(ωp)
∣∣∣ = ∣∣∣∣∣ ṽo,q(ωp)

ĩo,d(ωp)

∣∣∣∣∣ and ∠Zth,qd(ωp) = arctan

[
ṽo,q(ωp)

ĩo,d(ωp)

]
. (26)

Before following this analysis, as the models are in SRF, the frequencies in the up-
coming Bode diagrams are not directly related to the natural grid frequencies. For in-
stance, 60 Hz in the graphs is the frequency of the positive sequence 2nd harmonic com-
ponent [34] (pp. 169–174). In fact, the grid frequency turns to the dc component, which is
well known.

Figure 5 presents the frequency responses for the terms of Zth, as obtained from the
proposed model, as well as the non-linear time–domain simulation (NLTDS). Noticeable
differences are clearly visible at 60 and 120 Hz. In short, these differences are due to the
linearization process, which cuts off some non-linear characteristics of the MMC. For a
better understanding of the effect of the non-linearity at 60 and 120 Hz, notice that the
equivalent ac-side voltages produced by the SMs of one arm present both a dc and a
60 Hz component. When the arms are combined, only the 60 Hz appears in the output of
the converter.
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Figure 5. Frequency responses obtained for the proposed (linearized) and non-linear models for Zth.
(a) Self-related term; (b) Cross-coupling term.

Now, consider the following d-axis disturbance in the load current at an angular
frequency ωp:

id = Ip sin(ωpt). (27)

In the natural reference frame (NRF), the disturbance assumes the following pattern:

ip,a =
Ip

2
sin
[
(ωp − ω1)t

]
+

Ip

2
sin
[
(ω1 + ωp)t

]
ip,b =

Ip

2
sin
[
(ωp − ω1)t + 2π/3

]
+

Ip

2
sin
[
(ω1 + ωp)t − 2π/3

]
ip,c =

Ip

2
sin
[
(ωp − ω1)t − 2π/3

]
+

Ip

2
sin
[
(ω1 + ωp)t + 2π/3

]
(28)

Notice that the SRF disturbance at 60 Hz produces dc and 120 Hz NRF components in
the load current. As for the 120 Hz SRF disturbance, 60 and 180 Hz current components
are established in the NRF. The dc component associated with the 60 Hz SRF disturbance
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goes within the converter, interacts with SM equivalent voltages, and, once these voltages
contain dc components as well, results in active power. As a consequence, the dc voltages
of the SM capacitors are modified during the test. Similarly, the NRF 60 Hz component
associated to the SRF 120 Hz disturbance interacts with its counterpart in SM equivalent
ac voltage, results in active power, and changes the dc level of the SM capacitors. In both
cases, a SRF disturbance in one frequency (first 60 Hz, and then 120 Hz) of one variable is
causing an effect in another frequency (dc component) of another variable (the equivalent
dc voltage of the SMs). Of course, this is a non-linear phenomenon not considered in the
proposed model. The same issue is not observed with disturbances of any other frequency
because, as can be seen in (28), they do not produce harmonic components matching the
components of the equivalent ac-side SM voltages.

Figure 6 presents the frequency–domain response for Thévenin-equivalent gain, as
obtained from the proposed model and from the NLTDS. The indicated gain at the proposed
model differs from the behavior of the non-linear time-domain model only at 60 and 120 Hz.
As in the case of the Thévenin impedance, these difference are due to non-linearities that the
proposed model does not address. The effect of the non-linearity in the gain is negligible
once the difference between the results is only 3.5 dB.
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Figure 6. Frequency responses for the proposed (linearized) and non-linear models for Gth. (a) Self-
related term; (b) Cross-coupling term.

One interesting aspect that should be highlighted is that the presented model is able
to represent the MMC in a frequency range that goes from nearly 0 to 1 kHz. This range
covers a wide variety of electromagnetic phenomena in power systems. Although it is
not the focus of the present article, it is valid to mention that model-order reduction
methods can be used for further simplifications in case the end user focuses their analysis
on low-frequency phenomena.

5. Impedance-Based Simulation Framework for Converter-Populated Power Systems

In this section, an impedance-based simulation framework for power-electronics-
populated power systems was proposed. The idea was to include the previous MMC
results in a model that represents a typical application. Thus, the following subsections
detail: (1) the general idea of the proposed framework; (2) the modeling of a 3-bus test case
using the framework; and (3) simulation results for the test case.

5.1. Simulation Framework

Figure 7 presents a generic n-bus inverter-based-resource (IBR) power system. It is
considered that two converters are connected in each bus, one current-controlled (CC) and
another voltage-controlled (VC). As already explained in the introduction, the voltage-
controlled converters are in fact grid-forming elements of the grid. This approach of
considering two converters per bus will contribute to the modularity of the framework.
For now, we need to bear in mind that YCC,n and YVC,n are 2 × 2 matrices, representing the
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equivalent admittances of the converters, and ĨCC,n and ĨVC,n are 2× 1 vectors, representing
the equivalent currents produced by the converters.

Ybus

Network

1

n

ĨV C,n YV C,n

Ĩ1

Ĩn

ĨCC,n YCC,n Ĩdqn

Bus Injection Equivalent

Figure 7. Generic inverter-populated power system.

From a system point of view, the injected currents and the bus voltages can be aggre-
gated in single vectors, Ĩbus and Ṽbus, as follows:

Ĩbus =
[
Ĩ1 Ĩ2 · · · Ĩn

]T , (29)

Ṽbus =
[
Ṽ1 Ṽ2 · · · Ṽn

]T . (30)

Then, the system can be represented by the following nodal equation:

Ybus(s)Ṽbus = ĨCC + ĨVC −
[

YVC(s) + YCC(s)
]

Ṽbus, (31)

where Ybus is the n × n bus admittance matrix, and:

YVC(s) = diag
(
YVC,1, YVC,2, · · · , YVC,n

)
, (32)

YCC(s) = diag
(
YCC,1, YCC,2, · · · , YCC,n

)
, (33)

ĨVC =
[
ĨVC,1 ĨVC,2 · · · ĨVC,n

]T , (34)

ĨCC =
[
ĨCC,1 ĨCC,2 · · · ĨCC,n

]T , (35)

Given that Y−1
VC = ZVC, the nodal Equation (31) can be rewritten as follows:

Ṽbus = ZVC(s)ĨCC + ZVC(s)ĨVC − ZVC(s)
[

Ybus(s) + YCC(s)
]

Ṽbus. (36)

It is important to notice that currents injected by the current-controlled converters
depend on the their closed-loop gains and reference signals, such as expressed here:

ĨCC = GCC Ĩ∗CC. (37)
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As for the voltage-controlled converters, using the source transformation approach, its
injected current can be defined as function of the reference voltage, the closed-loop transfer
function, and the equivalent admittance:

ĨVC = YVCGVCṼ∗
VC. (38)

Equations (36)–(38) can be combined to form the block diagram in the Figure 8. Notice
that ỸVCG̃VC will be labeled YGVC for now on to simplify the notation. Besides that, the
label CC-VSC net current shows where in the diagram it is possible to obtain the vector
with the equivalent currents injected by the current-controlled converters (ĨCC − YCCṼbus).
Similarly, the label VC-VSC net current indicates the injected currents from the voltage
controlled converters. Notice, nonetheless, that, in this case, the arrow presents a negative
value, i.e., −(ĨVC − YVCṼbus).

ZV C

Ybus

YCC

GCC
Ĩ∗

Ṽbus

Ṽ∗
GV C

YV C

YGV C

ĨV C

ĨCC

Ĩbus

VC-VSC
Net Current

(Neg. Direction)

CC-VSC
Net Current

Figure 8. Block diagram representing the proposed simulation framework.

The results obtained from the block diagram in Figure 8 correspond to the tran-
sient behavior of the system. Thus, the complete response of, for instance, a generic
variable X̃(t), it is necessary to make:

X(t) = X̃(t) + Xss(t), (39)

where Xss is the steady-state value of X. Notice that Xss can be computed through power
flow analysis, yet it was obtained from the switching-level simulations in this work. It
is important to mention that the proposed model is valid for perturbations around the
steady-state condition, not being intended for large-signal analysis (energizing or fault
transients, for instance).

5.2. Three-Bus Test Case

For this test case, a power grid that comprehends a three-bus power system with
the voltage-controlled (grid-forming) MMC connected to two grid-following two-level
VSCs was considered, as shown in Figure 9. Despite the fact this is a generic system,
it contains typical interaction between voltage- and current-controlled VSCs in modern
power grids. The following subsection provides a brief description on impedance models
for current-controlled VSCs, and the subsequent subsection shows how the matrices of the
proposed model should be filled out.
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Cf

MMC

SM

SMSM

SM

SMSM

Control

Vdc

2

Vdc

2

Zf ZA

ZB

Cf2

Zf2

Control

Zf3

Control

1 2

3

ZC

Grid Forming

Cf3

Current-
Controlled
2L - VSC

Current-
Controlled
2L - VSC

Figure 9. 3-Bus test case for a inverter-populated power system.

5.2.1. Current-Controlled Two-level Converter Model

The current-controlled VSCs considered in this work are based on two-level converters
(2L-VSC) and modeled as Norton-equivalent circuits. Considering the approach introduced
in [35], the 2L-VSCs were expressed based on the Norton representation in the form of:

Ĩn = G2L(s)Ĩ∗n + Y2L(s)Ṽn, (40)

where Ṽn is the bus voltage, Ĩn is the current injected in the bus by the VSC, and n = 2, 3,
depending on which bus is connected. The matrices G2L and Y2L(s) represent the closed-
loop transfer function and the equivalent admittance of the VSC.

The equivalent admittance is divided into two parts, one representing the inherent
characteristic of the current-controlled VSC and another representing the effect of its PLL.
Thus:

Y2L(s) = YPLL(s) + Yvsc(s), (41)

Yvsc(s) = [GdCi + Z]−1, (42)

YPLL(s) = −Yvsc(s)GdΓPLL, (43)

where Gd is the converter transfer function, Ci its current controller, and Z represents the
output RL net.

The term ΓPLL, on the other hand, corresponds to:

ΓPLL(s) = Ge
PLL(s) + DiGi

PLL(s)− Ci(s)Gi
PLL(s), (44)

where Ge
PLL(s) and Gi

PLL(s) are transfer matrices, which are not presented here due to the
lack of space. These matrices are found, with the same nomenclature in [35]. Furthermore,
the matrix Di in (44) represents the current decoupling term of the VSC.

Finally, the closed-loop reference-to-current transfer function is given by:

G2L(s) = Yvsc(s)Gd(s)Ci(s). (45)
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5.2.2. Implementation of the Simulation Framework

Based on the power-grid depicted in Figure 9, the admittance matrix (Ybus) corresponds to:

Ybus(s) =


YA(s) + YC(s) −YA(s) −YC(s)

−YA(s) YA(s) + YB(s) −YB(s)

−YC(s) −YB(s) YB(s) + YC(s)

, (46)

which only comprises the dq admittances linking the three buses of the system. A general
representation of these elements are presented in the Appendix B.1. The shunt capaci-
tors (also described in the Appendix B.1), for a decision matter, were included in YVC(s)
and YCC(s). Thus, the output vector YbusṼbus represents the currents flowing through
the grid network impedances (ZA, ZB, and ZC). YVC and its inverse, ZVC, comprise only
the MMC admitance/impedance, as this is the unique voltage-controlled converter in the
grid. Nonetheless, to make YVC non-singular, the empty terms of the main diagonal were
represented as negligible matrices, Z−1

∞ , as follows:

YVC(s) = diag
(

Z−1
th , Z−1

∞ , Z−1
∞

)
. (47)

A non-singular matrix is necessary, in this case, because the framework takes ZVC,
which is the inverse of YGF. It is worthwhile mentioning that the inclusion of the terms Z−1

∞
in (47) represents the high-valued impedance from buses 2 and 3 to the ground. Thus, the
system does not present an significant difference as long as Z∞ remains sufficiently larger
than the bus base impedance.

The matrix YCC for the circuit in Figure 9 is given by:

YCC(s) = diag
(

02×2, Y2L + Yc f 2, Y2L + Yc f 3

)
, (48)

where Yc f 2 and Yc f 3 are the admittance matrices of the capacitor banks connected
to buses 2 and 3. Moreover, once there is no current-controlled VSC in bus 1, its place
in YCC was filled with a 2 × 2 zero matrix, 02×2.

Finally, the matrices representing the relationship between the references Ĩ∗ and Ṽ∗

can be written as follows:

GCC(s) = diag(02×2, G2L, G2L), (49)

YGVC(s) = diag
(

Z−1
th Gth, 02×2, 02×2

)
. (50)

As in YCC, the first term of GCC is filled with a zero matrix due to the lack of current-
controlled converters in bus 1. Similarly, as the buses 2 and 3 do not have grid-forming
converters, the corresponding terms of YGVC are also filled with zero matrices. It is
important to remember that the expressions described in the current subsection are entries
of the block diagram in Figure 8. For a faster understanding the relationships between
the different equations, we provided the diagram in Figure A1 in Appendix B.3. Also, we
provided a summary of equations in form of table in the Appendix B.2.

5.3. Results and Comparison

For validating the proposed simulation framework, its time–domain results were
compared to the ones obtained from a switching-level simulation in EMTDC/PSCAD.
Differently from the non-linear model used for validation in Section 4, the PSCAD model
of the MMC comprises each of the submodules, the phase disposition PWM (PD-PWM)
modulator, and the dc-voltage-balancing system, (Chapter 2 in [34]). As for the control
system, it follows exactly the description introduced in Figure 2. The current-controlled
VSCs are based on a two-level topology, following the same premise of previous subsections.
Their PSCAD models comprise a 2 kHz PWM modulator, a q-PLL [36] circuit to sync them
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to their respective bus voltage, and an ac-current control loop. Table A3 in the Appendix A
summarizes the applied elements in simulations. It is important to notice that, in a real-
world application, the 2L-VSCs are connected to the grid through step-up transformers.
We decided to omit these transformers for simplifying the mathematical development.
Thus, the 2L-VSC parameters in Table A3 are reflected values to the high-voltage side. The
MMC settings remains the values indicated in Table A1. The proposed framework was
implemented in the Open Modelica [37], an open-source alternative to SIMULINK.

For the intended analysis, the system in Figure 9 was initially in steady-state condition,
with the two current-controlled VSCs injecting rated power in their respective buses. As
for the MMC, it is also produces a rated voltage in bus 1. From this condition, 0.2 pu pulse
disturbances were applied to the reference signals Ĩdq∗

2 , first in the d axis in 2.0 s < t < 2.4 s,
then in the q axis in 3.0 s < t < 3.4 s. Figure 10 shows the injected currents by each one of
the converters in the grid, i.e., the CC- and CV-VSC net currents in the block diagram of
the Figure 8. For this and the next graphs, the black lines represent simulation results
obtained with the proposed model, and the gray smudgy curves are from the switching-
level PSCAD model. It is important to notice that the smudging pattern in the PSCAD
results is due to switching-frequency harmonic components. Notice that the step change
in the reference current of the bus 2 VSC produces a slightly underdamped response,
as seen in Figure 10c,d. These currents are flowing towards bus 1, where the grid-
forming converter is connected. Consequently, a similar pattern is observed in the currents
of Figure 10a,b. During the transient, nonetheless, the voltage drops on the impedances of
the system disturb all the bus voltages. Thus, small fluctuations appear in the currents of all
converters. This phenomenon, correctly predicted by the proposed model, is clearly noticed
in the currents of the VSC in bus 3, as shown in Figure 10e,f. Even though its reference
current was not changed, there were transient oscillations in their produced currents.
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Figure 10. Injected currents in the buses. (a) Bus 1 (VC-VSC/MMC net current)—d axis; (b) Bus 1
(VC-VSC/MMC net current)—q axis; (c) Bus 2 (CC-VSC net current)—d axis; (d) Bus 2 (CC-VSC net
current)—q axis; (e) Bus 3 (CC-VSC net current)—d axis; (f) Bus 3 (CC-VSC net current)—q axis.

Figure 11 presents the bus voltages when the disturbances were applied. It is noticeable
that the proposed simulation framework can capture the electromagnetic transient behavior
present in the PSCAD model. For instance, when the d-axis disturbance occurs at t = 2 s,
the corresponding voltages in Figure 11a,c,e swell due to the increase in the energy injected
by the VSC in bus 2. The grid-forming MMC reacts to this sudden change, and after
250 ms the bus 1 voltage is stabilized back in 1 pu. The opposite situation occurs when
the disturbance is cleaned at t = 2.4 s. In this case, the VSC in bus 2 reduces the injected
current, reducing the injected energy, causing a sudden drop in the d-axis voltages. Once
again, after a 250 ms transient, the MMC restores the voltage level at bus 1 to 1 pu. It is
important to notice that the transient oscillations observed in all bus voltages are not only
due to the response of the grid-forming converter, but also from the voltage drops across
the impedances of the system and the interaction of the VSC impedances with the grid.
Notice also that, despite the fact the steps in the d and q axes of the reference current of the
VSC 2 were equal, the transient behavior was less damped in the q axis. Let us consider, for
instance, the voltages in bus 3 in Figure 11e,f. During the d-axis step at 2 s, its transient
response endured 125 ms with a 0.1-pu peak-to-peak amplitude. During the q-axis step at
3 s, on the other hand, the transient response spanned over 200 ms, and reached a 0.2-pu
peak-to-peak amplitude. A similar pattern difference is observed between the d- and q-axis
currents in Figure 10. The origin of both differences is traced back to the interaction between
the CC-VSC admittances with the grid. Indeed, these admittances present an asymmetric
pattern introduced by the PLLs, causing the axes asymmetry observed in Figures 10 and 11.
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Figure 11. Bus Voltages: comparison between the proposed model and the switching-level PSCAD
model. (a) Bus 1: d axis; (b) Bus 1: q axis; (c) Bus 2: d axis; (d) Bus 2: q axis; (e) Bus 3: d axis; (f) Bus 3:
q axis.

6. Conclusions

This paper presented a linearized SRF model for the MMC under a dual-control loop,
i.e., with an outer voltage control loop combined with an inner current control loop. The
impedance-modeling approach was used, initially for providing the Norton representation
of the inner current loop, and then for deriving the Thévenin-equivalent representation of
the grid-forming MMC. The validation results, presented in the form of Bode diagrams,
showed that the developed model matched accurately the characteristic observed in the
non-linear model of MMC. As a matter of fact, the linear model was not able to match
its non-linear counterpart in two frequencies, 60 and 120 Hz, both measured in the SRF.
When viewed from the natural reference frame, the 60 Hz SRF component encompasses
a dc parcel. Similarly, when viewed from the natural reference frame, the 120 Hz SRF
component contains a 60 Hz component. These components (dc and 60 Hz) interact with
the ac-side arm voltages (that also contain dc and 60 Hz NRF components), producing real
power and disturbing the dc-side voltages. This kind of interaction cannot be addressed
by a model based on standard linearization. In hypotheses, a harmonic linearization, i.e.,
a linearization conducted around oscillating trajectories, shall solve this problem. This is
going to be pursued in future research.

It is worthwhile to highlight that this model is particularly interesting to analyze the
electromagnetic dynamics of grid-forming MMC-based power systems. For this reason,
the second half of the paper leaned on proposing a simulation framework for power-
electronic-populated grids. In this case, the converters and other elements of the grid
are represented in the simulation by their respective impedance matrices. For testing the
proposed framework, a three-bus power grid was used. In this case, the MMC supplied
the voltages for two current-controlled converters. The obtained results from the proposed
simulation framework matched the switching-level EMTDC/PSCAD counterpart.
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Moreover, the proposed model for the MMC and the simulation framework should
also be used in future researches for evaluating the behavior of the MMC with outer control
loops for implementing droop and virtual inertia capabilities.
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Appendix A. Parameter-Settings Tables

Table A1. Control Gains of the MMC.

MMC

Current-loop Control kp/Ti 0.001 A−1/0.01 s
Voltage-loop Control kp/Ti 0.01 AV−1/0.01 s
Circ-Current-loop Control kp/Ti 0.001 A−1/0.01 s

Table A2. Parameters used in MMC.

MMC

Rated Power - 100 MVA
Rated AC Voltage - 69 kV
Rated DC Voltage - 150 kV
Number of SMs N 20
SM Capacitor C 9000 µF
Arm Impedance R/L 1 Ω/19 mH
Output Impedance R f /L f 1 Ω/20 mH
AC capacitor bank C f 20 µF

Table A3. Parameters used in the simulations.

Two-Level VSCs (Reflected to the High-Voltage Side) and Power Grid

Rated Power - 50 MVA
Rated AC Voltage - 69 kV
Rated DC Voltage - 125 kV
Switching Frequency - 2 kHz
Output Impedance R f /L f 1 Ω/20 mH
Capacitor bank C f 2/C f 3 20 µF
Current-loop Control kp/Ti 0.001 A−1/ 0.1 s
PLL Control kp/Ti 0.1 rad s−1 V −1/0.001 s
Series Impedance A RA/LA 0.94 Ω/12.5 mH
Series Impedance B RB/LB 0.94 Ω/12.5 mH
Series Impedance C RC/LC 0.94 Ω/12.5 mH
Rated Frequency f1 60 Hz
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Appendix B. Some Mathematical Results

Appendix B.1. Entries of the Ybus Matrix

Considering that YRL represents a RL branch of the Ybus network, its expression in
SRF is given by:

YRL =
1

(sL + R)2 + (ωL)2

[
R + sL ωL
−ωL R + sL,

]
(A1)

where R and L are the resistance and the inductance of the branch.
Considering that YC represents a shunt capacitance in the Ybus network, its expression

in SRF is given by:

YC =

[
Cs ωC

−ωC Cs,

]
(A2)

where C is the capacitance.

Appendix B.2. Admittances and Other Matrices in Section 5.2.2

Table A4 a summary of the equations used in Section 5.2.2. Instead of following exactly
the order of appearance in the text, we organized the table in a way the is easy to notice
where which result goes.

Table A4. Summary of the major equations in the test case of Section 5.2.2.

Expression Equation Belongs
to

Description

Yac = 8CeqΓ−1
i sdq Equation (11) MMC 2 × 2 equivalent admittance of the current loop of the MMC.

Gi,cl =
Γ−1

i (4CeqVdc0sdq
+ 2S0

3Vdc0
I)Ci

Equation (12) MMC
2 × 2 closed-loop transfer function of the current loop of the
MMC. It encompasses the current controller matrix Ci and
other passive parameters of the circuit.

Γi Equation (13) MMC 2 × 2 matrix with a parameter-dependent expression of the
MMC model.

Zin =
(

Gi,clCv + Yac

)−1
Equation (16) MMC

Inner 2 × 2 impedance matrix of the MMC located in bus 1.
It encompasses the voltage controller matrix Cv and other
transfer matrix associated to the current loop.

Zth =
(

I + C f Zinsdq

)−1
Zin Equation (20) MMC

Thévenin-equivalent impedance matrix of the MMC con-
nected to the bus 1.

Gth = ZthGi,clCv Equation (21) MMC Thévenin-equivalent voltage matrix gain of the MMC con-
nected to the bus 1.

Z∞ =

[
Z∞ 0
0 Z∞

]
- -

2 × 2 used in the buses that do not contain a grid-forming
converter. A value at least 1000 times bigger than the nominal
impedance of the bus should be assigned to it. In a nutshell,
this represents an "open-circuit" impedance.

YVC(s) = diag
(

Z−1
th , Z−1

∞ , Z−1
∞

)
Equation (47) Framework This is a 3 × 3 matrix in which the entries are also matrices

representing the equivalent admittance of the grid-forming
converters.

GVC(s) = diag(Gth, 02×2, 02×2) - Framework This is a 3 × 3 matrix, in which the entries are also matrices
representing the closed-loop voltage gain of the grid-forming
converters.

YGVC(s) = diag

 Z−1
th Gth,
02×2,
02×2

 Equation (50) Framework This is a matrix which represents the product YVCGVC.
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Table A4. Cont.

Expression Equation Belongs
to

Description

Y2L(s) = YPLL(s) + Yvsc(s) Equation (41) 2L-VSC This is a 2 × 2 representing the equivalent admittance of the
current-controlled 2L-VSCs.

Yvsc(s) = [GdCi + Z]−1 Equation (42) 2L-VSC This is a 2 × 2 matrix representing the equivalent admittance
of the current-control loop of the 2L-VSCs. In this case, Ci is
the current controller.

YPLL(s) = −Yvsc(s)GdΓPLL Equation (43) 2L-VSC This is a 2 × 2 matrix representing the admittance created by
the PLL of the 2L-VSCs.

ΓPLL(s) =
Ge

PLL(s)
+DiGi

PLL(s)
−Ci(s)Gi

PLL(s)

Equation (44) 2L-VSC This is a 2 × 2 matrix representing the influence of the PLL of
the 2L-VSCs. Ge

PLL and Gi
PLL are the interaction of the PLL

with the converter itself and with its current loop, respectively.

YCC(s) = diag

 02×2,
Y2L + Yc f 2,
Y2L + Yc f 3

 Equation (48) Framework
This is a 3× 3 matrix in which the entries are also matrices rep-
resenting the equivalent admittance of the current-controlled
2L-VSCs.

G2L(s) = Yvsc(s)Gd(s)Ci(s) Equation (45) 2L-VSC This is a 2 × 2 representing the closed-loop transfer matrix of
the current-controlled 2L-VSCs.

GCC(s) = diag

 02×2,
G2L,
G2L

 Equation (49) Framework
This is a 3 × 3 matrix in which the entries are also matrices
representing the closed-loop transfer matrix of the current-
controlled 2L-VSCs.

Appendix B.3. Summary of Equations Used in the Framework

Figure A1 shows the relationships between the equations presented in the Section 5.2.2.

Eq.(50)

Ṽbus

ĨCV

ĨCC

Ṽ∗

Ĩ∗

Eq.(49)

Ṽ∗
o,1

02×1

02×1



02×1

Ĩ∗2
Ĩ∗3



Eq.(46)

Eq.(48)

Eq.(47)

M
at
ri
x
In

ve
rsio

n

Equation
(36)

Equation
(38)

Equation
(37)

Figure A1. Relationships of the equations in Section 5.2.2.
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