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Abstract: This paper presents a methodology to program the weak coupling between magnetic and
structural vector fields in an electromagnetic device modeled in two dimensions. The magneto-
mechanical coupling phenomenon is present in electromagnetic devices where magnetic forces cause
displacements in metallic materials. This work proposes a numerical solution to this problem by
applying the 2D finite element method to the governing equations of this coupled multiphysics
phenomenon. The well-known formulation yields accurate results; however, it is often not properly
integrated into a computer program. This manuscript proposes a flexible and intuitive methodology
for the implementation of the complex mathematics involved in this phenomenon into a computer
program. The computer code receives the input parameters, discretizes the geometry by generating a
2D finite mesh, solves the resulting equations using the finite element method, and finally exports
the results of the magnetic ang mechanical fields. The modeling is performed using an open-source
platform for programming the finite element method in the programming language Python, and
afterwards, the results are compared against a commercial software as validation of the proposed
numerical approach. The novel magneto-mechanical coupling methodology is used to solve an
engineering application, namely an electromagnetic actuator.

Keywords: magnetic; mechanical; multiphysics; coupled problems; finite element method

1. Introduction

The electric current flowing through the coil of an electrical device generates an electro-
magnetic field. This electromagnetic field generates magnetic forces on metallic materials.
When these magnetic forces are present in the air gap of an electrical device, elastic de-
formations or displacements may occur [1]. Such a method of converting electrical to
mechanical energy is widely employed in several applications, some of which include: elec-
trical protection systems [2], sensors [3], pneumatic valves [4], cranes [5], and even artificial
hearts [6]. The optimal design and performance of such electromagnetic devices result in
low maintenance costs, assurance of safety measures, and an increase in production quality.
Therefore, a computer program for simulating the magneto-mechanical phenomenon is
proposed in this paper.

Magneto mechanical coupling can be used to analyze the structural behavior, i.e.,
buckling or bending of a non-magnetic material, such as steel alloys. However, in the
presence of ferromagnetic materials, a coupled analysis must include the magnetostrictive
and reluctance forces (also called Maxwell forces) [7]. The deformations caused by the
two types of forces can be calculated separately or simultaneously [8]. Consideration of
these deformations can lead to the calculation of acoustic vibrations in electromagnetic
devices [9]. However, it is possible to calculate the displacement caused by magnetic forces
alone. Dong [10], et al., carried out vibration analysis on a permanent magnet synchronous
motor. In this work, a simulation model capable of predicting the noise in an electric
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machine is performed. In the calculation of the magnetic forces, they only considered the
radial force obtained by means of Maxwell’s stress tensor. In another paper, Lundström
and Aidanpää [11], reported the dynamic consequences of magnetic forces in a generator.
In this manuscript, the change in the geometry of a generator model is calculated. The
displacements are found by the virtual work method, and magnetostriction forces are not
considered when obtaining the total forces.

Such magnetic-mechanical phenomenon constitutes a coupled problem that only a
coupled model can address in three steps: firstly, the magnetic flux density is derived
by solving the equations of the magnetostatic field; next, the Maxwell tensor method is
employed for finding the magnetic force; lastly, the obtained magnetic load feeds the
formulation for the mechanical field resulting in displacements in the non-ferromagnetic
material. Magnetic forces can be determined using the three following methods: the Lorentz
force, the principle of virtual work, and Maxwell’s stress tensor [12]. In this paper, the
Maxwell stress tensor method is implemented for finding the magnetic force resultant, used
as a source term in structural field equations to calculate deformations. Such an approach
is usually known as weak coupling [13]. A second approach is the strong coupling which
involves magnetic and structural governing equations being solved simultaneously [14].

The finite element method has been commonly used to solve magneto-mechanical
coupled problems; one example of such a problem was presented by Metsch, et al. [2]. Their
results show how the finite element method is used in the solution of magneto-mechanical
coupled problems. Li, et al., 2007 [15], studied the relation between electromagnetic forces,
vibrations, and eccentricity of a 250 MW hydropower generator. They also applied the
strong coupling method by using the finite element method and the Maxwell stress tensor.

In the past, an accurate solution of a multiphysics problem with numerical methods
required high computational resources. However, many current commercial software
packages are capable of solving a coupled problem within a few minutes; where the initial
input parameters are entered into a graphical interface, after which a mesh is generated,
and the solving process is executed automatically. Unfortunately, no interaction with
the complex background of the mathematical models is involved; however, the finite
element open-source software provides options for understanding and manipulating the
formulation programming.

Using the open-source computer program FEniCS platform for solving partial differ-
ential equations enables researchers to translate complicated mathematical problems into
efficient finite elemental method code [16]. The finite element package accepts various
coupling methods and implements the finite element method to obtain an automatic solu-
tion for partial differential equations with customizable capabilities and shorter processing
times [17]. The finite element package comprises four core elements: DOLFIN, the Python
finite element library; Unified Form Language (UFL), a finite element symbolic language;
The finite element computer software Form Compiler (FFC) [18], that processes UFL lan-
guage to C code; and Finite Element Automatic Tabulator (FIAT), where the shape and
order data of the finite elements are stored [19]. UFL provides a flexible and easy-to-use
interface that can encourage investigators to write software code including mathemati-
cal expressions that describe the behavior for any given engineering problem, such as
deformation due to magnetic field forces [20,21].

As an illustration of the effectiveness of finite element package in modeling electrical
machine problems is the paper by McDonagh, et al., 2022 [17], which presented an electro-
magnetic model analysis of a three-phase permanent magnet synchronous motor model.
The formulation implemented in this paper also involves the strong coupling method.
The results are verified by an equivalent model using a commercial software [12]. The
implementation of the finite element package demonstrates the scalability, flexibility, and
simplicity of the UFL language to define the required formulation.

This paper focuses on calculating and analyzing the displacement in an electromag-
netic actuator with a nonmagnetic steel element under the influence of magnetic forces
originating from a constant magnetic field produced by a direct current excitation. The
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paper introduces a numerical solution of a weakly coupled magnetostatic-mechanical prob-
lem that can be solved within the Python framework. The developed computer program
finds the solution to the system of equations by obtaining the deformations. This structural
response allows to predict the kinetic behavior of actuators. The aim is to engage users
firsthand with the numeric solution of partial differential equations using the finite element
method and with the mesh generation and refinement process. The second purpose of this
work consists of demonstrating the engineering application and demonstrating the validity
and accuracy of the weak coupling technique for this type of problem.

2. Magnetostatic-Structural Problem
2.1. Problem Definition

The domain geometry for the proposed problem area is illustrated in Figure 1. The
subdomains are identified as: magnetic core (gray color); nonmagnetic actuator (yellow
color), coil (orange color), and air (blue color). The air gap between the core and the
actuator is 0.1 cm in dimension. The materials are assumed as isotropic and not all of the
domain is homogeneous. The relative permeability (µ) for the iron core is 5013, for the steel
alloy is 500, and for copper and air the relative permeability is 1. The alloy steel actuator
has a Young’s modulus (E) of 209 GPa and a Poisson’s ratio (Po) of 0.3. A direct current
excitation of 1 A is injected into the winding area. The magnetic insulation is placed at the
outer boundary of the air domain, thus a Dirichlet condition of Az = 0 at this boundary is
imposed. Meanwhile, the lower boundary for the steel alloy element is considered fixed for
the mechanical domain, i.e., a u = 0 on this boundary. Locations for boundary conditions
are indicated by the green lines shown in Figure 1.

Energies 2022, 15, x FOR PEER REVIEW 3 of 13 
 

 

The implementation of the finite element package demonstrates the scalability, flexibility, 
and simplicity of the UFL language to define the required formulation.  

This paper focuses on calculating and analyzing the displacement in an electromag-
netic actuator with a nonmagnetic steel element under the influence of magnetic forces 
originating from a constant magnetic field produced by a direct current excitation. The 
paper introduces a numerical solution of a weakly coupled magnetostatic-mechanical 
problem that can be solved within the Python framework. The developed computer pro-
gram finds the solution to the system of equations by obtaining the deformations. This 
structural response allows to predict the kinetic behavior of actuators. The aim is to en-
gage users firsthand with the numeric solution of partial differential equations using the 
finite element method and with the mesh generation and refinement process. The second 
purpose of this work consists of demonstrating the engineering application and demon-
strating the validity and accuracy of the weak coupling technique for this type of problem. 

2. Magnetostatic-Structural Problem  
2.1. Problem Definition  

The domain geometry for the proposed problem area is illustrated in Figure 1. The 
subdomains are identified as: magnetic core (gray color); nonmagnetic actuator (yellow 
color), coil (orange color), and air (blue color). The air gap between the core and the actu-
ator is 0.1 cm in dimension. The materials are assumed as isotropic and not all of the do-
main is homogeneous. The relative permeability (μ) for the iron core is 5013, for the steel 
alloy is 500, and for copper and air the relative permeability is 1. The alloy steel actuator 
has a Young’s modulus (E) of 209 GPa and a Poisson’s ratio (Po) of 0.3. A direct current 
excitation of 1 A is injected into the winding area. The magnetic insulation is placed at the 
outer boundary of the air domain, thus a Dirichlet condition of Az = 0 at this boundary is 
imposed. Meanwhile, the lower boundary for the steel alloy element is considered fixed 
for the mechanical domain, i.e., a u = 0 on this boundary. Locations for boundary condi-
tions are indicated by the green lines shown in Figure 1. 

 
Figure 1. Domains and dimensions of the magneto-static mechanical problem. All dimensions are 
in cm. 

2.2. Two-Dimensional Coupled Magnetostatic-Mechanical Formulation 
The magnetostatic-mechanical problem is solved by the weak coupling method, in 

which the solution of the magnetic field is affected by the elastic deformation effect of the 
mechanical field, and vice versa. The governing equations for the magnetic domain are 
obtained from Maxwell’s electromagnetic equations. The equations of motion and defor-
mation-displacement equations for linear elastic bodies are considered the governing 
equations for the mechanical field of the problem. Both sets of equations are expressed in 

Figure 1. Domains and dimensions of the magneto-static mechanical problem. All dimensions are
in cm.

2.2. Two-Dimensional Coupled Magnetostatic-Mechanical Formulation

The magnetostatic-mechanical problem is solved by the weak coupling method, in
which the solution of the magnetic field is affected by the elastic deformation effect of
the mechanical field, and vice versa. The governing equations for the magnetic domain
are obtained from Maxwell’s electromagnetic equations. The equations of motion and
deformation-displacement equations for linear elastic bodies are considered the governing
equations for the mechanical field of the problem. Both sets of equations are expressed
in the two-dimensional Cartesian coordinate form. Firstly, the magnetic vector potential
is computed from the application of the constitutive equation of the material. Secondly,
the magnetic flux density is derived from the calculated magnetic vector potential. Subse-
quently, the magnetic forces are obtained from applying the Maxwell’s stress tensor method
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to the magnetic flux density. Finally, the magnetic forces are added to the source term of
the mechanical formulation. The solution of the mechanical field consists of finding the
displacement of the steel element. Thus, a coupling between the magnetic and mechanical
domains is achieved.

The general form of the Ampere’s Law for a magnetostatic problem is provided by:

∇ × H = J, (1)

where H is the magnetic field and J is the current density [12]. Furthermore, the constitutive
relationship of the material is provided by:

B = µH, (2)

where µ is the permeability of the material and B is the magnetic flux density [22], which
can be represented as:

B =∇ × A , (3)

where A is the magnetic vector potential.
Equation (1) in terms of A and for a two-dimensional problem, that is, substituting (3)

and (2) into (1), can derive the 2D Poisson Equation:

− µ−1∇2 Az= Jz. (4)

Equation (4) is used to solve the magnetostatic problem, and once the magnetic field
intensity is obtained, the force components over a differential area can be calculated with
the Maxwell stress tensor [12]:

d f x
dS

= µHx Hy, (5)

dFy

dS
=

µ

2

(
H2

x − H2
y

)
, (6)

where dfx/dS and df y/dS are the normal and tangential components of the force over the
airgap surface of the nonmagnetic steel element, respectively.

The resultant of the force components integrated over the air gap surface is used in
Hooke’s Law to obtain the displacement:

−∇ · σ(u)= f, (7)

where σ is the stress tensor, u is the displacement, and f is the magnetic force.
The stress tensor is provided by:

σ = λ tr(ε)1 + 2Gε, (8)

for a natural condition where tr() is the trace function, ε is the strain tensor, 1 is the identity
matrix, and λ and G are the Lamé coefficients provided by [23]:

λ =
Eν

(1 + Po)(1 − 2Po)
, (9)

and
G =

E
1 + Po

. (10)

where E is the Young’s modulus and Po is the Poisson’s ratio.

3. Variational Formulation

To solve Equations (4) and (7), this system requires to be expressed in a variational
formulation. The variational formulation represents the initial stage in applying the finite
element method [14]. The finite element software project builds upon the effectiveness and
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precision of the finite element method [24]. The governing partial differential equations
are expressed in variational formulation with a continuum finite element configuration.
The finite element continuous configuration defines the solution for Az and u, in respective
infinitesimal function spaces. The infinitesimal function spaces are substituted by discrete
test and trial spaces. This allows the integrations spaces to have finite dimensions. Test and
trial spaces are independently specified for the two physical fields.

The finite element package automatically applies the Galerkin method for approxi-
mating the solution [25]. To translate the partial differential equations into the variational
form, the partial differential equations must be multiplied by a test function v; the resulting
formulation is then integrated over the subdomains, then integration by parts is performed
for the terms that have second-order derivatives. Unknown variables (Az, u) must be
declared as test functions in the variational form. The function properties can be specified
by the test and trial functions, which belong to the function spaces [26]. The variational
formulation elements, consisting of test and trial functions, function spaces, solutions, and
integrals over the domains, can be implemented into the finite element software through a
straightforward procedure.

The variational formulation of the magnetic field is obtained by multiplying both sides
of the governing equation by the test function (v), then integrating by parts and finally
removing the integral boundary term, as the Dirichlet condition (Az = 0) is then imposed:∫

ΩM

−µ−1∇2 Az·∇v dx =
∫

ΩM

Jzvdx, (11)

where dx denotes the differential element for the integration over the space of magnetic
subdomains, ΩM; and Jz stands for the current density. To incorporate the linear variational
problem into the computer program, Equation (11) must take the form:

a(A z , v) = L(v) (12)

where
a(A z , v) =

∫
ΩM

−µ−1∇2 Az·∇v dx, (13)

L(v) =
∫

ΩM

Jzvdx. (14)

where a(Az, v) is the bilinear form and L(v) is the linear form that specifies the source term.
The known variables are grouped in linear form, and the unknowns are collected in bilinear
form. The definition of (12), (13) and (14) constitute the linear magnetic system. This is
translated directly into Python code, improving understanding of the complicated PDE
problem and its relationship to computer programming.

The approach applied to the magnetic field equations is also considered to obtain the
variational formulation for the mechanical domain; however, slight changes are made. For
this, a continuous interpolation of 2 degrees is considered. The mechanical variational
formulation is found with the inner product of (7) and a test vector function and integrating
over the mechanical domain, then we obtain:

−
∫

ΩS

(
∇·σ)·v dx =

∫
Ω

f·vdx, (15)

where ∇·σ holds second-order derivatives of the unknown u for the displacements, and
then integrated by parts:

−
∫

ΩS

(
∇·σ)·v dx =

∫
ΩS

(σ ·∇v) dx −
∫

∂ΩS

(σ ·n)·vdx, (16)
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where n is the outward unit normal vector over the boundary, and ds is the integration over
the surface. The product σ·n is the traction vector at the boundary, and is assumed to be
zero for this problem. The right-hand term of (16) is then:∫

ΩS

(σ ·∇v) dx =
∫

Ω
f·vdx. (17)

The summarized variational formulation for the mechanical field is:

a(u, v) =
∫

ΩS

σ(u)·∇vdx, (18)

L(v) =
∫

ΩS

f·vdx, (19)

where σ(u) is defined by Equation (8) and contains the unknown u. ΩS represents the
mechanical subdomain.

The obtained variational formulation is interpreted directly into Python syntax. This
is a key feature of finite element computer software, and is achieved due to the implemen-
tation of the UFL [20].

4. Python Implementation

The Python code is started by including the necessary libraries, such as: dolfin, numpy,
mshr, math, mat plot lib, and time [25,27]. The geometry and mesh are generated using
GMSH [16]. The data generated by GMSH are imported into the program and subsequently
defined as variables. Material properties are defined as Python classes and then, by means
of functions that label each subdomain, are assigned accordingly. Individual Python
functions are declared for the mechanical and magnetic domain.

The mesh is used as an argument by the function dedicated to finding the magnetic
vector potential. The function for the magnetic domain contains: the space shape function,
which specifies a third-degree polynomial space [28]; the test and trial functions, which are
variables and are applied to the space functions; the variational problem formulation; and
the boundary conditions.

The finite element package defaults to linear and preconditioning solutions from
the PETSc package [19]. This article focuses on the application of the iterative routines
Krylov solver, which is widely used to solve sparse linear systems of non-symmetric
equations [17,18]. The commercial software employed for validation solves the problem
using the MUMPS direct solver. The finite element program allows customization of the
parameters of the Krylov solver, in which the maximum number of iterations is 1000. The
current density (J) is defined as the Python class. The magnetic field function returns the
solution, containing the values for the magnetic vector potential (Az). Another function is
defined to obtain the curl of Az, in order to find B.

The boundary conditions presented in Section 2.1 are defined by calling a class of the
finite element package, called DirichletBC. This class sets up strong Dirichlet boundary
conditions for partial differential equations. The boundary condition class uses the values
on the boundary (Az = 0 and u = 0) and its respective subdomain as arguments.

The calculation of B allows the application of the Maxwell stress tensor to find the
magnetic forces. The magnetic force is integrated over the boundary of the mechanical
domain. This is achieved by means of the object “ds”, which belongs to the finite element
package, and is described as a function that measures and integrates the outer boundary of
a domain. Figure 2 shows a graphical interpretation of the Maxwell stress tensor applied
to the mechanical domain. The red arrows represent the force vector perpendicular to the
boundary edge. The larger arrows are located in the airgap, where the maximum load is
generated. The upper air gap is the cause of the moment of greater magnitude, which in
turn is the cause of the maximum displacement.
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The mechanical domain function uses the mesh, boundary conditions, and the mag-
netic domain solution as arguments. The spatial shape function is established as a first-
degree Lagrangian. The trial and test functions, Lame parameters, and boundary condition
values are defined as variables within the mechanical field function. The boundary condi-
tions are set as Dirichlet with a value of zero displacements. The solver is also based on
Krylov subspaces and is configured with 1000 maximum iterations. The mechanical field
function returns the values of the displacement components (ux, uy). The displacement
magnitude is found by applying the Euclidean norm.

The nodes of the original mesh are updated when the displacement is obtained, then
the new variable obtained is compared with the previous iteration until a previously
established tolerance error is reached. The flowchart representing this process is shown
in Figure 3.
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The simulation results were analyzed using Paraview, an open-source tool for data
visualization and post-processing [29].

5. Numerical Simulation Results

The results for B, f, and u obtained from the simulations performed with the finite
element software and with the commercial software are presented in this section.

5.1. Magnetic Field

The magnetic flux density magnitude found by the software is presented in Figure 4;
this figure was obtained by projecting B onto a vector space function. In the figure, a white
arrow can be seen crossing the air gap parallel to the y-axis. The white arrow represents a
probe that extracts the values of B at the position where it is located. Figure 5 shows the
comparisons of the values resulting from both programs. An average difference of 1.04%
was found.
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As mentioned above, the magnitude of the magnetic force bonds the magnetic domain
to the mechanical domain. The x-component of the forces in the air gap is shown in Figure 6.
This graph shows the comparison of the forces obtained by the computer program and by
the commercial program. Since the magnetic forces depend directly on the magnetic flux
density, and their tangential component is close to zero, the values of the y-component of the
forces are negligible [30]. The comparison of the resultants of the magnetic forces obtained
by both programs is presented in Figure 7, where an average difference of 1.37% is found.
The average magnitude of the magnetic force found in the upper air gap by the computer
program is 1.529 × 10−5 N/m2, while it is 1.503 × 10−5 N/m2 in the commercial program.
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5.2. Mechanical Field

The distribution of the displacements along the actuator is shown in Figures 8–10.
Figure 8 shows the x-component of the displacement, it can be seen that the largest con-
tribution to deformation occurs in this direction. The resulting displacement magnitude
is shown in Figure 9. Figure 10 represents the spatial distribution of the displacements
over the mechanical domain. The white probe extracts values in the center of the domain.
The Paraview program performs this function. The maximum displacements found are
4.659 × 10−14 m at the upper edge. The lower edge remains fixed with zero displacement.
The actuator subdomain can be interpreted as an isolated system and is analyzed as a
separate domain.
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6. Mesh and Computing Time

The analysis with the finite element method requires the discretization of the problem
into small and simple elements, on which a set of equations is solved. The elements com-
prise the mesh that can be refined by reducing the size of the elements. Mesh refinement is
an essential factor for multiphysics modeling [31]. A mesh with smaller elements increases
the accuracy of the results; however, additional computing time is required [32]. Thus, a
suitable mesh refinement technique must be applied strategically to solve the problem. A
mesh refinement for the coupled problem is applied in the area comprising the actuator and
the air gaps. Thus, the computational resource is focused on the space where more accurate
results are needed, and the simulation time is optimized. The finite elements used by the
software are triangles of 2 degrees of freedom, and they are 268,725 elements. The mesh
generation performed by GMSH [33] allows the user a quick and simple implementation of
geometry discretization. It has a variety of different element types.

The simulations were performed on a computer with AMD Ryzen 5 2600 Six-Core
processor and 16 GB of memory. a model developed by Python code can optimize simula-
tion time for engineering problems requiring fine meshes. The solution time for the finite
element software was 20.34 s, while for the commercial software, it was 72 s. The process
performed by the commercial program required 1248-MB of memory, and the program
performed in the Python environment required 320-MB of memory. These differences
mean that the Python program has advantages with respect to processing time, memory
requirements, meshing, and formulation manipulation.

7. Conclusions

The presented paper proposes a novel methodology to program the Python code with
the ability to solve the partial differential equations that describe the magneto-mechanical
effect on an electromagnetic device. The deformations were obtained by solving a weak
coupled model with the finite element method. This contribution consists of an adaptation
of the weak coupling formulation using the Maxwell stress tensor for magneto-mechanical
problems. A validation of the results of the Python program against a commercial software
was carried out. The validation concluded that the results obtained by the computer
program are accurate and with slight differences.

The validation of results clearly suggests that the weak coupled formulation using
the Maxwell stress tensor method is suitable for the solution of magneto-static mechanical
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problems using the finite element method. Furthermore, the solutions obtained are precise
and demonstrated the predicted behavior of the electromagnetic device. The methodology
presented has practical applications in mechanical and electrical engineering. This model
can be used to calculate deformations in electromagnetic actuators.
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