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Abstract: A multilayer soil structure model is fundamental to design grounding systems. A new
method is presented to invert the structure parameters of horizontal multilayer soil. The structure
parameters of soil are determined by analyzing the kernel function of the integral equation of the
apparent resistivity. The essence of the proposed method avoids the difficulties encountered in
general optimization methods; namely, the calculation of the apparent resistivity and its derivative.
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1. Introduction

When installing an underground system, knowledge of the local underground structure
is essential. Parameters of the stratum structure are indispensable data for field or circuit level
simulations of the underground system. This is because a poorly designed grounding system
cannot guarantee the safety of human lives as well as expensive equipment [1,2].

An analysis of the underground structure is mainly based on an N-layer structure, in
which the strata are formed horizontally. This is because in the process of formation of
strata, in most strata, new sediments are often formed as new sediments are horizontally
stacked on top of existing strata. Therefore, the problem of estimating the parameters of a
land structure composed of N layers results in an unconstrained nonlinear minimization
problem of estimating 2N — 1 parameters. It is only necessary to determine N resistivities
and N — 1 layer thicknesses [3,4].

This study can be classified into two categories. The first one is using deterministic
optimization algorithms, the advantage of which is high efficiency, but it normally requires
accurate derivatives of the objective function to accelerate the convergence procedure. The
other type is the non-deterministic optimization algorithms, such as the artificial neural
networks (ANN) and genetic algorithms (GA). Over the past few decades, new methods
based on artificial intelligence have been applied in various fields. Recently, deep learning
systems based on artificial intelligence have been put in the limelight; they are popular in
all fields. ANNSs are basically models that learn from data, similar to biological systems in
the brain [4]. Recently, with the help of massive amounts of data and ultra-fast processors
that can process them, ANNSs have been rapidly developing. In addition, artificial neural
networks of various structures are being used in the fields of parameter estimation and
ground structure prediction. For the deterministic optimization algorithm methods, various
optimization algorithms have been used to solve this problem, but the most used method
is to set an objective function and minimize the objective function while adjusting the
parameters. The objective function uses the apparent soil resistivity, which is found by the
error between the measured value and the theoretical value. The measurement of apparent
soil resistivity mainly uses Wenner’s four-electrode method.

One of the most important parts of the deterministic optimization technique is the
calculation of the apparent resistivity, which is a derivative of different combinations of soil
parameters. Each update of the parameters requires calculating the theoretical apparent
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resistivity and its derivative, but it is difficult to perform infinite integrations including the
Bessel function. Nondeterministic optimization algorithms avoid the difficulties mentioned
by deterministic optimization techniques but have difficulties in determining the ANN
type and its hyperparameters. The type of ANN and the hyperparameters of these methods
produce completely different results and there are no rules determining them [3-5]. Many
published papers have aimed to address these issues. Bo Zhang used Prony’s method to
improve the computational number of theoretical values [3]. ]. Zou especially proposed a
two-stage algorithm to avoid calculating the apparent soil resistivity each time a parameter
is updated [6-10].

The method proposed in this paper uses the kernel function of the apparent resistance
integration. The kernel function is included in the formula for calculating the apparent
earth resistivity. Additionally, the kernel function consists of soil composition parameters.
That is, in the general optimization method, in the process of minimizing the error function,
the assumed variable approaches the actual value and the kernel function becomes accurate.
J. Zou has proposed a method for estimating the kernel function directly from the measured
data. In this way, he avoided calculating the apparent soil resistivity every time the
parameters were updated, reducing the amount of calculations [6-10]. In this paper, we
propose a method for calculating soil parameters analytically using a kernel function rather
than a general optimization method. In other words, after estimating the kernel function
with the method proposed by J. Zou, we propose a method to obtain the site parameters by
analyzing the characteristics of the kernel function. The method proposed in this paper is
also a two-step algorithm. In the first step, the kernel function of the apparent resistivity
integral equation was solved based on J. Zou’s method. A method of linearizing the
nonlinear equation thus derived was proposed, and the underdetermined system was
solved using the QR decomposition method. In the second step, we propose a new method
to determine soil parameters using the properties of the kernel function of the apparent
resistivity integral.

In this paper, a new method is presented to invert the parameter of horizontal multi-
layer soil. The key point is to bypass the forementioned difficulties in general optimization
techniques. The contributions of this paper can be summarized as follows. First, it avoids
repetitive calculation of the apparent resistivity with different parameters to fit the mea-
sured data, saving considerable computational demand. Second, there is no need for
derivatives of optimized expressions that are difficult to obtain. To the knowledge of the
authors, there are no articles reporting approaches for inverting soil parameters as an
analytical method.

The composition of this paper is as follows: Section 2 presents the calculation and
measurement method of the apparent soil resistivity, and Section 3 shows how to invert
the kernel function and presents a method of linearizing the nonlinear system that occurs
during inversion. Section 4 proposes a method for analytically inverting soil parameters
using the properties of the kernel function. Section 5 presents numerical examples of two-
and four-story structures to check their applicability in the case of various soil structures.
Finally, a conclusion is presented.

2. Apparent Soil Resistivity
2.1. Measurement of Apparent Soil Resistivity Using the Wenner Method

The general soil resistivity measurement technique is a modified technique of the
equal-spaced four-electrode method first proposed by Frank Wenner. In this method, to
interpret the problem easily, it is assumed that each layer of the earth is horizontal and that
each layer is formed with the same resistivity [1-4].

Figure 1 shows the arrangement of the electrodes in Wenner’s four-electrode method,
where the potential electrodes C and D are placed inside on the straight line of the mea-
surement line and the current electrodes A and B are installed outside. Additionally, the
distance, a, between the measuring electrodes of A-C, C-D and D-B is equally spaced. The
earth resistance, R, is calculated by injecting a current, I, into the external current electrode
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and measuring the potential difference between the internal potential electrodes. The
earth resistance, R, is proportional to the apparent soil resistivity, and when the electrode
spacing is a, the apparent soil resistivity, p ((dm), can be expressed as (1) in the case of the
Wenner method [3].

p" = 2maR. 1)
o
)
+1 ‘—1
A C D B
" « ¥ o Y oY
hy | p1
hy | p2
=

Figure 1. Wenner configuration method and the multilayer soil structure.

The apparent resistivity is the name given to the resistivity measured on the surface of
the earth, and the superscript ‘m’ of p in (1) indicates the value obtained by measuring. In
Figure 1, h;(i=1,2,...N —1) and p;(i = 1,2, ..., N) represent the depth and resistivity of
each soil layer, respectively.

2.2. Theoretical Apparent Soil Resistivity Calculation

If the depth, h;(i = 1,2,..., N — 1), and the soil resistivity, p;(i = 1,2,..., N), of each
layer are known in the soil structure, the theoretical formula for calculating the apparent
soil resistivity is as follows [7,11-13]:

oo = or{ 120 [ FNoh) ~ h@)lan |, @

where a is the electrode spacing, Jo(Aa) is the first kind of zero-order Bessel function, and
the kernel function f(A) is defined as:
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3. Inversion of the Kernel Function
3.1. Inversion of the Kernel Function Using Apparent Soil Resistivity

It is known that the kernel function decreases exponentially as expected from (3) and
can be approximated as follows [14]:

FO) = Y b, ()

where by and ¢ are constants.
Using Lipschitz’s integral,

1

*© —Alc| _
e AN = ———, 5
P, in (2) can be approximated as follows.
N 1 1
P~ p1q1+2a Zk:l by (6)

\/C%Jruz \/c£+4a2

By rearranging (6) to obtain by, using the measured apparent soil resistivity, it can be
expressed as follows:

1 1 1 /pa
Yo b - =2(p”' ) i=12,...,M @)
G+ar \[f+aa?| AL

However, if the soil resistivity (p;) of the surface layer is known in (7), the right side of
(7) is determined, resulting in a nonlinear system. g; in (7) represents the electrode spacing
at the ith Wenner measurement. As can be seen from (2), the smaller the value of a, the
closer the apparent soil resistivity, p,, is to p;. If this property is used, the apparent soil
resistivity measured with a very small distance (2) from Wenner’s measurement can be
used as pq, and can be expressed as follows:

N 1 1 1 [ pg ,
Yo b \/ — < - —1>, i=12...,M ®)

Gra G| 2\

where p,, is the apparent soil resistivity measured at the smallest distance among the four
Wenner electrode distances (a1). In the experience of the author, the apparent soil resistivity
measured at about 0.1 m showed a value very close to p;. In this way, by can be obtained by
solving the nonlinear system (8). Solutions of nonlinear systems are obtained using various
iterative methods, including the Newton-Raphson method [15-17].

3.2. Linearization

In this section, we propose a method for linearizing the nonlinear system derived
in the first step. Additionally, a considerable number of by values are required in (9) to
estimate an accurate kernel function according to the author’s experience. Therefore,
the final equation is the underdetermined system. This part was solved by the QR
decomposition method.

To determine the kernel function, f(A), by, and ¢, must be obtained from (8). Note that
(8) is a non-linear system, and simulation experience has shown that a large number of by
and ¢y values are required to obtain an accurate f(A). Therefore, it is not easy to find by
and ¢, with a general iterative method. If f(A) in (4) is made up of numerous exponential
functions in which the exponents of the exponential function increase at regular intervals,
it can be expressed as follows:
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SF(N) = YL ek ©)

Since the value in the parenthesis of the left side of (8) is determined, it becomes
a linear system. Here, d is a very small constant value, and according to the author’s
experience, a value of about 0.1 is suitable. Then, it can be expressed as a linear system as:

L(pﬂ _ )
A Ap - AN by 2m 5”1
1 a
Ap Ap - Aon | | b2 _ E(ﬁ -1 10)
Am1 Am2 -+ Aun] Lbn L(Pw _1)
2apm \ pay

We set d = 0.1 here, where Aj is expressed as:

1 1

A = -
JOOUR +a2 | /0.01K2 + 402

Since a; is a constant (which is the electrode spacing at the ith Wenner measurement),
Ajj is a constant.

Usually, the apparent soil resistivity measurements used to estimate parameters are
in the range of 10 to 20. Thus, the number of measurements (M) is also about 10 to 20.
However, the authors discovered that a considerable number of by values are required in
(9) to estimate an accurate kernel function through trial and error. Therefore, we know that
N must be a fairly large number. In other words, it was found that the kernel function,
f(N), was accurately obtained only when N > M.

In (10), since the number of variables (N) and the number of equations (M) do not
match, thatis, M # N, a unique solution cannot be obtained. If the number of equations is
smaller than the number of variables, that is, if M < N, an underdetermined system has
many kinds of solutions. According to the authors’ experience, it was found that the value
of d>N? (the last value of d2k?) should be four to five times greater than the value of ay,
(the longest distance between electrodes). Therefore, (10) is generally an underdetermined
linear system. There are various methods for solving underdetermined linear systems, but
a widely used method is the QR factorization method. In this paper, the QR decomposition
method was used [16-20].

4. Inversion of Soil Parameters Using Kernel Function Characteristics

In this paper, we analyze the characteristics of the kernel function and introduce a
method for inverting the soil resistivity (p;) and depth (/;) of each layer very simply using
this characteristics. By analyzing the characteristics of k; and «; in the kernel function of
(3), the parameters of the soil structure, that is, the soil resistivity and depth of each layer,
can be obtained.

In general, the kernel function is a function used to theoretically calculate the apparent
soil resistivity, as shown in (3). Additionally, from the parameters of the given land
structure, the parameters of the deep layer are used in order, that is, k;,—1(A), o;—1(A),
-+ -k1(A), &1 (). When the parameters of the assumed soil structure approach the correct
answer, the calculated value and the measured value of the apparent soil resistivity become
closer. In other words, as the parameter of the soil structure approaches the correct answer,
the kernel function also approaches the correct answer. However, the method proposed
in this paper is a two-step method. In the first step, the kernel function is first obtained
from the apparent soil resistivity. In the next step, we analyze the characteristics of the
pre-acquired kernel functions to find &1 (A), k1(A), - -+, &,—1(A),ky—1(N). Then, using the
characteristics of o;(A) and k;(A), h; and p;, 1 are subsequently obtained. Additionally, it is
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assumed that the soil resistivity of the surface layer can be known through a measurement
of py.

(1) Characteristics of k(A): If k;(A) is known, p; 1 can be obtained if the soil resistivity,
p;, is known.

In (3), as A approaches infinity, then ;1 (A) converges to 1 as follows:

] ) 2Ki6727\hi
Jimaia () = lim, (1 g | =1 ay
Additionally, k;(A) converges to a constant as follows:
lim k;(A) = lim 212 P Pt Z 00 g (12)
A=reo A=eoPip1®iy1 + P Piy1 TP

Therefore, p; ;1 can be obtained as follows from (12):

14k
Piy1 =~ 1_71{%01' (13)

For explanation, a four-layer soil structure was selected as shown in Table 1, and the
parameters were also arbitrarily set.

Table 1. Soil parameters of a four-layer structure.

ith Layer p; (Qm) h; (m)
1 235.32 1.2
2 3518.28 18.3
3 205.53 21.06
4 1504.71 0

Figure 2 shows the o;(A) and k;(A) corresponding to the soil parameters of the four-
layer structure in Table 1. As mentioned in (11), Figure 2 shows that all &;(A) converge to 1
and k;(A) also converges.

8
7-
6 _)al(j’)
I\
dRNES
4f /
3t \
2 k,(4)
\
1 _//" S - ——|
~foyl— ]
of T- '
-1 ,

0 02 04 06 08 1 12 14 16 18 2
A

Figure 2. ;(A) and k;(A) by the parameters in Table 1.
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As seen in (12), k;(A) converges to a constant which is the ratio of the soil resistivity
of the adjacent layer. Therefore, if the convergence value of k;(A) is known, p;, | can be
obtained using the known soil resistivity, p;. As seen in Figure 3, if all the convergence
values of k;(A) are known, all the soil resistivity, p;, in Table 1 can be obtained.

k(|
K, (4)
k, ()

Figure 3. k;(A\) by the parameters in Table 1.

(2) Characteristics of a(A):

(i) Using the characteristics of «;(A), an approximate value of the depth, /;, of each
soil layer can be obtained.

In o;(A) in (3), ki (M) can be rearranged and expressed as follows:

oy %A =1 o a2
kz(A) - me - Bz(}\)e ’ (14)
where . () - 1 .
Bi(A) = (N1 (15)

Since k;(A) tends towards a constant, S’i;gf , as A gets larger, 3;(A) also tends towards:

Bi(A) = Cie2Mi (16)

If we know the two coordinates in the graph of 3;(A), thatis, B;(A1), and B;(Az) at Aq
and A, we can obtain the approximate value of ; using the following equation:

—2Aoh;
Bi(A2) _ Ciem™™ — (A=) (17)
Bi(M)  Cie2Mhi
If (17) is rearranged for h;, it follows:
1 Bi(A2)
hy = — In ! 18
l 20 =M)  Bi(M) (19
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If B1(A1) = 0.34019 and B (A2) = 0.116488 at A} = 0.39 and A, = 0.84 in Figure 4, the
approximate value of /1; can be obtained as follows:

1 0.11649

= — 1 =119 19
1= 720084 -039) 034019 (19)

B(A)
B (D)
Bi(A)

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
A

Figure 4. B(A) by the parameters in Table 1.

(ii) Using the approximate value of ;, a more precise h; and k;(A) can be estimated.

In (14), a simple program can obtain a more accurate /; than the approximate h; that
tries to converge k;(A) to a constant. At the same time, k;(A) becomes more accurate the
more accurate F; is.

As shown in Figure 5, k1(A) converges closer to a constant at 11 = 1.2 m than at
hy = 1.19 m. Therefore, determining the final /; to be 1.2 m is considered the correct
decision. At the same time, the following k;(A) can be determined using (14).

_ M) =1 Ha
b = T (20)
(3) The recursive properties of kernel functions:
All o;(A) and k;(A) can be obtained sequentially from the kernel function f(A).
(i) Calculate ot; (A) using f(A).
o (A) is obtained as follows using (3):

a(A) = f(A)+1 (21)

(ii) Obtain an approximation of i; using the characteristics of o;(A).

(iii) A more precise h; is obtained using the characteristics of converging to the constant
ki(A). At the same time, k;(A) is determined.

(iv) j+1(A) can be obtained using k;(A) as follows.

Reordering k;(A) in (3) with respect to ;11 (A) gives:

pi ki(A)+1
pir1 ki(A) —1

a1 (A) = — (22)
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Figure 5. k1 (M) by the different h; in Table 1.

A

A flow chart for inverting the parameters of an N-layer soil structure is illustrated in
Figure 6, where f(A) is the estimated kernel function in the first step.

> e = fN) +1

No

end

First Stage : Second Stage
— ! — —

!

Tnput i pi1 kia(A) +1 ‘ !

n plo;(\) = —2— 272 ) »Determine h; and k; (X

p"(a) ' i) P k(N — 1 ‘ i (A

- !
!
L 4 : A 4

!

) ! Determine p;_1

- : Yes —
i : Y
[
v ‘ Calculate 3;(\) o
: »: i=1 > >t -—>‘ and . L
: lobtain the approximation of h;
|

i
! Y
' No A
| S
' “Yes—— i<N
!
!
i
!
i
!
!
i
!
!
i

Figure 6. Flow chart for the inversion of soil parameters.

5. Numerical Examples

The case study is split into two. The first part shows the process of estimating the
kernel function from the apparent soil resistivity using linearization. The second part
shows the process of inversing the parameters by analyzing the characteristics of the

kernel function.

5.1. Kernel Function Estimation Using Apparent Soil Resistivity

If the structure parameters of the soil are known, one can generate the apparent
resistivity data for different electrode distances, a, using (2). Then, these generated data
can be used to check the proposed analysis method. To verify that the linearization method
is generally applicable to kernel function inversion, two different soil structures (two-layer
and four-layer structures) are used.



Energies 2023, 16, 2078

10 of 17

5.1.1. Two-Layer Soil Structure

As shown in Table 2, a simple two-layer structure was arbitrarily selected. The
12 apparent soil resistivities in Table 3 were generated using (2) based on these parameters.

Table 2. Parameters of the two-layer structure.

ith Layer p; (Qm) h; (m)
1 132.9 51
2 204 )
Table 3. Apparent soil resistivity.

a; () P (Qm) a; (m) P (Qm)
0.1 132.9 15 32.6
0.5 132.8 20 253

1 132.4 30 21.8
3 122.8 40 21.0
7 79.3 50 20.8
10 53.6 60 20.7

Therefore, the number of equations, (M), is 12. As can be seen in Figure 7a, the kernel
function was well estimated by the proposed method. Additionally, it can be seen that
the number of unknown b is the major factor. Through trial and error, it was confirmed
that the kernel function, f(A), can be accurately obtained only when N > M. Figure 7b
shows the estimated kernel function according to the number of N. The kernel function
is estimated properly when the number of N is higher than a certain number. Figure 7a
shows an estimate graph with N = 300, which is in close agreement with the exact value.

(1)

Exact values
- Approximated value by (9)

0 0.05 0.1

025 03 035 04 045 05

2
(a)

0.15 0.2

(1)
-

-0.6
0.7 — Exact values||
N=150
-0.8 N=200
N=250
-0.9
0 005 01 015 02 025 03 035 04 045 0.5
A
(b)

Figure 7. The estimated kernel functions using the data in Table 3.

5.1.2. Four-Layer Soil Structure

In Table 4, a four-layer structure was arbitrarily selected as an example of a complicated
case. Based on the data in Table 4, 14 apparent soil resistivities in Table 5 were generated
using (2). Hence, M = 14 and N = 300. Again, the equation is the underdetermined
system, and the unknown b was obtained by the QR decomposition method. Additionally,
the approximation obtained in the same way closely matched the exact kernel function.

Figure 8 shows the result.
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Table 4. Parameters of the four-layer soil structure.

ith Layer p; (Qm) h; (m)
1 68 1.08
2 627.9 1.64
3 7.3 3.98
4 125.4 0

Table 5. Apparent resistivity data.

a; () p7 (Om) a; (m) e (Qm)
0.1 68.0 6 292.4
0.5 719 10 350.1
0.7 77.3 12 359.7
1.4 109.7 14 359.3
2.3 157.6 17 348.3
3.0 191.0 20 329.6

4 232.0 30 258.1

— Exact values
3t \ - Approximated value by (9)|1

0 . . . P w— PPN

0 0.2 04 06 038 1 1.2 14 06 18 2

Figure 8. The estimated kernel functions using the data in Table 5.

5.2. Inversion of Soil Parameter Using Kernel Function Characteristics

The four-layer soil structure in Table 4 was selected and the proposed method was
verified using the kernel function estimated from the selected structure. The four-layer
soil structure is represented by seven parameters: pq, pp, p3, P4, h1, hy, and h3. Here, p,
is assumed to be measurable. This is considered equal to the ground resistance of the
earth’s surface. Therefore, we will demonstrate the procedure for finding six parameters
as follows.

(1) Obtain a4 (A).

Using the estimated kernel function, f(A), as defined in (3), &1 (A) is obtained as follows:

a1(A) = f(A)+1 (23)

(2) Calculate 1(A) and find an approximation for /.
As defined in (15), B1(A) is calculated as follows:

X1 (?\) -1

(A F1 @)

B1(A) =
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The approximation of /1; can be obtained using (18) as follows:

- -1 B1(A1)
") " B) )

Substituting the two coordinates (1.11, 0.0723) and (2.11, 0.0084) in Figure 9 into (25),
an approximation of /1; can be obtained as follows:

-1 0.0723

hy ~ 1 = 1.074 26
1= 2111 —2.11) ' 0.0084 (26)
035 [
03 f |
0.25 ||
S 02
p—
<X |
0.15 |
i |l \ X1
Y 0.0723251
\.
0.05 [ . X211
’ Y 0.00843411
0 N L ) Pl " J
o o5 1 15 2 25 3 35 4
A

Figure 9. 31(A) according to Equation (24).

(3) Determine k1 and kq (A).

As shown in Figure 10, kq (M) converges closer to a constant at 1y = 1.08 m than at
hy = 1.074 m. Therefore, determining the final 1 to be 1.08 m is considered to be the correct
decision. At the same time, the following k; (A) can be determined using (14).

_ (N =1 5560
ki(A) = PROES K 27)

(4) Obtain p,.
The second layer’s soil resistivity, p,, can be obtained using the characteristic that
k1(A) converges to a constant as follows:

. P2 —P1
limki(A) =k§ = =—— 28
lim k1 (A) = kg 07 ¥ 01 (28)

Rearranging (28) with respect to p,, p, can be obtained as follows:

Y
P2 =1k

P1 (29)
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09 f
0.85
X 3.65
Y 0.804567
08 ) _— °
s S
~ / i T —
= =
e | /
/ h, =1.08m
h, =1.074m
0.7 f
0.65
|
1 | L L ' L 1 L L
0 05 1 15 2 25 3 3.5
A

Figure 10. k1 (A) according to the different h;.

In Table 5, using the apparent soil resistivity at the electrode span a = 0.1 m, p; is
calculated as follows:

_ 1+k7 o 1+0.804567

pz_1—kflp1_1—0.804567X68:627’89 (30)
(5) Obtain oy (A).
Using (22) and py, py, and kq (M) which are obtained above, a(A) can be obtained
as follows: )41
P1r(A) +
ap(A) = —————— 31

(6) Calculate B,(A) and find an approximation of 5.
As defined in (15), $,(7) is calculated as follows:

(05 (?\) —1
A= 27 - 32
The approximation of /i, can be obtained using (18) as follows:

hy = n
272 M) Ba(h)
Substituting the two coordinates (0.41, —0.25418) and (1.18, —0.02037) in Figure 11

into (33), an approximation of /; can be obtained as follows:

-1 —0.25418
hy ~ 1 =1. 4
2 2(0.41 —1.18) n —0.02037 6389 (34)

(7) Determine hy and ky(A).

As shown in Figure 12, ky(A) converges closer to a constant at i = 1.64 m than at
hy = 1.6389 m. Therefore, determining the final & to be 1.64 m is considered the correct
decision. At the same time, the following k;(A) can be determined using (14).

ka(\) = ZEE;; e (35)
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Figure 12. kp () according to the different h,.

(8) Obtain ps.
The soil resistivity, p3, of the third layer can be obtained as follows using the character-
istic that k»(A) converges to a constant. That is, in the same way as for finding p;.

14K
Pz = qu (36)

In Figure 12, it was found that kp (A) converged to —0.977015. Additionally, substitut-
ing the pre-obtained p, = 627.89 (Om into the following equation, p3 can be calculated as:

C14+k2 1-0977015
P = 1 ka2 = 150977015

(9) Obtain a3 (A).

X 627.89 = 7.299 (37)
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Using (22) and p,, p3, and k»(A) obtained above, «3(A) can be obtained as follows:

7&}(2(?\) +1
p3 ka(A) —1

(10) Calculate B3(A) and find an approximation for /3.
As defined in (15), f3(7) is calculated as follows:

o3(A) = (38)

0(3(?\) —1

Bs(A) = () 1

(39)
The approximation of /13 can be obtained using (18) as follows:

_ 1 B3(A1)
s = 2(A —A2) i B3(A2)

Substituting the two coordinates (0.18, 0.212384) and (0.43, 0.029032) in Figure 13 into

(40)

(40), an approximation of h3 can be obtained as follows:

fy(2)

-1 n 0.212384
2(0.43 — 0.18)  0.029032

hy ~ = 3.978 (41)

09 [

0.8 4

0.7 |i
0.6 |

0.5 |

0.4 ||
‘1
03| |[x0.18

\ . . ~ a
N 721 20A

Y 0.212384

\

[ ]

0.1

Figure 13. 33(A) according to Equation (40).

(11) Determine h3 and k3(A).
As shown in Figure 14, k3(A) converges closer to a constant when /13 = 3.98 m than

with any other value of /3. Therefore, determining the final /3 to be 3.98 m is considered
the correct decision. At the same time, the following k3(A) can be determined using (14).

ks(A) = a3(A) —1 7067

oaz(A) +1 42)
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Figure 14. k3(A) according to the different hs.

(12) Obtain py.
The last layer’s soil resistivity, py, can be obtained using the characteristic that k3(A)
converges to a constant as follows:

1 + kc
Py = Tk P3 (43)

Here, k5 denotes the converged value of k3(A) with increasing A.
In Figure 14, it was found that k3(A) converged to 0.889978. Additionally, substituting
the pre-obtained p3 = 7.299 (m into the following equation, p, can be obtained as follows:

14k 1+08895
1—k™ =~ 120889

0y = X 7.299 = 124.8 (44)

The estimated value is very close to the exact value.

6. Conclusions

In this paper, we propose a new method to efficiently invert the parameters of hori-
zontal multilayer soil. Soil parameters can be inverted by analyzing the characteristics of
the kernel function of the apparent resistivity integral equation. That is, all parameters are
inverted sequentially in a single procedure in an analytical manner. The essence of the pro-
posed method avoids the difficulties encountered in general optimization methods; namely,
the calculation of the apparent resistivity and its derivative. A typical optimization method
requires iteratively calculating the apparent resistivity and its derivative each time the
parameters are updated to reduce the error function, which is computationally demanding.
The numerical results show the feasibility and the key features of the proposed approach.
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