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Abstract: This paper mainly studies the optimal control problem of turbine-based combined cycle
(TBCC) engines in the mode-transition stage. Based on the TBCC scheme proposed by Xiamen
University, an aerothermodynamic model is established as a verification model for the validity of
control laws. To reduce the complexity of control design, a control-oriented linear parameter-varying
(LPV) model with Mach number as a scheduling variable is established under a given flight path.
The design of mode-transition points and distribution of air-flow-rate among paths during the mode-
transition process are transformed into linear quadratic (LQ) optimal control problems for an LPV
system under the initial and terminal as well as process constraints. By optimizing the opening of
the splitters of the inlet and the fuel flow in each channel, the optimal mode-transition points are
found to achieve coordinated control and complete the high-precision thrust tracking during the
mode-transition process.

Keywords: TBCC engine; LPV system; LQ optimal control; air-flow distribution; mode-transition point

1. Introduction

Hypersonic aircraft have huge military advantages due to their fast combat response
and strong battlefield survivability, which will change the rules of the game in future
warfare. In terms of civilian use, its development also makes it possible to reach all over
the world in one hour. For a hypersonic vehicle that takes off and lands horizontally,
the propulsion system is the biggest challenge to be solved [1]. TBCC is a turbine-based
combined cycle engine with turbojet mode at low Mach numbers, and ramjet mode at
high Mach numbers. It has the advantages of high reliability, low fuel consumption, and
high-speed cruise capability, and thus is currently one of the most promising propulsion
system solutions [2–4]. Since the 1950s, many countries have successively carried out
related research on TBCC. The United States’ Revolutionary Turbine Accelerator (RTA)
program has determined the development route of two forms of combined power, series,
and parallel [5,6]. Trijet proposed by Aerojet realizes a three-power combination by ejecting
rockets [7,8]. Japan’s HYPR program has accumulated rich experience in coaxial series
turbo-based combination engine [9], and provided corresponding technical support for
the research and development of the air-breathing Turbo-Ram expansion cycle engine
ATREX [10]. From Sanger project [11] to LAPCAT [12], Europe is constantly trying hyper-
sonic wide-speed propulsion system schemes. China’s Beijing Institute of Power Machinery
proposed a turbo-assisted rocket-enhanced ramjet combined cycle engine (TRRE) scheme
and carry out relevant research [13–15]. Due to the constraints of complexity and cost,
modeling is a very important research method. Based on reasonable assumptions and
mathematical models of components, the simulation model of the TBCC engine can be
used to describe the characteristics of components and the overall performance of TBCC
engine [16]. Marshall et al. [17] developed a thermodynamic cycle performance model for
TBCC engines. Gamble et al. [18,19] developed a dynamic simulator based on memory-
mapped-files technology to demonstrate the mode transition of the TBCC propulsion
system. Kong et al. [20] established a calculation model for the overall performance of a
hydrogen-cooled turbojet engine. Zhang et al. [21] developed an air-breathing high Mach
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propulsion system simulation tool (HiMach) for steady state and transient performance
analysis of all operating modes of TBCC engines. In recent years, more and more ad-
vanced controllers for hypersonic flight vehicles (HFVs) have been designed by researchers,
the purpose is to enable the hypersonic vehicles to achieve stable tracking of reference
trajectories [22–24]. There are few references on the optimal control of TBCC engines.

However, there are still many technical problems in TBCC, such as thrust traps, mode-
transition schemes, etc. [25]. Since the TBCC mode-transition point is usually at the upper
limit of working Mach number of the turbojet engine and the lower limit of Mach number
of the ramjet engine, during the mode-transition process, there may be an unbalanced
thrust-drag situation, which will cause the aircraft to continue to decelerate, and cannot
provide suitable flow conditions for the normal start of the ramjet engine. In this kind of
phenomenon, aircraft cannot complete the transition from low speed to high speed due to
the unbalanced thrust and drag is called the thrust trap problem [26]. Increasing the upper
limit of the Mach number of the turbine-based engine or lowering the lower limit of the
Mach number of the ramjet engine is a theoretical solution to the problem of the TBCC thrust
trap. J58 engine adopts the bypass bleed technology to expand the working boundary of the
compressor [27]. HYPR90-C engine realizes the control of engine flow state in wide speed
range by joint adjustment of multiple geometric adjustment mechanisms [28]. RTA engine
realizes mode transition by controlling the mode selection valve and rear variable area
ejector after adjusting the first-stage fan [29]. ATREX engine solves the thrust trap problem
of TBCC by cooling inlet air through air/hydrogen precooler installed after the inlet [30].
In view of the thrust trap problem of TBCC in the mode-transition between turbojet and
ramjet engines, Xiamen University proposed a multi-channel combined power engine
scheme called XTER (Xiamen Turbine-based Ejector Ramjet) to trade off the requirements of
high-thrust climb and high-specific-impulse cruise [31]. The thrust trap problem is solved
by introducing a small-weight, small-sized rocket engine with a high thrust-to-weight ratio.
In addition to temporarily increasing the thrust, the ejecting effect of the small rocket can
improve the combustion characteristics of the ramjet engine, so as to make it ignite stably.
At the same time, due to the reduction in acceleration time, the problem of increased fuel
consumption caused by the low specific impulse rocket has been greatly improved [32].

In order to make XTER work along given trajectories within the working range and
achieve high-precision thrust tracking, it is necessary to conduct research on the distribution
of air-flow-rate among paths and related coordination control of fuel flow in each channel
during the mode-transition process. Based on the XTER combined engine scheme, this
paper mainly discusses the optimal distribution of air-flow-rate among paths scheme and
the coordinated control strategy of each channel during the mode-transition process, so
as to achieve high-precision tracking of thrust command. The following tasks have been
completed: (1) establishing a component-level aerothermodynamic model of XTER as
the basis of control laws synthesis and related verification; (2) obtaining an LPV model
(as a simplified model for control design) with Mach number as the scheduling variable
by linearizing the component-level model along a given trajectory; and (3) acquiring the
optimal distribution of air-flow-rate among paths strategy and mode-transition points by
solving the LQ optimal control problem for the LPV system. The main contributions of this
paper are: (1) This paper is the first one to use optimization theory to study the distribution
of air-flow-rate among paths of the combined inlet, which has not been studied in the
current literature. In this paper, the opening of the common inlet splitters is regarded as
the control variable, which is written into the control inputs. With this understanding,
the optimal control is used to solve the distribution of air-flow-rate among paths and
the initial point and terminal point of mode transformation are also unknown variables
to be sought, which is a challenging problem that requires both the initial and terminal
states to be partially fixed and partially free, and both the initial and terminal independent
variables (here the Mach number) are free. (2) For LPV systems, the LQ optimal control
problem has not yet mature results for reference, this paper presents a necessary condition
that an LQ optimal controller should meet, and a sufficient condition under which an LQ
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optimal controller is constructed; and (3) The optimal control theory is applied to obtain
the best distribution of air-flow-rate among paths as well as the optimal mode-transition
points, which will provide a new idea for the design of the control law which regards the
opening of the splitters of the common inlet as control variables in the mode-transition
stage of TBCC.

The rest of this paper is organized as follows: Section 2 mainly introduces the dy-
namic modeling methods for the XTER, establishes an LPV model with Mach number as
scheduling variable, and then gives a mathematical description of the control problem
to be solved; Section 3 focuses on the linear quadratic optimal control problem of LPV
systems, some solvable conditions are proposed by using the variational method; Section 4
verifies the coordinated control law of fuel flow in each channel, the optimal distribution of
air-flow-rate among paths scheme, and the design method of the optimal mode-transition
points through simulations; Section 5 concludes this paper.

2. XTER Modeling and Problem Description
2.1. Aerothermodynamic Modeling

Figure 1 is a structure diagram of XTER. The upper channel is a combined form of
Ejector and Ramjet chamber in series, the lower channel is a Scramjet chamber, and the
left and right channels are Turbojet engines. The above-mentioned four channels share a
common 3D internal turning inlet and a tail nozzle to form a four-channel three-power
combined engine.

Figure 1. Structural diagram of XTER.

In order to realize the coordinated control of each channel under the target flight path,
it is necessary to carry out aerothermodynamic modeling for XTER. This paper mainly
conducts component-level modeling for the combined inlet, Turbojet channel, Ejector-
Ramjet channel, and Scramjet channel. The structure of the XTER combined inlet is shown
in Figure 2a,b.

(a) (b)

Figure 2. (a) Top view of XTER combined air inlet; (b) Side view of XTER combined air inlet.
In Figure 2a, the upper wall of the entrance of the Turbojet channel is hinged with a

splitter to control the cross-sectional area of the entrance, and the opening α of the splitter
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is a controlled variable. In Figure 2b, the upper wall of the entrance of the Ejector-Ramjet
channel is hinged with a splitter to control the cross-sectional area of entrance, and the
opening of the splitter β is also a controlled variable. The following briefly describes the
aerothermodynamic modeling principles of each channel of XTER.

• Combined inlet model

According to the known characteristic data including the flow capture coefficient of
each channel, the total pressure recovery coefficient and flight altitude, Mach number,
the opening of the splitter of the Turbojet channel, the opening of the splitter of the Ejector-
Ramjet channel, the least squares method is used to construct the full-envelope model of
the combined inlet. The input variables of the inlet model are flight altitude, Mach number
at the entrance, the splitter opening of each channel. The output variables are the total
temperature, total pressure, air flow, and Mach number at the outlet of inlet.

• Turbojet channel model

According to the principle of aerodynamics and thermodynamics of a single shaft
Turbojet engine, the characteristic curves of typical components such as compressor and
turbine, and the working conditions of each component, the models of each component
such as the compressor, combustion chamber, turbine, tail nozzle, and rotor shaft of the
Turbojet channel are established in turn [33,34].

• Ejector-Ramjet channel model

First, we divide the Ejector-Ramjet channel into the rocket-installation section, rocket-
combustion-chamber section, mixing diffuser section, ramjet post-combustion section,
and rocket-ramjet nozzle section. Then we establish the Ejector-Ramjet model by using the
basic governing equations including the continuity equation, momentum equation, energy
equation, and gas state equation [35,36].

• Scramjet channel model

Combined with some physical mechanisms such as the heat release law and wall
friction, the models of the isolation section, combustion chamber, and nozzle of the Scramjet
engine are constructed by using the influence-coefficient method [37].

When the engines are operating in ramjet mode, it may affect upstream components.
We currently concentrate these effects on the inlet. Through the experimental data of the
intake port under different back pressure conditions, the boundary of instability is ob-
tained, and the phenomenon of un-starting the inlet is avoided through the instability judg-
ment. Take corresponding measures to ensure the normal operation of the engine before
the instability.

In this paper, the inertia effect of some mechanical components such as the splitters in
the inlet and the fuel injection devices, the dynamic effect of the rotor, and the volumetric
dynamic effect of the combustion chamber are fully considered to achieve accurate models.

• Dynamic characteristics of main components

(a) Dynamic characteristics of the inlet

Considering the inertia effect caused by the mechanical rotation of the splitters, the dy-
namic characteristics of the inlet are reflected through the following inertia link.

T1
dα(t)

dt
+ α(t) = αcom(t) (1)

T2
dβ(t)

dt
+ β(t) = βcom(t) (2)

where α is the splitter opening of Turbojet channel, β is the splitter opening of Ejector-Ramjet
channel, αcom and βcom are opening command of the splitters, T1 and T2 are time constants.

(b) Dynamic characteristics of Turbojet channel

The dynamic characteristics of the Turbojet channel are reflected by rotor dynamics effect.
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Pt − Pc − D
dn(t)

dt
= 0 (3)

where Pt is the turbine power, Pc the compressor power, D the moment of inertia of the
rotor shaft, and n the rotor speed.

(c) Dynamic characteristics of Ejector-Ramjet channel

The dynamic characteristics of the Ejector-Ramjet channel are reflected by the dynamic
effect of combustion chamber volume [38].

dT∗

dt
=

RT∗

CvVbP∗

[
m f

(
Huηb + hc −

h∗t
γ

)
+ m0

(
h∗a −

h∗t
γ

)
−m1h∗

(
1− 1

γ

)]
(4)

dP∗

dt
=

RT∗

Vb

(
m0 + m f −m1

)
+

P∗

T∗
dT∗

dt
(5)

where Vb is the volume of the combustion chamber, Cv the specific heat capacity at constant
volume, Hu the lower calorific value of fuel, ηb the combustion efficiency, it is a parameter
that could be measured by fitting higher-fidelity models, and is likely to be a function of
many other variables in reality. hc the enthalpy of fuel, h∗a the total enthalpy of incoming
flow, h∗t the total enthalpy of outlet; T∗ and P∗ are the total temperature and total pressure
of the combustion chamber, m0 the air flow, m f the fuel flow rate, m1 the outlet flow rate, γ
the gas constant entropy exponent, and R the gas constant of fuel gas.

(d) Dynamic characteristics of fuel injection device

The fuel injection system in the combustion of the rocket or ramjet or Scramjet cham-
bers will result in some dynamic characteristics, which can be described by the following
inertia links.

T3
dm f (t)

dt
+ m f (t) = m fcom(t) (6)

where m f is the fuel flow rate, m f com the fuel flow command, and T3 a constant.
Combining Equations (1)–(6) and the aerothermodynamic equations, a component-

level dynamic model of XTER can be established, which can be used as a verification model
for the validity of the control law in this paper. Although many simplifications have been
made to XTER, the obtained aerothermodynamic model is still very complex. In order to
realize the design of a coordinated control strategy under a given flight path, the aerother-
modynamic model needs to be further simplified and a control-oriented dynamic model
should be established.

2.2. Control-Oriented LPV Model

The aerothermodynamic model brings challenges to control due to its nonlinear, strong
coupling, and time-varying characteristics. Relevant research results have also confirmed
that the LPV model is suitable for engine control design because on one hand, it is simple
and on the other hand, it still retains the complex features of a time-varying strong coupled
nonlinear system [39–41].

Given a target path, it is assumed that the expected thrust Fre f of the aircraft when
flying along the path and the change law of Mach number with time are given as follows.

Fre f = f (Ma) (7)

Ma = g(t) (8)

where Fre f is the target thrust, Ma the Mach number, and t the time; f : (Ma0, Ma f ) →
(0, Fmax) and g : (0, ∞) → (Ma0, Ma f ) are smooth functions, Ma0 and Ma f are the corre-
sponding Mach numbers at the initial and terminal points in the path, respectively.
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As shown in Figure 3, the working Mach range of XTER is assumed to be (Ma0, Ma f ).
(Ma1, Ma2) ⊂ (Ma0, Ma f ) and (Ma3, Ma4) ⊂ (Ma0, Ma f ) are assumed to correspond
to the working speed domain from Turbojet to Ejector-Ramjet and Ejector-Ramjet to
Scramjet transition modes, respectively. Among them, Ma1, Ma2, Ma3, Ma4 satisfying
Ma1 < Ma2 < Ma3 < Ma4 are the Mach numbers of the mode transition points to
be designed.

Figure 3. Working Mach range of each mode of XTER.

Let α and β denote the opening of the splitters of the Turbojet channel and the Ejector-
Ramjet channel, respectively, obviously, these two quantities are functions of Mach number
and satisfy

α(Ma) :


= 1, Ma ∈ (Ma0, Ma1)
∈ (0, 1), Ma ∈ (Ma1, Ma2)
= 0, Ma ∈ (Ma2, Ma f )

(9a)

β(Ma) :


= 1, Ma ∈ (Ma0, Ma3)
∈ (0, 1), Ma ∈ (Ma3, Ma4)
= 0, Ma ∈ (Ma4, Ma f )

(9b)

In (9), 1 means that the channel is fully open, and 0 means that the channel is com-
pletely closed.

Next, a control-oriented LPV model for each engine is established based on the flight
Mach number. In the mode transition, the states and inputs of the two successive engines
operating simultaneously are compounded and expanded to obtain the state and input
variables of XTER. Then, superimpose the outputs of the two engines to obtain the output
variables of XTER, thus obtaining the LPV model of XTER in the mode transition stage.

• Turbojet’s LPV model

The working Mach range of Turbojet is (Ma0, Ma2), and its LPV model is described as

[
∆ṅ1
∆Ṫ∗1

]
=

[
a1(Ma) a2(Ma)
a3(Ma) a4(Ma)

][
∆n1
∆T∗1

]
+

[
b1(Ma) b2(Ma)
b3(Ma) b4(Ma)

][
∆W f1

∆α

]
(10a)

∆y1 = ∆F1 = [ c1(Ma) c2(Ma) ]

[
∆n1
∆T∗1

]
(10b)

where ∆n1 is the increment of the speed of the turbine, ∆T∗1 is the total temperature
increment before the turbine, ∆W f1 is the fuel flow increment of the Turbojet channel, ∆α
is the splitter-opening increment of the Turbojet channel, and ∆F1 is the thrust increment.

• Ejector-Ramjet’s LPV model

Since the boosting effect of the ejection rocket in the Ejector-Ramjet channel is not
remarkable, its main function is to improve the combustion characteristics of the Ramjet to
make the ignition stable, thus the fuel flow rate of the rocket is set to a fixed value during
control-oriented modeling. It can be seen from Figure 3 that the working Mach number of
Ejector-Ramjet is [Ma1, Ma4]. Equations (9a) and (9b) show that the opening α(Ma) only
affects the Ejector-Ramjet in the velocity domain [Ma1, Ma2], and the opening β(Ma) only
affects the Ejector-Ramjet in the velocity domain [Ma3, Ma4]; therefore, the LPV model of
the Ejector-Ramjet is given in the following two cases.
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(b1) When Ma ∈ [Ma1, Ma2], the Ejector-Ramjet channel model is described as[
∆Ṫ∗2
∆Ḟ2

]
=

[
a5(Ma) a6(Ma)
a7(Ma) a8(Ma)

][
∆T∗2
∆F2

]
+

[
b5(Ma) b6(Ma)
b7(Ma) b8(Ma)

][
∆W f2

∆α

]
(11a)

∆y2 = ∆F2 (11b)

where ∆T∗2 is the total temperature increment of the Ramjet chamber, ∆F2 is the thrust
increment, ∆W f2 is the fuel flow rate increment of the Ramjet.

(b2) When Ma ∈ [Ma2, Ma4], the Ejector-Ramjet channel model is described as[
∆Ṫ∗2
∆Ḟ2

]
=

[
a9(Ma) a10(Ma)
a11(Ma) a12(Ma)

][
∆T∗2
∆F2

]
+

[
b9(Ma) b10(Ma)
b11(Ma) b12(Ma)

][
∆W f2

∆β

]
(12a)

∆y2 = ∆F2 (12b)

where ∆β is the increment of the splitter opening of the Ramjet channel.

• Scramjet’s LPV model

The working Mach number of Scramjet is [Ma3, Ma f ], and the Scramjet channel model
is described as[

∆Ṫ∗3
∆Ḟ3

]
=

[
a13(Ma) a14(Ma)
a15(Ma) a16(Ma)

][
∆T∗3
∆F3

]
+

[
b13(Ma) b14(Ma)
b15(Ma) b16(Ma)

][
∆W f3

∆β

]
(13a)

∆y3 = ∆F3 (13b)

where ∆T∗3 is the total temperature increment of the Scramjet chamber; ∆F3 is the thrust
increment and ∆W f3 is the fuel flow increment of the Scramjet channel.

• LPV model in mode transition from Turbojet to Ejector-Ramjet

The working Mach range of this mode transition is [Ma1, Ma2], in which the Turbojet
and Ejector-Ramjet work simultaneously. Therefore, the state input variables of the Turbojet
mode and the Ejector-Ramjet mode will be separately combined as the state and input
variables in the mode-transition stage, respectively. Similarly, the output in the mode-
transition stage is taken as the sum of the outputs of the two channels before and after.
The Turbojet to Ejector-Ramjet mode-transition model is described as

∆ṅ1
∆Ṫ∗1
∆Ṫ∗2
∆Ḟ2

 =


a1(Ma) a2(Ma) 0 0
a3(Ma) a4(Ma) 0 0

0 0 a5(Ma) a6(Ma)
0 0 a7(Ma) a8(Ma)




∆n1
∆T∗1
∆T∗2
∆F2

+


b1(Ma) 0 b2(Ma)
b3(Ma) 0 b4(Ma)

0 b5(Ma) b6(Ma)
0 b7(Ma) b8(Ma)


 ∆W f1

∆W f2
∆α

 (14a)

∆yt1 = ∆y1 + ∆y2 = [ c1(Ma) c2(Ma) 0 1 ]


∆n1
∆T∗1
∆T∗2
∆F2

 (14b)

where ∆yt1 is the total thrust increment.

• LPV model of transition-mode from Ejector-Ramjet to Scramjet

The working Mach range of this mode transition is [Ma3, Ma4], in which the Ejector-
Ramjet and Scramjet work simultaneously. Therefore, the state input variables of the
Ejector-Ramjet mode and the Scramjet mode will be separately combined as the state and
input variables in the mode-transition stage, respectively. Similarly, the output in the
mode-transition stage is taken as the sum of the outputs of the two channels before and
after. The Ejector-Ramjet to Scramjet mode-transition model is described as
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∆Ṫ∗2
∆Ḟ2
∆Ṫ∗3
∆Ḟ3

 =


a9(Ma) a10(Ma) 0 0
a11(Ma) a12(Ma) 0 0

0 0 a13(Ma) a14(Ma)
0 0 a15(Ma) a16(Ma)




∆T∗2
∆F2
∆T∗3
∆F3

+


b9(Ma) 0 b10(Ma)
b11(Ma) 0 b12(Ma)

0 b13(Ma) b14(Ma)
0 b15(Ma) b16(Ma)


 ∆W f2

∆W f3
∆β

 (15a)

∆yt2 = ∆y2 + ∆y3 = [ 0 1 0 1 ]


∆T∗2
∆F2
∆T∗3
∆F3

 (15b)

where ∆yt2 is the total thrust increment.

2.3. Problem Description

There are two mode-transition processes in XTER’s full-speed flight scope: Turbojet to
Ejector-Ramjet and Ejector-Ramjet to Scramjet. The optimization principle is the same, so
this paper only considers the distribution of air-flow-rate among paths and coordinated
control of XTER in the Turbojet to Ejector-Ramjet mode-transition process.

Rewrite the LPV model (14) in the previous section as the following compact form

∆ẋ = A0(Ma)∆x + B0(Ma)∆u (16a)

∆y = C0(Ma)∆x (16b)

where ∆x = (∆n1, ∆T∗1 , ∆T∗2 , ∆F2)
T , ∆u = (∆W f1, ∆W f2, ∆α)T , ∆y = ∆yt1 and A0 is the

system matrix , B0 the input matrix, C0 the output matrix.
Combining (16a) with (8), the LPV model with Ma as argument is obtained.

d∆x
dMa

=
d∆x
dt
· dt

dMa
= A(Ma)∆x + B(Ma)∆u (17a)

∆y = C(Ma)∆x (17b)

where A(Ma) = A0(Ma) · [g′(t)|t=g−1(Ma)]
−1, B(Ma) = B0(Ma) · [g′(t)|t=g−1(Ma)]

−1,
C(Ma) = C0(Ma).

The following quadratic functional is used to describe the performance index for the
optimal flow allocation problem.

J = 1
2 ∆y(Ma1)

T F1∆y(Ma1) +
1
2 ∆y(Ma2)

T F2∆y(Ma2)

+ 1
2

∫ Ma2
Ma1

[∆y(Ma)TQ(Ma)∆y(Ma) + ∆uT(Ma)R(Ma)∆u(Ma)]dMa
(18)

where Ma ∈ (Ma1, Ma2) ⊂ (Ma01, Ma f 1), R(Ma) is a positive definite matrix, F1, F2,
Q(Ma) are positive semi-definite matrix. Ma1 and Ma2 are, respectively, the initial and
terminal points in the mode transition, and satisfy the following boundary conditions.

x1(Ma2) = 0 (19a)

x2(Ma1) = 0 (19b)

where x1 is the state variable of Turbojet channel, and x2 is the state variable of Ejector-
Ramjet channel.

By x = xe + ∆x, (19) is equivalent to

∆x1(Ma2) = −x1e(Ma2) (20a)

∆x2(Ma1) = −x2e(Ma1) (20b)

where x1e is the state value of x1 at Ma2, and x2e is the state value of x2 at Ma1.
The optimal scheme of distribution of air-flow-rate among paths and the coordinated

control strategy of each channel during the mode-transition process can be described as
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Problem 1. Find or design Ma1, Ma2 and u = β(x, yd, Ma), such that the constraints (17a),
(17b), (20a) and (20b) are satisfied and the performance index (18) attains the minimum.

Remark 1. This problem is essentially an LQ optimal control problem, which has been well solved
for general linear time-invariant systems when the initial state is fixed and the terminal state is free.
The research object of this paper is the LPV system, and its LQ optimal control problem has not yet
mature results for reference. At the same time, the optimization problem proposed in this paper not
only requires the initial and terminal states to be partially fixed and partially free, but also requires
both the initial and terminal independent variables (here the Mach number) to be free, which is a
challenging problem.

3. Main Results

In this section, necessary conditions for the solvability of Problem 1 are derived by
using the variational method, and the open-loop LQ optimal controller for the LPV system is
obtained. Then, starting from the necessary conditions, a closed-loop LQ optimal controller
for the LPV system is obtained by solving a certain differential Ricatti equation.

Theorem 1. Suppose ∆uopt(Ma) is the solution of the optimal control Problem 1, Ma1 and Ma2
are the optimal mode-transition points, then there exists λ(Ma) : (Ma1, Ma2) → R4 such that
∆uopt(Ma) = −R−1(Ma)BT(Ma)λ(Ma), and satisfies the following conditions.

(1) State equation constraint
d∆x
dMa

= A(Ma)∆x + B(Ma)∆uopt(Ma) (21)

satisfying the boundary condition (20).

(2) Costate equation constraint

λ̇(Ma) = −CT(Ma)Q(Ma)C(Ma)∆x− AT(Ma)λ(Ma) (22)

where λ = diag{λ1, λ2}, satisfying the following boundary conditions

λ1(Ma1) = −CT
1 (Ma1)F1C1(Ma1)∆x1(Ma1) (23a)

λ2(Ma2) = CT
2 (Ma2)F2C2(Ma2)∆x2(Ma2) (23b)

(3) Hamilton function endpoint constraints

H(Ma1)− [C1(Ma1)∆x1(Ma1)]
T F1C1(Ma1)∆x1(Ma1) + λT

2 ẋ2e(Ma1) = 0 (24a)

H(Ma2) + [C2(Ma2)∆x2(Ma2)]
T F2C2(Ma2)∆x2(Ma2) + λT

1 ẋ1e(Ma2) = 0 (24b)

where H is the Hamilton function

H = 1
2

{
[C(Ma)∆x(Ma)]TQ(Ma)[C(Ma)∆x(Ma)] + ∆uT(Ma)R∆u(Ma)

}
+λT [A(Ma)∆x + B(Ma)∆u]

(25)

Proof of Theorem 1. Given a target path, consider the LPV system (17) and the expected
thrust (7), the performance index (18) can be transformed into

J = 1
2 [C1(Ma1) ∆x1(Ma1)]

T F1[C1(Ma1)∆x1(Ma1)]

+ 1
2 [C2(Ma2)∆x2(Ma2)]

T F2[C2(Ma2)∆x2(Ma2)]

+ 1
2

∫ Ma2
Ma1

{
[C(Ma)∆x(Ma)]TQ(Ma)[C(Ma)∆x(Ma)]

(26)
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Let

J̄ = 1
2 [C1(Ma1)∆x1(Ma1)]

T F1[C1(Ma1)∆x1(Ma1)]

+ 1
2 [C2(Ma2)∆x2(Ma2)]

T F2[C2(Ma2)∆x2(Ma2)] +
∫ Ma2

Ma1

{
H − λT∆ẋ

}
dMa

+λT
1a(∆x1(Ma2) + x1e(Ma2)) + λT

2a(∆x2(Ma1) + x2e(Ma1))

(27)

The variation of the functional J̄ is as follows

δ J̄ = [C1(Ma1)∆x1(Ma1)]
T F1
[
Ċ1∆x1(Ma1)δ(Ma1) + C1(δ(∆x1)+ ∆ẋ1δ(Ma1))]Ma1

+[C2(Ma2)∆x2(Ma2)]
T F2
[
Ċ2∆x2(Ma2)δ(Ma2)+ C2(δ(∆x2) + ∆ẋ2δ(Ma2))]Ma2

+
[
H − λT∆ẋ

]
Ma2

δ(Ma2)− [H − λT∆ẋ
]

Ma1
δ(Ma1)

+
∫ Ma2

Ma1

{
∂H
∂∆x δ∆x + ∂H

∂∆u δ∆u + ∂H
∂λ δλ− δλT∆ẋ− λTδ(∆ẋ)

}
dMa

+δλT
1a(∆x1(Ma2) + x1e(Ma2)) + δλT

2a(∆x2(Ma1) + x2e(Ma1))

+λT
1a(δ(∆x1)+ ∆ẋ1δ(Ma2) + ẋ1eδ(Ma2))Ma2

+λT
2a(δ(∆x2) + ∆ẋ2δ(Ma1) + ẋ2eδ(Ma1))Ma1

(28)

where −
∫ Ma2

Ma1
λTδ(∆ẋ)dMa = −

(
λTδ(∆x)

)Ma2
Ma1

+
∫ Ma2

Ma1
λ̇Tδ(∆x)dMa.

Therefore, (28) turns into

δ J̄ =
{
[C1(Ma1)∆x1(Ma1)]

T F1C1∆x1(Ma1) + λT
2a ẋ2e(Ma1)− H(Ma1)

}
δ(Ma1)

+
{
[C2(Ma2)∆x2(Ma2)]

T F2Ċ2∆x2(Ma2) + λT
1a ẋ1e(Ma2) + H(Ma2)

}
δ(Ma2)

+
{
[C1(Ma1)∆x1(Ma1)]

T F1C1 + λT
1 (Ma1)

}
(δ(∆x1) + ∆ẋδ(Ma1))Ma1

+{C2(Ma2)∆x2(Ma2)]
T F2C2 − λT

2 (Ma2)
}
(δ(∆x2) + ∆ẋ2δ(Ma2))Ma2

+
(
λT

1a−n λT
1 (Ma2)

)
(δ(∆x1) + ∆ẋ1δ(Ma2))Ma2

+
(
λT

2a + λT
2 (Ma1)

)
(δ(∆x2)+n ∆ẋ2δ(Ma1))Ma1

+
∫ Ma2

Ma1

{[
∂H
∂∆x + λ̇T

]
δ∆x + ∂H

∂∆u δ∆u +
[

∂H
∂λ − (∆ẋ)T

]
δλ
}

dMa

+δλT
1a(∆x1(Ma2) + x1e(Ma2)) + δλT

2a(∆x2(Ma1) + x2e(Ma1))

(29)

From the arbitrariness of the independent variation δ(Ma1), δ(Ma2), δλ1a, δλ2a,
δ(∆x1(Ma1)), δ(∆x1(Ma2)), δ(∆x2(Ma1)), δ(∆x2(Ma2)) and δ(∆x1(Ma)), δ(∆x2(Ma)),
∀Ma ∈ (Ma1, Ma2), the result of Theorem 1 can be obtained. This completes the proof.

Remark 2. Theorem 1 gives necessary conditions for the solvability of the LQ optimal control
problem for LPV systems, which is similar to the corresponding condition for the LQR optimal
control for ordinary linear time-invariant systems [42]. From the expression of the optimal solution
∆uopt(Ma) = −R−1(Ma)BT(Ma)λ(Ma), it can be seen that the controller is only open-loop
rather than closed-loop. The following theorem will give an optimal controller in the closed-loop
form of Problem 1.

Theorem 2. Assume that the necessary conditions (21), (22) and (24) in Theorem 1 are all satisfied.
Suppose there exists K(Ma) = diag{K1(Ma), K2(Ma)}, with K1(Ma), K2(Ma) ∈ R2×2, such
that the following conditions hold

K̇(Ma) = −AT(Ma)K(Ma)− K(Ma)A(Ma)

+K(Ma)B(Ma)R−1(Ma)BT(Ma)K(Ma)

−CT(Ma)Q(Ma)C(Ma)

(30)

K1(Ma1) = −CT
1 (Ma1)F1C1(Ma1) (31a)
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K2(Ma2) = CT
2 (Ma2)F2C2(Ma2) (31b)

Then, the closed-loop optimal controller exists and can be expressed as

∆uopt(Ma) = −R−1(Ma)BT(Ma)K(Ma)∆x(Ma) (32)

Furthermore, Ma1 and Ma2 can be determined by the constraints (24a) and (24b).

Proof of Theorem 2. From Theorem 1 one has

∆uopt(Ma) = −R−1(Ma)BT(Ma)λ(Ma) (33)

Considering (21)–(23), it is natural to suppose that the costate λ(Ma) has the follow-
ing structure

λ(Ma) = K(Ma)∆x(Ma) (34)

Substituting (34) into (33), and then substituting into (17), we have

∆ẋ = A(Ma)∆x− B(Ma)R−1(Ma)BT(Ma)K(Ma)∆x(Ma) (35)

It is obvious from (22) and (34) that

λ̇(Ma) = K̇(Ma)∆x(Ma) + K(Ma)∆ẋ(Ma) = −CTQC∆x− ATK(Ma)∆x(Ma) (36)

Substituting (35) into (36) yields

[K̇(Ma) + AT(Ma)K(Ma) + K(Ma)A(Ma) + CT(Ma)QC(Ma)

−K(Ma)B(Ma)R−1BT(Ma)K(Ma)]∆x(Ma) = 0
(37)

The above equation should be true for any ∆x(Ma), we have

K̇(Ma) = −AT(Ma)K(Ma)− K(Ma)A(Ma)

+K(Ma)B(Ma)R−1BT(Ma)K(Ma)

−CT(Ma)QC(Ma)

(38)

Comparing (23) and (34), it can be obtained that K(Ma) satisfies the following bound-
ary conditions

K1(Ma1) = −CT
1 (Ma1)F1C1(Ma1) (39a)

K2(Ma2) = CT
2 (Ma2)F2C2(Ma2) (39b)

Certainly, Ma1, Ma2 should satisfy the constraint (24) from Theorem 1 if they are free
to be designed. This completes the proof.

4. Simulation Analysis

This section will verify the optimal scheme of the distribution of air-flow-rate among
paths given in Theorems 1 and 2. All simulations are performed on the aerothermodynamics
model given in Section 2.1. Suppose that during the mode-transition process, the relative
deviation between the real thrust produced by XTER and the expected target thrust is
required to be within 10%.

Based on the Gaussian pseudo-spectral track optimization method, Guo et al. [4]
completed the optimal design of the TBCC for a hypersonic vehicle cruising at Mach 5 and
aiming at the longest cruising range of the hypersonic vehicle for horizontal take-off and
landing on the ground, obtained the flight trajectory as shown in Figure 4a,b. The expected
thrust for this vehicle is shown in Figure 5. Assume that the power of the vehicle is provided
by XTER. The Mach number range of mode transition from Turbojet to Ejector-Ramjet is
preset as [Ma01, Ma f 1] = [2.0, 2.5]. During this transition, the ejection rocket remains open,
and the fuel flow rate of the rocket is kept at 0.45 kg/s.
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Table 1 provides the data at different equilibriums required to establish an LPV model
during the mode transition from Turbojet to Ejector-Ramjet, including the Mach number,
total thrust, proportion of thrust from the Turbojet and, respectively, Ejector-Ramjet channel,
the opening of the splitter in the Turbojet channel, the fuel flow of the Turbojet, and the
fuel flow of the Ramjet. With these data as inputs, the value of the equilibrium points
are obtained on the established aerothermodynamic model. Then, by imposing a small
perturbation at the equilibrium point, the inputs and outputs responses are obtained and
used for system identification.

(a) (b)

Figure 4. The flight trajectory of XTER: (a) Altitude vs. Mach number; (b) Mach number vs. time.

Figure 5. The expected thrust vs. Mach number.

Table 1. Data used for LPV modeling in the mode transition from Turbojet to Ejector-Ramjet.

Ma Fe (N) F1/Fe F2/Fe αe W f1e (kg·s−1) W f2e (kg·s−1)

2.0 2896 100% 0% 100% 0.05 0.012
2.1 3132 80% 20% 80% 0.035 0.014
2.2 3389 60% 40% 60% 0.035 0.029
2.3 3321 40% 60% 40% 0.03 0.052
2.4 3182 20% 80% 20% 0.02 0.072
2.5 2839 0% 100% 0% 0.02 0.085

Based on the data in Table 1, we can easily obtain the LPV model in the mode-transition
process, which is shown in (17) with the coefficient matrices A, B, and C given by

A =


0.12Ma− 1.08 1.33Ma− 3.25 0 0
−3.08Ma + 9.01 5.229Ma− 14.36 0 0

0 0 −35.85Ma− 7.80 191.31Ma− 455.4
0 0 228.44Ma− 431.93 −128.22Ma + 286.2

 (40a)
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B =


−32.17Ma + 37.72 0 13.99Ma + 1.27
−26.39Ma + 25.41 0 45.79Ma− 66.19

0 151.93Ma− 222.54 −385.53Ma + 777.6
0 127.12Ma− 167.45 −189.35Ma + 358.93

 (40b)

C = [ −1.95Ma + 5.29 −0.33Ma + 0.95 0 1 ] (40c)

By solving Problem 1 with the method given in Theorem 2, we can obtain the optimal
distribution of air-flow-rate among paths scheme, the optimal mode-transition points, and
corresponding optimal coordinated control law. Solving the two-point boundary value
problem (30) and (31) yields the optimal coordinated control law (32) with K(Ma) depicted
in Figure 6, in which K(Ma) is of the form

K1(Ma) =
[

k11(Ma) k12(Ma)
k13(Ma) k14(Ma)

]
(41a)

K2(Ma) =
[

k21(Ma) k22(Ma)
k23(Ma) k24(Ma)

]
(41b)

where kij(Ma) (i = 1, 2; j = 1, 2, 3, 4) are elements in the matrix K(Ma).
Furthermore, solving the algebraic Equation (24a) and (24b) gives rise to Ma1 = 2.29

and Ma2 = 2.39.

(a) (b)

Figure 6. The value of each element in the matrix K(Ma): (a) elements of K1; (b) elements of K2.

When making a simulation, the real control law in each channel of XTER is the sum of
ue(Ma) + ∆uopt(Ma), which is detailed in the following.

(I) Turbojet channel’s fuel flow:

W f1(Ma) = W f1e(Ma) + ∆W f1
opt(Ma) (42)

(II) Ejector-ramjet channel’s fuel flow:

W f2(Ma) = W f2e(Ma) + ∆W f2
opt(Ma) (43)

(III) The opening of the splitter:

α(Ma) = αe(Ma) + ∆αopt(Ma) (44)

The optimal control law in this simulation is shown in Figure 7a,b.
The XTER is accelerated from the ground level by the turbojet engine to Mach 2.29.

After then, the turbojet engine is close to the upper limit of its working Mach and difficult
to provide enough thrust. The Ejector-Ramjet channel goes to work, the ejection rocket
stabilizes the combustion of the ramjet by improving the flow field inside the channel.
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During the mode-transition process, the proportion of the thrust from the Turbojet channel
to the total thrust decreases; meanwhile, the proportion of the thrust from the Ejector-Ramjet
channel to the total thrust increases. The distribution of the fuel flow of each channel and
the air flow of the inlet also changes accordingly. After accelerating to Mach number 2.39,
the mode-transition from the Turbojet to Ejector-Ramjet channel is completed. Figure 7a
shows that in the mode-transition interval, the Turbojet channel is gradually closed, and the
fuel flow decreases accordingly; the Ejector-Ramjet channel gradually opens, the fuel flow
increases, and finally completes the transition from the Turbojet to the Ejector-Ramjet.
Figure 7b shows during the transition from the Turbojet to the Ejector-Ramjet, the splitter’s
opening gradually decreases. The reduction in the fuel flow of the Turbojet channel reduces
its demand for air flow, and the gradual closing of the splitter makes more air flow available
to the Ejector-Ramjet channel.

(a) (b)

Figure 7. Optimal control laws: (a) Fuel’s change of each channel; (b) The opening of the splitter.

Loading the inputs (42)–(44) into the aerothermodynamic model obtains the real thrust.
Compared to the real thrust with the expected thrust, the relative error is shown in Figure 8.
It can be seen that during the mode-transition process, the relative error does not exceed
2.5%, which meets the thrust tracking requirements.

Figure 8. Thrust tracking error.

5. Conclusions

Based on the XTER project of Xiamen University, this paper discusses the selection
of the optimal mode-transition points, optimal distribution of air-flow-rate among paths
scheme, and coordinated control strategy of each channel in the process of mode transition.
A component-level aerothermodynamic model is derived for the use of verification of
control algorithms; meanwhile, some control-oriented LPV models are presented for the
purpose of control laws design. In essence, the problem of optimal mode-transition points
searching and distribution of air-flow-rate among paths relies on the solvability of LQ
optimal control problem for LPV systems. The practice of this paper provides a new idea
for the design of the control laws in the mode-transition stage of TBCC.
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