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Abstract: The uneven load of the electric drive of sucker-rod pumping units causes an increase in
the consumption of reactive power, which requires compensation. This article discusses the issue of
calculating the processes in sucker-rod pumping units in the case of individual compensation of the
reactive power. Mathematical models for calculating the process of changing the capacity of cosine
capacitors for reactive power compensation in the starting and steady-state modes of the electric
drive of the sucker-rod pumping unit, which are characterized by the periodically varying load and
moment of inertia, have been developed. The calculation is based on a mathematical model of the
induction motor that takes into account the saturation of the magnetic path and the skin effect in the
bars of the deep-bar rotor. The created mathematical model can be used to regulate the capacitance of
the capacitors connected to the induction motor in order to reduce the reactive power consumption.
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1. Introduction

In global practice, oil extraction in oil fields is carried out mainly with the help of
sucker-rod pumps [1,2]. The main elements of the sucker-rod pumping unit (SRPU) are a
pump, a string of pipes and rods, a pump jack, an electric motor and starting and control
equipment (Figure 1).
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Figure 1. Sucker-rod pumping unit.

The plunger of the sucker-rod pump is driven by a pump jack with the help of a string
of rods, which converts the rotary motion of the electric motor into a reciprocating motion.
During the downward movement of the plunger, the static load at the point of suspension
of the rods acts in the same direction. If there are no counterweights, the torque applied
to the motor shaft from the side of the pump jack has a negative value, which makes the
motor switch to a generator mode. To avoid this, pump jacks are designed to provide an
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option of balancing the weight of the rods with special counterweights, as shown in the
scheme (Figure 2).
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For driving SRPU pump jacks, three-phase, squirrel-cage induction motors (IM), deep-
bar or double-cage, which have an increased starting torque, are most commonly used [2].

The SRPU electric drive has a number of specific features:

(a) A periodically varying load, which is characterised by alternating maximum and
minimum values (Figure 3);

(b) A periodically varying moment of inertia, the maximum value of which significantly
exceeds the moment of inertia of the motor;

(c) The stochastic nature of the load at the starting moment, which is determined by the
position of the crank shaft of the pump jack.
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Contemporary technologies have significantly increased the requirements for the
methods and means of analysis of SRPU electric drives. In particular, the level of automation
is increasing in the direction of the development of intelligent control stations, not only
for individual wells but also for entire oil fields [3–6]. Since experimental studies are
too expensive, the main attention of researchers is focused on mathematical modelling.
Modelling makes it possible to study the behaviour of a system in various emergencies,
which are difficult to implement in laboratory installations and even more so in operating
industrial units. In addition, automated control systems are based on mathematical models,
the adequacy and speed of which determine the efficiency and reliability of the operation
of oil production facilities.

In the literature, a large number of works [7–12] tackle the problem of mathematical
modelling of SRPU operation, in which problematic issues of the functioning of the electrical
equipment, mechanical part, pipelines, chemical properties of oil, etc., are considered.
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Extraction of oil from wells using pump jacks is very energy-consuming. The cost of
electricity can reach 50% of the oil production cost [13], which is why the problem of energy
saving is of topical importance. Therefore, due attention should be paid to the issue of the
rational selection of SRPU elements and the optimal management of their operation.

The main consumer of electric power in the SRPU is an IM. Despite the quite simple
design of induction motors, from the point of view of the theory of automatic control, they
are complex, non-linear, multi-dimensional objects with various forms of mathematical
description, which results in a large number of their mathematical models [14–16]. There-
fore, when conducting research on asynchronous electric drives by means of mathematical
modelling, it is important to choose a model every time that will satisfy the requirements
for the accuracy of the results, the amount of computer memory and the speed of obtaining
the results.

The depths of oil wells vary and can reach several kilometres. The drive motor must
not only have the appropriate starting torque ratio but also meet the specified thermal
limitations [17]. The uneven nature of the load leads to the fact that IMs operate with a load
below the nominal one, which has a significant impact on cos ϕ and, as a result, causes an
increase in reactive power consumption [18–20]. Its transmission from the load centre to a
specific installation through the line is associated with an increase in the consumption of
the active power and a decrease in the voltage on the rest of the motors. Installing cosine
capacitors connected directly to the IM terminals is the most effective way of reactive power
compensation [21].

Since the load torque and moment of inertia of the SRPU pump jack change during
the period, the course of the starting process of the drive motor depends not only on the
magnitude of the starting torque of the motor but also on the position of the pump jack
crank. Therefore, IMs used to drive pump jacks have a starting torque that is approximately
twice as large as the nominal one [1,22]. Motors with deep-bar rotors or double squirrel-
cage motors meet these requirements. High accuracy of calculation results can be ensured
by using IM mathematical models, which take into account all the main factors influencing
the dynamic modes of the motors. These include, first of all, the saturation of the magnetic
path and the skin effect in the rotor bars. In such a mathematical model, the short-circuited
winding of the IM rotor is reduced to an equivalent three-phase winding according to the
generally accepted method [23,24]. This allows the description of the processes in the IM
using the theory of circuits, in particular, the Kirchhoff laws.

One of the main problems to be solved for the mathematical modelling of the processes
in the SRPU is the selection of the coordinate system to describe electromagnetic processes
in the IM. It is known that an IM with a synchronous rotation speed of 1500 rpm is used
to drive the SRPU, and the oscillation frequency of the walking beam is 5÷15 oscillations
per minute. Therefore, in the phase coordinate system, for one period of change in the
mechanical load on the motor shaft, there are from 100 to 300 pump jack periods of change
in the supply voltage. Taking into account the significant inertia of the mechanical part of
the entire oil production unit, reaching the steady-state mode by the evolutionary method
requires the calculation of the IM transient process during a large number of periods of
mode coordinate changes.

In the present article, in order to take into account the skin effect phenomenon, each
bar is divided height-wise into n elements, connected magnetically due to the leakage
fluxes [25]. As a result, we will consider n equivalent three-phase windings on the rotor. In
the three-phase coordinate axes that are stationary relative to the stator [23], the equations
of electrical equilibrium include the EMF having the frequencyω. Besides, the evolutionary
method is not applicable to solving optimization problems, including the calculation of
static characteristics.

The issue of calculating the processes in the SRPU in the case of individual compensa-
tion of the reactive power stays of topical importance. Therefore, the aim of the research is
to develop a calculation method and a mathematical model on its basis, enabling complex
research on the problems of the compensation of the reactive power of the SRPU electric
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drive, which is characterised by the cyclic load and the moment of inertia, as well as difficult
and unpredictable starting conditions.

2. Mathematical Foundations of Solving the Problem

The electromagnetic processes are determined by the interaction of the electrical
circuits of the stator and rotor, between which there is an electromagnetic connection.

The electromechanical processes in the IM are described by a system of differential
equations (DEs) of electrical equilibrium [23,24].

dψA
dt
− dψB

dt
=
√

3Um sin(ω0t + π/6)− rAiA + rBiB;

dψB
dt
− dψC

dt
=
√

3Um sin(ω0t− π/2)− rBiB + rCiC;

iA + iB + iC = 0;
dψa1

dt
− dψb1

dt
= −ra1ia1 + rb1ib1 − α(ψb1 − 2ψc1 + ψa1);

dψb1
dt
− dψc1

dt
= −rb1ib1 + rc1ic1 − α(ψc1 − 2ψa1 + ψb1);

ia1 + ib1 + ic1 = 0;
...

dψan

dt
− dψbn

dt
= −ranian + rbnibn − α(ψbn − 2ψcn + ψan);

dψbn
dt
− dψcn

dt
= −rbnibn + rcnicn − α(ψcn − 2ψan + ψbn);

ian + ibn + icn = 0;

(1)

where A, B, C, a, b, c are the indexes denoting the relations of the flux linkage (ψ), current (i)
and resistance (r) with the respective winding; Um and ω0 are the amplitude value and frequency
of the phase supply voltage of the stator winding; α = ω/

√
3; and ω is the rotor speed.

Moreover, due to the change in the motor load during the whole operation cycle of the
pump jack, its power factor also changes, which causes the fluctuation of the reactive power
in the network that supplies power to the units. In practice, one transformer powers a set
of units, and loading the line with reactive currents results in a drop in the motor supply
voltage, which has an adverse impact on the operation of other units. To compensate for
the reactive power, capacitor batteries are used. However, the continuous variation of the
active load requires the regulation of the generated reactive power to avoid overshoot,
which adversely affects the operation of the units [6,26]. Modern microprocessor systems
and capacitor units enable control of the capacitance of capacitors in such a way as to avoid
both a lack and an excess of reactive power in the power supply system [27].

In the case of applying individual compensation for the reactive power of the IM, star-
connected capacitors are connected to the clamps of the IM, whose three-phase winding of
the stator is powered from the three-phase network (Figure 4).

Equations for the capacitors can be considered separately as the values of the voltages
on them are known (Figure 4).

dukA
dt

=
ikA
C

,
dukB

dt
=

ikB
C

,
dukC

dt
=

ikC
C

, (2)

ukA, ukB and ukC are the phase voltages of the power supply network and C is the capacitance
of the capacitors in one phase, which can have a different value.
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To calculate the dynamic electromechanical processes, the above-presented DE of
electrical equilibrium needs to be complemented with the equation of the rotor dynamics:

dω

dt
=

p0

J
(Me −Mc), (3)

where J is the moment of inertia of the electric drive system of the unit reduced to the IM
shaft, which consists of the sum of the moments of inertia of all moving parts of the SRPU
with rotary or reciprocating motions; p0 is the number of pole pairs of the motor; Mc is
the load torque, and Me is the electromagnetic torque of the IM, which in the three-phase
coordinate system is defined by the following formula [23,24]:

Me = p0
(
ψµA(iC − iB) + ψµB(iA − iC) + ψµC(iB − iA)

)
/
√

3,

where ψµA, ψµB and ψµC are the projections of the vector of the main flux linkage
→
ψµ on the

coordinate axes.
To determine the flux linkages and matrix of differential inductances of the IM circuits,

which are the elements of the Jacobi matrix, characteristics of magnetization of the main
magnetic path ψµ =ψµ (iµ) and paths of the leakage fluxes of the stator ψσs =ψσs (is) and
rotor ψσr =ψσr (ir) are used [23,24], where

iµ =

√
2
3

(
i2µA + i2µB + i2µC

)
; is =

√
2
3
(
i2A + i2B + i2C

)
; ir =

√
2
3
(
i2a + i2b + i2c

)
The load torque and moment of inertia of the SRPU electric drive depend on the crank

angle α, which is related to the rotor angle γ by the expression

α = γ/ki

where ki is the gear ratio between the motor and output shaft of the reducing gear, which is
driven with the help of the V-belt drive.

Taking into consideration the variable moment of inertia J of the unit and periodic
law Mc(t) = Mc(t + 2π) and changes in the load torque on the motor shaft, the DE of the
motion of the rotor in the electric drive system is

J
p0

dω

dt
= Me(t)−Mc(t)−

ω

2p0

dJ(α)
dt

(4)

The transition from the angle γ derivatives to the time derivatives is made using the
formula

dJ
dt

=
dω0

p0
(1− s)

dJ
dγ
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Changing to angle α in the Equation (4), we obtain

dω

dα
=

p2
0ki

ω J(α)
(Me −Mc(α))−

p0kiω

2J(α)
dJ(α)

dα
(5)

When integrating the system of DEs (1)–(5), the derivative dJ/dα is calculated by
the numerical method and is stored in the computer memory along with the periodic
dependence J = J(α). By numerical integration of DEs (1)–(5), one can study the dynamics
of the electric drive system operation not only in the transient process but also in the
steady-state one, which is a dynamic periodic process. The calculation of the steady-state
dynamic mode does not result in a set of coordinates corresponding to a specific time
coordinate but in their functional dependencies on the period of change of the torque on the
IM shaft. Therefore, the calculation of the steady-state periodic mode by the evolutionary
method is ineffective from many points of view. It is applicable mostly for the verification
of the adopted solutions at the final stage of the analysis.

The examples of the curves of the relative value of the electromagnetic torque M∗c
and motor slip s, calculated using the developed algorithm, during the starting of the
SRPU electric drive based on the 4AP160S4Y3 motor with the nameplate data Pn = 15 kW,
U = 220/380 V, p0 = 2, are presented in Figure 5.
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(b) during SRPU starting.

The numerical integration of DEs (1)–(5) makes it possible not only to study the
dynamics of the electric drive operation in the transient mode but also in the steady-state
mode, which is a dynamic periodic one. As the calculation of the steady-state dynamic
mode outputs not a set of coordinates corresponding to a particular time coordinate but
their functional dependencies during the period of change of the IM torque, the calculation
of the steady-state periodic mode using the evolutionary method is ineffective for many
reasons. It is applicable only for the verification of the adopted solutions at the final stage
of the analysis.

3. Steady-State Mode Calculation

Due to the fact that SRPUs have a significant response time of the moving parts, the
starting modes of an IM are long-lasting, and the aperiodic components of the current
go down during the first several periods of the supply voltage change. The rest of the
starting mode can be regarded as quasi-periodic, i.e., it is characterised by the periodic
change of currents of the stator and rotor. This allows the determination of the value of the
capacitance of the capacitors needed for compensating the reactive power for each value of
the slide. In the electric drive with a significant response time, the duration of the transient
process is determined by the mechanical time constant, and therefore the starting process
can be viewed as a set of steady-state modes.
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The problem of analysis of the influence of cosine capacitors on the processes in the
network supplying power to the SRPU electric drive is solved in the orthogonal axes x,
y [23]. This transformation enables the description of the electromagnetic processes in IM
using the minimum number of equations and does not affect the accuracy of calculations
for the symmetrical machine. This approach makes it possible to reduce the volume of
calculations, as the developed calculation algorithms are high-speed, allowing a real-time
analysis of the processes.

The periodic dependencies of the coordinates without resorting to the calculation of
the transient process can be calculated by solving a boundary value problem using the
projection method developed in [24]. It consists of approximating the periodic dependencies
of the coordinates by cubic splines on the network of nodes of the period, taking into
consideration the periodic boundary conditions [28]. As a result, instead of a DE, we obtain
a system of algebraic equations, which is their discrete analogue. The problem is solved in
orthogonal coordinates, which makes it possible to avoid considering the processes within
the period of supply voltage change.

The DE of electromechanical equilibrium of the SRPU electrical drive in the x, y
coordinates will appear as

dψsx

dα
=

p0ki
(
ω0ψsy − Rsisx + usx

)
ω

;

dψsy

dα
=

p0ki
(
−ω0ψsx − Rsisy + usy

)
ω

;

dψ1x
dα

=
p0ki

(
ω0ψ1y − r1i1x

)
ω

− p0kiψ1y;

dψ1y

dα
=

p0ki
(
−ω0ψ1x − r1i1y

)
ω

+ p0kiψ1x;

...
dψnx

dα
=

p0ki
(
ω0ψny − rninx

)
ω

− p0kiψny;

dψny

dα
=

p0ki
(
−ω0ψnx − rniny

)
ω

+ p0kiψnx;

dω

dα
=

p2
0ki

ω J(α)
(Me −Mc(α))−

p0kiω

2J(α)
dJ(α)

dα
,

(6)

where ψsx, ψsy, ψ1x, ψ1y, . . .,ψnx, ψny, isx, isy, i1x, i1y, . . ., inx, iny are the flux linkages and
currents of the transformed circuits of the stator (subscript s) and n equivalent circuits of
the rotor (subscripts 1 − n); usx, usy are the voltages applied to the stator circuits; ω0 is the
frequency of the IM supply voltage; and rs, r1–rn are the resistances of the stator winding
and equivalent resistances of the rotor winding reduced to the stator winding.

The electromagnetic torque is defined using the formula

Me =
3
2

p0
(
ψsxisy − ψsyisx

)
In order to shorten the presentation of the algorithm for solving the boundary value

problem, the system of DE (6) is presented by one vector equation:

d
→
y
(→

x , α
)

dα
=
→
z
(→

y ,
→
x ,
→
u
)

, (7)
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where
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To explain the essence of the method of solving the boundary value problem, in which
the basic functions are cubic splines, we plot a grid of n + 1 nodes on the period T, which
makes it possible to obtain n sections, and, on each of them, we approximate the coordinates
of the vector

→
y by a cubic spline of the form

→
y (α) =

→
a j +

→
b j
(
αj − α

)
+
→
c j
(
αj − α

)2
+
→
d j
(
αj − α

)3,

where j =
(
1, n
)

is the number of the section, which is defined by the number of the node
on its right border; aj, bj, cj, dj are the coefficients of the spline.

If the step (hj = h) is uniform, the relationship between the vectors
→
a = (a1, an)∗,

→
b =

(
b1, bn

)
∗ and

→
c = (c1, cn)∗, the components of which are the corresponding coeffi-

cients of the spline (the superscript (*) means transposition), taking into consideration the
periodicity conditions an+j = aj, bn+j = bj, and cn+j = cj, is defined by the equations

H1
→
a = H2

→
c ; H3

→
b = H4

→
c ;

where
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The vectors
→
a and

→
b are related by the equation

H4H−1
2 H1

→
a = H3

→
b (8)

Therefore, instead of the system of DE (6) of the mth order, we obtain the system

of mnth-order algebraic Equation (8). As
→
a =

→
y ,
→
b = −

→
f , where

→
y = (y1, yn)∗,

→
f =

(
f1, fn

)
∗ are the vectors the components of which are the corresponding nodal

values, the equation (8) assumes the following form:

H4H−1
2 H1

→
y = −H3

→
f
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Carrying out spline approximation of the coordinates on the grid of n nodes of the
period, we obtain the algebraic analogue of the system of DE (6) in the form of a non-linear
algebraic equation of the mnth order:

H
→
Y
(→

X
)
−
→
F
(

Y,
→
X
)
= 0, (9)

where H is the matrix of transition from the continuous change of the coordinates of the
vector

→
y to their nodal values, the elements of which are determined solely by the grid of

nodes of the period;
→
X =

(
→
x 1,
→
x n

)∗
,
→
F =

(→
f 1,
→
f n

)∗
are the vectors made of the nodal

values of the coordinates of the corresponding vectors.
For the constant slide s, the system of DE (6) is reduced to a system of non-linear

algebraic equations, which in the axes x, y appear as

ω0ψsy − rsisx + usx = 0;

−ω0ψsx − rsisy + usy = 0;

sω0ψ1y − r1i1x = 0;

−sω0ψ1x − r1i1y = 0;
...

sω0ψny − rninx = 0;

−sω0ψnx − rniny = 0,

(10)

where the indexes sx, sy denote the connection of the flux linkages (ψ), currents (i) and
active loads (r) to the corresponding stator circuits, and 1x, . . ., nx, 1y, . . ., ny denote the
same for the rotor circuits; s = (ω0 − ω)/ω0 is the slide.

The complete system of equations of electrical equilibrium of the electrical circuit with
parallel capacitors connected to the motor clamps (Figure 4) consists of the equations (10)
and equations for the currents written based on the first Kirchhoff’s law, which in the axes
x, y will appear as

isx + icx = ix;

isy + icy = iy,
(11)

where ix and iy are the components of the current in the IM power supply line;
icx = −ω0Cusy and icy = ω0Cusx are the components of the phase currents in the star-
connected capacitors; and C is the capacitance of the capacitors in one phase.

The system of algebraic Equation (10) is non-linear. Let us present it in the vector form

→
f
(
→
ψ ,
→
i , s
)
=
→
u ., (12)

where
→
ψ ,
→
i are the column vectors of flux linkages, currents and voltages

→
u =

(
usx, usy, 0, 0, . . . , 0

)∗
(the upper index “*” means transposition).

A reliable way to find a solution of system (12) for a set value of the slide s is the
parametric differentiation method [29]. For this, in system (12), the vector of the perturb-
ing forces will be presented as the product

→
u = ε

→
u 0, where ε is the scalar parameter.

Differentiation of the obtained system by ε results in

W
d
→
i

dε
=
→
u , (13)
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is the Jacobi matrix of system (13), elements of which are determined according to the
mathematical model of IM in the axes x, y.

After a few steps of integrating the system of DE (13) with respect to ε in the range from

ε = 0 to ε = 1, we obtain the value of the vector
→
i for a set supply voltage and capacitance

of the capacitors needed for a complete reactive power compensation in the power supply
line, i.e., for cosϕ = 1.

The initial conditions (value of the vector
→
i ) are zero because, for ε = 0, the vector of

the applied voltages is equal to zero. The algorithm for calculating the static characteristics
consists of two stages. In the first stage, the values of the coordinates for s = 1 are determined.
In the second stage, assuming the voltage vector to be constant, we change the slide from 1
to the nominal value. This enables the iteration process convergence to be ensured, as the
coordinate values obtained at the previous step satisfy the convergence condition of the
iteration process.

Setting a number of values of the IM rotor slide s in the range from 1 to the nominal
value, one can obtain a multidimensional static characteristic in the form of the relation
between the current vector and the slide. This makes it possible to calculate the relation
between the value of the capacitance of the capacitors and the slide on the condition of
complete reactive power compensation, using the formula

C(s) =
iy(s)− isy(s)

ω0Um
(14)

4. Results

An example of the calculated static characteristics for the above-specified motor is
presented in Figure 6.
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The Figure 7 presents an example of calculating the curves of the electromagnetic
torque, load torque and slide vs. time in the transient process of the SRPU electric drive.
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When selecting parameters of the capacitor units, the needed power of the capacitors
is calculated using the equation

Qc = P(tgφ1 − tgφ2),

where the angles ϕ1, ϕ2 are the phase shifts between the voltage and current of the unit
without capacitors and with connected capacitors, respectively, and P is the active power.
Thereat, the operation mode of the capacitor unit must make the operation of the unit with
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The comparison of the time dependencies of the current in the power supply line with
the parallel capacitors whose capacitance is regulated using the developed algorithm and
without them is shown in Figures 8 and 9.
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In the oil fields, it is common to cluster several SRPUs, mostly up to 16, which are
powered by one transformer with a capacity of 25 to 250 kVA, connected to a 35(10) kV
overhead line. Since the simultaneous switching on of all SRPUs can lead to a significant
overload of the line, the proposed method is planned to be used in the future to determine
the maximum permissible number of units that can be switched on at the same time.

5. Conclusions

The developed mathematical models and algorithms built on their basis enable cal-
culation of the law of regulation of the capacity of capacitors needed for reactive power
compensation in the starting and steady-state modes of SRPU operation, taking into con-
sideration the periodically varying load on the IM torque.

The developed algorithms are based on:

• mathematical models of the IM with a high level of adequacy in-phase and orthogonal
coordinates, which take into consideration the saturation of the magnetic path by
the main magnetic flux and the leakage fluxes of the stator and rotor, as well as the
skin-effect in the rotor;

• a mathematical model of a pump jack developed taking into consideration the geo-
metric dimensions, kinematic diagram, and weight of the counterweights.

Regulation of the capacitance of the capacitors connected to the IM clamps is an
effective way to reduce the reactive power consumption and, as a result, to considerably
decrease the current in the power supply line. The developed algorithm of evaluation and
regulation of the capacitance of the capacitors according to the motor load change during
the whole cycle of the pump jack operation can be used as a basis for the automatic control
of SRPU operation.
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