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Abstract: This study presents a mathematical investigation into the phenomena of radiative heat with
an unsteady MHD electrically conducting boundary layer of chemically reactive Casson nanofluid
flow due to a pored stretchable sheet immersed in a porous medium in the presence of heat gener-
ation, thermophoretic force, and Brownian motion. The surface is assumed to be not flat, and has
variable thickness. The magnetic field is time-dependent, and the chemical reaction coefficient is
inversely varied with the distance. The nanofluid’s velocity, heat, and concentration at the surface
are nonlinearly varied. A similarity transformation is introduced, and the controlling equations are
converted into nondimensional forms involving many significant physical factors. The transformed
forms are analyzed numerically using a computational method based on the finite difference scheme
and Newton’s linearization procedure. The impact of the involved physical parameters is performed
in graphical and tabular forms. Some special cases of the current work are compared with published
studies, and an excellent agreement is obtained. The main results of the present work indicate that
the higher values of the Casson parameter cause an increase in both the shear stress and heat flux,
but a decrease in the mass flux. Also, it is noted that the chemical reaction, the nanoparticles’ volume,
and the permeability factor enhance the effect the of Casson parameter on both the shear stress and
heat flux, while the variable thickness and thermal radiation field reduce it; on the other hand, the
variable thickness and nanoparticles’ volume enforce the influence of the Casson parameter on mass
flux, but thermal radiation, the permeability factor, and chemical reaction decrease it. The present
study has important applications in mechanical engineering and natural sciences. In addition, it has
significant applications in devices used for blood transfusion, dialysis and cancer therapy.

Keywords: Casson nanofluid; thermal radiation; surface variable thickness; porous medium; chemi-
cal reaction; thermophoretic force; Brownian motion

1. Introduction

Convective heat through nanofluid flow enhances the surface characteristics of ma-
terials by improving the mechanical strength, thermal conductivity, and electromagnetic
efficiency, and is a noticed phenomenon. Its importance has been reported in various
industrial applications and new biotechnologies. Therefore, many authors are interested
in analyzing the characteristics of heat convection in nanofluid flow problems [1,2]. El-
bashbeshy [3] investigated the features of unsteady convective heat in the nanofluid flow
over a stretchable sheet. Ishak [4] analyzed the influence of a magnetic field on an unsteady
convective heat in the fluid flowing over a stretchable sheet with variable velocity and
temperature. Ibrahim [5] investigated the characteristics of MHD convective heat in an un-
steady fluid flow over a stretchable surface considering the heat generation effect. Makinde
et al. [6] studied the thermal radiative and magnetic field effects on convective heat in vari-
able viscosity fluid flowing over a nonlinear heated surface and taking into consideration
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the thermophoretic force. Sheikholeslami [7] reported the feature of thermal radiation in
an unsteady natural convective through nanofluid flow considering the magnetic field.
Elbashbeshy et al. [8] studied the impact of thermal radiation on convective heat in viscous
fluid flow around a thermal sphere immersed in a porous medium considering Newtonian
heat. Eldabe et al. [9] considered the chemically reactive flow of non-Newtonian nanofluid
with convective heat over a stretchable sheet in the existing magnetic field. Trivedi et al. [10]
studied the magneto-mixed convective heat in nanofluid flow with heat generation. Ma-
habaleshwar et al. [11] investigated the magnetohydrodynamic-induced fluid flow and
mass transfer over a nonlinearly extendable sheet. Khan et al. [12] examined the influence
of Dufour and Soret on an electrically conducting non-Newtonian fluid in the existence
of a variable magnetic field. Maleki et al. [13] analyzed the properties of convective heat
in nanofluid flow over a permeable sheet considering radiative heat and slip boundary
conditions. Prodanjani et al. [14] investigated the impacts of thermal radiative heat on mag-
netoconvective heat transfer in nanofluid flow in a cavity. Chaudhary et al. [15] performed
an investigation on heat generation and radiative heat effects on the MHD nanofluid flow of
a stagnation point for a heated extendable sheet. Reddy et al. [16] investigated the behavior
of heat convective in a reactive flow of nanofluid over an inclined plate immersed in a
porous media. Eldabe et al. [17] examined the impact of the magnetic field on a peristaltic
flow of non-Newtonian nanofluid embedded in an inclined channel that was immersed in
a non-Darcy porous medium. Sedki et al. [18] presented a study on thermal radiative and
heat generation effects on an unsteady mixed convective heat in nanofluid flow due to a
stretchable surface embedded in porous. The thermophoretic forces, Brownian motion, and
surface flow flux are considered. Sedki [19] reported the impacts of thermal radiation on a
magneto-mixed convective heat in a reactive flow of steady nanofluid due to a nonlinearly
stretchable surface in a porous medium considering a chemical reaction.

Non-Newtonian fluid has various applications in industrial engineering and modern
technology. Casson fluid is a characteristic of non-Newtonian fluid and it is sometimes
called viscoelastic fluid. Human blood, honey, tomato sauce, and jelly are examples of the
Casson fluid. Due to its significant applications, several researchers are focused on the
analysis of the Casson fluid behavior. The behavior of Casson fluid flow in an unsteady
boundary layer over a stretching surface was investigated by Mukhopadhyay [20]. The
shooting numerical scheme is used in solving the involved equations. Makanda et al. [21]
performed an investigation on chemical reactive species through unsteady Casson fluid due
to stretching surface in a porous medium in the existence of magnetic field effects. The study
was analyzed by the Runge–Kutta–Felhberg numerical method. Raju et al. [22] reported
the behavior of convective heat in MHD Casson fluid flowing in a porous exponentially
stretchable surface considering thermal radiation and chemical reactive flow. Oyelakin
et al. [23] reported the characteristics of unsteady Casson fluid flow over a stretchable
surface in the existence of radiative heat and heat source/sink. The effect of thermophoresis
and Brownian motion are discussed. Krishnamurthy et al. [24] presented a theoretical
investigation to discuss the thermal radiation effect on the MHD nanofluid flow through a
nonlinearly stretchable sheet. Numerical investigation of thermal radiation on magneto
Casson fluid flow, due to an unsteady stretchable sheet immersed in a porous medium
considering the heat generation impacts, was introduced by Ullah et al. [25]. Prasad
et al. [26] considered the steady Casson nanofluid flow over a stretchable plane with variable
thickness considering the magnetic field effect. Tamoor et al. [27] analyzed the magnetic
field effect on Casson fluid flowing over a linear stretched cylinder. Naqvi et al. [28]
investigated the properties of Casson fluid flow containing nanoparticles over a moving
cylinder with thermal radiation and a magnetic field. Shit and Mandal [29] analyzed the
behavior of unsteady Casson nanofluid flow due to a moving vertical surface considering
thermal radiation and magnetic field. Krishna et al. [30] reported the characteristic of
radiative heat in the MHD Casson hybrid nanofluid due to an accelerated vertical permeable
surface. Bejawada et al. [31] numerically studied the influence of thermal radiation on
a magneto Casson fluid over an inclined surface through a porous medium. Sedki [32]
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considered the thermal radiative heat and chemically reactive flow of MHD cross nanofluid
containing gyrotactic microorganisms due to a permeable horizontal cylinder through
a porous medium. Khan et al. [33] examined a magneto-Williamson hybrid nanofluid
flow through a thin vertical needle. Joule heating and viscous dissipation were discussed.
Further, the impact of thermal radiation and homogeneous reaction were also taken into
consideration.

In this study, according to the above literature review, we are interested in analyzing
the impact of thermal radiation on the chemically reactive flow of an unsteady electrically
conducting MHD Casson nanofluid over a permeable stretchable surface with variable
thickness immersed in a porous medium. Furthermore, the heat generation, thermophoretic
force, and Brownian motion effects are also taken into account. The surface is assumed to
be not flat, and its thickness is time-dependent. The convective boundary conditions of the
nanofluid at the porous surface are nonlinearly varying with time and distance.

2. Analysis and Formulation of the Problem

We consider the unsteady MHD-mixed convective through a two-dimensional chemical
reactive as an incompressible, viscous Casson nanofluid immersed in a porous medium along a
permeable surface. The surface stretches nonlinearly with velocity Uw(x,t), Uw(x, t) = ax/1− Γt.
The coordinates (x, y) are chosen in which the x axis is taken along the sheet. However,
the y axis is normal to it. The fluid is electrically conducting due to the existing variable
magnetic field, which is perpendicular to the sheet, B(t) = B0(1− Γt)−1/2 [Tesla], where
B0 is a constant. In the absence of an electric field, the electromagnetic Lorentz force is

determined as
→
F =

→
J ×

→
B ,
→
J = σn f (

→
V ×

→
B), where

→
J is the electric current, and

→
V denotes

the vector of the velocity. The magnetic Reynolds number is assumed to be low, so the
induced magnetic field is negligible.

The surface is assumed to be not flat and has variable thickness, which is defined
as y = δ

√
(1− Γt), Γt ≤ 1; δ is small and so the surface is sufficiently thin. The selected

geometry has very strong applications in industrial engineering, such as in the extrusion
of a polymer, the process of liquid film condensation, coating emulsion on photographic
films, melt-spinning, and hot rolling. Also, it is used in mechanical marine and aerospace
industries. The physical flow and the system’s coordinates are drawn in Figure 1.
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The rheological state equation for the Casson fluid flow is given as [20,21]

τij =

{
2(µB+Py/

√
2π)eij π>πc

2(µB+Py/
√

2π)eij π<πc
(1)

where π = eijeij.
In the existence of thermal radiation, thermophoretic force, Brownian motion, heat

generation, and variable magnetic field, the governing equations of this model are given
by [20–25].

∂u
∂x

+
∂v
∂y

= 0 (2)

∂u
∂t

+ u
∂u
∂x

+ v
∂u
∂y

= υn f

(
1 +

1
β

)
∂2u
∂y2 −

σn f B2(t)
ρn f

u + g(βn f )T(T − T∞) + g(βn f )C(C− C∞)−
υn f

kp
u (3)

∂T
∂t + u ∂T

∂x + v ∂T
∂y =

kn f
(ρCP)n f

∂2T
∂y2 + τ

[
DB

(
∂T
∂y

∂C
∂y

)
+ DT

T∞

(
∂T
∂y

)2
]
+

µn f
(ρcP)n f

(
1 + 1

β

)(
∂u
∂y

)2
+ Q

(ρCP)n f
(T − T∞)− 1

(ρCP)n f

∂qr
∂y

(4)

∂C
∂t

+ u
∂C
∂x

+ v
∂C
∂y

= DB
∂2C
∂y2 +

DT
T∞

∂2T
∂y2 + R(C− C∞) (5)

where τ =
(ρCP)p
(ρCP) f

, β = µB
√

2πc/Py.

Here, T and C are the nanofluid’s temperature and concentration. u and v represent
the x-component and y-component of the nanofluid’s velocity, the time is assigned by t,
and the gravity field is by g [m s−2]. Also, R, qr, and Q are the chemical reaction coefficient,
the radiative heat flux, and the heat source, respectively. The coefficient of permeability
of a porous medium is denoted by kp, kp = k0(1− Гt), where k0 is the initial permeability.
µ, ρ, k, and σ are the dynamic viscosity, the density, the effective thermal conductivity,
and the electrical conductivity, respectively. The indices f, s, and nf are pointed to the
base liquid, the nanoparticles, and the nanofluid, respectively. The specific heat at a fixed
pressure is assigned by Cp, the coefficient of thermal expansion by βT, the Brownian motion
diffusion by Db, and the thermophoretic diffusion by DT . The nanoparticles are considered
to be spherical and their volume fraction is represented by φ, the parameter of the Casson
fluid by β, and τ is the ratio of the effective heat capacity of the nanoparticle to that of the
fluid. The copper nanoparticles and the base liquid (water) properties are considered as
in Sedki [18]. The characteristics of the nanofluid, base liquid, and solid nanoparticles are
determined by

µn f =
µ f

(1−φ)2.5 , ρn f = (1− φ)ρ f + φρs, αn f =
kn f

(ρCp)n f

(ρβT) n f = (1− φ)(ρβT) f + φ(ρβT)s, (ρCP)n f = (1− φ)(ρCP) f + φ(ρCP)s

kn f =
[
(ks+2k f )+2(ks−k f )φ

(ks+2k f )−(ks−k f )φ

]
k f , σn f =

[
(σs+2σf )+2(σs−σf )φ

(σs+2σf )−(σs−σf )φ

]
σf

(6)

(βc)n f =
1

ρ f∞

∂ρ

∂C
|T∞ ,P∞ '

1
ρ f∞

ρs − ρ f∞

1− C∞
(7)

Here, ρ f∞ , T∞, and P∞ are the nanofluid ambient density, temperature, and pressure,
respectively. The appropriate boundary conditions are

u = Uw, v = Vw, T = Tw , and C = Cw at y = yc = δ
√
(1− Γt)

u = 0, T → T∞ and C → C∞asy → ∞
(8)
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where
Uw =

ax
1− Γt

, Tw = T∞ +
E1xm

(1− Γt)n , and Cw = C∞ +
E2xm

(1− Γt)n (9)

Here, Vw is the velocity of the suction (injection) (Vw > 0 for the suction and Vw < 0 for
the injection), the fluid kinematic viscosity is denoted by νf and the ambient temperature
by T∞·a and Γ are constants with dimension time−1, where a > 0, Γ ≥ 0, and Γt < 1. E1
and E2 are constants with dimension temperature·length−1. The positive values of E1 and
E2 are considered for assisting flows, but negative values are for opposing flows where
natural convection is considered when E1 = 0 and E2 = 0. The fluid is postulated to be grey
and the radiation approximation presented by Rosseland has been applied, and then the
radiative heat flux is determined by

qr = −
4σ∗

3k1

∂T4

∂y
(10)

Here, σ∗ is the Stefan–Boltzman constant and k1 denotes the coefficient of mean
absorption. Taylor series is applied to expand T4 about T∞, and when the higher order
terms are neglected, we obtain T4 = 4T3

∞T − 3T4
∞. By substituting into Equation (7), we

obtain

qr = −
16σ∗T3

∞
3k1

∂T
∂y

(11)

For a similarity solution, we put

η = y

√
a

νn f (1− Γt)
, ψ =

√
aνn f

(1− Γt)
xF(η), Θ(η) =

T − T∞

Tw − T∞
, and Φ(η) =

C− C∞

Cw − C∞
(12)

Here, η represents the variable of similarity, ψ denotes the stream function, Θ is
the nanofluid dimensionless temperature, and Φ denotes the nanofluid dimensionless
concentration. By substitution in the governing Equations (2)–(5), we have(

1 + 1
β

)
F\\\ +

(
ρn f
ρ f

/
µn f
µ f

)[
F.F\\ − F\2 − A

(
F\ + η

2 F\\
)]
−
(

σn f
σf

/
µn f
µ f

)
M F\

+

(
GrT
Re2

x

(
(ρβT)n f
(ρβT) f

/
µn f
µ f

)
Θ +

(
GrC
Re2

x
/

µn f
µ f

)
Φ
)
− K F\ = 0

(13)

1
Pr

( kn f
k f

+ 4
3 Rd

)
Θ\\ +

(ρcp)n f
(ρcp) f

[
F.Θ\ −m F\.Θ− A

(
n.Θ + η

2 Θ\
)]

+ λΘ

+
(ρcp)n f
(ρcp) f

[
Nb.Θ\.Φ\ + Nt.Θ\

2
]
+

µn f
µ f

(
1 + 1

β

)
EcF\\

2
= 0

(14)

DB
υρ

Φ\\ + F.Φ\ −m F\.Φ− A
(

nΦ +
η

2
Φ\
)
+

DT
υρ

Nb
Nt

Θ\\ −
(

xR
Uw

)
Φ = 0 (15)

and boundary conditions become

F(η) = −Vw
√

x
Uwνn f

, F\(η) = 1, Θ(η) = 1, and Nb.Φ\(η) + Nt.Θ\(η)= 0 at η = γ = δ
√

νn f
a

F(η) = 0, F\(η) = 0, Θ(η) = 0, and Φ(η) = 0 as η → ∞
(16)

The ratio Gr/Re2 is important in the heat convective and mass transfer correlation.
Forced convection is taken into consideration when Gr/Re2 >> 1, while natural convection
is considered for Gr/Re2 << 1. The mixed convection is taken into account when Gr/Re2 is
of order one (for more details see, Sedki [18]).

The surface is considered not flat, and its thickness varies nonlinearly with the time t.
We put z = η − γ, then F(z) = F(η − γ) = f (η)
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Consider

η = z + γ, f (η) = F(z), θ(η) = Θ(z), and C(η) = Φ(z) (17)

Now Equations (13)–(15) and the appropriate conditions (16) become(
1 +

1
β

)
f \\\ + A1

(
f . f \\ − f \2 − A

(
f \ +

z + γ

2
f \\
))
−MA2 f \ + (A3α.θ + A4δ.C)− K f \ = 0 (18)

1
Pr

(
1 +

4
3

Rd
)

θ\\+ A5

(
f .θ\ −m f \.θ − A

(
n.θ +

z + γ

2
θ\
)
+ Nb.θ\C\ + Nt.θ\2

)
+ λθ + A4

(
1 +

1
β

)
Ec f \\2 = 0 (19)

1
Sc

C\\ + f .C\ −m f \.C− A
(

nC +
z + γ

2
C\
)
+

1
Sc

Nb
Nt

θ\\ − Rc C = 0 (20)

f (0) = fw, f \ (0) = 1, θ
(

0) = 1, Nb.C\(0) + Nt.θ\(0) = 0 at η = 0

f \(η) = 0, θ(η) = 0, and C(η) = 0 as η → ∞
(21)

where A is the unsteadiness factor, M is the magnetic factor and Pr denotes the Prandtl
number. Ec assigns Eckert number, and f w is the surface flow flux parameter (it represents
a suction when f w > 0 and injection when f w < 0), The thermal diffusion is assigned
by α, the mass diffusion by δ, K denotes porosity parameter, Nt is the thermophoretic
parameter, and Nb is the Brownian motion parameter, Pr is the Prandtl number, Sc denotes
the Schmidt number, λ assigns the heat generation factor (it represents heat source when
λ > 0 and heat sink when λ < 0), and Rc assigns the parameter of the chemical reaction.
These are given by

A =
Γ
a

, α =

(
GrT

Re2
x

)
, δ =

(
GrC
Re2

x

)
, M =

σf β2
0

aρ f
, K =

k0

a
, λ =

Q0x
Uw(ρcp) f

, Rd =

(
4σ∗T3

∞
3αk f

)

Pr =
α f

ν f
, Rex =

xUw

υ f
, GrT =

g(βT) f (Tw − T∞)x3

ν2
f

,GrC =
g(ρs − ρ f )(Cw − C∞)x3

ρ f (1− C∞) ν2
f

, Sc =
ν f

DB

Rc =
Rx
Uw

, f w = −Vw

√√√√( x
ν f Uw

)
, Nt =

τDT(Tw − T∞)

ν f T∞
, Nb =

τDB(Cw − C∞)

ν f
, Ec =

U2
w

(Tw − T∞)cp

A1 = (1− φ)2.5
(
(1− φ) + φ

ρs
ρ f

)
, A2 = (1− φ)2.5

[
(σs+2σf )+2(σs−σf )φ

(σs+2σf )−(σs−σf )φ

]
A3 = (1− φ)2.5

(
(1− φ) + φ

(ρβT)s
(ρβT) f

)
, A4 = (1− φ)2.5, A5 =

[
(1− φ) + φ

(ρCP)s
(ρCP) f

] (22)

The important quantities of interest for this problem are the skin friction Cf [N·m−2] and
Nusselt number Nu, and the Sherwood number Shx. They indicate, physically, the surface
shear stress τw, surface heat flux qw, and mass flux qc, respectively, and are given by

C f =
τw

ρ f U2
w

, Nu =
xqw

k f (Tw − T∞)
, Sh =

xqc

DB(Cw − C∞)
(23)

where τw, qw, and qc are given by
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τw = µn f

(
1 +

1
β

)
(

∂u
∂y

)
y=yc

= µn f

(
1 +

1
β

)
ax

(1− γt)

√
a

υ f (1− γt)
F\\(η)|η=γ = µn f Uw

(
1 +

1
β

)√
Uw

υ f x
f \\(0) (24)

qw = −kn f

(
∂T
∂y

+ qr

)
y=yc

= −(Tw − T∞)

√
a

υ f (1− γt)

(
kn f

k f
+

4
3

Rd

)
Θ\(η)|η=γ = −(Tw − T∞)

√
Uw

xυ f

(
kn f

k f
+

4
3

Rd

)
Θ\(η) (25)

qm = −DB

(
∂C
∂y

)
y=yc

= −DB(Cw − C∞)

√
a

υ f (1− γt)
Φ\(η)|η=γ = −DB(Cw − C∞)

√
Uw

xυ f
C\(0) (26)

Now we get

C f
√

Rex =
µn f

µ f

(
1 +

1
β

)
f \\(0), Nu/

√
Rex = −

(
kn f

k f
+

4
3

Rd

)
θ\(0), Sh/

√
Rex = −C\(0) (27)

3. Numerical Results

The basic equations controlling the study (2)–(7) are converted into similarity forms
(18)–(21) that involve many significant physical parameters. The study is computationally
analyzed by developing a Matlab algorithm composed of the finite difference scheme
with Newton’s linearization procedure. For validation of the computational results, a
comparison is presented in Table 1 for special cases of current work with the published
results introduced by Elbashbeshy [3], Ishak [4], and Ibrahim [5], and good agreement is
obtained. The fixed values of the physical parameters in the current analysis are considered
as Pr = 10, β = 0.5, φ = 0.05, At = 0.1, Nt = 0.5, fw = 1, Sc = 10.0, Rd = 0.5, λ = 0.2, α = 0.5,
Rc = 0.2, K = 0.2, Ec = 0.5, Nb = 0.5, γ = 0.1, m = 1, n = 1.

Table 1. A comparison of the present results of –θ\(0) for Pr values with M = 0, n = 1, m = 1, φ = 0,
and λ = 0.0 with that reported by Elbasbeshy [3], Ishak [4], and Ibrahim [5].

Pr

Elbashbeshy
[3]

Ishak
[4]

Ibrahim
[5]

Present
Study

−θ\(0) −θ\(0) −θ\(0) −f\\(0) −θ\(0)

0.72 0.808 0.8086 0.8095 1.0000 0.80864
1.0 1.0 1.0 1.0001 1.0000 1.0000
10 3.7207 3.7202 3.7208 1.0000 3.7207

The numerical results showing the impacts of the physical factors involved in the
nondimensional equations for the nanofluid’s velocity, temperature, and mass concentra-
tion profiles are performed in graphical forms (2)–(12), while the impacts of the involved
parameters on shear stress, heat flux, and mass flux are presented in tabular forms (2)–(5).
The impact of the Casson parameter is performed in Figure 2a–c. It is shown that the
increase in the Casson parameter causes acceleration in the concentration, but the inverse
results in velocity and temperature occurring near the wall. Physically it is due to the
increasing values of the Casson parameter enhancing the viscous forces, which delays
the flow and therefore reduces the nanofluid velocity. The effect of surface thickness γ is
performed in Figure 3a–c. It is noted that the increase in variable thickness factor causes an
increase in both the nondimensional velocity f\ and temperature profiles, but the inverse
effect happens on temperature near the wall. Also, the increase in the variable thickness
parameter causes a decrease in the concentration C. The impacts of thermal radiation are
shown graphically in Figure 4a–c. It is noted that the higher values in thermal radiation
cause an increase in both the nondimensional velocity f\ and temperature. Also, it is
noted from Figure 4c that the accelerated values of thermal radiation cause an increase
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in the concentration, but the opposite effect occurs far from the wall. The impact of the
permeability parameter fw is presented graphically in Figure 5a–c. It is noted that the
increase in the permeability of the surface fw causes a decrease in both the nondimensional
velocity and temperature. Also, the rising fw results in a decrease in the concentration, but
the effect is changed far from the wall.
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Figure 2. (a) The velocity f’ for β values. (b) The temperature θ for β values. (c) The mass concentra-
tion C for β values.

The influence of the Schmidt parameter is given graphically in Figure 6a–c. It is found
that the increase in the Schmidt parameter causes a deceleration in both the nondimensional
velocity f\ and mass transfer. Also, the rising Sc values cause a decrease in the temperature,
but the opposite effect happens rapidly far from the wall. The impact of the porous medium
parameter is introduced in Figure 7a–c. It is shown that the increase in porous medium
factor K results in raising the temperature and concentration of the nanofluid; on another
hand, opposite effects are given with the nondimensional velocity f\ and the concentration
far from the wall. The effect of the Eckert number is presented in Figure 8a–c. It is noticed
that the increment in Eckert number increases both the nondimensional velocity f\ and the
temperature. Also, the rising Ec causes a deceleration in the concentration, but the inverse
effect is placed quickly far from the wall.
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Figure 3. (a) The velocity f’ for γ values. (b) The temperature θ for γ values. (c) The mass transfer C
for γ values.

The impact of the m and n power parameters is presented in Figures 9 and 10. It
is shown that the increase in the power m or the power n causes a deceleration in the
nondimensional velocity f\, the temperature profiles, and the concentration distributions.
The effect of heat generation is presented in Figure 11a–c. It is found that the increase in heat
generation λ causes increases in both the nondimensional velocity f\ and the temperature.
The growth of the heat generation results in a decrease in the concentration, but the opposite
effect is placed far from the wall. The impact of the chemical reaction is shown in Figure 12.
It is noted that the increase in the chemical reaction factor leads to deceleration in the
mass concentration.
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Figure 4. (a) The velocity f’ for Rd values. (b) The temperature θ for Rd values. (c) The mass transfer
C for Rd values.

Table 2 illustrates the impacts of the surface’s thickness, Casson parameter, Schmidt
number, Magnetic field on shear stress, and the heat flux and mass flux with the values
of the involved parameters Pr = 10, β = 0.5, At = 0.1, Nt = 0.5, fw = 1, Sc = 10.0, Rd = 0.5,
λ = 0.2, α = 0.5, Rc = 0.2, K = 0.2, Ec = 0.5, Nb = 0.5, γ = 0.1, m = 1, n = 1. It is shown that the
growth in the surface’s thickness parameter causes an increase in the Nusselt number, but
a decrease in both the shear stress and mass flux is placed. Also, it is noted that the rising
values in the Casson parameter cause an increase in values for the skin friction and Nusselt
number, but the opposite effect on the Sherwood Number occurred.

Also, it is noted in Table 2 that the rising Schmidt factor causes an increase in shear
stress, heat flux, and mass flux. This is due to the nanofluid with increasing values of
Schmidt number has a relatively low diffusion coefficient, which reduces mass diffusion
and, as a result, increases the mass transfer rate at the surface. It is found that the increment
in the magnetic field parameter causes a decrease in both shear stress and mass flux,
but an increase in the heat flux happened. This behavior is acceptable with the physical
observation that the application of transverse magnetic field results in Lorentz force, which
tends to resist the fluid flow and thus reduces the fluid motion significantly.
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Figure 5. (a) The velocity for fw values. (b) The temperature θ for fw values. (c) The mass transfer C
for fw values.

Table 2. The effect of surface variable thickness, Casson parameter, Schmidt number, Magnetic field.

Pr = 10, β = 5, At = 0.1, Nb = 0.5, φ = 0.05, fw = 1, M = 1.0, Rd = 0.5, λ = 0.2, δ = 0.2, γ = 0.5, α = 0.5, Rc = 0.2,
K = 0.2, Ec = 0.5, Nt = 0.5, m = 1, Sc = 10.0, n = 1.

γ β Sc M −f\\(0) −θ\(0) −C\(0)
0 5 10 1.0 1.896675 2.256345 4.787477

0.5 1.878542 2.228124 4.715303
1 1.860481 2.200052 4.643463

1.5 1.842493 2.172133 4.571964
2 1.824579 2.144371 4.500815

0.5 0.5 10 1.0 1.824765 0.02412134 6.678931
1 1.85813 1.453518 5.398466
2 1.871352 1.961246 4.950035
5 1.878542 2.228124 4.715303

0.5 0.5 5 1.0 1.878542 2.228124 4.715303
10 1.920071 2.655981 9.524478
15 1.935082 2.916045 14.31092
20 1.942566 3.09288 19.10896

0.1 0.5 10 0.2 1.403348 1.917512 0.3306047
1 1.704235 1.632986 0.5422387
2 2.019402 1.273092 0.8306606
3 2.290982 0.9057231 1.140812
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Figure 6. (a) The velocity via Sc. (b) The temperature θ for Sc values. (c) The mass transfer C for Sc values.

The impact of thermal radiative heat, chemically reactive flow, and nanoparticles
volume on skin friction, heat flux, and mass flux are presented in Table 3. It is noted that
the increment in the parameter of thermal radiation results in an increase in the Sherwood
number, but a decrease in values of the skin friction and Nusselt number happened. Also,
it is found from Table 4 that the increment in the nanoparticles volume causes growth in
the skin friction and Sherwood number, but the inverse effect occurs in the Nusselt number,
and it is noted that the acceleration in the chemical reaction results in an increase in the
skin friction, heat flux, and mass flux. The influence of the parameters permeability fw is
shown in Table 4, it is found that the increment in permeability factor causes an increase in
shear stress, heat flux, and mass flux. Also, it is found that the increment in porosity factor
K causes an increase in both the shear stress and mass flux, but a decrease in the heat flux
is reported. It is noted that the increase in Eckert Ec leads to a fall in values of the shear
stress and heat flux, but the increment in mass flux occurred. Also, it is noted from Table 4
that the rise in the power m or the power n causes increasing in shear stress, heat flux, and
mass flux.
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Figure 7. (a) The velocity via K. (b) The temperature θ for K values. (c) The mass transfer C for K values.

Table 3. The effect of thermal radiation Rd, nanoparticles volume, chemical reaction parameters.

Pr = 6.2, β = 2, A = 0.8, fw = 2, Sc = 10.0, λ = 0.5, α = 0.5, δ = 0.2, Rc = 0.3,
K = 0.2, Ec = 0.5, Nt = 0.2, Nb = 0.1, γ = 0.5, m = 1, n = 2, M = 3

Rd φ Rc −f\\(0) −θ\(0) −C\(0)
0 0.05 0.3 2.97296 4.770681 12.2837

0.2 2.969926 4.239647 13.26994
0.8 2.961826 3.223742 15.12073
1.6 2.952785 2.49741 16.40074
0.8 0 2.699535 3.260639 15.0950

0.05 2.864129 3.338922 14.9355
0.1 2.964379 3.494682 14.63177
0.15 3.004126 3.698014 14.24473
0.2 2.989678 3.922428 13.82292

0.8 0.05 0 2.86105 3.082186 15.0847
1 2.864047 3.100647 18.95979
2 2.86548 3.110097 21.52028
3 2.866947 3.120559 25.26479
4 2.86861 3.134327 32.89318
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Figure 8. (a) The velocity via Ec. (b) The temperature for Ec values. (c) The mass transfer C for Ec values.

Table 4. The impacts of fw, K, Ec, the powers m, and n parameters.

Pr = 7, β = 0.5, A = 0.1, Nt = 0.5, Nb = 0.5, Sc = 10.0, Rd = 0.5,
λ = 0.2, α = 0.2, Rc = 0.2, φ = 0.05, γ = 0.5, M = 1, fw = 0.2, K = 0.3, Ec = 0.5

fw K Ec m n −f\\(0) −θ\(0) −C\(0)
−0.7 0.3 0.5 1 2 1.166979 0.6896947 2.128103
−0.5 1.244454 0.725028 2.530241

0 1.466949 0.8371657 4.175094
0.5 1.729128 0.9243421 7.03585
0.7 1.844753 0.9296373 8.493711
0.2 −0.7 1.221034 1.467047 4.862795

−0.3 1.369453 1.234478 4.976422
0 1.471461 1.05878 5.069695

0.3 1.567185 0.8816247 5.169064
0.7 1.686805 0.6427757 5.310168
0.3 0 1.586038 2.333166 4.397425

0.5 1.567185 1.357548 5.169064
0.7 1.558611 0.8816247 5.612531
1 1.544367 0.1232255 6.556958

0.5 1 1.567185 0.8816247 5.169064
2 1.576039 1.405037 5.738256
3 1.582981 1.834487 6.289898
2 1 1.566207 1.088665 5.366438

2 1.576039 1.405037 5.738256
3 1.582743 1.671965 6.084604
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Figure 9. (a) The velocity via m. (b) The temperature for m values. (c) The mass transfer C for
m values.
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Figure 10. (a) The temperature θ for m and n values. (b) The mass transfer C for m and n values.
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Figure 11. (a) The velocity via λ values. (b) The temperature for λ values. (c) The mass transfer C for
λ values.
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Figure 12. The mass transfer C for Rc values.
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4. Conclusions

In the current study, the impacts of thermal radiative heat and chemically reactive flow
of unsteady MHD electrically conducting Casson nanofluid over the porous stretchable
surface with variable thickness immersed in a porous medium is investigated in considering
heat generation, thermophoretic forces, and Brownian motion. The controlling equations
are converted into nondimensional forms containing many significant physical parameters.
The influence of the involved parameters is discussed and it can be summarized as follows:

The shear stress is directly proportional to the Casson parameter β, permeability factor
fw, Schmidt number Sc, nanoparticles volume, chemical reaction Rc, the powers m, and n
but the opposite effect occurs with, the surface’s thickness variable γ, thermal radiative
heat, the magnetic field, and Eckert number.

The heat flux is directly proportional to the Casson parameter β, the magnetic field
M, permeability factor fw, Schmidt number Sc, nanoparticles volume, chemical reaction,
the powers m, and n, but the opposite results occur with the surface’s thickness variable γ,
thermal radiation Rd, porosity factor K, and Eckert number Ec.

The concentration rate increases with the accelerated values of thermal radiation Rd,
permeability factor fw, porosity factor K, Schmidt number Sc, chemical reaction, the distance
power m, and the time power n, but the inverse effect occurs with Casson parameterβ, surface’s
thickness variable γ, Eckert number Ec, the magnetic field M, and nanoparticles volume.

The nanofluid velocity accelerates with the growth of the thermal radiation Rd, sur-
face’s thickness variable γ, Eckert number Ec, and the heat generation factor λ, but the
opposite results happen with the permeability parameter fw, Schmidt number, porosity
factor K, distance power m, and time power n factors.

The nanofluid temperature is directly proportional to the thermal radiation Rd, poros-
ity factor K, Eckert number Ec, and heat generation factor λ, but inversely with Casson
parameter β, permeability parameter fw, the distance power m, and the time power n.

The fluid concentration is directly proportional to the surface’s thickness variable γ, and
the Casson parameter, but inversely with the permeability fw, Schmidt number, the porosity
K, the Eckert number Ec, chemical reaction, the distance power m, and time power n.
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Nomenclature

Cf local skin-friction coefficient (N·m−2)
Cp specific heat at constant pressure (J/kg·K)
Gr Grashof number (-)
g acceleration due to gravity (m s−2)
B strength of the magnetic field (Tesla)
kf thermal conductivity of the fluid (W/m K)
ks thermal conductivity of the solid (W/m K)
Ec Eckert number (-)
K porosity parameter (-)
Nt thermophoretic parameter
Nb Brownian motion parameter
Sc Schmidt number (-)
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fw surface flow flux parameter (-)
Rc Chemical reaction parameter
M magnetic parameter (-)
NT temperature ratio parameter (-)
Nu local Nusselt number (-)
Pr Prandtl number (-)
qr radiative heat flux (W/m2)
Rd radiative parameter (-)
Re Reynolds number (-)
Shx Sherwood number (-)
Q heat generation coefficient (J/m2·K·s)
Tf temperature of the fluid (K)
qw surface heat flux (w/m2)
qc mass flux (kg/m2·s)
T∞ temperature of the ambient fluid (K)
Tw temperature at the surface (K)
(u, v) fluid velocities in the x, y-directions (ms−1)
(x, y) axis direction (m)
Greek symbols
ψ stream function (kg/m·s)
Θ nanofluid dimensionless temperature (-)
Φ nanofluid dimensionless concentration (-)
τw shearing stress (N/m2)
ρ density of the fluid (kg m−3)
µ dynamic viscosity of the fluid (N s/m2)
υ kinematic viscosity (N s/m2)
γ thermal variation parameter (W/m3·K)
α conjugate conduction heat parameter
θ dimensionless temperature (-)
λ heat generation factor (-)
φ volume fraction (-)
β coefficient of thermal expansion (1/K)
η space variable (-)
Subscripts
w wall conditions
∞ ambient temperature
Superscript
\ differentiation with respect to y
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