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Abstract: In this study, the phenomenon of node percolation was tested using the Monte Carlo
computer simulation method for square matrices with dimensions L = 55, 101 and 151. The number of
samples for each matrix was 5 × 106. The spatial distributions of the coordinates of the nodes creating
the percolation channel were determined, and maps of the density distribution of these nodes were
created. It has been established that in matrices with finite dimensions, an edge phenomenon occurs,
consisting of a decrease in the concentration of nodes creating a percolation channel as one approaches
the edge of the matrix. As the matrix dimensions increase, the intensity of this phenomenon decreases.
This expands the area in which values close to the maximum occur. The length distributions of the
left and right clusters of non-conducting nodes were determined for the situation when the next
randomly selected node connects them and thus reaches the percolation threshold. It was found that
clusters whose dimensions are close to half of the matrix dimensions are most likely to occur. The
research shows that both the values of the standard deviation of the percolation threshold and the
intensity of the edge phenomenon are clearly related to the dimensions of the matrices and decrease
as they increase.

Keywords: metrological approach; uncertainty of measurement; percolation phenomenon;
percolation threshold; Monte Carlo method; computer simulation

1. Introduction

The study of the phenomenon known as percolation, derived from the Latin ‘percola-
tio’, is primarily aimed at studying the permeation of liquids and gases through porous
substrates [1]. Percolation issues have ubiquitous applications in a variety of scientific
and technological research fields, including chemistry [2], medicine [3], biology [4] and
materials engineering [5]. In addition, the conceptual framework of percolation extends its
utility to the determination of the propagation of electric current in entities characterized
by disordered semiconductors [6].

The study of the percolation phenomenon is directed in two basic directions. One of
these involves empirical research, during which the simplest way to observe a phenomenon
is via the conduit of electric current [7]. Conversely, endeavors directed at the examination
of gas or liquid flow have proved considerably more intricate to execute.

To observe the classical phenomenon of percolation in the context of electric current
flow, certain preconditions must be met. The medium in which percolation occurs should
consist of at least two phases. The first is referred to as the matrix, while the elements
forming the second phase, referred to as the dispersed phase, are distributed throughout
the matrix. The properties of these phases should differ significantly. Typically, the matrix
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is an insulating material, and the dispersed phase is conductive elements with macroscopic
dimensions. As the concentration of the dispersed phase in the composite increases, its
components form electrical connections via points of contact, gradually forming a complex
network of structures known as clusters. When a certain critical concentration, known as
the percolation threshold, is reached, a so-called infinite cluster connecting the electrodes,
known as a percolation channel, is formed. There is a rapid change in the macroscopic
electrical properties of the medium. In the case of metal–dielectric composites or nanocom-
posites, there is a sharp drop in resistivity and a change in the type of conductivity from
dielectric to metallic [8]. Dielectric conductivity is characterized by the fact that the resistiv-
ity of the medium decreases with increasing temperature. However, in the case of metallic
conductivity, resistivity increases with increasing temperature [9]. This is a type 2 phase
transition.

As is known, the conventional limit between composites and nanocomposites is
approximately 100 nm [10]. When at least one of the dimensions of the dispersed phase
elements is below this limit, we are dealing with nanocomposites. Based on experimental
studies, it was determined that the value of the percolation threshold in metal–dielectric
nanocomposites depends on the material of the dispersed phase placed in matrices of
various compositions. The percolation threshold can vary over a very wide range, starting
from a few percent [11–14] to values close to 50% [15,16].

The phenomenon of percolation has been used in the description of various issues,
such as the spread of epidemics [17–19], the reliability of computer networks [20] and the
spread of fires [21,22], as well as in molecular biology [23], materials engineering [24,25] or
the flow of electric current through conductive and non-conductive mixtures [26,27]. In
recent decades, the percolation phenomenon has been successfully used to describe current
conduction in metal–dielectric nanocomposites [28–30]. This is hopping conductivity based
on the quantum mechanical phenomenon of electron tunneling [31–34]. Without taking
this phenomenon into account, it is impossible to understand and explain the dependence
of the current intensity in nanocomposites on the metallic phase content, current frequency
and temperature.

The second line of research is theoretical research and modeling [35–37]. For a longer
period, studies involving the simulation of percolation in two-dimensional networks with
translational symmetry were mainly used to illustrate this phenomenon. Subsequent work
in this direction amounted to more and more precise determination of the percolation
threshold value [38–41]. Yes, it is interesting from the point of view of numerical cal-
culations. However, such high accuracy is not needed, for example, in the analysis of
experimental results.

In recent decades, a new field of materials has emerged, so-called 2D materials. These
are two-dimensional materials with a thickness of one to several atoms. Such materials
include graphene, MXenes and a number of others [42–55].

The structure of two-dimensional composites may contain atoms of impurities, as
well as vacancies and internodes. This is evidenced, for example, by the observation of
step conductivity caused by electron tunnelling in MXene-PCL nanocomposites [56]. As is
known, tunnelling occurs when there are closely located potential wells with nanometer
dimensions in the material [57]. This means that potential wells exist in MXene-PCL
nanocomposites, created by inclusions with dimensions of one or several atoms. Positron
annihilation studies [58] have shown that inclusions can be, for example, divacancy + an
oxygen atom in the internode or vacancy + two oxygen atoms located in the internode.

The analysis of the distribution of such inclusions in 2D materials exactly coincides
with the analysis of the percolation phenomenon in two-dimensional matrices with transla-
tional symmetry. Therefore, research on percolation in 2D lattice systems with translational
symmetry, which was initially only model or illustrative, together with the development of
technology for producing 2D materials, may discover both scientific, applied and practi-
cal features.
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In this work, the percolation of nodes in square matrices was selected for analysis.
This choice is because such matrices have high symmetry and are the least complicated
systems compared to triangular, honeycomb and other even more complex matrices. The
choice of the simplest and most symmetrical shape is since the properties of the percolation
process in the case of complex networks may be masked by the geometric and analytical
intricacies of complicated network models

Therefore, the aim of the work was:

• determining the value of the percolation threshold and the coordinates of the node
interrupting the last percolation channel for each trial;

• development of maps and spatial distributions of nodes creating the percolation
channel and the standard deviation of the percolation threshold;

• analysis of the probability of occurrence of clusters depending on their dimensions.

2. Research Method

The programming language Python was used to create the algorithm and simulation
program for this study, with a detailed explanation provided in [59]. This work verified the
correct operation of the program. Set theory served as the foundation for the calculations,
as computers execute assignment processes significantly more quickly than computational
processes. The dimension of the square network L was the sole variable. The ‘Mersenne
Twister’ algorithm [60] used, a pseudo-random number generator, is often used in Monte
Carlo simulations, as mentioned in [61,62]. A sequential selection of non-conducting nodes
was carried out by the program. The initial node, randomly selected, constituted a set of
a single element. Each subsequently chosen non-conducting node was then assessed to
determine if it was part of any existing sets, that is, whether the selected node was within a
one-unit distance vertically, horizontally or diagonally from any node in the preexisting
set. Adding it to this set resulted in the formation of a cluster. In other cases, the node
constituted a single-element set. An exception occurred when the selected node belonged
to multiple clusters, when it was added to the merged clusters. Following the addition of a
non-conducting node to an existing cluster, this cluster underwent a test to verify whether
it contained points with coordinates x = 1 and x = L. This condition ascertained whether the
cluster established a continuous connection between the right and left edges of the matrix.
Meeting these criteria results in the formation of what is known as the ‘infinite cluster’
of non-conducting nodes and the attainment of the percolation threshold. During this
step, the algorithm documented the coordinates of the initial randomly chosen node, the
coordinates of the non-conducting node that disrupted the most recent percolation channel
and the computed percolation threshold concentration and subsequently completed its
operation. The algorithm was executed repeatedly until the specified number of samples,
which was 5 million, was achieved. Simulations were conducted for matrices of sizes
L = 55, 101 and 151.

3. Edge Phenomenon of Spatial Distribution of Nodes Forming a Percolation Channel

It was established that the percolation threshold values for matrices with dimensions
L = 51, 101, 151 and sample numbers 5 × 104 and above do not depend on the matrix
dimensions. In contrast, the values of the standard deviations decrease markedly with
increasing matrix dimensions. In order to determine the sources of this phenomenon, maps
of the spatial distribution of the nodes forming the percolation channel were made for
matrices of dimensions 55, 101 and 151 for a sample number of 5 × 106. For this purpose,
the coordinates of the non-conducting node that interrupts the last percolation channel
were determined via Monte Carlo simulations in each sample. Figure 1 shows, as an
example, a heat map [63] of the two-dimensional distribution of the nodes that form the
percolation channel for a matrix of dimension 101.
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Figure 1. Two-dimensional heat map of the number of non-conductive nodes forming the percolation
channel for matrix node coordinates of dimension L = 101 for 5 × 106 samples.

Figure 1 shows that there is an edge phenomenon in the matrices, which is that the
nodes that form the percolation threshold are concentrated in the central part of the matrix.
As each edge is approached, the number of these nodes decreases. In the central part, the
number of nodes forming the percolation threshold is about an order of magnitude higher
than the one near the edge.

In order to determine the sources of the decrease in the standard deviations of the
percolation thresholds as the dimensions of the matrices increased, maps of the spatial
distributions of the concentrations of the non-conducting nodes forming the percolation
channel were made. Maps were made for matrices of dimensions 55, 101 and 151. To create
the maps in a spreadsheet, after 5 × 106 samples had been performed, the coordinates of
all matrix nodes were recorded along with the assigned numbers of non-conducting nodes
forming the percolation channel. An ascending sorting of the results was then performed
according to the number of nodes forming the percolation channel located in the matrix
nodes. After this, ranges of numbers of non-percolating nodes were selected to divide the
matrix into 10 zones. Table 1 shows the ranges of change in the number of nodes forming
the percolation threshold in each zone and the colours of the nodes in the spatial maps,
corresponding to each zone.

Figure 2 shows, as an example, the two-dimensional distribution of non-conductive
nodes forming the percolation channel per node for a matrix with L = 55 divided into
10 zones.

Figure 2 perfectly illustrates the edge phenomenon, whereby the concentration of
nodes forming the percolation channel decreases as the edge of the matrix is approached.
Analysis of the spatial maps (Figure 2) has shown that, firstly, the distribution of nodes
forming the percolation channel in the zones, closest to the centre of the matrix, is close
to circular. Secondly, for nodes in further zones, there is a fourth-order axis of symmetry
passing through the centre of the matrix perpendicular to it. This is characteristic of square
matrices with L × L dimensions. Thirdly, the closer to the edge, the closer the zone shape is
to square. Fourthly (Table 1), the highest density of nodes forming the percolation channel
is near the centre of the matrix. The further away from the centre, the lower the content of
these nodes. It is also evident from Figure 2 that a small proportion of the nodes, belonging
to one zone, are located between the nodes of neighbouring zones. The shuffling of some
of the nodes near the zone boundary is related to the fact that the boundary between zones
is unitary and the distribution of percolation threshold values is a random distribution. For
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example, for a matrix with L = 55, the upper boundary of zone 2 is 999, while the lower
boundary of zone 3 is 1000.

Table 1. Ranges of the number of non-conductive nodes forming the percolation channel per node of
matrices with dimensions L = 55, 101, 151 in each zone, number of samples 5 × 106.

Zone Number
Range of Contents of the Nodes

Forming the Percolation Channel Zone Colour *

L = 55 L = 101 L = 151
1 599–0 169–0 69–0
2 999–600 269–170 112–70
3 1429–1000 349–270 152–113
4 1729–1430 429–350 188–153
5 1927–1730 499–430 222–189
6 2104–1928 579–500 257–223
7 2369–2105 649–580 289–258
8 2519–2370 729–650 322–290
9 2683–2520 799–730 354–323
10 3019–2684 938–800 442–355

* the colours in the table correspond to the colours in the Figure 2 and Figure 4.
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per node of a matrix with L = 55, number of samples 5 × 106.

In order to describe the edge phenomenon numerically, Figure 3 shows the spatial
distributions of the coordinates of the nodes forming the percolation channel. The distribu-
tions were determined along lines passing through the centres of the matrices perpendicular
to the edges. The continuous lines in Figure 3 show the polynomial approximations of
order six of the simulation results. The values of the coefficients of determination R2 for the
approximation waveforms are close to unity and are 0.9986, 0.9910 and 0.9863 for matrices
of dimensions L = 55, 101 and 151, respectively. The closeness to unity of the R2 coefficients
indicates a good-quality approximation. Figure 3 shows that the highest concentration of
nodes forming the percolation channel occurs near the centre of the matrix. As one moves
away from the centre, the concentration of these nodes decreases. It is also evident from the
figure that as the matrix dimensions increase, there is a slowdown in the rate of decrease in
the concentration of nodes, forming the percolation threshold, towards the edges.
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order six.

The intensity of this phenomenon decreases with increasing matrix dimensions. The
edge phenomenon observed in this work for percolation in finite-dimensional matrices is
very similar, from a qualitative point of view, to the laminar flow of a liquid through a pipe.
There too, the highest flow velocity occurs at the centre of the pipe and the lowest at the
inner surface [64].

4. Spatial Distributions of Standard Deviation

The figures shown in Table 1 are not useful for comparing standard deviation values.
This is because each zone has a different number of nodes forming the percolation channel.
Therefore, it proved impossible to compare the standard deviation values of the percolation
threshold for different zones.

In order to compare the values of the standard deviations in the different zones, the
matrix was divided into 10 zones, each containing an equal number of nodes forming the
percolation channel of 5 × 105. To obtain this division, the coordinates of all the nodes of the
matrix were recorded in a spreadsheet, together with the numbers of non-conductive nodes
forming the percolation channel assigned to them. An ascending sorting of the results was
then performed according to the number of non-conductive nodes forming the percolation
channel located in the matrix nodes. A summation of the number of non-conductive nodes
with the ascending result was then performed. In the zone numbered 1 ≤ i ≤ 10, there are
coordinates of nodes for which the sum of the number of nodes forming the percolation
channel Σ(i) is in the range

[(i − 1) · 5 · 105 + 1] ≤ ∑ (i) ≤ i·5 · 105 (1)

In this way, 10 zones were created, each containing 5 × 105 nodes, forming a perco-
lation channel. Using a spreadsheet, three-dimensional spatial distributions of the nodes
forming the percolation channel were plotted. Figure 4 shows, as an example, the three-
dimensional spatial distribution of the nodes, forming the percolation channel for a matrix
of size L = 55 for a sample number of 5 × 106. In the XY plane, the coordinates of the nodes
of the square network are given. On the other hand, the values of the numbers of nodes
forming the percolation channel per nodes of the square network were deposited along the
vertical Z axis.
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Figures 2–4 show that the highest concentration of nodes forming the percolation
channel is found in the central part of the matrix. As one approaches the edge of the matrix,
the concentration of nodes forming the percolation channe repeatedly decreases.

Based on the division into ten zones containing 5 × 105 nodes forming the percolation
channel each, the mean values of the percolation thresholds and standard deviations were
calculated, as shown in Table 2.

Table 2. Mean values of percolation thresholds and standard deviations for matrices with L = 55, 101
or 151 in each zone and zone colours. Number of samples in each zone: 5 × 105.

Zone Number,
i, a.u.

L = 55 L = 101 L = 151

Average
Value

Standard
Deviation

Average
Value

Standard
Deviation

Average
Value

Standard
Deviation

1 0.59251 0.02485 0.59267 0.01616 0.59270 0.01208

2 0.59272 0.02467 0.59271 0.01600 0.59270 0.01195

3 0.59271 0.02456 0.59273 0.01600 0.59269 0.01194

4 0.59269 0.02457 0.59265 0.01597 0.59269 0.01192

5 0.59270 0.02450 0.59271 0.01590 0.59272 0.01192

6 0.59275 0.02450 0.59273 0.01590 0.59272 0.01190

7 0.59275 0.02448 0.59269 0.01590 0.59274 0.01188

8 0.59274 0.02440 0.59273 0.01587 0.59274 0.01185

9 0.59274 0.02438 0.59274 0.01587 0.59275 0.01186

10 0.59273 0.02435 0.59273 0.01583 0.59269 0.01186

Whole matrix 0.593 0.025 0.593 0.016 0.593 0.012

Figure 5 shows a histogram of the average values of the percolation threshold for the
individual zones for matrices of 55, 101 and 151. The horizontal lines show the average
values for the matrices. It can be seen from the figure that the lowest percolation threshold
value occurs for zone 1 (outer) for a matrix with L = 55. The difference between the average
value for the whole matrix and zone 1 is, however, very small, at around 0.00018. In this
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zone, as the matrix dimensions increase, the percolation threshold value approaches the
average value for the whole matrix. In the following zones, random fluctuations in the
percolation threshold value are observed. The difference between the smallest and largest
results for zones 2 to 10 is less than 0.0001. This means that only for the matrix with L = 55
does the edge phenomenon have a slight effect on the percolation threshold value.
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Figure 6 shows histograms of the standard deviation values for 10 zones containing
5 × 105 samples each and the average values for matrices of dimensions 55, 101 and 151. It
can be seen from the figure that the edge phenomenon manifests itself in that the standard
deviation values increase as the edge of the matrix is approached. The rate of change of the
standard deviation in the zones decreases with increasing die dimensions. The differences
in standard deviations between zone 1 and zone 10 are approximately 0.0005 for a die with
L = 51, 0.00032 for L = 101 and 0.00021 for L = 151. Based on the analysis of the results for
matrices with L = 51, 101 and 151, it can be concluded that increasing the die dimensions
reduces the effect of the edge phenomenon on the spatial distributions of the standard
deviation values.
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5. Analysis of the Size and Number of Non-Conductive Clusters as a Function of
Matrix Dimensions

To further clarify the nature of the edge phenomenon, Figure 7, as an example, shows
the dependence of the number of clusters consisting of non-conductive nodes on the
number of non-conductive nodes inserted into a matrix with L = 151. The figure also shows
the average number of non-conductive nodes in the clusters.

Figure 7 shows, as an example, the waveforms for 10 randomly selected samples. As
can be seen from the figure, initially the clusters consist of single non-conductive nodes.
As the number of introduced non-conductive nodes increases, a deviation from a linear
relationship begins to occur, caused by an increase in the number of non-conductive nodes
in the clusters. This is achieved by attaching the newly drawn non-conductive nodes to
the existing ones. When a certain number of introduced non-conductive nodes is reached,
the number of clusters reaches a maximum value. For a matrix with L = 55, this number
is about 6 × 102, for L = 101—about 1.8 × 103 and for L = 151—about 4 × 103. With a
further increase in the number of non-conductive nodes, the number of clusters starts
to decrease. At the same time, the average number of non-conductive nodes per cluster
increases rapidly. This is because newly introduced nodes connect neighbouring clusters to
each other. The percolation threshold is reached when two adjacent clusters, one starting at
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the left edge of the matrix and the other starting at the right edge, are joined together. The
sum of the lengths of these two clusters along the horizontal axis is L−1. Placing another
non-conducting node between them results in a so-called infinite cluster, extending from
one side edge of the matrix to the other. An infinite cluster composed of non-conductive
nodes interrupts the possibility of current flow between the top and bottom edges of
the matrix. The waveforms in Figure 7 end when the infinite cluster is formed and the
percolation threshold is thus reached. It should be noted that a number of smaller clusters
remain in the matrices after the percolation threshold is reached. Thus, in a matrix with L
= 55, about 50 clusters remain, with an average number of non-conductive nodes in each
cluster of about 25. In a matrix with L = 101, about 200 clusters remain, with an average
number of nodes of about 25. In contrast, in a matrix with L = 151, the numbers are about
300 and about 30, respectively.
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Figure 8 shows the length distributions of the left and right clusters preceding the
percolation threshold for matrices with L = 55, 101 and 151 for a sample number of 5 × 106.
Drawing the next non-conductive node breaks the last percolation channel. Cluster lengths
are measured along the horizontal axis: for the left cluster, from the left edge, while for the
right cluster, from the right edge.

It can be seen from Figure 8 that the distributions of cluster lengths preceding the
occurrence of the percolation threshold by a step for the left and right clusters are equal
and symmetrical with respect to the centre of the matrix. This is due to the existence of
a fourth-order square axis of symmetry in the matrix, perpendicular to the matrix and
passing through its centre. It can be seen from Figure 8 that the larger one of the clusters is,
the smaller the other should be. This is due to the fact that the sum of their lengths along
the horizontal axis is L−1. The probability of there being pairs of clusters with different
lengths, as can be seen from Figure 8, is lower than for clusters with similar dimensions.
It should be noted that there is a non-zero probability of a cluster of zero length. This is
the situation where one of the clusters has length L−1. Then the length of the other cluster
is zero. This means that the percolation threshold will be reached when the next drawn
node is on the side edge of the matrix. Its attachment to an already-existing cluster of
length L−1 breaks the last percolation channel.
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It can be seen from Figure 8 that the left and right clusters are most likely to occur with
dimensions that are close to half the dimensions of the matrix. The percolation channel will
be broken when the next drawn non-conducting node is placed between these clusters. This
means that the highest density of nodes forming the percolation channel is near the centre
of the matrix. Similar considerations, given that there is a fourth-order axis of symmetry in
square matrices, can be made for the vertical direction. In this direction, the probability
of finding the node interrupting the last percolation channel will also be greatest near the
centre of the matrix. This results in the highest probability of nodes forming a percolation
channel being near the centre of the matrix.

It can be seen from Figures 3 and 8 that as the matrix dimensions increase, the intensity
of the edge phenomenon decreases. As the matrix dimensions increase, there is also a
decrease in the standard deviation values (Figure 5). This means that the values of the
standard deviation and the intensity of the edge phenomenon are clearly related to the finite
dimensions of the matrices and decrease with increasing matrix dimensions. It follows that
as the dimensions of the matrix increase, the edge phenomenon will gradually disappear.
This will result in a decrease in the value of the standard deviation. It should therefore
be assumed that for matrices with large dimensions, the edge phenomenon will virtually
disappear and the standard deviation values caused by it will tend towards zero.

6. Conclusions

At work, an in-depth analysis of the percolation phenomenon was conducted using
computer simulations with the Monte Carlo method for square matrices of dimensions
L = 55, 101 and 151. The number of samples for each matrix was 5 × 106. Spatial distri-
butions of nodes breaking the last percolation channel were determined, and two- and
three-dimensional density distribution maps of these nodes were created. Based on the
spatial distributions of nodes breaking the last percolation channel, it was established that
edge effects occur in matrices with finite dimensions. This phenomenon involves a decrease
in the concentration of nodes breaking the last percolation channel as one approaches the
edge of the matrix. Increasing the dimensions of the matrix slows down the tendency of
reducing the number of nodes towards the edge. At the same time, the area with values
close to the maximum expands. It was found that the intensity of edge effects and the
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values of the standard deviation of the percolation threshold decrease with an increase in
the matrix dimensions.

The distributions of the lengths of left and right clusters were determined for the
situation where the next randomly selected non-conductive node would be situated be-
tween them, connecting them and thereby causing the interruption of electrical current
flow and reaching the percolation threshold. Cluster lengths were measured along the
horizontal axis.

It was determined that the most probable occurrence is the presence of left and right
clusters with dimensions close to half the dimensions of the matrix. A similar result, taking
into account the fourth-order rotational symmetry in square matrices, can be obtained
for the vertical direction. This means that the edge effect is unequivocally related to
the probability of the occurrence of pairs of clusters, the connection of which by a non-
conductive node breaks the last percolation channel. This probability is highest when the
dimensions of each of these two clusters are close to half the dimensions of the matrix and
decreases as one approaches the edge of the matrix.
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