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Abstract: This paper reviews the fundamentals of the thermoeconomic diagnosis theory. Thermoeco-
nomic diagnosis is one of the main applications of the exergy cost theory used to identify the causes
of additional resource consumption of a system due to inefficiencies in its components, published
in the late 1990s. Thermoeconomic diagnosis has usually been applied to diagnose power plants
with high consumption of fossil fuels and fixed production. However, it does not consider the final
production and waste generation variation. In this paper, Circular Thermoeconomics is applied to
analyze in depth the effect of malfunctions on additional waste generation and changes in the final
output of the system. This new formulation can be applied to polygeneration systems, where there
is a simultaneous variation of final products, and to process integration and industrial symbiosis,
where a part of the waste generated by a plant could be reused in other processes or plants.

Keywords: thermoeconomics; diagnosis; waste recycling; renewable energy; polygeneration

1. Introduction

The circular economy is an intrinsic part of the ecological transition [1–4]. The recovery
of waste to close material cycles is increasingly necessary for managing natural resources.
A recovered waste will be competitive if it costs less than the natural resource it replaces.
On the other hand, the widespread practice of externalizing waste makes its production
costs extremely indeterminate. A rigorous and objective theory, including diagnostics, is
therefore needed to solve the problem of evaluating the costs of waste to exploit it both ex-
ternally (Industrial Symbiosis and Circular Economy) and internally (Process Optimization).
However, as systems and production equipment are subject to inevitable deterioration, it is
also necessary to evaluate how this degradation affects production costs, both in terms of
products and waste. Indeed, diagnosis and sensitivity analysis go hand in hand, and this is
the subject of this paper.

Energy systems diagnosis aims to discover and understand signs of malfunction and
quantify their effects. There are two main techniques adopted in energy systems [5]:

• Thermomechanical monitoring conditions are usually adopted in power plants to
predict failures.

• Thermodynamic monitoring methodologies are mainly suitable for analysing anoma-
lies causing a reduction in system efficiency.

Thermoeconomic diagnosis belongs to the second type of method. However, its ob-
jectives are more general and consist of detecting deviations in process efficiency, locating
their main causes and quantifying their effects regarding additional fuel consumption.

The foundation of thermoeconomic diagnosis lies in second law analysis, and the
objective is to detect efficiency deviations and quantify their cost in terms of additional
fuel consumption by comparing two operating conditions: the current operating condition
and a reference condition corresponding to the plant operating under design conditions.
Efficiency variation of a component can have different causes, either external to the plant
(variation of ambient conditions, plant production and fuel quality) or internal, which are
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the presence of anomalies due to component degradation (malfunctions) and efficiency
variations induced by changes in the operating conditions (dysfunctions).

The development of the thermoeconomic diagnosis began in the 1990s [6,7] with the work
of the research group at the University of Zaragoza led by Antonio Valero. The mathematical
formulation of the fuel impact formula was developed in [8], based on the principle of non-
equivalence of the irreversibilities, introduced by Beyer [9]. The most significant efforts have been
concentrated on developing procedures for locating anomalies and quantifying their effects,
defining concepts such as intrinsic and induced malfunctions, dysfunctions and malfunction
costs and their associated calculation procedures [10].

The TADEUS problem [11], an acronym for Thermoeconomic Approach to the Diag-
nosis in Energy Utility Systems, was a project aimed at integrating various experiences
accumulated by several research groups working in thermoeconomic diagnosis. A set of
papers was published in 2004 [12–16], showing different approaches, each with particular
characteristics that are complementary to each other.

Thermoeconomic diagnosis has been applied mainly to fossil fuel power plants [17,18].
These systems are characterized by having a single primary product, and their production
demand is usually fixed, unlike other types of systems such as polygeneration plants, in
which there is a simultaneous variation of final products, or industrial parks, in which part
of the waste generated by a process can be reused in other processes or plants. Subsequent
works have applied this methodology to refrigeration systems [19,20], refrigeration plants
and domestic hot water [21]. Other theoretical approaches to thermoeconomic diagnosis
have been presented in recent years [22–25].

However, the original thermoeconomic diagnostic method did not consider either
the variation of final products or the additional waste generation. For this reason, it is
necessary to include the effects of a process malfunction in the production variation and
waste generation.

Circular Thermoeconomics [26] based on exergy cost theory [27] can answer these
shortcomings. It allows the accounting of physical or thermodynamic costs, both functional
products and waste generated in parallel [28]. It makes it possible to identify which parts
of these costs are due to internal irreversibilities and which are due to waste generated or
external irreversibilities.

This approach is based on the analysis of production structure [29]. The role of each
subsystem (usually corresponding to a thermodynamic process) in its production structure
is defined by the resources (fuel) needed to generate the desired product. This product
will be input into other system processes or by external consumers. If exergy is taken as a
measure, fuel and product are exergy flows, and the ratio of fuel to product represents the
exergy efficiency of the process. Circular Thermoeconomics adds a new layer to include the
waste process formation cost. If waste leaves the boundaries of a plant, it dissipates into
the environment. Still, its formation costs must be accounted for, identifying its origin and
internalizing those costs to the processes that have produced it. A part of this waste could
be reused in other processes or plants, in which case, the theory allows for calculating its
formation costs or will provide an objective cost as a basis for discussion with other plants
interested in using it.

The concept of waste [30] has not been sufficiently analyzed in thermoeconomics. By
waste, we mean any unwanted material or energy flow—solid, liquid or gaseous—or a
heat, noise or any radiating flow. From a thermodynamic point of view, it is simply the
external irreversibility that generates entropy outside the system under analysis. Waste is
harmful because it still has exergy, and we have to consume it to get rid of it.

Every time we produce, we generate waste. And every product, sooner or later, also
becomes waste. This consideration is essential because it allows us to distinguish between
waste from production processes and the end-of-use waste of material goods. The former
corresponds to the remains of the resources used in the processes; let us call them primary
waste because they are produced simultaneously as the products are obtained. The latter
corresponds to the degradation or elimination of material goods of an inorganic nature



Energies 2023, 16, 6751 3 of 23

or the discarding of parts of organic substances. Municipalities usually collect this type
of waste, and we call it secondary waste. Their treatment, reduction and disposal require
more energy, water and raw materials, which constitute the input for their processing. At
the same time, new products and tertiary waste are produced, which include their output.
Thermoeconomic analysis can, therefore, be applied to them.

Any manufacture of material goods requires exergy resources that are converted into
products and waste, both with their exergy. The difference between the exergy of the
resources used minus that of the outputs is called internal irreversibility. When waste crosses
the boundaries of the productive system, it still has exergy that will irreversibly degrade
when released into the environment. It is deferred more or less in time and can potentially
damage the biosphere, see [31]. We call this spontaneous process, external irreversibility.
Moreover, at its end-of-life, even products behave as waste if they do not become recycled.

As waste is an integral part of production, waste has a cost [32]. These costs are of
two types: on the one hand, since they are part of the production process, resources have
been consumed to produce them, and on the other hand, to eliminate them, additional
resources are required; the latter costs are called abatement costs. Just as the process of product
cost formation is evaluated, the process of waste cost formation must also be assessed.
Considering that waste has exergy, it is rational to think it could still be used for production.

Unfortunately, we are far from reusing waste for various reasons such as economic
interests, lack of regulation, lack of technologies, lack of knowledge about nature’s mech-
anisms, and even thermodynamic limitations. Cost externalization is the endorsement
of the harm we cause outside the production system. At best, we pay taxes or fines for
society to mitigate them or send them to countries that accept them in return for payment.
A responsible society should internalize waste and its costs as much as possible.

Thermoeconomics enables attaining a coherent and significant set of costs in a given
energy structure. Costing allocation essentially looks for the resources needed to produce
both intermediate and final products. Circular Thermoeconomics introduces a general
formula of irreversibility costs that connects the second law (internal and external irre-
versibilities) with the physical costs derived from defining the productive purpose of the
plant components. In other words, the conceptual rigour of thermodynamics was provided
to the costs of standard economics. See Equations (A26) and (A27) in Appendix B.

The process of waste cost formation is a priority objective in Circular Thermoeconomics.
Waste costs must be rigorously assessed, identifying the processes that generated it because
they are the compass for decisions to improve production processes, both within produc-
tion plants and/or in increasingly complex industrial chains. When we internalize waste
costs, Equation (A27) will also be accountable for these wastes as (external) irreversibilities.
Therefore, if external irreversibilities (wastes) are recovered, the production costs are reduced.
The keyword recycling [33] must intrinsically relate to efficiency and cost. It can be used
interchangeably by thermoeconomics, circular economy and industrial symbiosis [34–36].

In summary, this paper aims to update the thermoeconomic diagnosis theory, including
the ideas of Circular Thermoeconomics, to analyze the effects of malfunctions in the
additional waste generation and product variation. Therefore, it could be applied to a wide
range of energy systems.

To illustrate the methodology introduced in this paper, an ORC-VCR system to produce
electricity and cold is used. The physical and thermoeconomic model of the system is
described in Appendix A.

2. Thermoeconomic Diagnosis Fundamentals

This section will briefly review the main concepts of thermoeconomic diagnosis. See
also Appendix B for Circular Thermoeconomics nomenclature.

2.1. Technical Exergy Saving

The exergy balance of an installation allows us to allocate and calculate irreversibilities
in the production process and to identify the equipment that affects the overall efficiency
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and the reasons thereof. This information, although helpful, has proved not to be enough.
When attempting to achieve energy savings in an installation, we must consider that not
all irreversibilities can be avoided. Technical and economic constraints limit the potential
exergy saving. Thus, the possibilities for exergy savings, called technical exergy saving, are
always lower than the theoretical limit of thermodynamic exergy losses.

Therefore, the additional fuel consumption can be expressed as the plant’s resource
consumption difference between operation and reference or design conditions.

∆FT = FT(x)− FT(x0) (1)

It can be broken up into the sum of the irreversibilities of each component:

∆FT = ∆IT + ∆PT =
n

∑
j=1

(
Ij(x)− Ij(x0)

)
=

n

∑
j=1

∆Ij +
n

∑
j=1

∆ω0,i

where ω0,i is the exergy of the flows i leaving the plant. In our example, cold and electricity
are the final products, but the heat waste rejected in the condenser and the mechanical
dissipation in the expansion valve are also system outputs. In matrix notation, it is written as:

∆FT = tu ∆I + tu ∆ω0 (2)

2.2. Malfunction and Dysfunction

Using a thermodynamic model simulator or a plant performance test, we can obtain
their exergy flow values and the efficiency of each process. From these operation data, unit
exergy consumption and other thermoeconomic variables can be calculated for the operating
conditions. These values can be compared concerning those corresponding to the design
values of the plant. Usually in operation, several plant components suffer a degradation of
their behaviour concerning the design conditions and, as a consequence, their unit exergy
consumption increases:

∆κij = κij(x)− κij(x0) and ∆ki =
n

∑
j=0

∆κji (3)

The irreversibility increase in a system’s component, see Appendix A, is given by:

∆I = ∆KDP0 + (KD −UD)∆P (4)

where P0 ≡ P(x0) is the production in the reference conditions, and KD is a diagonal
matrix containing the unit consumption of each process. From the above expression, we
can distinguish two types of irreversibilities:

Malfunction: is the irreversibility produced by an increase in the unit consumption of the
component itself or endogenous irreversibility:

MF = ∆KDP0 (5)

where MF is an (m× 1) vector whose elements contain the malfunction or the variation of
the local consumption of the process MFi ≡ Pi(x0)∆ki.

Let
[
MF
]
≡ ∆〈KP〉P̂0 be an (n × n) matrix called local malfunction matrix, where its el-

ements are defined as MFji = ∆κji Pi(x0), and represent the increase in each local fuel
consumption of process i provided by process j, and let MF0 to be a (n× 1) vector, whose
elements MF0j = ∆κ0j Pi(x0) accounts for the increase in external fuel entering a compo-
nent, therefore:

tMF = tMF0 +
tu
[
MF
]

(6)
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Dysfunction: is the exogenous irreversibility induced in a component by the malfunction of
other subsystems, which forces it to consume more local resources to obtain the additional
production required by the other components:

DF = (KD −UD)∆P (7)

The degradation of a component forces the other components to adapt their behaviour
to maintain their production conditions; consequently, their irreversibilities are modified.
Figure 1 shows how an increase in the unit consumption of a component increases not only
the irreversibilities of such component but also the irreversibilities of the previous component.

I1 + ∆I1

I2 + ∆I2

I3

k1 k2 + ∆k2 k3

FT

∆FT

PT

IT + ∆IT

Figure 1. Effect of a local malfunction in a generic system.

To relate the internal irreversibility increase with the variation of local consumption of
processes, the production variation due to a local consumption change, see Appendix C,
could be written as:

∆P = |P〉〈KP〉P(0) (8)

where |P〉 is the production matrix in actual operating conditions and |P〉(0) is that in
reference conditions. Substituting Equation (8) into Equation (7) yields the dysfunctions
generated in each component in terms of the unit consumption increment:

DF = |I〉
(

∆〈KP〉P0 + ∆ω0

)
(9)

Let
[
DF
]
≡ |I〉

[
MF
]

be an (n× n) matrix, called dysfunction matrix, whose elements
DFij represent the increase in the irreversibility of a process i due to a malfunction of a
process j.

Similarly, let DF0 ≡ |I〉∆ω0 be an (n× 1) vector, whose elements are the dysfunctions
caused by the increase in the system outputs, both final products and wastes. Hence, the
vector ∆I, which contains the increased exergy losses of each process, is written as:

∆I = MF +
[
DF
]
u + DF0 (10)

It means that the irreversibility increase of a process is due to its local malfunctions
plus all the dysfunctions caused by interactions with the rest of the system processes and
the dysfunction produced by the system outputs (both products and waste) variation.

Figure 2 shows the causes of irreversibilities due to malfunction in the turbine (MF bar).
This malfunction causes a decrease in the cold production equal to the sum of irreversibili-
ties (internal and external). The malfunction increases the irreversibility of the turbine and
creates a dysfunction in the boiler (BLR blue bar). Note the influence of the production
variation (ENV orange bar) and waste variation (VEXP, CND bars) on the irreversibilities
of the processes. Equation (10) locates the effect of malfunction in the variation of the local
irreversibilities of the plant components but not the causes of waste variation. This effect is
analyzed in detail in the next section.
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Figure 2. Irreversibility variation graph for the TCND35 simulation, according to Equation (10).

2.3. Malfunction Cost and Fuel Impact Fuel

The total fuel consumption of a system, see Equation (A25) in Appendix B, is written as:

FT = tκe P = tκe |P〉ω0 = tkin
P ω0 (11)

In these equations, the total fuel is only a function of the local unit consumption and
the system outputs, including waste. Applying matrix difference calculus, see Appendix C,
the fuel impact could be expressed as:

∆FT =
(
∆ tκe +

tkin
P ∆〈KP〉

)
P0 + tkin

P ∆ω0 (12)

and applying the malfunction definition:

∆FT = tun MF0 + tkin
P
[
MF
]
u + tkin

P ∆ω0 (13)

This expression is called Fuel Impact Formula. It expresses resource consumption’s
variation as a function of the local consumption variation ∆κij and the variation of system
outputs ∆ω0 evaluated at the production cost due only to internal irreversibilities.

Let us define the malfunction cost as the effect of a local malfunction on resource
consumption.

tMF∗ ≡ tMF0 +
tkin

P
[
MF
]
, (14)

and the fuel impact is written in terms of malfunction costs as:

∆FT = tunMF∗ + tkin
P ∆ω0 (15)

On the other hand, applying Equation (A26) to the malfunction cost definition:

tMF∗ = tMF0 +
tun
(
UD + |I〉)

[
MF
]

therefore:
tMF∗ = tMF + tun

[
DF
]

(16)

It means that the malfunction cost of a process accounts for its malfunction process
plus all the dysfunction generated in the rest of the processes.
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Note that, in Equation (13), the fuel impact of a malfunction in process −i− is quan-
tified by the unit cost of the product of process −j−, used as fuel for process −i−. This
cost only includes the effect of internal irreversibilities. This unit cost also quantifies the
output variation, but this variation in output includes both the final products and the waste
generated. Both affect the impact on fuel but in very different ways. In the case of waste,
an increase means an irreversible loss of resources, while in the case of a final product
variation, the conclusion is very different. If production decreases, the impact on fuel also
decreases, but at the cost of reducing profits and increasing the amortization time of the
system. If production increases, the situation is just the opposite. Therefore, the fuel impact
formula Equation (15) for plant diagnosis is insufficient when the total production is not
constant. These facts will be analyzed in depth in the next section.

3. The Effect of Malfunctions in Waste Generation

This section will analyze the impact of malfunction on the increasing waste generation.
First, we will obtain a formula that relates the component’s malfunction with the variation
of the generated waste. The variation of the system’s outputs can be split as:

∆ω0 = ∆ωt + ∆ωr

where ∆ωt is the variation of the final production and ∆ωr is the variation of waste
generated. On the other hand, according to Equation (A14), the waste generation could be
written as: ωr = 〈KR〉P.

First, applying matrix difference calculus, we obtain an expression relating the varia-
tion of the waste exergy to the internal malfunctions of the processes:

∆ωr =
∣∣R̃〉∆〈KP〉P0 +

(
UD +

∣∣R̃〉)∆〈KR〉P0 +
∣∣R̃〉∆ωt (17)

The first and second terms of Equation (17) show the effect of internal malfunctions
∆〈KP〉P0 and the variation of waste allocation ratios ∆〈KR〉P0. The last term is the effect
of the variation of final products. Then, the fuel impact due to waste variation could be
written as:

tkin
P ∆ωr =

tkex
P ∆〈KP〉P0 + tk∗P ∆〈KR〉P0 + tkex

P ∆ωt (18)

Let us define the waste cost impact as the effect of the waste variation on the resource
consumption:

tMR∗ ≡ tkex
P
[
MF
]
+ tk∗P

[
MR

]
(19)

where
[
MR

]
≡ ∆〈KR〉P̂0 is the equivalent malfunction matrix to the waste generation

ratios. Note that these ratios implicitly depend on the unit consumption of the processes
and, hence, on the internal dysfunctions.

Therefore, the fuel impact formula Equation (15) could be rewritten as:

∆FT = tunMF∗ + tunMR∗ + tk∗P ∆ωt (20)

Equation (20) shows that the fuel impact is the sum of the malfunction cost, the internal
cost of waste variation and the cost of final production changes. The effects of changes
in the final system product are assessed with the unit production cost that includes both
internal and external irreversibilities. This equation improves Equation (15) and makes it
possible to better explain the causes of the variation in resource consumption by separating
it into parts due to internal malfunctions, waste malfunctions and production variation.

On the other hand, applying Equation (17) into irreversibility variation Equation (10),
we obtain:

∆I = MF +
∣∣Ĩ〉([MF

]
+
[
MR

])
u +

∣∣Ĩ〉∆ωt (21)

Equation (21) decomposes the irreversibility variation of each component into the part
due to malfunction, the dysfunction caused by internal and external irreversibilities, and
the dysfunction due to the variation of demand production.
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The fuel impact Equation (13) could be rewritten using Equation (A27) as:

∆FT = tun MF0 + tk∗P
[
MF
]
u + tk∗P

[
MR

]
u + tk∗P ∆ωt (22)

This version of the fuel impact formula was first introduced in [37]. Although this
form correctly evaluates the cost of variation of final products and considers the impact
of waste, it does not allow for the separation of the effects of internal irreversibilities from
external ones, as Equation (19) does.

Figure 3 shows the irreversibility variation plot for the TCND35 simulation, using
Equation (21). In contrast to Figure 2, this graph identifies the components causing the
increase in residuals. The CND column shows that the causes of dissipated waste heat (ex-
ternal irreversibility) are mainly due to the evaporation process (BLR). The dysfunctions of
the dissipative components are now replaced by the dysfunctions caused by the production
processes that generate the waste. It also illustrates how the decrease in production causes
a decrease in irreversibility in the remaining components.

BLR TRB PMP CMP EVAP GEN VEXP CND
t
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-3
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4

5

E
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rg
y 
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W
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CMP
EVAP
GEN
VEXP
CND
ENV
MF

Figure 3. Irreversibility variation graph for the TCND35 simulation, according to Equation (21).

4. Total Malfunction Cost Rate

As explained above, the production variation’s effect on resource consumption must
be considered. If production decreases, resource consumption decreases, and vice versa,
which could cause some misunderstandings. From Equation (20), we can construct a new
indicator to assess the actual resource consumption that considers this issue. We propose
the effective fuel impact or total malfunction cost rate defined as follows:

MT = ∆FT − ∆ω∗t (23)

where ∆ω∗t is the effective cost variation of the final product, defined as follows:

∆ω∗t =

{
tk∗P(x0)∆ωt ∆ωt > 0
tk∗P(x)∆ωt ∆ωt < 0

(24)

The effective cost of the change in production depends on whether the final production
increases, in which case it is valued at the reference cost of production, and if output
decreases, it is valued at the current production cost.
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The total malfunction cost rate could also be expressed as:

MT =

{
tunMF∗ + tunMR∗ + ∆ tk∗P ∆ωt ∆ωt > 0
tunMF∗ + tunMR∗ ∆ωt < 0

(25)

It means that the effective fuel impact is the sum of internal and external malfunction
costs plus a correction depending on the unit production cost of the final products. Thus,
the impact on fuel oil does not depend on variations in production but on malfunctions
and the increased irreversibility they cause in other processes, i.e., the cost of malfunctions.

Note that if the resource consumption is constant, a decrease/increase in production
causes an increase/decrease in the total irreversibility (internal and external). Similarly, a
decrease/increase in production causes an increase/decrease in the cost of internal and
external malfunctions.

5. Results

The proposed methodology for thermoeconomic diagnosis will be illustrated in this
section with the example shown in Figure A1. This section’s result tables and graphs have
been obtained using the software tool TaesLab; see reference [38]. This software implements
both sets of algorithms described in the paper: the original diagnosis approach, waste external,
which considers waste as external outputs, and the new approach, waste internal, which
internalizes the waste costs. We will analyze below the different malfunction simulations
described in Table A2, which are also used for sensitivity analysis.

5.1. Case 1: ETAT75

The first simulation analyzes a case of turbine failure, keeping the net power constant,
which causes a decrease in the isentropic efficiency of 5%.

The summary of thermoeconomic diagnosis is shown in Table 1. The first column MF
shows the malfunction of each component according to Equation (6). The second column
∆I presents the irreversibility (both internal and external) variation of each process, and
the third column ∆ωt the final product variation. The total sum of both columns gives the
fuel impact. The following two columns provide the malfunction cost MF∗ according to
Equation (14) and the waste malfunction cost MR∗. The total sum of both columns gives the
effective fuel impact (in case of production decrease). The last column shows the effective
cost of the production change, Equation (24).

Table 1. Diagnosis analysis for the ETAT75 simulation (kW).

Key MF ∆I ∆ωt MF∗ MR∗ ∆ω∗t

BLR 0.000 0.000 0.000 0.000 -0.699 0.000
TRB 4.140 3.100 0.000 6.288 2.379 0.000
PMP 0.000 0.000 0.000 0.000 −0.009 0.000
CMP 0.000 −0.651 0.000 0.000 −0.105 0.000
EVAP −0.008 −0.359 −1.580 −0.020 −0.010 −7.231
GEN 0.000 0.000 0.000 0.000 −0.001 0.000
VEXP 0.000 −0.380 0.000 0.000 0.000 0.000
CND 0.000 −0.130 0.000 −0.297 −0.294 0.000

Total 4.132 1.580 −1.580 5.971 1.260 −7.231

The system’s fuel consumption does not change, but the exergy of the cold production
decreases by 1.58 kW, resulting in an increase in irreversibility by the same amount. The
turbine malfunction has a value of 4.14 kW (marked in bold in Table 1), and its cost makes the
additional resources consumed 7.23 kW. This new methodology lets us identify that 5.97 kW
are caused by internal malfunctions (TRB) and 2.38 kW are caused by waste cost variation.

Figure 4 represents the malfunction costs of the simulation and clearly shows that
the cause of the actual fuel impact is located in the turbine. The malfunction caused an
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increase of 2.29 kW in waste heat dissipated from the condenser and an increase in boiler
irreversibility of 2 kW.
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Figure 4. Malfunction cost graph for the ETAT75 simulation.

5.2. Case 2: ETAC75

This simulation analyzes the effect of a 2% loss in the isentropic efficiency of the
compressor, keeping the cold production constant.

In this case, the fuel consumption of the installation does not change, but the net
power decreases by 1 kW and the irreversibility of the compressor increases by the same
amount. This malfunction increases condenser waste heat by 0.75 kW, and the effective
fuel impact is 2.387 kW. The cost due to internal malfunctions is 1.86 kW, and the cost of
waste variation is 0.53 kW. See Table 2.

Table 2. Diagnosis analysis for the ETAC78 simulation (kW).

Key MF ∆I ∆ωt MF∗ MR∗ ∆ω∗t

BLR 0.000 0.000 0.000 0.000 −0.271 0.000
TRB 0.000 0.000 0.000 0.000 0.007 0.000
PMP 0.000 0.000 0.000 0.000 −0.004 0.000
CMP 0.982 0.990 0.000 1.835 0.775 0.000
EVAP 0.000 0.000 0.000 0.000 0.000 0.000
GEN 0.000 −0.020 −1.000 0.000 0.003 −2.387
VEXP 0.005 0.010 0.000 0.012 0.006 0.000
CND 0.000 0.020 0.000 0.011 0.012 0.000

Total 0.987 1.000 −1.000 1.859 0.528 −2.387

In Figure 5, it is shown how the cost of the malfunction is located in the compressor
and, in particular, in its intrinsic malfunction (1 kW), which in turn causes an increase of
the irreversibility in the rest of the components.
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Figure 5. Malfunction cost graph for the ETAC78 simulation.

5.3. Case 3: TCND35

This simulation analyzes the effect of a 5 °C increase in condenser temperature, reduc-
ing the net power by 1 kW.

In this case, the fuel impact is negative (–3.3 kW), and the cold production is 25% lower.
Internal irreversibilities reduce by 6.29 kW, but waste generation increases by 8.56 kW, see
Table 3. The internal irreversibilities and their cost are negative. Still, the impact of waste
increasing is much larger, 27.395, where the decrease in production represents 27 kW of
resources, and the effective fuel impact is 23.793 kW.

Table 3. Diagnosis analysis for the TCND35 simulation (kW).

Key MF ∆I ∆ωt MF∗ MR∗ ∆ω∗t

BLR −2.721 −2.900 0.000 −2.721 17.811 0.000
TRB −0.152 −1.400 0.000 −0.276 4.018 0.000
PMP −0.001 −0.018 0.000 −0.002 0.288 0.000
CMP −0.141 −0.931 0.000 −0.256 5.878 0.000
EVAP −0.003 −1.019 −4.570 −0.006 −0.006 −24.272
GEN 0.001 −0.022 −1.000 0.001 0.046 −2.821
VEXP 0.000 0.140 0.000 0.000 0.000 0.000
CND 0.000 8.420 0.000 −0.342 −0.640 0.000

Total −3.017 2.270 −5.570 −3.602 27.395 −27.093

Figure 6 shows the malfunction cost of each component of the plant. In the case of
the boiler, it has a negative malfunction due to the inlet temperature increasing when the
condenser temperature increases. Moreover, the boiler is the cause of increasing condenser
waste heat of 17.81 kW. In the case of the compressor, it also caused an increase in expansion
valve mechanical dissipation by 2.98 kW. It clearly shows that waste malfunction cost is
located in the processes that generated the waste; see Table A4.
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Figure 6. Malfunction cost graph for the TCND35 simulation.

5.4. Case 4: TBLR85

This simulation analyzes a decrease in the evaporating pressure in the boiler of 1.5 bar,
keeping the net power constant and decreasing the cold production by 10%.

In this case, the total fuel consumption of the system decreased by 6.07 kW and the
cooling production in terms of exergy by 1.56 kW, so the total irreversibility decreased by
4.51 kW. But on the other hand, boiler and turbine malfunctions increased by 0.384 kW.
Therefore, the total malfunction cost or effective fuel impact is favourable at 0.655 kW.
See Table 4.

Table 4. Diagnosis analysis for the TBLR85 simulation (kW).

Key MF ∆I ∆ωt MF∗ MR∗ ∆ω∗t

BLR 0.259 −1.820 0.000 0.259 0.642 0.000
TRB 0.127 −0.750 0.000 0.064 −0.015 0.000
PMP 0.011 −0.050 0.000 0.020 0.018 0.000
CMP 0.003 −0.641 0.000 0.006 0.036 0.000
EVAP −0.013 −0.359 −1.560 −0.030 −0.015 −6.725
GEN −0.002 −0.010 0.000 −0.004 −0.004 0.000
VEXP 0.000 −0.380 0.000 0.000 0.000 0.000
CND 0.000 −0.500 0.000 −0.159 −0.161 0.000

Total 0.384 −4.510 −1.560 0.156 0.499 −6.725

Figure 7 shows how the boiler malfunction also causes an increase in condenser waste
heat. The sum of all positive and negative contributions gives the actual fuel impact. A
decrease in production reduces irreversibilities, but on the other hand, less production
means more payback time for the plant and less profit. Therefore, malfunction location and
resource consumption impact assessment is a better tool than fuel impact and conventional
exergy analysis.
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Figure 7. Malfunction cost graph for the TBLR85 simulation.

6. Conclusions

In this paper, Circular Thermoeconomics is applied to review the mathematical foun-
dations of thermoeconomic diagnosis, with particular emphasis on the issue of waste
generation. The original methodology Equation (15) considers the additional waste gen-
eration as an output of the system and evaluates its cost in terms of additional resource
consumption without considering the production cost due to waste. It means externalizing
the cost but not identifying the causes of the increase in waste cost.

As shown in Figure 2, the increase in process irreversibilities due to variation in end
products can be significant. This is because the thermoeconomic diagnosis has usually been
applied to plants with constant production. This formulation does not contemplate systems
with several final products that could vary or with systems whose external resources can
be pre-fixed.

The new approach analyzes the causes of increased waste generation, Equation (17),
and its cost in terms of additional resource consumption, Equation (19). Moreover, special
care is taken to separate the costs of internal process malfunctions MF∗ from those caused
by additional waste generation MR∗, and the cost of final product generation is evaluated
taking into account both internal and external irreversibilities, Equation (20).

Table 5 summarizes the results and compares fuel impact and effective fuel impact for
the different simulations. In the first two cases, resource consumption is constant, but
a malfunction in the turbine and compressor causes a reduction in production and an
increase in total irreversibility. The effective fuel impact indicates the amount of resources
that would have been consumed if production had been maintained, which, in the case of
the turbine, is 7%. In the following two cases, there is a reduction in resource consumption,
which, in this example, is a lack of waste heat utilization. In the case of the condenser
temperature increase, the cooling output is reduced. The effective fuel impact measures the
cost of the malfunction, which is equal to the fuel needed to maintain production, which
would be 20% higher. In the case of pressure reduction (temperature decrease) in the boiler,
the effect is similar. However, in this case, the effective fuel impact is less than 1%. These
examples show that the newMT indicator is a more realistic measure of malfunction costs
than the original fuel impact index.
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Table 5. Diagnosis summary results of the ORC-VCR system (kW).

State ∆FT MT ∆I ∆ωt ∆ω∗t

ETAT75 0.000 7.231 3.820 −3.820 −7.231
ETAC78 0.000 2.387 1.000 −1.000 −2.387
TCND35 −3.300 23.793 2.270 −5.570 −27.093
TBLR85 −6.070 0.655 −4.510 −1.560 −6.725

In summary, for thermoeconomic diagnosis, the first step should be identifying internal
system failures (MF), not irreversibilities, as these include malfunctions caused by other
equipment and those induced by production changes. Once the failure has been identified,
we must quantify its cost in terms of additional fuel consumption, namely:

• The part due to internal irreversibilities that have produced MF∗.
• The part associated with waste generation MR∗.
• The part associated with the variation of the final product ∆ω∗t .

The methodology is illustrated with an example in which different simulations are
analyzed, and their feasibility is demonstrated.

In conclusion, Circular thermoeconomic diagnosis is a thermodynamic monitoring
methodology that analyzes any deviations from actual operating conditions, identifies
possible malfunctions and assesses the effect of each failure on the additional consumption
of system resources. It can be applied to a wide range of energy systems to define new
plant operation and control strategies, including analyzing additional waste generation. As
the introduction mentions, thermoeconomic diagnosis mainly covers the primary waste.
Therefore, a possible research field is to analyze the secondary and tertiary waste extending
the system’s boundaries.

Among the perspectives of this work is the application of thermoeconomic diagnosis
to a new renewable energy production plant to help define rules and criteria for operation
and to develop an IA monitoring system that warns of any problem that causes a decrease
in its performance compared to the plant’s reference state.

Author Contributions: Conceptualization, A.V. and C.T.; methodology, C.T. and A.V.; validation, A.V.
and C.T.; writing—original draft preparation, C.T.; writing—review and editing, C.T.; supervision,
A.V. All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Data Availability Statement: Data model could be found at https://exergoecology.com/TaesLab.

Conflicts of Interest: The authors declare no conflict of interest.

Nomenclature

The following nomenclature is used in this manuscript:
Scalars
n Number of system processes
m Number of system flows
r Number of dissipative processes
B Exergy of a flow (kW)
E Exergy of a productive group (kW)
F Exergy of a fuel stream (kW)
I Internal irreversibilities of a process (kW)
R External irreversibilities of a process (kW)
k Unit consumption (kW/kW)
P Exergy of a product stream (kW)
MF Malfunction
DF Dysfunction

https://exergoecology.com/TaesLab
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Vectors and Matrices[
D
]

Dissipative process table (n× n)[
E
]

Fuel–Product table (n× n)
〈KP〉 Matrix of unit consumptions (n× n)
〈KR〉 Matrix of waste generation ratios (n× n)
|X〉 Generic base operator matrix for demand–driven model (n× n)∣∣X̃〉 Generic operator matrix for demand–driven model (n× n)
un Unitary vector (n× 1)
Un Identity matrix (n× n)
ν0 Vector of exergy of external resources (n× 1)
ω0 Vector of system outputs exergy (n× 1)
ωt Vector of final products exergy (n× 1)
ωr Vector of dissipated waste exergy (n× 1)
k∗P Vector of unit production cost (n× 1)
kin

P Vector of unit production cost due to internal irreversibilities (n× 1)
kex

P Vector of unit production cost due to external irreversibilities (n× 1)
MF Process Internal malfunction vector (n× 1)
MF∗ Process Internal malfunction cost vector (n× 1)
MR∗ Process External malfunction cost vector (n× 1)[
MF
]

Internal malfunction table (n× n)[
MR

]
Waste malfunction table (n× n)[

DF
]

Dysfunction table (n× n)

Subscripts, superscripts and symbols
∆ Variation of a magnitude
t Transpose matrix or vector
ˆ Diagonal matrix
* Related to exergy costs
in Related to internal irreversibilities
ex Related to external irreversibilities
0 Related to environment
e Related to input
F Related to fuel
P Related to product
r Related to waste
0 Related to system output
t Related to total or final production

Appendix A. Thermoeconomic Model of an ORC-VCR System

The system used to illustrate the methodology introduced in this work consists of
an organic Rankine cycle (ORC), mechanically coupled to a vapour compression cycle
(VCR), see Ref. [39]. This system produces electricity supplied to the power grid and
provides refrigeration to the rest of the plant. The ORC boiler uses waste heat from other
processes of the plant. The physical diagram of the system is shown in Figure A1. A simple
thermodynamic model has been made using EES [40]. The main parameters of the model
are shown in Table A1.

Some samples simulating malfunctions in the processes of the ORC-VCR system have
been prepared. They have been obtained using the EES model. The exergy values of these
simulations are shown in Table A2, containing the flow exergies’ values for different plant
simulations.
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Table A1. Main operational parameters of the ORC-VCR system.

Parameter Value

ORC fluid R600a
ORC cycle mass flow rate (kg/s) 1.2
Boiler temperature (◦C) 90
Condenser temperature (◦C) 30
Evaporator temperature (◦C) −5
Cold source difference temperature (◦C) 5
Hot source difference temperature (◦C) 20
Turbine isentropic efficiency (%) 80
Compressor isentropic efficiency (%) 80
Pump isentropic efficiency (%) 85
Net Power (kW) 10
Reference temperature (◦C) 20
Reference pressure (bar) 1.013

TRB CMP

B1

B7WC

B4

B3

B2 B8

WT

B5

B6

WN

WP

VEXP

PMP

QBLR

CND

EVAP

GEN

QCND

QEVPBLR

WP

Figure A1. Thermodynamic diagram of the ORC-VCR system.

The first column contains the flow names shown in Figure A1. Each column contains
the values for each state or simulation of the plant. The column names serve as a key to
identify that state:

• REF corresponds to reference conditions, described in Table A1.
• ETAT75, where the isentropic efficiency of the turbine is 75%.
• ETAC78, where the isentropic efficiency of the compressor is 78%.
• TCND35, where the condensing temperature increases by 5 ◦C.
• TBLR24, where the evaporating temperature decreases by 5 ◦C.
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Table A2. Exergy values (kW) for the different simulations of the ORC-VCR plant.

Key REF ETAT75 ETAC78 TCND35 TBLR85

B1 134.30 134.30 134.30 134.30 129.70
B2 68.78 69.00 68.78 75.55 68.62
B3 60.94 60.94 60.94 61.44 60.94
B4 63.68 63.68 63.68 64.08 63.33
B5 37.97 34.79 37.98 30.41 34.82
B6 33.38 30.58 33.38 25.68 30.61
B7 10.25 9.39 10.25 8.14 9.40
B8 42.06 38.53 42.09 36.65 38.57

WT 53.04 49.72 53.04 47.67 49.35
WC 39.57 36.25 40.59 35.34 36.29
WP 3.20 3.20 3.20 3.09 2.80

QBLR 104.90 104.90 104.90 101.60 98.83
QEVP 18.92 17.34 18.92 14.35 17.36
WN 10.00 10.00 9.00 9.00 10.00

QEXP 4.59 4.21 4.60 4.73 4.21
QCND 11.93 11.80 11.95 20.35 11.43

Table A3 shows the productive structure definition of the ORC-VCR system. This table
defines the exergy efficiency of the productive processes as Product/Fuel. In the case of
the dissipative processes, the fuel is the exergy of the flows we want to eliminate plus the
additional resources required to do it, and the product is the exergy of the dissipated flows.
The irreversibility of the productive process is equal to fuel minus the product of its fuel.

Table A3. Productive structure definition of ORC-VCR system.

Key Description Fuel Product Type

BLR Boiler QBLR B1-B4 PRODUCTIVE
TRB Turbine B1–B2 WT PRODUCTIVE
PMP Pump WP B4–B3 PRODUCTIVE
CMP Compressor WC B8–B7 PRODUCTIVE
EVAP Evaporator B6–B7 QEVP PRODUCTIVE
GEN Generator WT–WC WN + WP PRODUCTIVE
VEXP Expansion Valve B5–B6 QEXP DISSIPATIVE
CND Condenser (B2–B3) + (B8–B5) QCND DISSIPATIVE

According to Circular Thermoeconomics, in the case of the dissipative components, the
irreversibility is equal to the fuel, and waste is the product of the dissipative components.
The cost of waste must be internalized and assessed to the cost of the products they generate.
In this example, the condenser and the expansion valve are defined as dissipative processes.
For the waste heat dissipated in the condenser, the Irreversibility criterion is used. In the
case of mechanical work lost in the expansion valve, the Exergy criterion is used; see a
detailed explanation of these methods in reference [27]. The values of the waste allocation
ratios used in the example are shown in Table A4.

Table A4. Waste allocation ratios (%) used in the ORC-VCR system.

Key QEXP QCND

BLR 0.00 73.96
TRB 0.00 14.34
PMP 0.00 1.14
CMP 100.00 10.56
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Appendix B. Circular Thermoeconomics

This appendix briefly summarizes the Circular Thermoeconomics process model [27],
which is applied in the main part of the paper.

Circular Thermoeconomics allows us to obtain general equations that relate the local
properties of processes, such as efficiency and irreversibility, with global system properties,
such as production cost and overall efficiency. Using these equations, it is possible to
analyze the influence of the local irreversibilities of each component on the total system
and to explain the cost-formation process of products and waste.

Table A5. Fuel–Product table schema.

Outputs
Process Resources

1 · · · j · · · n Total

External
Resources E01 · · · E0j · · · E0n P0

Process Products

1 E10 E11 · · · E1j · · · E1n P1

...
...

... ...
...

...
i Ei0 Ei1 · · · Eij · · · Ein Pi

...
...

... ...
...

...
n En0 En1 · · · Enj · · · Enn Pn

Total F0 F1 · · · Fj · · · Fn

The productive structure of an energy system at the process level is represented by the
Fuel–Product table, see Table A5, which describes how the production processes are related.
It indicates which processes produce the exergy resources of each process and where the
product exergy of each process is used. Figure A2 shows the FP graph of the ORC-VCR
system. Observe that the turbine obtains two products: the main product is the mechanical
exergy provided to the compressor of the VCR cycle, and a by-product, the electricity. The
pump consumes 25% of this electricity, and the rest goes to the network. The system has
two waste flows: the heat dissipated in the condenser, which is bigger than the net power
supply to the network, and the mechanical work dissipated in the expansion valve, bigger
than the consumption of the ORC pump.

The relationships of the Fuel–Product table could be written in matrix form as follows:

P = ω0 +
[
E
]

un (A1)

tF = tν0 +
tun
[
E
]

(A2)

FT = ν0 un (A3)

PS = tun ω0 (A4)

where ω0 = t
(
E10, . . . , En0

)
is an (n× 1) vector which contains the exergy values of the

system outputs for each component, and ν0 =
(
E01, . . . , E0n

)
is a (1× n) vector which

contains the exergy values of the system inputs for each component.
[
E
]

is an (n × n)
matrix containing the internal exergy interchange between processes. Its elements Eij ≥ 0
represent the production portion of the i-th component that fuels the j-th component.

We use u to represent a column vector of 1s (with the appropriate dimension—here,
the number of components n). An important observation is that the post-multiplication of
a matrix by u is a column vector whose elements are the row sums of the matrix. Similarly,
tu is a row vector of 1s and the pre-multiplication of a matrix by tu is a row vector whose
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elements are the column sums of the matrix. We also denote x̂ to represent a diagonal
matrix, whose elements are the elements of the vector x.

104.9
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7.8

13.5 

39.6
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3.4

22.5
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CND
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VEXP
TRBBLR

Exergy (kW)

Figure A2. Diagram FP of the ORC-VCR system.

Just as there is a productive table for the processes, there is also a table for their waste.
Let

[
D
]

be an (n× n) matrix, called a dissipative process table, where its elements dij represent
the exergy dissipated by the i process, which has been produced by component j. This
matrix verifies:

ωr =
[
D
]
un (A5)

where ωr is an n × 1 vector whose elements represent the exergy of the waste flows
dissipated in the environment, and R is an n × 1 vector whose elements represent the
exergy of the waste produced by each productive process.

The Circular Thermoeconomics cost equations are written as:

P∗ = F∗ + R∗ (A6)

tF∗ = tν0 + k∗P
[
E
]

(A7)

tR∗ = k∗P
[
D
]

(A8)

Equation (A6) is the cost equation balance. The production cost is equal to the fuel
cost plus the cost of the waste generated. Equations (A7) and (A8) distribute the cost of
resources and waste proportionally to the exergy of the products of each component.

Let 〈KP〉 be an (n × n) matrix, so that
[
E
]
= 〈KP〉 P̂ and considering that κe is a

(1× n) vector, so one obtains that Fe = κe P̂. Their elements κij = Eij/Pj are called technical
coefficients or unit consumption ratios and represent the amount of resources provided by
process j needed to obtain one unit of the process product i. They verify:

k = ke +
t〈KP〉u

where k̂ = diag(k1, . . . , kn), which verifies F = k̂ P. Note that the unit consumption of
the process i equals the sum of its technical coefficients. Hence, 〈KP〉 and ke contain
information about the efficiency of local components.

Replacing these matrices into Equation (A1) leads to:

P = ω0 + 〈KP〉P (A9)
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and therefore: (
Un − 〈KP〉

)
P = ω0 (A10)

By construction, Un − 〈KP〉 is an M-Matrix; therefore, it has inverse |P〉 ≥ Un, and
it verifies:

P = |P〉ω0 where |P〉 =
(
Un − 〈KP〉

)−1 (A11)

F = |F〉ω0 where
∣∣F̃〉 = KD|P〉 (A12)

I = |I〉ω0 where |I〉 = (KD −Un)|P〉 (A13)

These formulae relate the system components’ fuel, product and irreversibility as a
function of the unit exergy consumption and system outputs, including both final products
and wastes.

On the other hand, let 〈KR〉 be an (n × n) matrix, so that
[
D
]
= 〈KR〉 P̂, whose

elements ρij = dij/Pj represent the residues generated by a process per unit produced, and
it verifies:

ωr = 〈KR〉P (A14)

By the definition of the waste table (A5), it leads to:

ω0 = ωt + ωr = ωt〈KR〉P

and replacing into Equation (A9), we obtain:

P = ωt + 〈KP〉P + 〈KR〉P (A15)

Therefore, we can relate the fuel, product and irreversibility of the system components
as a function of the final demand:

P =
∣∣P̃〉ωt where

∣∣P̃〉 = (Un − 〈KP〉 − 〈KR〉
)−1 (A16)

F =
∣∣F̃〉ωt where

∣∣F̃〉 = KD
∣∣P̃〉 (A17)

I =
∣∣Ĩ〉ωt where

∣∣Ĩ〉 = (KD −Un)
∣∣P̃〉 (A18)

ωr =
∣∣R̃〉ωt where

∣∣R̃〉 = 〈KR〉
∣∣P̃〉 (A19)

Note that production operators depend not only on local unit consumption but also
on waste generation ratios. The following equation relates the production operators:∣∣P̃〉 = |P〉 (Un +

∣∣R̃〉) (A20)

and the waste operators verify:

Un +
∣∣R̃〉 = (Un − |R〉)−1

Introducing the matrices 〈KP〉 and 〈KR〉 into the cost Equations (A6)–(A8) leads to:

tk∗P = tke +
tk∗P 〈KP〉+ tk∗P 〈KR〉

therefore, the unit production cost is written as follows:

tk∗P = tke
∣∣P̃〉 (A21)
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applying Equation (A20), the unit production cost due to internal and external irreversibili-
ties could be written as:

tkin
P = tke |P〉 (A22)

tkex
P = tkin

P
∣∣R̃〉 (A23)

tk∗P = tkin
P + tkex

P (A24)

The cost balance of the global system could be written as:

FT = kin
P ω0 = k∗P ωt (A25)

Finally, cost and irreversibilities could be related by Equations (A26) and (A27):

tkin
P = tun +

tun |I〉 (A26)

tk∗P = tun +
tun
∣∣Ĩ〉+ tun

∣∣R̃〉 (A27)

The coefficients of the matrix
∣∣Ĩ〉 and

∣∣R̃〉 represent the part of the irreversibility
(internal or external) of the equipment j that has been generated to produce one unit of the
flow i. These coefficients depend exclusively on the definition of the productive structure
of the plant and the definition of the efficiency of each of its components.

Tables A6 and A7 show the values of the unit production cost for the different sim-
ulations of the ORC system, both for the cost due to internal exergy losses and the cost
including waste exergy losses.

Table A6. Unit cost due to internal irreversibilities (kin
P ) for VCR-ORC plant simulations.

Key REF ETAT75 ETAC78 TCND35 TBLR85

BLR 1.4854 1.4854 1.4854 1.4469 1.4891
TRB 1.8693 1.9947 1.8693 1.8152 1.8755
PMP 2.2299 2.3795 2.2299 2.1647 2.2444
CMP 2.3253 2.4814 2.3830 2.2500 2.3332
EVAP 2.8427 3.0324 2.9132 2.7504 2.8508
GEN 1.9069 2.0349 1.9070 1.8519 1.9130
VEXP 2.3253 2.4814 2.3856 2.2500 2.3332
CND 1.7916 1.8239 1.8124 1.7112 1.7837

Table A7. Unit production cost (k∗P) for VCR-ORC plant simulations.

Key REF ETAT75 ETAC78 TCND35 TBLR85

BLR 1.7855 1.7799 1.7864 2.0476 1.7969
TRB 2.3342 2.5011 2.3367 2.7580 2.3498
PMP 2.8927 3.0897 2.8963 3.5241 2.9242
CMP 3.5044 3.7448 3.6064 4.3450 3.5281
EVAP 4.2842 4.5765 4.4089 5.3111 4.3108
GEN 2.3842 2.5544 2.3871 2.8206 2.3995
VEXP 3.5044 3.7448 3.6103 4.3450 3.5281
CND 2.4020 2.4361 2.4395 2.7891 2.3912

Appendix C. Matrices Difference Calculus

Given a matrix function A(x) ≡
[
aij(x)

]i=1,...,m
i=1,...,n , we define the increment of the matrix

function respect to an increment ∆x, as an n×m matrix ∆A given by:

∆A = A(x + ∆x)−A(x)
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The matrix increment verifies the following properties:

(i) If A(x) = B(x) + C(x) then ∆A = ∆B + ∆C.
(ii) If A(x) = B(x) ·C(x) then

∆A = C(x)∆B + B(x + ∆x)∆C = C (x + ∆x)∆B + B(x)∆C.
(iii) If A is a nonsingular matrix, the matrix increment of its inverse is defined as:

∆A−1 = A−1(x + ∆x)−A−1(x)

and verifies the following relationships:

∆A−1 = −A−1(x + ∆x) ∆A A−1(x) = −A−1(x) ∆A A−1(x + ∆x).
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