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Abstract: Distributed generation (DG) aims to generate part of the required electrical energy on a
small scale closer to the places of consumption. Integration of DG into an existing electric distribution
network (EDN) has technical, economic, and environmental benefits. DG placement is typically
determined by investors and local conditions such as the availability of energy resources, space, and
licenses, among other factors. When the location of DG is not a decision of the distribution network
operator (DNO), the simultaneous integration of distribution network reconfiguration (DNR) and DG
placement can maximize the benefits of DG and mitigate eventual negative impacts. DNR consists of
altering the EDN topology to improve its performance while maintaining the radiality of the network.
DNR and optimal placement of DG (OPDG) are challenging optimization problems since they involve
integer and continuous variables subject to nonlinear constraints and a nonlinear objective function.
Due to their nonlinear and nonconvex nature, most approaches to solve these problems resort to
metaheuristic techniques. The main drawbacks of such methodologies lie in the fact that they are
not guaranteed to reach an optimal solution, and most of them require the fine-tuning of several
parameters. This paper recasts the nonlinear DNR and OPGD problems into linear equivalents to
obtain a mixed-integer linear programming (MILP) model that guarantees global optimal solutions.
Several tests were carried out on benchmark EDNs evidencing the applicability and effectiveness of
the proposed approach. It was found that when no DG units are considered, the proposed model can
find the same results reported in the specialized literature but in less computational time; furthermore,
the inclusion of DG units along with DNR usually allows the model to find better solutions than
those previously reported in the specialized literature.

Keywords: distribution systems; reconfiguration; distributed generation; mixed-integer linear
programming

1. Introduction
1.1. Background and Aim

The deregulation of electricity markets has opened up new possibilities for the dis-
tributed generation of electrical energy utilizing small-scale renewable energy sources. DG,
also known as embedded generation, dispersed generation, or decentralized generation, is
an electric power source that is directly connected to the electric distribution network or
located at the customer location. Although the emergence of new technological alternatives
allows DG technologies to present huge technical, economic, and environmental benefits
in EDNs, insufficient DG planning may have negative implications, such as higher power
losses and voltage rises.
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EDNs are usually designed in a mesh way but keep a radial configuration for their
operation. This practice is adopted to simplify protection coordination and reduce invest-
ment costs [1,2]. Two types of switches are normally used in EDNs, namely tie switches
and sectionalizing switches. In normal operating conditions, the latter remain closed,
whereas the former are kept open and are intended to provide flexibility and reliability to
the EDN. Reconfiguration of EDNs consists of altering the states of ties and sectionaliz-
ing switches to improve system performance, such as mitigating constraint violations or
reducing power losses.

Since the network configuration affects the system operational conditions, proper
planning of the EDN must consider the simultaneous integration of DNR and DG placement.
Thus, it is critical to determine the best feeder reconfiguration and DG unit installation
locations in order to improve system performance, quality, and reliability. Given that DNR
is a difficult combinatorial, non-differentiable, constrained optimization problem, and that
choosing the best locations for DG units within EDNs is also a difficult combinatorial
optimization procedure, achieving optimal DNR and DG placement at the same time is a
difficult optimization problem.

1.2. Distribution Network Reconfiguration

Early reconfiguration studies [3–5] proved that it is possible to find a new radial topol-
ogy by modifying the status of ties and sectionalizing switches, with the aim of minimizing
power losses. Nonetheless, the first attempts to solve the DNR problem were limited to
small-sized distribution systems. This is because DNR is a difficult combinatorial problem
with discrete and continuous control variables. Additionally, ensuring a radial topology
during the reconfiguration process is not an easy task, as reported by [6–8]. DNR has been
applied with several objectives in mind, such as reducing power losses, enhancing voltage
stability, reducing voltage deviations, improving load balance, and enhancing the reliability
of the EDN. Two broad optimization paradigms have been applied to approach the DNR
problem, namely mathematical programming methods and metaheuristic algorithms.

Metaheuristic techniques are search strategies usually inspired by physical and bio-
logical processes that have proven to be well suited to tackle nonlinear and nonconvex
optimization problems [9–11]. A heuristic technique combined with optimal power flow
(OPF) and sensitivity analysis is developed in [12] with the aim of minimizing active power
losses in EDNs. The methodology starts by closing all circuits; then, from an OPF simu-
lation, a heuristic is used to determine the loop to be separated by opening one switch.
The process is repeated until a radial network is achieved. In this case, the status of each
circuit (open/closed) is represented by continuous functions. In [13–15], the authors use
Particle Swarm Optimization (PSO) to approach the DNR problem for active power loss
minimization. An improved genetic algorithm (GA) is developed in [16] bearing the same
purpose in mind; in this case, network configurations were represented through binary
strings and new topologies were generated by the selection and mutation processes, keep-
ing the radiality of the network. Other applications of GAs applied to the reconfiguration
problem are proposed in [17–21]. Firefly optimization is proposed in [22,23] to approach
the DNR problem for active power loss minimization. A simultaneous network reconfigu-
ration and DG sizing is proposed in [22]; meanwhile, in [23], the authors implemented a
technique for reducing the search space, as well as a disturbance step that resets the whole
population once a pre-defined number of iterations has elapsed without improvement of
the objective function. Tabu search is developed in [24–26] to solve the reconfiguration
problem. In [24], a mutation operator is devised to escape from local optimal solutions;
furthermore, the radiality is enforced by closing a tie switch of a given configuration, and
then opening a sectionalizing switch of the same mesh. In [25], the authors propose a
random move mechanism to escape from local optimal solutions, and the radiality con-
straint is checked by computing the determinant of the bus incidence matrix of the EDN.
In this case, if the system is not radial, the determinant is null; otherwise, it is equal to 1
or −1. Harmony search (HS) is a metaheuristic inspired by the process of improvization
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of musicians in a musical group that searches for perfect harmony [27]. In [28,29], this
metaheuristic is proposed to solve the DNR problem. In [28], the authors implemented
the method proposed in [24] to account for network radiality, while in [29], an enhanced
version of HS is proposed along with a process to detect islands to guarantee radiality.

Apart from metaheuristic techniques, several mathematical programming approaches
are proposed in the literature to deal with the DNR problem. In [30], the authors proposed
a multi-objective approach to solve the DNR problem considering minimization of power
losses and reliability enhancement. The multi-objective model is solved through the epsilon-
constrained method and the trade-off conditions are considered with a min–max fuzzy
satisfying technique. Furthermore, a time-of-use demand response service is included
in the model. The proposed nonlinear model is tested with a small-scale distribution
system (IEEE 33-bus test system) and solved through the general algebraic modeling
systems (GAMS) software. A master–slave modeling approach is proposed in [31] to solve
the DNR problem to minimize power losses. In this case, the mixed-integer two-stage
optimization formulation is solved through a decomposition algorithm in AMPL and
solved using CPLEX. A mixed-integer nonlinear programming (MINLP) model for the
DNR problem of EDNs is presented in [32]. Two linearization techniques were applied
in the nonlinear programming model to obtain an equivalent MILP formulation. Finally,
in [33], a mathematical model to solve the DNR problem in EDNs considering the system
voltage profile is presented with the aim of power loss minimization.

1.3. Optimal Placement of DG

Optimal placement of DG is also a topic of current research. There are analytical,
mathematical programming, and metaheuristic approaches to find the optimal locations
of DG units in modern EDNs. Analytical expressions for the optimal allocation of DG in
primary distribution networks are proposed in [34]. The main drawback of this approach
is the fact that it oversimplifies the real characteristics of EDNs. Convex models are
explored in [35] for optimal DG allocation in radial EDNs considering a risk-constrained
optimization model. In [36], the authors propose an Enhanced Artificial Ecosystem-based
Optimization (EAEO) approach for the optimal allocation of DG in EDNs with the objective
of minimizing power losses. As a novelty, the search space is reduced using a G-operator
and a sine–cosine function. In this case, the G-operator influences the balance between the
intensification and diversification phases of the algorithm and it gradually decreases in the
iterative process. The authors in [37] implemented a hybrid Grey Wolf Optimizer (GWO)
to find the best DG locations in EDNs in order to minimize power losses and improve the
voltage profile. The authors compare the performance of the GWO with other metaheuristic
techniques. As an advantage, the GWO achieved high-quality solutions with no tuning of
the algorithm, except for the specification of the population size. In [38], the authors propose
a wild horse optimization technique for DG planning of radial distribution networks.
In this case, it is analyzed how DG impacts the system’s voltage profile and energy losses.
A GA is implemented in [39] for the optimal allocation of DG in radial EDNs considering
uncertainties in load and generation, modeled by means of a fuzzy-based approach. In this
case, the objective function consists of minimizing network power losses and voltage
deviation. A multi-objective optimization approach is developed in [40] in order to identify
the best locations for DG units within EDNs. The optimal location of DG units is carried out
in order to minimize real power losses and voltage deviation, and to maximize a voltage
stability index. In [41], the authors propose a PSO metaheuristic for the optimal placement
of DG. The uncertainties associated with the intermittent behavior of photovoltaic and
wind turbine output powers are considered using probability distribution functions. In [42],
the authors present an MILP approach for solving the optimal sizing and allocation of
DGs of different technologies in radial EDNs. In this case, the steady-state operation of
radial EDNs is modeled through linear expressions. Furthermore, different types of DGs
are represented by their capability curves, and linear expressions are used to model the
short-circuit current capacity of the circuits.
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1.4. Optimal DNR and DG placement

The simultaneous reconfiguration and DG placement problem is a non-differentiable,
combinatorial, restricted optimization problem, so metaheuristic-based techniques or
heuristic algorithms have been used to solve it. Thus, an Artificial Bee Colony algo-
rithm (ABC) was proposed in [43] for the reconfiguration of distribution systems, and a
loss sensitivity index was used to identify the best location for the placement of DG units.
In [44], a pseudo-code-based tie switch placement is proposed at final nodes and then
preceded by the placement and sizing of DG at the tie switch locations using an opti-
mization methodology. Moreover, a search algorithm is proposed for the reconfiguration
problem, considering tie switches and DG. The authors in [45] implemented a Fireworks Al-
gorithm (FWA) to simultaneously optimally place DG units and reconfigure EDNs. In [46],
a modified Hybrid Big Bang–Big Crunch (HBB-BC) algorithm is implemented; moreover,
to solve the scaling issue of objective functions with multiple scales, a fuzzy membership
is proposed. Based on the Harmony Search Algorithm (HSA) and the Particle Artificial
Bee Colony algorithm, the authors in [47] present a hybrid heuristic search technique for
DNR and optimal allocation of DG. In [48], a heuristic method based on the Uniform
Voltage Distribution-Based Constructive Reconfiguration Algorithm (UVDA) for simul-
taneous DNR and DG placement was proposed. The authors in [49] offer a method for
maximizing system loadability while simultaneously optimizing DG placement and tie
switch allocation using a discrete Artificial Bee Colony algorithm. Ref. [50] uses a Modified
Teaching–Learning-Based Optimization Algorithm to address the simultaneous DG siting
and DNR. In [51], the authors handle the problem of optimal DG placement with a meta-
heuristic algorithm, and subsequently solve the network reconfiguration problem with
a Binary Particle Swarm Optimization Technique (BPSO). In [52], the authors implement
a metaheuristic Grasshopper Optimization Algorithm (GOA) inspired by the swarming
behavior of grasshoppers in nature to solve the simultaneous optimal DNR and DG place-
ment to minimize active power losses. The authors in [53] describe a combination of two
metaheuristic-based algorithms, the Grey Wolf Optimizer (GWO) and the PSO, to reduce
power losses by sizing and placing DG units optimally while considering network reconfig-
uration. In [54], the authors use Binary Particle Swarm Optimization (BPSO) to determine
the optimal changes to the state of sectionalizing switches and tie switches, as well as
PSO to determine the ideal location and size for DG. Ref. [55] employs an evolutionary
technique called Strength Pareto Evolutionary Algorithm 2 (SPEA2) to address the problem
of DNR concurrently with the DG placement and sizing, as well as a fuzzy set theory to
select the best compromise solution among the produced Pareto set. In [56], the use of the
Salp Swarm Algorithm (SSA) is proposed for the solution of the DNR and DG placement
problems. In [57], a technique known as the Adaptive Shuffled Frogs Leaping Algorithm
(ASFLA) was used to solve the DNR and DG location problems, and ref. [58] uses the Im-
proved Shuffled Frog Leaping Algorithm (ISFLA) for the same purpose. In [59], the authors
propose a metaheuristic approach known as the Comprehensive Teaching–Learning Har-
mony Search Optimization algorithm (CTLHSO) for the simultaneous DNR and optimal
placement of DG units; the Teaching–Learning-Based Optimization (TLBO) and Harmony
Search (HS) algorithms are combined in the suggested strategy. The authors of [60] describe
a method for simultaneous DNR and DG siting based on the Coyote Algorithm (COA),
which is inspired by coyotes’ social behavior. For DNR with the simultaneous placement
of DG units, a metaheuristic sine–cosine algorithm paired with levy flights is described
in [61]. For configuring power distribution networks with optimal allocation of multiple
DG units, the authors of [62] present an Improved Equilibrium Optimization Algorithm
(IEOA) combined with a recycling method.

1.5. Contributions

Most of the papers consulted in the literature review resort to nonlinear modeling
of the distribution network and their applications are limited to small and medium-sized
EDNs. Furthermore, the few research works that consider optimal allocation of DG units
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within the reconfiguration problem resort to metaheuristic approaches. The use of these
techniques to solve the simultaneous DNR and DG placement problem do not guarantee
a global optimal solution; also, they require the tuning of several parameters. In this
context, the main contributions and features of this paper are as follows: (1) it presents a
mixed-integer linear programming model to solve the simultaneous optimal DNR problem
and optimal allocation of DG units; (2) due to its nature, the proposed model can be
solved by commercially available solvers; (3) it guarantees global optimal solutions in short
computing times, and (4) it can be applied to real size distribution networks. Furthermore,
this paper aims to serve as a reference for future works regarding DNR studies, since
several types of test systems are used for comparative purposes.

2. Proposed Mathematical Model

The proposed MILP model to solve the simultaneous optimal DNR problem and
OPDG is presented in this section. It is worth mentioning that both problems can be solved
either separately or together.

2.1. Mathematical Modeling of the Nonlinear Power Flow

The power flow implemented in this paper is designed for radial EDNs and takes into
account the following conditions that represent the steady-state operation of EDNs.

• The topology of the EDN is radial.
• A monophasic equivalent is used to represent the EDN.
• The network demand is modeled as a constant power.
• Only an electric source (substation) is considered.
• The active and reactive power losses of distribution lines are concentrated in their

sending bus.
• The capacitive reactance of distribution lines is not taken into account.

The aforementioned conditions are common in most studies regarding the operation
and expansion planning of EDNs.

According to Figure 1, the power flow modeling for radial EDNs is given by
Equations (1)–(7) [63,64].

Minimize v = ke ∑
∀ij∈Ωl

Rij I2
ij (1)

Subject to:

∑
∀ki∈Ωl

Pki − ∑
∀ij∈Ωl

(
Pij + Rij I2

ij

)
+ Ps

i = Pd
i ; ∀i ∈ Ωb (2)

∑
∀ki∈Ωl

Qki − ∑
∀ij∈Ωl

(
Qij + Xij I2

ij

)
+ Qs

i = Qd
i ; ∀i ∈ Ωb (3)

V2
i − 2

(
RijPij + XijQij

)
− Z2

ij I
2
ij −V2

j = 0; ∀ ij ∈ Ωl (4)

V2
j I2

ij = P2
ij + Q2

ij; ∀ ij ∈ Ωl (5)

0 ≤ Iij ≤ Iij ∀ ij ∈ Ωl (6)

Vi ≤ Vi ≤ Vi; ∀i ∈ Ωb (7)

The objective function is given by (1), which consists of minimizing the cost of active
power losses, where ke represents the interest rate of the cost of active power losses, Ωl is
the set of circuits, while Rij and Iij are the resistance and current of circuit ij, respectively.

Active and reactive power balances at each bus are given by (2) and (3), respectively.
Pki and Qki are the active and reactive power flows in circuit ki, while Pij and Qij represent
active and reactive power flows in circuit ij (kW, kVAr), respectively. Ps

i and Qs
i represent

the active and reactive power supplied by the substation at bus i (kW, kVAr). Pd
i and Qd

i
are the active and reactive power demands at bus i (kW, kVAr). Rij and Xij represent the
resistance and reactance of the circuit ij (kΩ), respectively. Finally, Ωl is the set of buses.
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k i j

(Rki, jXki, Zki) (Rij, jXij, Zij)

VkVk ViVi VjVj

Rki Iki +jXki Iki
22 22

Rki Iki +jXki Iki
22

Rij Iij +jXij Iij
22 22

Rij Iij +jXij Iij
22

Pi+jQi
d d

Pi+jQi
d d

Pj+jQj
d d

Pj+jQj
d d

Pi+jQi

s s

Pi+jQi

s s

Iij, Pij, QijIij, Pij, QijIki,Pki, QkiIki,Pki, Qki

Figure 1. Illustrative example of circuits and loads in an EDN.

Equation (4) takes into account the voltage drop in each circuit ij. Voltage magnitudes
are computed using the power flow through the circuit and its electrical parameters.
The authors in [65] suggested to eliminate the voltage angle to obtain Equation (4). In this
case, Vi represents the voltage magnitude at bus i (kV) and Zij is the impedance of circuit ij.
Equation (5) relates the square of current times the square of voltage, as well as the active
and reactive power flows in each circuit ij. Constraints (6) and (7) limit the voltage in buses
i and the current through circuits ij, respectively. In this case, Vi and Vi are the upper and
lower voltage limits at bus i (kV), while Iij and Iij are the the upper and lower current limit
of circuit ij (A), respectively.

2.2. Change of Variables

The linearization of (1)–(7) proposed in [63,64] was adapted in this paper. Initially,
variables V2

i , V2
j and I2

ij are replaced by Vsqr
i , Vsqr

j , and Isqr
ij ; therefore, the model given by (1)

and (7) is modified accordingly.

2.3. Objective Function

The objective function given by Equation (1) is modified according to the change of
variable shown in Section 2.2, and includes the minimization of voltage deviation (∆V).

Minimize v = ke ∑
∀ij∈Ωl

Rij I
sqr
ij + ∑

i∈Ωb

|Vi −Vnom
i | (8)

where Vi is the calculated voltage magnitude at bus i and Vnom
i is the nominal voltage in

p.u. In this case, the voltage profile improves as (∆V) is lower.

2.4. Active Power Balance Constraints

The active power balance constraint given by Equation (2) is modified as follows to
include Pdg

ic,g, which represents the active power injected by the DG unit at candidate bus ic:

∑
∀ki∈Ωl

Pki − ∑
∀ij∈Ωl

(Pij + Rij I
sqr
ij ) + Ps

i + ∑
g∈Ωg

Pdg
ic,g = Pd

i ; ∀i ∈ Ωb, ∀ic ∈ Ωbc (9)

2.5. Reactive Power Balance Constraints

The reactive power balance constraint given by Equation (3) is modified as follows
to include Qdg

ic,g, which represents the reactive power injected by the DG unit at candidate
bus ic:

∑
∀ki∈Ωl

Qki − ∑
∀ij∈Ωl

(Qij + Xij I
sqr
ij ) + Qs

i + ∑
g∈Ωg

Qdg
ic,g = Qd

i ; ∀i ∈ Ωb, ∀ic ∈ Ωbc (10)

2.6. Voltage Drop in Circuits

The voltage drop in circuits given by Equation (4) is modified as follows to consider
the optimal reconfiguration:

Vsqr
i − 2(RijPij + XijQij)− Z2

ij I
sqr
ij −Vsqr

j − bij = 0; ∀ij ∈ Ωl (11)
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where bij is an auxiliary variable that takes different values when the circuit ij is open
or closed.

2.7. Linearization

Applying the change of variable proposed in Section 2.2, the left-hand side of Equation (5)
can be rewritten and linearized as follows [63]:

Vsqr
j Isqr

ij =

(
V2 +

1
2

∆V
)

Isqr
ij +

S

∑
s=1

Pc
j,s; ∀ij ∈ Ωl (12)

V2 +
S

∑
s=1

(
xj,s∆V

)
≤ Vsqr

j ≤ V2 +
S

∑
s=1

(
xj,s∆V

)
+ ∆V ; ∀j ∈ Ωb (13)

xj,s ≤ xj,s−1; ∀j ∈ Ωb; s = 2...S (14)

xj,s ∈ {0, 1}; ∀j ∈ Ωb; s = 1...S (15)

0 ≤ ∆V Isqr
ij − Pc

j,s ≤ ∆V Isqr
ij

(
1− xj,s

)
; ∀ij ∈ Ωl , s = 1...S (16)

0 ≤ Pc
j,s ≤ ∆V Isqr

ij xj,s; ∀ij ∈ Ωl (17)

In this case, S represents the number of discretizations; ∆V is the discretization step,
and xj,s is the binary variable used in the discretization of Vsqr

j . The variable Pc
j,s is the

power correction factor.
The right-hand side of (5) can be linearized as follows [63]:

P2
ij + Q2

ij =
Y

∑
y=1

ms
ij,y · ∆Pij,y +

Y

∑
y=1

ms
ij,y · ∆Qij,y; ∀ij ∈ Ωl (18)

P+
ij − P−ij = Pij; ∀ij ∈ Ωl (19)

P+
ij + P−ij =

Y

∑
y=1

∆Pij,y; ∀ij ∈ Ωl (20)

0 ≤ ∆Pij,y ≤ 4Sij; ∀ij ∈ Ωl , ∀y ∈ 1...Y (21)

0 ≤ P+
ij ; ∀ij ∈ Ωl (22)

0 ≤ P−ij ; ∀ij ∈ Ωl (23)

Q+
ij −Q−ij = Qij; ∀ij ∈ Ωl (24)

Q+
ij + Q−ij =

Y

∑
y=1

∆Qij,y; ∀ij ∈ Ωl (25)

0 ≤ ∆Qij,y ≤ 4Sij; ∀ij ∈ Ωl , ∀y ∈ 1...Y (26)

0 ≤ Q+
ij ; ∀ij ∈ Ωl (27)

0 ≤ Q−ij ; ∀ij ∈ Ωl (28)

As regards the linearization of P2
ij and Q2

ij, the following variables are considered: Y
represents the number of blocks of the piece-wise linearization; ms

ij,y is the slope of the yth
block of the power flow at circuit ij; ∆Pij,y and ∆Qij,y represent the values of the yth block
of

∣∣Pij
∣∣ and

∣∣Qij
∣∣, respectively; ∆Sij is the upper limit of each block of the power flow at

circuit ij; P+
ij and P−ij represent positive auxiliary variables used to compute

∣∣Pij
∣∣; and Q+

ij
and Q−ij represent positive auxiliary variables used to compute

∣∣Qij
∣∣. The values of ms

ij,y

and ∆Sij are calculated as indicated in Equations (28) and (29).

ms
ij,y = (2y− 1)∆Sij (29)
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∆Sij = V · Iij/Y (30)

Following the linearization presented above, Equation (5) assumes the following form:(
V2 +

1
2

∆V
)

Isqr
ij +

S

∑
s=1

Pc
j,s =

Y

∑
y=1

ms
ij,y · ∆Pij,y +

Y

∑
y=1

ms
ij,y · ∆Qij,y; ∀ij ∈ Ωl (31)

2.8. Voltage and Current Limits

Equations (6) and (7) are modified as indicated in (31) and (32) taking into account the
change of variable described in Section 2.2.

0 ≤ Isqr
ij ≤ I2

ij ∀ ij ∈ Ωl (32)

V2
i ≤ Vsqr

i ≤ V2
i ; ∀i ∈ Ωb (33)

2.9. Constraints Related to the DNR Problem

The current limit in circuits represented by the constraint (32) is modified according
to (33). Moreover, constraints (35) to (41) are added to the model for considering the
optimal DNR.

0 ≤ Isqr
ij ≤ I2

ij

(
y+ij + y−ij

)
; ∀ij ∈ Ωl (34)

0 ≤ P+
ij ≤ V I y+ij ; ∀ij ∈ Ωl ; ∀ij ∈ Ωl (35)

0 ≤ P−ij ≤ V I y−ij ; ∀ij ∈ Ωl ; ∀ij ∈ Ωl (36)

|Qij| ≤ V I
(

y+ij + y−ij
)

; ∀ij ∈ Ωl (37)

|bij| ≤
(

V2 −V2
)(

1−
(

y+ij + y−ij
))

; ∀ij ∈ Ωl (38)

∑
ij∈Ωl

(
y+ij + y−ij

)
= N − 1; ∀ij ∈ Ωl (39)(

y+ij + y−ij
)
≤ 1; ∀ij ∈ Ωl (40)

y+ij ; y−ij ; binary; ∀ij ∈ Ωl (41)

In this case, bij is an auxiliary variable, which is zero if circuit ij is closed according to
Equation (38); otherwise, this variable is free to take values within the constraint given by
Equation (39) to comply with Equation (40); y+ij and y−ij represent binary variables related to
the power flow direction of circuit ij. If both variables are equal to zero, the circuit is open;
if any variable is equal to one, it means the switch in this circuit is closed. Equation (39)
guarantees that the EDN is radial. Equation (40) allows one of the binary variables related
to the load flow direction at circuit ij to be equal to one. Finally, N indicates the number of
buses of the EDN.

2.10. Constraints Related to the OPDG

The following linear constraints are added to the model to consider the OPDG:

Pgd
g ·W

gd
ic,g ≤ Pgd

ic,g ≤ Pgd
g ·W

gd
ic,g; ∀ic ∈ Ωbc, ∀g ∈ Ωg (42)

|Qdg
ic,g| ≤ Pdg

ic,g · tan(arccos(φg)); ∀ic ∈ Ωbc, ∀g ∈ Ωg (43)

Qdg
ic,g ≤ Qdg

ic,g ≤ Qdg
ic,g; ∀ic ∈ Ωbc, ∀g ∈ Ωg (44)

(Pdg
ic,g)

2 + (Qdg
ic,g)

2 ≤ (Sdg
ic,g)

2; ∀ic ∈ Ωbc, ∀g ∈ Ωg (45)

∑
g∈Ωg

Wgd
ic,g ≤ 1; ∀ic ∈ Ωbc (46)
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∑
ic∈Ωbc

∑
g∈Ωg

Wgd
ic,g ≤ Ndg

syst (47)

Wdg
ic,g ∈ {0, 1}; ∀ic ∈ Ωbc, ∀g ∈ Ωg (48)

where Wdg
ic,g (binary variable) indicates if a DG unit of type g is placed at candidate bus ic.

Pgd
ic,g and Qgd

ic,g (indicate) the active and reactive power injected by DG unit of type g (kW,

kVAr). Pdg
ic,g and Pdg

ic,g represent the minimum and maximum limits of the active power

injected by a DG unit (kW) of type g at candidate bus ic, Qdg
ic,g and Qdg

ic,g represent the
minimum and maximum limits of reactive power supplied by the DG unit (kVar) of type g
at candidate bus ic, and Sdg

ic,g is the apparent power injected by DG of type g at candidate
bus ic (kVA). φg is the power factor of DG type g.

2.11. MILP Model for Optimal DNR and OPDG

The proposed MILP model for DNR and OPDG consists on minimizing active power
losses given by Equation (8), subject to: active and reactive power balance constratins given
by Equations (9) and (10); voltage drop constraint given by Equation (11); linealization
of equation (5) which relates the square of current times the square of voltage through
Equations (13)–(17) that linealize the left-hand side, Equations (19)–(28) that linealize the
right-hand side, and Equation (31) that relates both sides of Equation (5); voltage and
current limit constraints given by Equations (32) and (33); DNR problem constraints given
by Equations (34)–(41); and finally, OPGD constraints given by Equations (42)–(48).

It is worth mentioning that in some market models, the decision regarding the location
of DG in EDNs does not depend on the distribution system operator (DSO); therefore,
the location of DG units is an input to the DNR problem. In this case, the DSO may find
an optimal reconfiguration that would maximize the benefits of the DG located within its
network. Furthermore, the location of DG units might be limited to a subset of nodes due
to the availability of resources. In this case, the model can be adapted to find the optimal
location of DG units within this new subset and obtain the optimal DNR that minimizes
total power losses and voltage deviation.

3. Tests and Results

The presented mathematical model was written in the AMPL programming language
and solved using CPLEX. Distribution test systems of 16, 33, 69, 83, 136, and 202 buses
were used to prove the applicability of the proposed model. The electrical data of the
tested systems are available in [66]. On a computer with an Intel i7-8850H processor, all
simulations were run.

All simulations take into account the following hypotheses:

1. The interest rate of the cost of active power losses (ke) is equal to 168 US$/kW-year [67].
2. The power injected by the GD units will be 20% of the total power demand of the

electrical system tested.
3. For each test system, a subset of buses is defined as candidates for DG allocation. This

is done to present the availability of primary energy resources within a given area.
4. The size of the DG units is determined by the primary energy resources available;

therefore, it must be considered as input data. This must be done based on studies
carried out by each distribution system operator or GD owner.

5. There is a group of generation technologies that can be applied in DG applications.
For illustrative purposes, two types of DG units are considered: Type 1 operates at a
0.95 lagging power factor, and Type 2 operates at a unity power factor. Nonetheless,
any other type of DG may be also considered in the formulation.
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3.1. Comparative Analysis between Linear and Nonlinear Power Flow

The proposed model for the simultaneous optimal DNR and OPDG (Section 2.11)
includes the linearization of the power flow. To assess the effectiveness of this linear power
flow, a comparison was carried out with its conventional nonlinear counterpart described
in Section 2.1. The computational codes of both models were implemented in the AMPL
programming language. The nonlinear power flow was solved using KNITRO software,
while the linear power flow was solved using CPLEX. This latter software is proven to be
more effective when solving the proposed model, especially for real-size EDNs.

Table 1 presents a comparison of results between the linear and nonlinear power flow
models. The number of piece-wise linearizations (Y) and discretizations (S) used in the
linear power flow model was determined by running several simulations with different
values of these parameters for each test system. For all EDNs, the linear model obtains
similar solutions (power losses and minimum voltage) to the exact model; nonetheless, it
has lower computational time.

Table 1. Nonlinear vs. linear power flow model.

Test System Parameter
Power Flow Model

Relative Error (%)
Nonlinear Linear

14-bus Y – 50 –
S – 3 –
Power losses (kW) 511.43 511.23 0.0391
Vmin (p.u.) 0.9692 0.9692 0.0000
Time (s) 0.0004 0.0002 –

33-bus Y – 50 –
S – 4 –
Power losses (kW) 202.56 202.67 0.0543
Vmin (p.u.) 0.9130 0.9130 0.0000
Time (s) 0.0024 0.0009 –

69-bus Y – 70 –
S – 6 –
Power losses (kW) 224.57 224.99 0.1870
Vmin (p.u.) 0.9091 0.9092 0.0110
Time (s) 0.0015 0.0003 –

83-bus Y – 50 –
S – 3 –
Power losses (kW) 532.08 531.99 0.0169
Vmin (p.u.) 0.9285 0.9285 0.0000
Time (s) 0.0031 0.0004 –

119-bus Y – 100 –
S – 5 –
Power losses (kW) 1296.28 1296.57 0.0224
Vmin (p.u.) 0.8688 0.8687 0.0115
Time (s) 0.0154 0.0006 –

136-bus Y – 50 –
S – 3 –
Power losses (kW) 320.90 320.36 0.1683
Vmin (p.u.) 0.9306 0.9306 0.0000
Time (s) 0.0047 0.0005 –

202-bus Y – 80 –
S – 5 –
Power losses (kW) 548.26 548.89 0.1149
Vmin (p.u.) 0.9571 0.9574 0.0313
Time (s) 0.00128 0.0007 –
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It is worth mentioning that the selection of Y and S is a key factor in the performance
of the model. On one hand, low values of these parameters result in a lack of accuracy with
respect to the nonlinear original model; on the other hand, high values of these parameters
may lead to convergence problems due to an increased number of constraints (especially
for large EDNs). This was not our case, since a proper selection of these parameters was
carried out for each test system (see Table 1).

3.2. Case Study I: 16-Bus Test System

This distribution system features 16 circuits with 13 tie switches and 3 normally open
interconnection switches. The data of this system can be consulted in [66]. In its initial
topology, switches 15, 21, and 23 are open. The nominal voltage of this system is 23 kV,
and it must supply a load of (28,700 + j17,300) kVA. The initial value of active power losses
(without reconfiguration) is 511.4321 kW.

Table 2 presents the open switches for the initial topology and the optimal solution
found by the proposed mathematical model. Note that power losses present a reduction of
8.85%. In this case, the CPU time is 0.09 s. The solution found for the proposed model to
the optimal reconfiguration problem is the same as reported in [33,68]. On the other hand,
the optimal reconfiguration considering DG units proposes to install two units of Type 1
at buses 8 and 9 with a power of (1740 + j571.91) kVA and (2000 + j657.36) kVA, and one
Type 2 unit at bus 12 with an active power of 2000 kW. When DG units are included, active
power losses present a reduction of 50.64%, and the CPU time is 0.1042 s. Note that in both
cases, with and without DG, the system topology remains the same; nonetheless, the power
loss reduction is higher when DG is considered. As regards voltage deviation, it improves
from 0.2109 in case 1 to 0.1503 in case 3.

Table 2. Results for the 16-bus test system.

Case Open Switches
DG Data

Power Losses Reduction (%) Vmin (p.u.) ∆V Time (s)
Type P (kW) Q (kVAr) Bus

I 15, 21, 23 – – – – 511.43 – 0.9692 0.2109 –

II 17, 19, 26 – – – – 466.12 8.85 0.9715 0.1845 0.09

III 17, 19, 26 1 1740 571.91 8 252.95 50.64 0.9849 0.1503 0.1042
1 2000 657.36 9
2 2000 – 12

Figure 2 depicts the voltage profile of the initial state (base case) of the EDN, and the
voltage profile after reconfiguration with and without DG. It can be noted that the volt-
age profiles have been enhanced as a result of the optimal reconfiguration and with the
reconfiguration considering DG.
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Figure 2. Voltage profile of the 16-bus test system.
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3.3. Case Study II: 33-Bus Test System

This distribution system features 37 circuits with 32 tie switches and 5 normally open
interconnection switches. The data of this system can be consulted in [66]. In its initial
topology, switches 33, 34, 35, 36, and 37 are open. The nominal voltage is 12.66 kV and the
system must supply a load of (3715 + j2300) kVA. The initial value of active power losses
(without reconfiguration) is 202.6771 kW.

Table 3 indicates the open switches, active power losses, percentage of active power
losses reduced, minimum voltage, voltage deviation, and CPU time of the initial topology,
and the optimal solutions found by the proposed mathematical model with and without
DG units. In the case of optimal reconfiguration, the active power losses present a reduction
of 31.15%, the minimum voltage rises from 0.9131 to 0.9378 p.u., and the CPU time is 0.46 s.
On the other hand, the optimal reconfiguration considering DG proposes to install one
Type 1 unit at bus 30 with a power of (544.41 + j178.94) kVA, and one Type 2 unit at bus 17
with an active power of 198.58 kW. In this case, the active power losses present a reduction
of 58.71%, the minimum voltage is 0.96 p.u., and the CPU time is 6.95 s. Note that in this
case, the voltage deviation is only 0.8770 compared to 1.7007 (base case).

Table 3. Results for the 33-bus test system.

Case Open Switches
DG Data

Power Losses Reduction (%) Vmin (p.u.) ∆V Time (s)
Type P (kW) Q (kVAr) Bus

I 33, 34, 35, 36, 37 – – – – 202.67 – 0.9131 1.7007 –

II 7, 9, 14, 32, 37 – – – – 139.54 31.15 0.9378 1.1473 0.46

III 7, 9, 14, 32, 37 1 544.41 178.94 30 83.67 58.71 0.9600 0.8770 6.95
2 178.58 – 17

Figure 3 presents the voltage profile of the initial state (base case) of the EDN, and the
voltage profile after reconfiguration with and without DG. It can be noted that voltage
profiles are improved with optimal reconfiguration and with the reconfiguration consider-
ing DG.
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Figure 3. Voltage profile of the 33-bus test system.

3.4. Case Study III: 69-Bus Test System

This distribution system features 73 circuits with 68 tie switches and 5 normally open
interconnection switches. The data of this system can be consulted in [66]. In its initial
topology, switches 69, 70, 71, 72, and 73 are open. The nominal voltage of this 69-bus test
system is 12.66 kV, and it must supply a load of (3802.19 + j2694.6) kVA. The initial value of
active power losses (without reconfiguration) is 224.99 kW.
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Table 4 shows the open switches for the initial topology, and the optimal solution
found by the proposed mathematical model. Note that power losses present a reduction of
55.72% and the minimum voltage of the network goes from 0.9092 to 0.9427 p.u. In this
case, the CPU time is 2.42 s. The optimal reconfiguration considering DG proposes to
install two Type 1 units at buses 61 and 64 with a power of (260.43 + j85.61) kVA, and
(500 + 164.34) kVA, respectively. Nonetheless, Type 2 units are not installed. When DG
is included in the reconfiguration process, the active power losses present a reduction of
77.49%, the voltage deviation is 0.7990, compared to 1.8371 (base case), and the CPU time
is 3.09 s. As regards network topology, only the status of switch 56 is different with and
without DG.

Table 4. Results for the 69-bus test system.

Case Open Switches
DG Data

Power Losses Reduction (%) Vmin (p.u.) ∆V Time (s)
Type P (kW) Q (kVAr) Bus

I 69, 70, 71, 72, 73 – – – – 224.99 – 0.9092 1.8371 –

II 14, 55, 61, 69, 70 – – – – 99.62 55.72 0.9427 1.0234 2.42

III 14, 58, 62, 69, 70 1 260.43 85.61 61 50.64 77.49 0.9649 0.7990 3.09
1 500.00 164.34 64

Figure 4 shows three voltage profiles indicating the initial state (base case) of the
network, the system with reconfiguration, and the system with reconfiguration and DG.
Note that an important improvement is achieved after reconfiguration, especially in the
last buses of the network. In this case, the impact of DG in the voltage profile is only noted
in buses 51 to 64.
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Figure 4. Voltage profile of the 69-bus test system.

3.5. Case Study IV: 83-Bus Test System

This distribution system features 96 circuits with 83 tie switches and 13 normally open
interconnection switches. The data of this system can be consulted in [66]. In its initial
topology, switches 84, 85, 86, 87, 88, 89, 90, 91, 92, 93, 94, 95, and 96 are open. The nominal
voltage is 11.4 kV, and the system must supply a load of (28, 350.9+ 20, 700) kVA. The initial
value of active power losses (without reconfiguration) is 531.99 kW.

Table 5 shows the open switches, active power losses, percentage of active power losses
reduced, minimum voltage, voltage deviation, and CPU time of the initial topology, and the
optimal solutions found by the proposed mathematical model with and without DG units.
In the case of optimal reconfiguration, the active power losses present a reduction of 11.67%,
the minimum voltage improves from 0.9285 to 0.9532 p.u., and the CPU time is 2.58 s. On the
other hand, the model for optimal reconfiguration considering DG proposes to install three
Type 1 units at buses 7, 20, and 71 with a power of (1000 + j328.68) kVA, and three Type 2
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units at buses 6, 53, and 70 with an active power of 908.20 kW, 1000 kW, and 761.97 kW,
respectively. In this case, the active power losses have a reduction of 41.08%, the minimum
voltage is 0.9638 p.u., the voltage deviation improves from 2.5589 (base case) to 1.9265,
and the CPU time is 25.76 s. Note that the topology of the reconfiguration considering DG
differs only in one switch with respect to the case where DG is not considered.

Table 5. Results for the 83-bus test system.

Case Open Switches
DG Data

Power Losses Reduction (%) Vmin (p.u.) ∆V Time (s)
Type P (kW) Q (kVAr) Bus

I 84, 85, 86, 87, 88, 89, 90, 91, 92, 93, 94, 95, 96 – – – – 531.99 – 0.9285 2.5589 –

II 7, 13, 34, 39, 42, 55, 61, 72, 82, 86, 89, 90, 92 – – – – 469.87 11.67 0.9532 2.3119 2.58

III 7, 34, 39, 42, 55, 63, 72, 83, 86, 88, 1 1000.00 328.68 7 313.40 41.08 0.9638 1.9265 25.76
89, 90, 92 1 1000.00 328.68 20

1 1000.00 328.68 71
2 908.20 – 6
2 1000.00 – 53
2 761.97 – 70

Figure 5 shows the voltage profile of the initial state (base case) of the EDN, and the
voltage profile after reconfiguration with and without DG. It can be noted that the voltage
profiles have been enhanced as a result of the reconfiguration process and even further
improved when DG is considered.
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Figure 5. Voltage profile of the 84-bus test system.

3.6. Case Study V: 119-Bus Test System

This distribution system features 133 circuits with 118 tie switches and 15 normally
open interconnection switches. The data of this system can be consulted in [66]. In its
initial topology, switches 119, 120, 121, 122, 123, 124, 125, 126, 127, 128, 129, 130, 131,
132, and 133 are open. The nominal voltage is 11 kV, and the system must supply a
load of (22, 709.72 + j17, 041.067) kVA. The initial value of active power losses (without
reconfiguration) is 1296.57 kW.

Table 6 shows the open switches, active power losses, percentage of active power
losses reduced, minimum voltage, and CPU time of the initial topology, and the optimal
solutions found by the proposed mathematical model with and without DG units. In the
case of optimal reconfiguration, the active power losses present a reduction of 32.92%,
the minimum voltage of the network improves from 0.8687 to 0.9321 p.u., and the CPU time
is 3.82 s. On the other hand, the optimal reconfiguration considering DG units proposes to
install two Type 1 units at buses 52 and 77 with a power of (1000 + j328.58) kVA and one at
bus 116 with a power of (918.03 + j301.74) kVA. Moreover, there are two Type 2 units at
buses 83 and 101 with an active power of 785.09 kW and 838.82 kW, respectively. In this
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case, active power losses present a reduction of 59.12%, the voltage deviation improves
from 5.2403 (base case) to 2.9972, and the CPU time is 1709.95 s. Note that the topology is
different for the reconfiguration with and without DG.

Table 6. Results for the 119-bus test system.

Case Open Switches
DG Data

Power Losses Reduction (%) Vmin (p.u.) ∆V Time (s)
Type P (kW) Q (kVAr) Bus

I 119, 120, 121, 122, 123, 124, 125, 126,
127, 128, 129, 130, 131, 132, 133

– – – – 1296.57 – 0.8687 5.2403 –

II 24, 27, 35, 40, 43, 52, 59, 72, 75, 96, 98,
110, 123, 130, 131

– – – – 869.71 32.92 0.9321 3.7736 3.82

III 23, 26, 35, 40, 43, 52, 61, 72, 77, 1 1000 328.58 52 529.94 59.12 0.9556 2.9972 1709.95
83, 110, 122, 126, 127, 131 1 1000 328.67 77

1 918.03 301.74 116
2 1000 – 83
2 1000 – 101

Figure 6 shows the voltage profile of the initial state (base case) of the EDN, and the
voltage profile after reconfiguration with and without DG. It can be seen that the voltage
profiles have been enhanced as a result of the optimal reconfiguration, and with the
reconfiguration considering DG.
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Figure 6. Voltage profile of the 119-bus test system.

3.7. Case Study V: 136-Bus test System

This distribution system features 156 circuits with 135 tie switches and 21 normally
open interconnection switches. The data of this system can be consulted in [66]. In its initial
topology, switches 136, 137, 138, 139, 140, 141, 142, 143, 144, 145, 146, 147, 148, 149, 150, 151,
152, 153, 154, 155, and 156 are open. The nominal voltage is 13.8 kV, and the system must
supply a load of (18,313.8 + j7932.5) kVA. The initial value of active power losses (without
reconfiguration) is 320.36 kW.

Table 7 shows the open switches, active power losses, percentage of active power
losses reduced, minimum voltage, voltage deviation, and CPU time of the initial topology,
and the optimal solutions found by the proposed mathematical model with and without DG
units. In the case of optimal reconfiguration, the active power losses present a reduction of
12.55%, the minimum voltage improves from 0.9306 (base case) to 0.9581 p.u., and the CPU
time is 7.07 s. On the other hand, the optimal reconfiguration considering DG proposes
to install two Type 1 units at buses 35 and 155 with a power of (982.33 + j322.87) kVA
and (1000j + 328.68) kVA, respectively. Furthermore, two Type 2 units at buses 17 and 157
with an active power of 924.82 kW and 755.60 kW are installed. In this case, the active
power losses present a reduction of 47.01%, the voltage deviation improves from 3.4073
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(base case) to 2.5107, and the CPU time is 113.85 s. Note that the topology changes when
DG is considered. Most open switches are not the same with and without DG.

Table 7. Results for the 136-bus test system.

Case Open Switches
DG Data

Power Losses Reduction (%) Vmin (p.u.) ∆V Time (s)
Type P (kW) Q (kVAr) Bus

I 135, 136, 137, 138, 139, 140, 141, 142,
143, 144, 145, 146, 147, 148, 149, 150,
151, 152, 153, 154, 155, 156

– – – – 320.36 – 0.9306 3.4073 –

II 7, 35, 51, 90, 96, 106, 118, 126, 135,
137, 138, 141, 142, 144, 145, 146, 147,
148, 150, 151, 155

– – – – 280.19 12.55 0.9581 3.0802 7.07

III 51, 54, 83, 84, 90, 96, 106, 120, 126, 1 982.33 322.87 35 169.74 47.01 0.9719 2.5107 113.85
128, 135, 136, 137, 139, 141, 144, 1 1000 328.68 155
145, 147, 148, 150, 151 2 924.82 – 17

2 755.60 – 157

Figure 7 shows the voltage profile of the initial state (base case) of the EDN, and the
voltage profile after reconfiguration with and without DG. Note that the voltage profiles are
improved with the optimal reconfiguration and with the reconfiguration considering DG.
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Figure 7. Voltage profile of the 136-bus test system.

3.8. Case Study VI: 202-Bus Test System

This distribution system features 216 circuits with 201 tie switches and 15 normally
open interconnection switches. The data of this system can be consulted in [66]. In its
initial topology, switches 202, 203, 204, 205, 206, 207, 208, 209, 210, 211, 212, 213, 214,
215, and 216 are open. The nominal voltage is 13.8 kV, and the system must supply
a load of (27,571.56 + j17,084.54) kVA. The initial value of active power losses (without
reconfiguration) is 548.89 kW.

Table 8 shows the open switches, active power losses, percentage of active power losses
reduced, minimum voltage, and CPU time of the initial topology, and the optimal solutions
found by the proposed mathematical model with and without DG units. In the case of
optimal reconfiguration, the active power losses present a reduction of 6.87%, the minimum
voltage improves from 0.9574 (base case) to 0.9611 p.u., and the CPU time is 71.44 s. On the
other hand, the optimal reconfiguration considering DG proposes to install three Type 1
units at buses 42, 50, and 53 with a power of (996.76 + j327.62) kVA, (1000 + j328.68) kVA,
and (1000 + j328.68) kVA, respectively. Furthermore, three Type 2 units at buses 193, 201,
and 202 with an active power of 931.56 kW, 701.34 kW, and 884.63 kW are installed. In this
case, the active power losses present a reduction of 38.68%, the voltage deviation improves
from 5.8695 (base case) to 4.7119, and the CPU time is 745.36 s. Note that the topology of
the system is different with and without DG.
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Table 8. Results for the 202-bus test system.

Case Open Switches
DG Data

Power Losses Reduction (%) Vmin (p.u.) ∆V Time (s)
Type P (kW) Q (kVAr) Bus

I 202, 203, 204, 205, 206, 207, 208, 209,
210, 211, 212, 213, 214, 215, 216

– – – – 548.89 – 0.9574 5.8695 –

II 12, 26, 43, 82, 118, 131, 133, 140, 168,
202, 203, 208, 212, 213, 214

– – – – 511.17 6.87 0.9611 5.5111 71.44

III 12, 29, 44, 74, 82, 111, 118, 131, 1 996.76 327.62 42 336.55 38.68 0.9679 4.7119 745.36
133, 140, 168, 184, 202, 212, 214 1 1000 328.58 50

1 1000 328.58 53
2 931.56 – 193
2 701.34 – 201
2 884.63 – 202

Figure 8 depicts the voltage profile of the initial state (base case) of the EDN, and the
voltage profile after reconfiguration with and without DG. Note that the voltage profiles
have been enhanced as a result of the optimal reconfiguration and with the reconfiguration
considering DG.
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Figure 8. Voltage profile of the 202-bus test system.

4. Comparative Analysis of Results

To demonstrate the model’s applicability and efficacy, this section shows a comparative
analysis of results with other papers reported in the specialized literature for both optimal
reconfiguration alone and reconfiguration considering DG. In the case of reconfiguration
with DG, only results of two distribution networks were found in the specialized literature.
It is worth mentioning that the references that include DG within the DNR problem use a
nonlinear model of the network and resort to metaheuristic techniques for its solution; also,
a unity power factor is considered for all DG units.

The data regarding the maximum power generation and the number of units for the
33- and 69-bus test systems are taken from [59]. For the 33-bus test system, three DG units
are considered, each one with 1279.6 kW of maximum capacity; furthermore, the maximum
power to be injected by the DG units is limited to 2989.5 kW. For the 69-bus test system,
three DG units are considered, each one with 1441.5 kW of maximum capacity; furthermore,
the maximum power to be injected by the DG units is limited to 2469.1 kW.

Tables 9 and 10 present a comparison of results with several references that include
DG within the DNR problem. Three cases are considered: (i) the initial status of the system;
(ii) the reconfiguration alone (labeled with an ‘R’), and (iii) the reconfiguration considering
DG units (labeled as ‘R-DG’). On the other hand, the fourth column of Tables 9 and 10
indicates the active power output of the DG units, followed by their location in parentheses.
Note that the results regarding power losses are quite similar to those reported in [59] and
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better than those reported in other references. The difference in power losses is because we
introduce a linear model, while in [59], a nonlinear modeling of the network is considered.

Table 11 shows the optimal solution found by the proposed model with the 16-bus test
system. Note that the reconfiguration found is the same as that previously published in the
specialized literature; nonetheless, the solution is found in less computational time. Table 12
presents the solutions found for the 33-bus test system with different methodologies. Note
that the solution found is the same as the one reported in other papers; nonetheless, it is
found in slightly higher time than some of the ones reported in the specialized literature.
Table 13 presents the solution found with the proposed approach for the 69-bus test system.
In this case, the same power losses were obtained in less computational time.

Table 9. Comparative analysis of reconfiguration with distributed generation for the 33-bus test system.

Ref. Type Open Switches Active Power of DG (kW) Bus Power Losses (kW) Vmin (p.u.)

Proposed Initial 33, 34, 35, 36, 37 – – 202.67 0.9131
R 7, 9, 14, 32, 37 – – 139.54 0.9378
R-DG 11, 28, 31, 33, 34 975.75 7 50.74 0.9723

734.15 17
1279.6 25

[59] Initial 33, 34, 35, 36, 37 – – 202.68 0.91309
R 7, 9, 14, 32, 37 – – 139.55 0.9378
R-DG 11, 28, 31, 33, 34 956.9 7 50.72 0.9734

723.0 17
1279.6 25

[45] Initial 33, 34, 35, 36, 37 – – 202.67 0.9131
R 7, 9, 14, 28, 37 – – 139.98 0.9413
R-DG 7, 11, 14, 28, 32 531.5 18 67.11 0.9713

615.8 29
536.7 32

[58] Initial 33, 34, 35, 36, 37 – – 202.67 0.9131
R 7, 9, 14, 32, 37 – – 139.5 –
R-DG 7, 9, 14, 28, 31 345.0 13 57.35 –

595.0 18
1059.0 25

[51] Initial 33, 34, 35, 36, 37 – – 202.67 0.9131
R 7, 9, 14, 28, 32 – – 139.98 0.9412
R-DG 7, 9, 13, 28, 32 412.78 15 64.97 0.9691

1375.9 18
1238.30 29

[69] Initial 33, 34, 35, 36, 37 – – 202.67 0.9131
R 7, 9, 14, 28, 32 – – 139.98 0.9412
R-DG 10, 28, 31, 33, 34 723.7 7 57.987 0.9691

742.9 17
741.9 25

Table 10. Comparative analysis of reconfiguration with distributed generation for the 69-bus test system.

Ref. Type Open Switches Active Power of DG (kW) Bus Power Losses (kW) Vmin (p.u.)

Proposed Initial 69, 70, 71, 72, 73 – – 224.99 0.9092
R 14, 55, 61, 69, 70 – – 99.62 0.9427
R-DG 14, 62, 63, 69, 70 549.6 11 35.72 0.9740

1441.5 61
477.9 65
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Table 10. Cont.

Ref. Type Open Switches Active Power of DG (kW) Bus Power Losses (kW) Vmin (p.u.)

[59] Initial 69, 70, 71, 72, 73 – – 224.89 0.9092
R 14, 56, 61, 69, 70 – – 98.57 0.9495
R-DG 14, 56, 61, 69, 70 537.6 11 35.46 0.9813

1441.5 61
490.0 64

[45] Initial 69, 70, 71, 72, 73 – – 224.96 0.9092
R 14, 56, 61, 69, 70 – – 98.59 0.9495
R-DG 13, 55, 63, 69, 70 1127.2 61 82.55 0.9796

2750.0 62
415.9 65

[58] Initial 69, 70, 71, 72, 73 – – 224.96 0.9092
R 14, 58, 61, 69, 70 – – 99.58 –
R-DG 14, 58, 61, 69, 70 246.0 12 36.57 –

1281.0 61
472.0 64

[51] Initial 69, 70, 71, 72, 73 – – 224.97 0.9091
R 12, 58, 61, 69, 70 – – 98.79 0.9494
R-DG 12, 57, 61, 69, 70 140.81 24 38.36 0.9777

422.43 64

Table 11. Comparative analysis of the 16-bus test system.

Model Open Switches Power Losses (kW) Time (s)

[3] 15, 17, 26 488.46 –
[4] 15, 17, 26 483.88 –

[70] 17, 19, 26 468.3 –
[71] 17, 19, 26 466.1 8
[72] 17, 19, 26 466.1 7.5
[73] 17, 19, 26 466.12 6
[68] 17, 19, 26 466.1 4.5
[17] 17, 19, 26 466.12 2.027
[18] 17, 19, 26 466.13 0.45
[19] 17, 19, 26 466.13 0.27
[8] 17, 19, 26 468.3 0.16

[13] 17, 19, 26 466.12 0.156
[33] 17, 19, 26 466.1 0.12

Table 12. Comparative analysis of the 33-bus test system.

Model Open Switches Power Losses (kW) Time (s)

[71] 6, 9, 14, 32, 37 142.83 –
[74] 7, 9, 14, 32, 37 139.55 647.03
[8] 7, 9, 14, 32, 37 139.6 46

[75] 7, 9, 14, 32, 37 141.6 19.1
[28] 7, 10, 14, 36, 37 142.68 7.2
[5] 7, 10, 14, 32, 37 141.6 0.14

[73] 7, 9, 14, 32, 37 139.7 3
[76] 7, 9, 14, 31, 37 142 0.1
[77] 7, 9, 14, 32, 37 139.55 35.5
[7] 7, 9, 14, 32, 37 139.55 10.83

[24] 7, 9, 14, 32, 37 139.55 8.1
[25] 7, 9, 14, 32, 37 139.55 8
[16] 7, 9, 14, 32, 37 139.55 7.41
[78] 7, 9, 14, 32, 37 139.55 5.28
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Table 12. Cont.

Model Open Switches Power Losses (kW) Time (s)

[70] 7, 9, 14, 32, 37 139.55 3.2
[6] 7, 9, 14, 32, 37 139.55 2.9

[33] 7, 9, 14, 32, 37 139.55 2.28
[79] 7, 9, 14, 32, 37 139.55 1.99
[80] 7, 9, 14, 32, 37 139.55 1.43

Proposed 7, 9, 14, 32, 37 139.55 0.46
[81] 7, 9, 14, 32, 37 139.55 0.41
[82] 7, 9, 14, 32, 37 139.55 0.11

Table 13. Comparative analysis of the 69-bus test system.

Model Open Switches Power Losses (kW) Time (s)

[78] 13, 58, 61, 69, 90 99.72 –
[28] 14, 53, 61, 69, 70 103.29 –
[81] 14, 55, 61, 69, 70 99.62 –
[83] 14, 58, 61, 69, 70 99.62 –
[84] 14, 58, 61, 69, 70 99.62 –
[25] 14, 55, 61, 69, 70 99.62 150
[19] 14, 57, 61, 69, 70 99.62 20.2
[85] 14, 55, 61, 69, 70 99.62 12.5
[14] 14, 55, 61, 69, 70 99.62 8
[33] 14, 55, 61, 69, 70 99.62 6.17

Proposed 14, 55, 61, 69, 70 99.62 2.42

Table 14 shows the comparative results for the 119-bus test system. In this case,
the topology and power losses found are the same as the ones already reported in the
specialized literature. As regards computational time, the proposed solution presented
the second-best time. Tables 15 and 16 present a comparison of results for the 136-bus and
202-bus test systems. In both cases, the proposed model was able to find the global optimal
solution in lower computational time.

Table 14. Comparative analysis of the 119-bus test system.

Model Open Switches Power Losses (kW) Time (s)

[81] 24, 27, 35, 40, 43, 52, 59, 72, 75, 96, 98, 110, 123, 130, 131 869.70 –
[25] 24, 27, 35, 40, 43, 52, 59, 72, 75, 96, 98, 110, 123, 130, 131 869.70 18,000
[80] 24, 27, 35, 40, 43, 52, 59, 72, 75, 96, 98, 110, 123, 130, 131 869.70 1009
[86] 24, 27, 35, 40, 43, 52, 59, 72, 75, 96, 98, 110, 123, 130, 131 870.33 704.1
[85] 24, 27, 35, 40, 43, 52, 59, 72, 75, 96, 98, 110, 123, 130, 131 870.33 42.13
[8] 24, 27, 35, 40, 43, 52, 59, 72, 75, 96, 98, 110, 123, 130, 131 869.70 39.4
[28] 24, 35, 40, 43, 49, 51, 62, 73, 74, 77, 83, 110, 120, 126, 131 885.56 24.25
[24] 24, 27, 35, 40, 43, 52, 59, 72, 75, 96, 98, 110, 123, 130, 131 869.70 9.38
[6] 24, 27, 35, 40, 43, 52, 59, 72, 75, 96, 98, 110, 123, 130, 131 869.70 24.8
[33] 24, 27, 35, 40, 43, 52, 59, 72, 75, 96, 98, 110, 123, 130, 131 869.71 9.5

Proposed 24, 27, 35, 40, 43, 52, 59, 72, 75, 96, 98, 110, 123, 130, 131 869.71 3.82
[77] 24, 27, 35, 40, 43, 52, 59, 72, 75, 96, 98, 110, 123, 130, 131 869.71 2.8

Table 15. Comparative analysis of the 136-bus test system.

Model Open Switches Power Losses (kW) Time (s)

[78] 7, 38, 51, 55, 90, 97, 106, 118, 126, 137, 138, 141, 144, 145, 146, 147, 148, 150, 151, 152, 152, 155 282.77 –
[20] 7, 38, 51, 53, 90, 96, 106, 118, 126, 128, 137, 138, 141, 144, 145, 146, 147, 148, 150, 151, 156 280.40 –
[70] 7, 38, 51, 54, 84, 90, 96, 106, 118, 126, 128, 135, 137, 138, 141, 144, 145, 147, 148, 150, 151 280.38 1009
[8] 7, 38, 51, 54, 84, 90, 96, 106, 118, 126, 128, 135, 137, 138, 141, 144, 145, 147, 148, 150, 151 280.38 39.40



Energies 2022, 15, 3063 21 of 26

Table 15. Cont.

Model Open Switches Power Losses (kW) Time (s)

[7] 7, 35, 51, 90, 96, 106, 118, 126, 135, 137, 138, 141, 142, 144, 145, 146, 147, 148, 150, 151, 155 280.19 4473
[77] 7, 35, 51, 90, 96, 106, 118, 126, 135, 137, 138, 141, 142, 144, 145, 146, 147, 148, 150, 151, 155 280.19 1785
[33] 7, 35, 51, 90, 96, 106, 118, 126, 135, 137, 138, 141, 142, 144, 145, 146, 147, 148, 150, 151, 155 280.19 9.50

Proposed 7, 35, 51, 90, 96, 106, 118, 126, 135, 137, 138, 141, 142, 144, 145, 146, 147, 148, 150, 151, 155 280.19 7.07

Table 16. Comparative analysis of the 202-bus test system.

Model Open Switches Power Losses (kW) Time (s)

[26] 29, 66, 74, 83, 111, 118, 125, 131, 135, 136, 140, 177, 199, 202, 208 537.1 49.98
[33] 12, 26, 43, 82, 118, 131, 133, 140, 168, 202, 203, 208, 212, 213, 214 511.19 948.64

Proposed 12, 26, 43, 82, 118, 131, 133, 140, 168, 202, 203, 208, 212, 213, 214 511.17 71.44

5. Conclusions

The presence of small-scale generation units is becoming popular in modern EDNs.
Therefore, studies regarding the operation and planning of EDNs must take into account
the impact of DG units, indicating their best locations and the optimal topology that
harvests their benefits and minimizes eventual negative impacts. This paper presented an
MILP model for the optimal placement of DG and optimal reconfiguration of distribution
networks. The main objectives of the proposed model are the minimization of active power
losses and the improvement of the voltage profile. Due to its nature, the proposed model
can be solved by commercially available solvers, guaranteeing global optimal solutions.

Several tests were performed on seven benchmark distribution systems with sizes
ranging from 16 to 202 buses. In this sense, this paper aims to serve as a reference for future
research since several types of test systems were used for comparative purposes. In all
cases, the proposed model was able to obtain the global optimal solution reported in the
specialized literature. In most cases, this solution was achieved with reduced computational
time. As opposed to previous methods consulted in the specialized literature that have
been tested in specific small-sized distribution networks, the proposed formulation proved
to be effective for solving the simultaneous DNR and optimal placement of DG in real-sized
distribution systems.

In the comparative analysis, it was found that when no DG units are considered,
the proposed model is able to find the same results reported in the specialized literature but
with less computational time. Furthermore, the inclusion of DG units, along with optimal
reconfiguration, allows the model to find better solutions than those previously reported
in the specialized literature. It is worth mentioning that the proposed model allows the
consideration of several DG types.

The results obtained demonstrate that reconfiguration alone can improve the voltage
profile and reduce power losses. Nonetheless, when the optimal DG placement and
distribution network reconfiguration are solved concurrently, power losses are significantly
reduced and voltage profile improvements are obtained.
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Abbreviations
The following nomenclature is used in this manuscript:

Ωb Set of buses.
Ωl Set of circuits.
Ωg Set of DG types.
Ωic Set of candidate buses to allocate DG.
Rij Resistance of circuit ij.
Xij Reactance of circuit ij.
Zij Impedance of circuit ij.
Pd

i Active power demand at bus i.
Qd

i Reactive power demand at bus i.
Iij Maximum current magnitude of circuit ij.
Iij Minimum current magnitude of circuit ij.
Vi Maximum voltage magnitude at bus i.
Vi Minimum voltage magnitude at bus i.
Y Number of blocks of the piece-wise linearization.
S Number of discretizations of the Vsqr

j .

∆V Discretization step of Vsqr
j .

ms
ij,y Slope of the yth block of the power flow of circuit ij.

∆Si,j,y Upper limit of each block of the power flow at circuit ij.
N Number of buses.
Pdg

ic,g Lower limit of Pdg
ic,g.

Pdg
ic,g Upper limit of Pdg

ic,g.

Qdg
ic,g Lower limit of Qdg

ic,g.

Qdg
ic,g Upper limit of Qdg

ic,g.
φg Power factor of DG type g.

Ndg
syst Maximum number of DGs that can be installed in the system.

Pki Active power flow of circuit ki.
Qki Reactive power flow of circuit ki.
Pij Active power flow of circuit ij.
Qij Reactive power flow of circuit ij.
Iij Current flow magnitude of circuit ij.
Vi Voltage magnitude at bus i.
Vsqr

i Square of Vi.
Ps

i Active power supplied by the substation at bus i.
Qs

i Reactive power supplied by the substation at bus i.

bij
Auxiliary variable for representing the Kirchhoff voltage law in the loop formed
by circuit ij.

xj,s Binary variable used in the discretization of Vsqr
j Isqr

ij .
Pc

j,s Power correction used in the discretization of Vsqr
j Isqr

ij .
∆Pi,j,y Value of the yth block of |Pij|.
∆Qi,j,y Value of the yth block of |Qij|.
P+

ij , P−ij Non-negative auxiliary variables used to obtain |Pij|.
Q+

ij , Q−ij Non-negative auxiliary variables used to obtain |Qij|.
y+ij , y−ij Binary variables associated with the power flow direction of circuit ij.



Energies 2022, 15, 3063 23 of 26

∆V Voltage deviation.
Wdg

ic,g Binary variable that indicates if a DG unit of type g is placed at candidate bus ic.

Pdg
ic,g Active power supplied by DG of type g at candidate bus ic.

Qdg
ic,g Reactive power supplied by DG of type g at candidate bus ic.

Sdg
ic,g Apparent power supplied by DG of type g at candidate bus ic.
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