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Kamil Zając 1, Janusz Kowal 2 and Jarosław Konieczny 2,*

1 ZF Steering Systems Poland Sp. z o. o. Technical Center, 43-346 Bielsko-Biała, Poland; zckamil@gmail.com
2 Department of Process Control, AGH University of Science and Technology, Al. Mickiewicza 30,

30-059 Krakow, Poland; jkowal@agh.edu.pl
* Correspondence: koniejar@agh.edu.pl

Abstract: This work aimed to improve the vehicle body stability and the ride comfort of the tracked
military vehicle crew. For this purpose, magnetorheological fluid dampers were used. This process
has made the theoretical model of the tracked platform a semi-active suspension system. This
modification allows for the application of different control laws to these systems. The usage of the
continuous skyhook control law assumes the influence of three fictitious viscous dampers. Their
force in this conceptual model is replicated by the magnetorheological dampers of the suspension
in the real system. However, the continuous skyhook control law does not take into consideration
the nonlinear stiffness characteristics. In this paper, the continuous skyhook control law has been
appropriately modified. The modification takes into consideration the nonlinearity of the stiffness
characteristics. Applying the modified continuous skyhook control law improves the stability of the
vehicle body and the vehicle crew’s ride comfort. All these goals had to be introduced due to the
modernization of the tracked military vehicle suspension by replacing the torsion bars with spiral
spring packages with nonlinear characteristics.

Keywords: combat vehicle; continuous skyhook control law; nonlinear dynamics; numerical analysis

1. Introduction

The semi-active systems in recent years have gained significant interest. The main
reason for it is to improve a vehicle’s ride comfort [1]. Various control systems are currently
used in semi-active suspension systems. The LPV model predictive control can be used
to provide a suitable trade-off between comfort and handling performances [1]. Artifi-
cial neural networks are also used to synthesize control laws in semi-active suspension
systems [2]. Another type of artificial intelligence used in controlling such suspensions is
fuzzy-logic control [3], as well as recurrent neural networks [4]. The next type of control
law application is sliding mode control [5,6]. For estimating different parameters, many
types of filters can be used in semi-active suspension systems. For example, Kalman filters
and H∞ filters are now subjects of interest [7–10]. Various algorithms have been tested,
first, in quarter-car models [11–13]. In the first phase, the quarter-car model of the 2S1
tracked platform was also tested to perform research in this work.

The 2S1 tracked platform was developed in the second half of the 20th century. Due
to the adaption ability to many types of weapons, the 2S1 tracked platform was widely
used in the Polish Armed Forces, among others, the self-propelled howitzers GOŹDZIK,
self-propelled mortars RAK, and armored command vehicles. The 2S1 tracked platform
in its original version is equipped with 14 road wheels, two driving wheels, and two
tensioning wheels. The suspension system of each road wheel consists of a rocker and a
torsion bar. In the suspension structure, the torsion bar provides stiffness. It is considered a
relatively simple and reliable solution. Due to long torsion bars, fixed on opposite sides of
the vehicle, the main disadvantage of this solution is a reduction in the vehicle’s resistance
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against anti-tank mines, but in particular, harm to staff related to the release of energy from
the taut rods in the event of damage to the chassis [14,15].

In recent years, the 2S1 suspension system has been modernized. The torsion bar
has been replaced by a package of 15 logarithmic spiral springs. The spaces in the spring
package have been filled with oil to limit the temperature. The value of oil pressure affects
the shape of the stiffness characteristic of such an element. The stiffness characteristics
generate frictional hysteresis. The surface area of the hysteresis depends on the value of oil
pressure in the package. In the work of Jurkiewicz et al. [14], parametric identification of
stiffness characteristics for different pressure values was carried out. It has been observed
that the frictional hysteresis field decreases with pressure. However, vibration control
through controlled changes in oil pressure is not possible, due to the time constant of
the process.

Moreover, new requirements have emerged over time regarding, among others, the
improvement of the vehicle body stability and the ride comfort of the vehicle crew. Higher
vehicle body stability improves the work of the primary gun stabilizer. On the other hand,
in the case of military vehicles or special purpose vehicles, ride comfort significantly affects
the quality of soldiers’ work. The exposure of the human body to vibrations can cause
muscular, sensory, intellectual, and emotional fatigue or even health problems [16,17]. It
follows that ride comfort is meaningful for the efficiency of operations on the battlefield.

In order to improve the vehicle body stability and the ride comfort of the vehicle crew,
four conventional dampers have been removed in the theoretical model. In their place,
magnetorheological dampers (MR dampers) have been added to the suspension system of
the 2S1 platform. The chamber of the MR damper is filled with magnetorheological fluid.
Excited by a magnetic field, this fluid changes from a free-flowing liquid to a semi-solid
state. The damping characteristic can be continuously controlled by proper changes in
the magnetic field [18]. One of the advantages of applying MR dampers in suspension
systems is the possibility of adjusting the damping force to the current driving conditions.
The result of MR dampers application is a semi-active suspension system. Semi-active
suspension systems are used to control energy dissipation. For this reason, in this kind of
system, it is possible to adopt control algorithms.

Based on the literature research, it was found that the skyhook control law can improve
the ride comfort of the vehicle crew. This control law was proposed in 1974 by Karnopp
et al. [19]; improvement of ride comfort is provided by a linear viscous damper combined
with the sprung mass and an imaginary “sky”. This control law is the subject of research in
many works [20,21]. It is now widely used in automobile suspension systems. Another
interesting control law that is based on the skyhook theory was proposed in 2004 by
Hyvärinen [22]. According to this control law, not one but three fictitious viscous dampers
are added to suspension systems. However, this control law does not take into consideration
the nonlinearity of the stiffness characteristics.

In this paper, the authors modified the control law proposed by Hyvärinen [22]. The
use of a nonlinear spring resulting from the elimination of torsion bars makes it not obvious
that the synthesized control law for linear objects will remain optimal. The characteristics of
the spiral spring are highly nonlinear. The forces values depend not only on the deflection
but also on the direction resulting from increasing or decreasing the deflection. To solve the
nonlinearity problem, it was assumed that the stiffness coefficient of each package should
be calculated as the slope of the tangent line to the nonlinear stiffness characteristic at
the point in which the abscissa coordinate is equal to the current value of the suspension
deflection. This calculation is performed at each control step and means that the control is
modified depending on the current deflection because the working point of the nonlinear
spring has changed. The use of magnetorheological dampers with nonlinear characteristics
as actuators has also been considered.
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2. The Research Object under Consideration

The research object under consideration is described in three parts of this section. In
the first part, the overall 2S1 platform suspension model is introduced. The second part
presents the continuous skyhook control law for a suspension system with linear stiffness
elements. The last part of this section presents the authors’ proposed modification of the
previously described control law but covering the nonlinear case of stiffness characteristics.

2.1. The Model of the 2S1 Platform

In work [14], parametric identification of the stiffness characteristics of the package of
logarithmic spiral springs for different pressure values was carried out. The approximation
model has the form:

Fs
(

P,
.
zw, zw

)
= p̂1z5

w + p̂2z3
w + p̂3zw + sign

( .
zw
)
(q̂1P + q̂2)zw (1)

where p̂1, p̂2, and p̂3 are polynomial function coefficients; q̂1 and q̂2 are the linear function
coefficients, which approximate the change in the value of the internal friction force; P is
the oil pressure in the package; and zw and

.
zw are the suspension deflection and its velocity,

respectively.
As one can see, the force characteristic is nonlinear and introduces frictional hysteresis.

The detail of the spiral springs by finite element method modeling was presented in
work [23]. The task for the developed suspension is to improve the vehicle body stability
and the ride comfort of the vehicle crew. In the theoretical model of the suspension system
of the 2S1 platform, 4 MR dampers are used in addition to 14 packages of logarithmic spiral
springs. The MR damper is characterized by low power consumption and fast response
to current value changes flowing through the electrical coil [24,25]. However, due to the
nonlinearity, this actuator is more challenging to design in the control system than for
an actuator with linear characteristics [26]. For a mathematical description of dynamic
properties of MR dampers, hysteresis models are used, including, among others, Bingham,
hyperbolic, or Spencer models [27–29]. For this work, the Bingham model of the MR
damper presented in [30] was used:

Ft(it) = fa(it)sign
( .
zwz
)
+ fc(it)

.
zwz (2)

where it is the current signal and the fa(it) and fc(it) functions are the Coulomb friction
force and the viscous damping coefficient, respectively.

The approximating function fa(it) has the form:

fa(it) = a1i2t + a2it + a3 (3)

The viscous damping force fc(it) can be described by the following equation:

fc(it) = c1i2t + c2it + c3 (4)

The parameters a1, a2, a3 c1, c2, and c3 are coefficients of the friction and viscous
damping function (3), (4) respectively. The values of these parameters identified in [14] are
shown in Table 1.

Table 1. The Bingham model parameters.

a1 = 3898
[

N
A2

]
a2 = –110.84

[
N
A

]
a3 = 34.5 [N]

c1 = 9780
[

N·s
m·A2

]
c2 = –773.54

[
N·s
m·A

]
c3 = 902.76

[
N·s
m

]

The discussions presented in the paper are based on the 2S1 platform suspension
model shown in Figure 1. It consists of 14 packages of logarithmic spiral springs and 4 MR
dampers. The MR dampers are located in the first and seventh axes. For instance, Ft,r,1
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means that this is the force generated by the MR damper on the right side of the body in
the first axis.

Energies 2022, 15, x FOR PEER REVIEW 4 of 22 
 

 

means that this is the force generated by the MR damper on the right side of the body in 
the first axis. 

 
Figure 1. The 2S1 platform suspension model. 

The following assumptions were made for the numerical analysis. It was assumed 
that temperature does not affect the magnetorheological fluid properties and that there is 
no leak of this fluid. Similar assumptions have been made for packages of logarithmic 
spiral springs. There is no oil temperature influence on the stiffness characteristics of the 
packages. The vehicle body can move in the vertical direction. It can also rotate around 
the center of gravity (CG). Linear stiffness and linear damping of road wheels were as-
sumed. Furthermore, bilateral constraints were assumed. This means that road wheels 
always have contact with the substrate. 

2.2. Continuous Skyhook Control Law for a Suspension System with Linear Stiffness Elements 
The skyhook control law was proposed by Karnopp et al. in [19]. The application of 

the skyhook control law in the suspension system leads, among others, to the improve-
ment of the ride comfort of the vehicle crew. This control law is the most commonly used 
in modern semi-active suspension systems of cars. Some examples of applications are pre-
sented in works [31,32]. In recent years, there has been a revelation of interest in this con-
trol law in the field of rail vehicle suspension systems [33]. In addition, the implementa-
tion of this control law in combat vehicles has been considered for several years. It is pos-
sible to indicate the work of [34] in which the authors analyzed a semi-active suspension 
system of a multi-wheeled combat vehicle with the skyhook control law. In work [35], the 
authors considered a simplified variant of the skyhook control law in the physical model 
of the suspension system of a 2S1 combat tracked vehicle created using the MSC Adams 
software. Nowadays, there is a wide range of suspension systems in which the discussed 
control law is considered. 

The skyhook control law is based on a theoretical model in which it is assumed that 
the passive and linear viscous damper is combined with the sprung mass and an imagi-
nary “sky.” This configuration reduces the amplitudes of displacement, velocity, and ac-
celeration of the sprung mass, improving the ride comfort of the vehicle crew. The concept 
of the skyhook damper due to the fictitious viscous element is not physically realizable. 
In order to implement this control strategy, it is necessary to use an element with a con-
trolled damping force value. This element can be placed between the sprung and un-
sprung mass, and the control signal of the actuator is proportional to the absolute velocity 
of the sprung mass, thus simulating Skyhook’s law. The MR damper actuator can be used 
in this function. Vibration systems in which magnetorheological dampers are used have 
feedback and require an external power supply. However, magnetorheological dampers 
are characterized by low power consumption and short response time to changes in the 
value of the electric current signal flowing through the control coils. Control of elements 
such as magnetorheological dampers is not the easiest one, due to their nonlinear charac-
teristics. 

Another continuous skyhook control law is the research performed by Hyvärinen et 
al. in work [22]. In contrast to the classical approach, it assumes the impact of three ficti-
tious viscous dampers on the vehicle body. The first of these dampers is related to the 

Figure 1. The 2S1 platform suspension model.

The following assumptions were made for the numerical analysis. It was assumed
that temperature does not affect the magnetorheological fluid properties and that there
is no leak of this fluid. Similar assumptions have been made for packages of logarithmic
spiral springs. There is no oil temperature influence on the stiffness characteristics of the
packages. The vehicle body can move in the vertical direction. It can also rotate around the
center of gravity (CG). Linear stiffness and linear damping of road wheels were assumed.
Furthermore, bilateral constraints were assumed. This means that road wheels always have
contact with the substrate.

2.2. Continuous Skyhook Control Law for a Suspension System with Linear Stiffness Elements

The skyhook control law was proposed by Karnopp et al. in [19]. The application of the
skyhook control law in the suspension system leads, among others, to the improvement of
the ride comfort of the vehicle crew. This control law is the most commonly used in modern
semi-active suspension systems of cars. Some examples of applications are presented in
works [31,32]. In recent years, there has been a revelation of interest in this control law
in the field of rail vehicle suspension systems [33]. In addition, the implementation of
this control law in combat vehicles has been considered for several years. It is possible to
indicate the work of [34] in which the authors analyzed a semi-active suspension system of
a multi-wheeled combat vehicle with the skyhook control law. In work [35], the authors
considered a simplified variant of the skyhook control law in the physical model of the
suspension system of a 2S1 combat tracked vehicle created using the MSC Adams software.
Nowadays, there is a wide range of suspension systems in which the discussed control law
is considered.

The skyhook control law is based on a theoretical model in which it is assumed that
the passive and linear viscous damper is combined with the sprung mass and an imaginary
“sky.” This configuration reduces the amplitudes of displacement, velocity, and acceleration
of the sprung mass, improving the ride comfort of the vehicle crew. The concept of the
skyhook damper due to the fictitious viscous element is not physically realizable. In order
to implement this control strategy, it is necessary to use an element with a controlled
damping force value. This element can be placed between the sprung and unsprung
mass, and the control signal of the actuator is proportional to the absolute velocity of the
sprung mass, thus simulating Skyhook’s law. The MR damper actuator can be used in
this function. Vibration systems in which magnetorheological dampers are used have
feedback and require an external power supply. However, magnetorheological dampers are
characterized by low power consumption and short response time to changes in the value
of the electric current signal flowing through the control coils. Control of elements such as
magnetorheological dampers is not the easiest one, due to their nonlinear characteristics.

Another continuous skyhook control law is the research performed by Hyvärinen
et al. in work [22]. In contrast to the classical approach, it assumes the impact of three
fictitious viscous dampers on the vehicle body. The first of these dampers is related to the
vertical displacement of the sprung mass. The following two dampers are related to the
pitch and roll of the vehicle body around its center of mass (CG). The first is the linear
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viscous damper, and the other two are rotational viscous dampers for calming pitch and
roll. Those dampers should improve the ride comfort of the vehicle crew and vehicle body
stability. For each of the fictitious dampers, it is assumed that their damping coefficients are
critical damping coefficients of the vibrations. The critical damping coefficient in all three
degrees of freedom must ensure the possibility of returning to the equilibrium without
oscillation and in the shortest possible time.

In the first stage of formulating the continuous skyhook control law, the linear viscous
damper is connected with the sprung mass and an imaginary “sky.” This situation is
presented in Figure 2.
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The critical damping coefficient for the adopted model has the following form:

bh.cr = 2

√√√√mh

(
7

∑
i=1

kr,i +
7

∑
i=1

kl, i

)
(5)

For simplicity, the overall stiffness was calculated by Equations (6) and (7):

kr =
7

∑
i=1

kr,i (6)

kl =
7

∑
i=1

kl,i (7)

Thus, the force generated by the linear viscous damper connecting the center of mass
(CG) of the vehicle body with an imaginary “sky” can be defined as follows:

Ft,h = ξh,skybh.cr
.
z = 2ξh,sky

√
mh

(
kr + kl

) .
z (8)

The parameter ξh,sky is a dimensionless quantity that, in the case of critical damping,
is equal to 1. The force Ft,h is still virtual. To make it real, it is assumed that this force is
equal to the sum of damping forces generated by four MR dampers of the model. Thus, the
following equation can be formulated:

Ft,h = Ft,r,1 + Ft,r,7 + Ft,l,1 + Ft,l,7 (9)

The above equation contains four unknown variables. These unknown variables are
damping forces Ft,r,1, Ft,r,7, Ft,l,1, and Ft,l,7. Successive equations have been formulated to
find these values.

In the next stage of formulating the continuous skyhook control law, another fictitious
viscous damper is added. This time, this is the virtual rotational viscous damper for pitch.
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The body rotates around the center of mass (CG). The following Figure 3 is relevant for the
pitch of the body movement.
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It is assumed that the fictitious rotational viscous damper generates the damping
moment proportional to the angular velocity of the pitch. The critical damping coefficient
is the proportionality factor in the equation. The rotation to the equilibrium should take
the shortest possible time. The damping moment can be calculated as follows:

Mt,p = ξp,skybp,cr
.
ϕ = 2ξp,sky

√√√√Jx

(
7

∑
i=1

kr,il2
i +

7

∑
i=1

kl,il2
i

)
.
ϕ (10)

Similar to (6) and (7), the overall moments were calculated by Equations (11) and (12):

Mr =
7

∑
i=1

kr,il2
i (11)

Ml =
7

∑
i=1

kl,il2
i (12)

The parameter ξp,sky is equal to 1 in the case of critical damping. It is assumed
that all magnetorheological dampers of the model generate the damping moment. Thus,
Equation (13) can be formulated as:

Mt,p = −Ft,r,1l1 + Ft,r,7l7 − Ft,l,1l1 + Ft,l,7l7 (13)

Equations (9) and (13) are two of four equations that can be used to compute the
damping forces Ft,r,1, Ft,r,7, Ft,l,1, and Ft,l,7 of MR dampers.

In the third stage, another viscous damper is added to the model Figure 4—this is the
fictitious rotational viscous damper relevant for the body rolling movement.

The damping moment Mt,r is proportional to the angular velocity of the roll. It is
assumed that the damping coefficient of the fictitious rotational viscous damper should be
the critical damping coefficient. In such a situation, the return to the equilibrium occurs
without oscillation and in the shortest possible time. This should improve vehicle body
stability. Given the above, the damping moment Mt,r can be expressed as:

Mt,r = ξr,skybr,cr
.
θ = 2ξr,sky

√
Jy

(
d2

r kr + d2
l kl

) .
θ (14)
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As before, the damping ratio ξr,sky in the case of critical damping is equal to 1. It is
assumed that the generated damping moment Mt,r is obtained by all MR dampers of the
model. Therefore, the following equation can be written:

Mt,r = Ft,r,1dr + Ft,r,7dr − Ft,l,1dl − Ft,l,7dl (15)

Equation (15) is the third in the system of four linear equations. It is necessary to
enter one more equation to compute the damping forces of MR dampers. This equation is
associated with body torsion. This equation can be written as:

T = −Ft,r,1dr + Ft,r,7dr + Ft,l,1dl − Ft,l,7dl (16)

As the vehicle body is rigid and does not twist, the sum of the clockwise and anticlock-
wise moments T is equal to 0. Thus, Equation (16) can be written as follows:

0 = −Ft,r,1dr + Ft,r,7dr + Ft,l,1dl − Ft,l,7dl (17)

Now, it is possible to determine the system of four linear equations. Based on Equa-
tions (9), (13), (15), and (17), the system of four linear equations takes the form (18):

2ξh,sky

√
mh

(
kr + kl

) .
z = Ft,r,1 + Ft,r,7 + Ft,l,1 + Ft,l,7

2ξp,sky

√
Jx
(

Mr + Ml
) .

ϕ = −Ft,r,1l1 + Ft,r,7l7 − Ft,l,1l1 + Ft,l,7l7

2ξr,sky

√
Jy

(
d2

r kr + d2
l kl

) .
θ = Ft,r,1dr + Ft,r,7dr − Ft,l,1dl − Ft,l,7dl

0 = −Ft,r,1dr + Ft,r,7dr + Ft,l,1dl − Ft,l,7dl

(18)

Values of damping forces Ft,r,1, Ft,r,7, Ft,l,1, and Ft,l,7 are unknown, but, based on the
above system of equations, it can be shown that:

Ft,r,1 =
1

dr + dl

[
ξr,sky

√
Jy

(
d2

r kr + d2
l kl

) .
θ −

2ξp,skydl

l1 + l7

√
Jx
(

Mr + Ml
) .

ϕ +
2ξh,skyl7dl

l1 + l7

√
mh

(
kr + kl

) .
z

]
(19)

For clarity of presentation in the main parts of the paper, only consideration for the
first right axes is presented. The equations and figures for other axes corresponding with
Ft,r,1 (19) are introduced in the Appendix A.

Equations (19) and (A1)–(A3) describe the continuous skyhook control law. This law
can be applied to those suspension systems in which the stiffness elements have a linear
characteristic.
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2.3. Modification of Continuous Skyhook Control Law for a Suspension System with Nonlinear
Stiffness Elements

The considered suspension system of the combat tracked vehicle in its structure
contains 14 packages of logarithmic spiral springs. The force versus stroke characteristic
of those elements is nonlinear [23]. Based on this observation, it is assumed that the
stiffness coefficient of each package should be calculated as the slope of the tangent line
to the nonlinear stiffness characteristic at the point in which the coordinate of abscissa
is equal to the current value of the suspension deflection in a given suspension element.
The considered suspension system of the combat tracked vehicle in its structure contains
14 packages of logarithmic spiral springs. The stiffness characteristic of those elements
is nonlinear. Based on this observation, it is assumed that the stiffness coefficient of each
package should be calculated as the slope of the tangent line to the nonlinear stiffness
characteristic at the point in which the coordinate of abscissa is equal to the current value
of the suspension deflection. Based on Equation (1), it can be calculated that the stiffness
coefficient of the spring equals:

k =

[
∂Fs
(

P,
.
zw, zw

)
∂zw

]
zwz

=
[
5p̂1z4

w + 3p̂2z2
w + p̂3 + sign

( .
zw
)
(q̂1P + q̂2)

]
zwz

(20)

The overall stiffness and moments generated by the force coming from logarithmic
spiral springs were calculated by substitutions (21)–(24):

k .
F,r

=
7

∑
i=1

(
∂Fs

∂zw

)
zwz,r,i

(21)

k .
F,l

=
7

∑
i=1

(
∂Fs

∂zw

)
zwz,l,i

(22)

M .
F,r

=
7

∑
i=1

(
∂Fs

∂zw

)
zwz,r,i

l2
i (23)

M .
F,l

=
7

∑
i=1

(
∂Fs

∂zw

)
zwz,l,i

l2
i (24)

The application of the above notation to the stiffness coefficients in Equations (19)
and (A1)–(A3) leads to new control law. This law is addressed to suspension systems
employing linear spring characteristics. This law is still called the continuous skyhook
control law. New equations are the effect of the application of the above formula in
Equations (19) and (A1)–(A3). After substitutions, these equations take the form:

Ft,r,1 =
1

dr + dl

[
ξr,sky

√
Jy

(
d2

r k .
F,r

+ d2
l k .

F,l

) .
θ −

2ξp,skydl

l1 + l7

√
Jx

(
M .

F,r
+ M .

F,l

) .
ϕ +

2ξh,skyl7dl

l1 + l7

√
mh

(
k .

F,r
+ k .

F,l

) .
z

]
(25)

To obtain controlled values of damping forces Ft,r,1, Ft,r,7, Ft,l,1, and Ft,l,7 according to
Equations (25) and (A4)–(A6), the authors propose the use of MR dampers. The damp-
ing force generated by these elements can be controlled depending on the magnetic field
produced by a given current in the coils. The used mathematical model of the magnetorhe-
ological damper is the Bingham model. According to continuous skyhook control law,
the current signals must have strictly defined values to achieve the damping forces. It is,
therefore, necessary to introduce an inverse model of the MR damper [36]. The inverse
model, according to Equation (2), has the form:
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it(Ft) =
1

2(a1sign(
.
zwz)+c1

.
zwz)

{
[
(
a2sign

( .
zwz
)
+ c2

.
zwz
)2

−4
(
a1sign

( .
zwz
)
+ c1

.
zwz
)(

a3sign
( .
zwz
)
+ c3

.
zwz − Ft

)] 1
2 −
(
a2sign

( .
zwz
)
+ c2

.
zwz
)} (26)

To obtain desired damping forces Ft,r,1, Ft,r,7, Ft,l,1, and Ft,l,7, it is necessary to use four
independent inverse models of MR dampers. These models provide the values of current inten-
sity signals it,r,1, it,r,7, it,l,1, and it,l,7. The use of Equation (26) for Equations (25) and (A4)–(A6)
results in:

it,r,1 = 1
2(a1sign(

.
zwz,r,1)+c1

.
zwz,r,1)

{[(
a2sign

( .
zwz,r,1

)
+ c2

.
zwz,r,1

)2

−4
(
a1sign

( .
zwz,r,1

)
+ c1

.
zwz,r,1

)(
a3sign

( .
zwz,r,1

)
+ c3

.
zwz,r,1

− 1
dr+dl

(
ξr,sky

√
Jy

(
d2

r k .
F,r

+ d2
l k .

F,l

) .
θ − 2ξp,skydl

l1+l7

√
Jx

(
M .

F,r
+ M .

F,l

) .
ϕ

+
2ξh,sky l7dl

l1+l7

√
mh

(
k .

F,r
+ k .

F,l

) .
z
)
)]

1
2 −
(
a2sign

( .
zwz,r,1

)
+ c2

.
zwz,r,1

)}
(27)

For clarity of presentation, similar control laws for other axes are presented in the
Appendix A.

Equations (27) and (A9) and Figures 5 and A1, Figures A2 and A3 indicate that
the algorithm for generating current signals it,r,1, it,r,7, it,l,1, and it,l,7 are carried out in
successive stages. First, the stiffness coefficients are calculated—this is carried out based on
Equation (20). The calculation proceeds for each of the 14 packages of logarithmic spiral
springs. This stage is a common part of the calculation for each MR damper. Then, the
damping forces Ft,r,1, Ft,r,7, Ft,l,1, and Ft,l,7 are calculated. Finally, current signals it,r,1, it,r,7,
it,l,1, and it,l,7 are calculated based on inverse models of the Bingham model of the MR
damper. The new continuous skyhook control law can be used for suspension systems
with nonlinear stiffness elements. For numerical analysis, the authors assumed access to
a complete state vector in which all coordinates can be measured. In reality, only limited
measurements can be made. Therefore, unobserved state coordinates will be reconstructed
with either a Luenberger or Kalman observer. Equations (27)–(29) and (A1)–(A9) are used
in the numerical analysis.
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3. Application

The modernization of the 2S1 tracked platform involves using packages of logarithmic
spiral springs for each of the 14 road wheels. The package contains 15 logarithmic spiral
springs. The thickness of a single spring is 3 mm. The logarithmic spiral springs are rotated
relative to each other and are pre-compressed. There is friction between the springs. The
spaces in the spring package were filled with oil to limit the temperature. Figure 6 shows
the package of 15 logarithmic spiral springs.
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Figure 6. The package of logarithmic spiral springs.

Figure 7 shows the stiffness characteristics obtained based on the measurement data
for the proposed logarithmic spiral spring package. The upper curve was determined for
the load increasing. On the other hand, the lower curve is the curve that was obtained
for unloading the spring. In the tests, the packet deflection took place gradually, with
breaks for stabilizing the measurement conditions. The result is the static characteristic
determined when loading and unloading the spring. Tests were carried out for various oil
pressures. With increasing pressure, the surface area between the loading and unloading
curves decreased in subsequent experiments. This phenomenon is also taken into account
by the mathematical model used. However, it is impossible to change the pressure in the
package chassis while driving. Therefore, a constant pressure value of 0 (bar) was selected
for the simulation. Figure 7 presents the stiffness characteristics when the oil pressure is
equal to 0 bar.
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Figure 7. Stiffness characteristic of the package of logarithmic spiral springs when the pressure is
equal to 0 bar.

4. Results and Discussion

The time-domain analysis was carried out in the MATLAB environment MATLAB.
(2020). version 9.9.0.1495850 (R2020b). Natick, MA: The MathWorks Inc. In the first stage,
it was assumed that each road wheel was forced by the step signal with an amplitude of
0.1 m. For comparison purposes, the passive suspension system was examined too. In this
case, values of electrical current signals generated in the coils of all MR dampers were set
to 0 A. Next, the modified continuous skyhook control law was tested. The control law
is defined by Equations (27) and (A1)–(A9). Figure 8 compares the vehicle body vertical
displacement and vertical velocity for passive and controlled suspension. The velocity and
displacement were measured in the center of mass (CG).
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In the next stage, it was assumed that the first-axis road wheels were forced by the
step signal with an amplitude of 0.1 m and the seventh-axis road wheels were forced by the
step signal with an amplitude of −0.1 m. The angular displacement and angular velocity
of the body moving around an axis running from left to right are presented in Figure 9.
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Figure 9. Angular displacement (a) and angular velocity (b) of the body moving about an axis
running from left to right (pitch).

A similar analysis was carried out for perpendicular direction along the rear-to-front
axis of the vehicle (roll). This time, the road wheels were forced on the left and right sides
of the body. The excitation signal was a step response of the amplitude of 0.1 m and −0.1 m,
respectively. The results are shown in Figure 10.

Afterward, numerical analysis was performed using the well-known road profile of the
Yuma proving ground. The numerical analysis assumed that the left side of the 2S1 tracked
platform enters on an elevation with velocities of 12, 13, 14, 15, and 16 m/s. The selected
obstacle had the shape of an equilateral triangle with a base length of 142 mm and a height
of 71 mm. For each of the velocities of the 2S1 tracked platform, the root-mean-square
index (RMS) and the maximum value of the vertical acceleration and angular accelerations
were calculated. In addition, the exposure time was calculated for the whole chassis. For an
individual wheel, the time in brackets is presented. The selected acceleration points were
the same as above. The root-mean-square index (RMS) was calculated from Equation (28):
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RMS =

√√√√ 1
N

N

∑
k=1

a2
k (28)

The root-mean-square index (RMS) can also be used in the sensitivity study [37,38]. In
this numerical analysis stage, the passive suspension system and the controlled suspension
system were compared. The obtained data are summarized in Tables 2–4.
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Table 2. The quality indicators of vertical acceleration of the vehicle body in the center of mass.

Passive System Controlled System
Velocity [ m

S ] Exposure
Time [s] RMS [ m

s2 ] Amax[ m
s2 ] RMS [ m

s2 ] Amax[ m
s2 ]

12 0.50 (0.0828) 0.0734 0.4627 0.0727 0.4568

13 0.46 (0.0765) 0.0556 0.4319 0.0548 0.4274

14 0.43 (0.0710) 0.0453 0.4037 0.0442 0.4004

15 0.40 (0.0663) 0.0391 0.3821 0.0377 0.3795

16 0.37 (0.0621) 0.0356 0.3600 0.0340 0.3581

Table 3. The quality indicators of the angular acceleration for pitch angle.

Passive System Controlled System
Velocity [ m

S ] Exposure
Time [s] RMS [ m

s2 ] Amax[ m
s2 ] RMS [ m

s2 ] Amax[ m
s2 ]

12 0.50 (0.0828) 0.0416 0.2853 0.0407 0.2849

13 0.46 (0.0765) 0.0330 0.2176 0.0320 0.2126

14 0.43 (0.0710) 0.0282 0.2126 0.0273 0.2041

15 0.40 (0.0663) 0.0253 0.2010 0.0245 0.1920

16 0.37 (0.0621) 0.0223 0.1785 0.0216 0.1696

As one can see, Tables 2–4 indicate that the RMS values, as well as maximum accelera-
tion value, are lower in the controlled suspension system than in the passive suspension
system for each of the velocities.

After time domain studies, frequency domain analyses were performed. Three cases
of vibration transmissibility characteristics were considered. All cases were delivered.
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Table 4. The quality indicators of angular acceleration for roll angle.

Passive System Controlled System
Velocity

[m
S
] Exposure

Time [s] RMS [ m
s2 ] Amax[ m

s2 ] RMS [ m
s2 ] Amax[ m

s2 ]

12 0.50 (0.0828) 0.0185 0.0804 0.0177 0.0813

13 0.46 (0.0765) 0.0144 0.0651 0.0135 0.0643

14 0.43 (0.0710) 0.0119 0.0602 0.0110 0.0595

15 0.40 (0.0663) 0.0105 0.0567 0.0095 0.0561

16 0.37 (0.0621) 0.0096 0.0531 0.0087 0.0528

The sinusoidal signal was adopted to excite the wheels to imitate road roughness in
all the considered cases. Such an excitation allowed for the determination of the vibration
transmissibility function. The three cases included the following motion coordinates:

• z—displacement of the center of mass;
• ϕ—pitch angle—where the vehicle’s front goes up or down about an axis running

from wheel to wheel. Transverse tilting axis;
• θ—roll angle—where the vehicle rotates about an axis running from rear to front of

the car. Longitudinal tilting axis.

This approach evaluates the adopted quality indicators covering the ride comfort of
the vehicle crew and vehicle body stability. For each of the three considered cases, the
authors decided on five series of numerical experiments. As the 2S1 tracked platform
has 14 road wheels and the assessment of the influence of each of them on the output
coordinates is complicated, the authors considered the following cases of excitation:

• Excitation of the front axis (1) by sinusoidal signal—both wheels simultaneously
wl,1 = wr,1 = A· sin(2·π· f ·t);

• Excitation of the front axis (1) by sinusoidal signal—delayed by π/2, right wheel in
relation to the left wheel wl,1 = A·sin(2·π· f ·t), wr,1 = A·sin(2·π· f ·t + π/2);

• Excitation of the middle axis (4) by sinusoidal signal—both wheels simultaneously
wl,4 = wr,4 = A·sin(2·π· f ·t);

• Excitation of the rear axis (7) by sinusoidal signal—both wheels simultaneously
wl,7 = wr,7 = A·sin(2·π· f ·t);

• Excitation of the front (1) and rear (7) axis by sinusoidal signal delayed by π/2 relative
to each other wl,1 = wr,1 = A·sin(2·π· f ·t), wl,7 = wr,7 = A·sin(2·π· f ·t + π/2).

The range of considered frequencies f was 0− 15 Hz. The amplitudes A of all kinematic
excitations were 0.1 m.

The vibration transmissibility characteristics were calculated as:

Ty,w = 10log

 ∫ Tf
0 y2dt∫ Tf
0 w2dt

 (29)

where Tf —the period of the excitation signal; w—the input signal (excitation); y—the
output signal substituted by z, ϕ, θ, which is the center of the mass displacement, pitch
angle, and roll angle, respectively. A constant value was removed from both signals.

During numerical analysis in the passive case, values of electrical current signals
flowing through the coils of MR dampers were set to 0 A.

On the first test, the front road wheel of the 2S1 tracked platform was forced by
the same sinusoidal signal. At this stage, the center of the mass displacement and both
adopted angles were measured. It was performed for the controlled and passive cases.
Equation (29) was used to compute the vibration transmissibility characteristics. The
vibration transmissibility characteristics for all output cases, displacement of the center of
mass, pitch angle, and roll angle are shown in Figure 11, respectively.
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Figure 11. Vibration transmissibility characteristics for excitation of the front axis for both wheels
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In Figure 11, the vehicle frequency response results show the reduction in vertical
vibration and swaying in both angular directions. Vibration reduction of the mass center
with respect to excitation results from the suspension ratio on the length l1 (see Figure 3).
Negative magnitude values over the entire frequency range, for pitch angle characteristics,
result from comparing different coordinates units, in particular, the angle ϕ calculated in
rad units and the displacement excitation calculated in m.

Similar effects, i.e., negative magnitude values, can be observed when analyzing the
adopted motion coordinates with the asymmetric excitation of the front axis in Figure 12.
In this figure, the most interesting case is the pitch angle transmissibility shown in the
middle of Figure 12. As can be seen, the magnitude near both resonance frequencies is
significantly reduced. On the right-hand side of the figure, one can see the influence of the
front-axis asymmetric excitation on the roll angle. In this case, the reduction in vibrations
results mainly from the geometry of the chassis. The significant distance of the front axis to
the center of rotation θ has no influence on roll angle.
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Figure 12. Vibration transmissibility characteristics for asymmetrical excitation of the front axis—
right wheel delayed by π/2, relative to the left. Displacement of the center of mass—left characteristic,
pitch angle—central characteristic, roll angle—right characteristic.

When we excite the central axis in Figure 13, the influence of disturbance on the
reduction in vibrations is visible in the left figure, showing the displacement of the center
of the mass vibration transmissibility. This excitation does not cause any pitch or roll angles
vibration. As before, negative magnitude values are the result of the compared values units
of rad and m.

In Figure 14, representing the rear axis excitation, all three characteristics are similar to
those shown in Figure 11. This results from the assumed symmetrical weight distribution
for 2S1 tracked platforms.



Energies 2022, 15, 754 15 of 21

Energies 2022, 15, x FOR PEER REVIEW 15 of 22 
 

 

   

Figure 12. Vibration transmissibility characteristics for asymmetrical excitation of the front axis—
right wheel delayed by π/2, relative to the left. Displacement of the center of mass—left character-
istic, pitch angle—central characteristic, roll angle—right characteristic. 

When we excite the central axis in Figure 13, the influence of disturbance on the re-
duction in vibrations is visible in the left figure, showing the displacement of the center of 
the mass vibration transmissibility. This excitation does not cause any pitch or roll angles 
vibration. As before, negative magnitude values are the result of the compared values 
units of rad and m. 

   

Figure 13. Vibration transmissibility characteristics for excitation of the middle axis for both wheels 
simultaneously. Displacement of the center of mass—left characteristic, pitch angle—central char-
acteristic, roll angle—right characteristic. 

In Figure 14, representing the rear axis excitation, all three characteristics are similar 
to those shown in Figure 11. This results from the assumed symmetrical weight distribu-
tion for 2S1 tracked platforms. 

Figure 13. Vibration transmissibility characteristics for excitation of the middle axis for both wheels
simultaneously. Displacement of the center of mass—left characteristic, pitch angle—central charac-
teristic, roll angle—right characteristic.

Energies 2022, 15, x FOR PEER REVIEW 16 of 22 
 

 

   

Figure 14. Vibration transmissibility characteristics for excitation of the rear axis for both wheels 
simultaneously. Displacement of the center of mass—left characteristic, pitch angle—central char-
acteristic, roll angle—right characteristic. 

The vibration transmissibility characteristics shown in Figure 15 were obtained by 
excitation applied for the front and rear axis. The signals were delayed by 𝜋/2 to initiate 
vibrations about the transverse axis. Such an excitation causes the vehicle to raise the nose 
and lower the tail of the vehicle alternately. This excitation produces only transverse vi-
bration, and no longitudinal vibrations are observed. This can be seen at the central and 
right characteristics of Figure 15. In the left figure characterizing the center of the mass 
displacement, it can be observed that no second resonance is visible for the passive sys-
tem. 

   

Figure 15. Vibration transmissibility characteristics for asymmetrical excitation of the front and rear 
axis, front wheel delayed by π/2, relative to the rear. Displacement of the center of mass—left char-
acteristic, pitch angle—central characteristic, roll angle—right characteristic. 

Discussion of the Numerical Investigation Results 
Due to the fact that other research works have applied their considerations to objects 

with different parameters and structures, the main point of reference is the passive sus-
pension. 

The first stage concerned the determination of time charts. Analysis of Figure 8 and 
Figure 9 indicates the effectiveness of the modified continuous shy-hook control law. The 
oscillations of the presented signals are more significant in the passive system. There are 
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than the passive one. 
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Figure 14. Vibration transmissibility characteristics for excitation of the rear axis for both wheels
simultaneously. Displacement of the center of mass—left characteristic, pitch angle—central charac-
teristic, roll angle—right characteristic.

The vibration transmissibility characteristics shown in Figure 15 were obtained by
excitation applied for the front and rear axis. The signals were delayed by π/2 to initiate
vibrations about the transverse axis. Such an excitation causes the vehicle to raise the
nose and lower the tail of the vehicle alternately. This excitation produces only transverse
vibration, and no longitudinal vibrations are observed. This can be seen at the central and
right characteristics of Figure 15. In the left figure characterizing the center of the mass
displacement, it can be observed that no second resonance is visible for the passive system.
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Discussion of the Numerical Investigation Results

Due to the fact that other research works have applied their considerations to ob-
jects with different parameters and structures, the main point of reference is the passive
suspension.

The first stage concerned the determination of time charts. Analysis of Figures 8 and 9
indicates the effectiveness of the modified continuous shy-hook control law. The oscillations
of the presented signals are more significant in the passive system. There are no significant
oscillations in a system where the modified continuous skyhook control law has been
applied. The controlled system reaches the equilibrium point in a shorter time than the
passive one.

Numerical analysis of the road profile from the Yuma proving ground—summarized
in Tables 2–4—showed that the RMS values are lower in the controlled suspension system
than in the passive suspension system for each of the velocities. This means that the
amplitude of vertical and angular accelerations was reduced by employing the proposed
control system application.

Independent of the front or rear axis, the excitation for both wheels simultaneously
shows that the algorithm used reduces the amplitude of vibrations for both natural fre-
quencies. Applied control methods allow the reduction in resonance and low energy
consumption at the same time. The energy used results only from the control signal, im-
proving comfort in the area of resonance. As can be seen, excitation of the front or rear axes
does not affect the vibration of the longitudinal axis.

For Figures 11–15, a more efficient reduction in vibrations can be observed surrounding
the area of natural frequencies, i.e., 1.45 Hz and 10.9 Hz—this means that the algorithm
proposed by the authors meets its goals.

The applied semi-active control system improves both the comfort and safety of
passengers in relation to the passive system.

The semi-active suspension system will be used in the military 2S1 tracked platform.
However, due to the significant improvement in ride comfort—proven later in the article—
it can also be used in civil vehicles, e.g., designed to save people from endangered areas.
The application of the modified continuous skyhook control law requires, inter alia, the
measurement of the stiffness characteristics of the suspension spring element. Such tests
were carried out due to the future use in a combat vehicle. The result of this measurement,
among other things, is the stiffness characteristic presented in Figure 7.

5. Conclusions

The time-domain analysis indicates that the usage of the modified continuous skyhook
control law reduces amplitudes of vertical displacement and vertical velocity of the center
of gravity of the vehicle body and shortens the time needed to achieve the appropriate
level. The system returns to the equilibrium point without large oscillations. The velocities
of the vehicle center of gravity are lower in the controlled case than in the passive case.
Thanks to the control application, the quality indicator responsible for driving comfort
has been improved. The increase in the ride comfort of the vehicle crew improves the
quality of soldiers’ work. Better comfort could mean the shortening of the reaction time
and appropriate decision making. In the case of pitch and roll, it can be seen that the
system tends to the equilibrium point faster. There is no large oscillation in the controlled
case. In the passive case, oscillations are present. Angular velocities of pitch and roll have
significantly lower values in the controlled case than in the passive case. The improvement
of the vehicle body stability has been achieved. This improvement can positively affect the
function of the main gun stabilizer, which means an increase in firing accuracy.

Data shown in Tables 2–4 indicate that the RMS index values are smaller in the con-
trolled suspension system than in the passive suspension system. There is an improvement
in the body stability and the ride comfort of the vehicle crew under the ride conditions in
the Yuma proving ground. The reduction in RMS values with the increase in velocity of
the 2S1 tracked platform confirms that the numerical analysis was carried out correctly. As
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the velocity increases, the impact of the obstacle is shorter. Therefore, the obtained results,
which are an essential element of the time-domain analysis, are correct.

Frequency vibration transmissibility characteristics show that modifying the con-
tinuous skyhook control law is adequate. The transmissibility characteristics in natural
frequencies of the vehicle body have significantly lower values when the continuous
skyhook control law is modified. Good results of control law improvement mean that
after hitting an obstacle, the vehicle body will return to the equilibrium point in a shorter
time. The results of the frequency-domain analysis confirm the results of the time-domain
analysis. The proposed modification of the continuous skyhook control law leads to the
improvement of the vehicle body stability and the ride comfort of the vehicle crew.

The elimination of torsion bars from the tracked military platform in question is of
key importance for modernized vehicles. The introduction of a new design of springs
significantly reduces the dimensions but introduces nonlinearity. The calculation of the
equivalent spring stiffness coefficient as the slope of the tangent to the nonlinear stiffness
characteristic at the point where the abscissa is equal to the current value of the suspension
deflection allows the use of the continuous skyhook control law. The use of controlled
magnetorheological dampers enables the crew’s comfort and safety to be improved and to
compensate for the disadvantages of using a nonlinear spring. After introducing appropri-
ate mechanical modifications, the authors plan to apply the control law described in the
article and conduct tests on the proving ground.

6. Patents

Patents granted in the territory of the Republic of Poland related to the research
presented in the article.

A vehicle suspension assembly, especially multi-wheel off-road vehicles;
Inventors: M. Apostoł; A. Jurkiewicz; T. Cygankiewicz; J. Kowal; J. Konieczny; P. Micek; A.
Rusinek; A. Matuła; J. Zając; T. Pieprzny.
Application P.393407 events
2010-12-23 Application filed by AGH University of Science and Technology
2011-06-20 Publication of PL 393407 A1
2014-03-31 Publication of PL 216343 B1
2013-08-21 Application granted
Status Active

Hydraulic rotary actuator;
Inventors: M. Apostoł; A. Jurkiewicz; T. Cygankiewicz; J. Kowal; J. Konieczny; P. Micek;
A. Rusinek; A. Matuła; J. Zając; T. Pieprzny.
Application P.393536 events
2010-12-31 Application filed by AGH University of Science and Technology
2011-06-20 Publication of PL 393536 A1
2014-02-28 Publication of PL 215934 B1
2013-06-26 Application granted
Status Active

Cumulative, flexible coupling;
Inventors: M. Apostoł; A. Jurkiewicz; T. Cygankiewicz; J. Kowal; J. Konieczny; P. Micek; A.
Rusinek; A. Matuła; J. Zając; T. Pieprzny.
Application P.393537 events
2010-12-31 Application filed by AGH University of Science and Technology
2011-08-01 Publication of PL 393537 A1
2014-02-28 Publication of PL 216095 B1
2013-07-15 Application granted
Status Active
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