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Abstract: This paper presents a mathematical model of an electric power system which consists
of a three-phase power line with distributed parameters and an equivalent, unbalanced RLC load
cooperating with the line. The above model was developed on the basis of the modified Hamilton–
Ostrogradsky principle, which extends the classical Lagrangian by adding two more components:
the energy of dissipative forces in the system and the work of external non-conservative forces. In the
developed model, there are four types of energy and four types of linear energy density. On the basis
of Hamilton’s principle, the extended action functional was formulated and then minimized. As
a result, the extremal of the action functional was derived, which can be treated as a solution of the
Euler–Lagrange equation for the subsystem with lumped parameters and the Euler–Poisson equation
for the subsystem with distributed parameters. The derived system of differential equations describes
the entire physical system and consists of ordinary differential equations and partial differential
equations. Such a system can be regarded as a full mathematical model of a dynamic object based on
interdisciplinary approaches. The partial derivatives in the derived differential state–space equations
of the analyzed object are approximated by means of finite differences, and then these equations are
integrated in the time coordinate using the Runge–Kutta method of the fourth order. The results
of computer simulation of transient processes in the dynamic system are presented as graphs and
then discussed.

Keywords: Hamilton–Ostrogradsky principle; extended Lagrangian; interdisciplinary modeling;
electric power system; three-phase power supply line; telegrapher’s equations; distributed parameter
system; unbalanced load

1. Introduction

The mathematical modeling of transient processes in complicated dynamic systems
is today a very important issue to both science and the national economy. An effective
and highly adequate mathematical model allows for describing real physical processes
in an object, as discussed in [1–6]. This is particularly important at the stages of design,
production, and operation of complex electric power systems.

In the general case, an engineering object obviously consists of connections among
subsystems of different types, very often the subject matter of various scientific domains
such as power electric or mechanical engineering, hydraulics, thermodynamics, etc. Inte-
grating these disciplines into a mathematical model may be a very complex problem. In
addition, a team should have a very extensive knowledge of these disciplines to be able to
develop an effective model of such a complicated object. Such an interdisciplinary research
team is costly, time-consuming, and not always effective. The question is, therefore, can
another method be found to combine a variety of scientific fields and thus simplify and
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limit the number of research team members to a necessary minimum? An affirmative
answer is given in [7–9].

The mathematical modeling of dynamic systems normally uses classic approaches,
whose ideology is based on the law of energy conservation, with complex dynamic systems
split into its subsystems. Each subsystem is then described with appropriate applied
physics equations. The equations for these subsystems are finally combined into a sole
system of dynamic state equations of an integrated object under analysis. This method
suffers from two drawbacks. All implicit, latent motions cannot always be found and
described, and it is hard to assemble an interdisciplinary research team that would combine
all the complex phenomena to describe the dynamic system. These shortcomings are absent
from variation methods, which presume interdisciplinary approaches [7,10–13]. In these
methods, the ideology of mathematical modeling of a complex object consists solely of
an energetic approach. Such a system does not employ the decomposition of a sole dynamic
system as the classic approaches do. A variation method determines the Lagrangian, part
of the action functional as per the Hamilton principle [8,14–18]. The functional is then
subjected to the minimization procedure, which enables the generation of an equation for
the extremals of this functional. In effect, the Euler–Lagrange equation becomes part of the
mathematical model of the dynamic system analyzed.

The ideology of variation approaches to modeling has been known for a long
time [8,9,12,19]. In the general case of an ordinary interpretation, variation approaches are
restricted by the conservative nature of dynamic systems. In the event, the Lagrangian is
the difference between the kinetic and potential energies, which makes variation principles
uncompetitive against classic principles in real conditions. To avoid this problem, the
work [7] expands the application of variation principles by extending the Lagrangian. The
authors formally add the energy of dissipative forces to the kinetic energy and the energy
of external non-conservative forces for the potential energy. They argue accordingly that
the Hamilton principle can be applied to the extended Lagrangian.

The work [7] is a classic in the theory of electromechanical energy conversion. It gave
rise to [8], which proposes a slightly different approach. The said additional components of
the classic Lagrangian (the energy of dissipative forces and the work of external forces) are
not introduced formally, but only determined mathematically, which once again validates
the theory presented in [8]. The book [7] analyzes only lumped parameter systems. The
systems of both lumped and distributed parameters are analyzed in [8], on the other hand.
Since the idea of expanding the application of the classic Hamilton principle to distributed
parameter systems was developed by Mikhail Ostrogradsky, the method introduced in [8]
is defined as the Hamilton–Ostrogradsky principle. According to this principle, the de-
velopment of the model of a complex object only consists of an energetic approach, and
therefore an interdisciplinary method of mathematical modeling of dynamic objects is
feasible at virtually any level of complexity.

A modified Hamilton–Ostrogradsky principle serves the development of a mathe-
matical model of complicated dynamic objects of lumped and distributed parameters in
this paper. We analyze a three-phase distributed parameter power supply line loaded
with an RLC circuit. Three-phase power lines are commonly known as highly complicated
electric power objects that feature implicit, latent motions, which we represent not only as
electromagnetic phenomena. Switches are present on the line’s ends, where not only electric
but also mechanical, thermodynamic, electrostatic, and other processes take place [3,20,21].
The interdisciplinary approaches discussed above can be fully applied to such an electric
power system.

This paper is limited to electric processes and employs field and circuit approaches.
The impact of mechanical processes on similar systems is discussed in [20]. The aim
of this study is to use an interdisciplinary method of mathematical modeling, based on
a modification to the Hamilton–Ostrogradsky principle, to construct a mathematical model
of a three-phase power supply line loaded with an RLC circuit, and to analyze transient
processes in the electric power system.
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This study is not designed to compare the concepts of modeling from the viewpoint of
variation and classic approaches. These concepts are well-known and, given the correct
method, produce identical state equations [20,21]. We aimed to demonstrate that variation
approaches are fully useful to the modeling of complex electric power facilities of dis-
tributed electromagnetic parameters, which has been substantiated in mathematical terms.

2. Mathematical Model

The electric power system is analyzed as a real distributed parameters system. There-
fore, energetic functions, and their corresponding linear densities, are used in the modified
Lagrangian [8]. Thus, the extended Hamilton–Ostrogradsky action functional S will be as
follows [8]:

S = S1 + S2 =

t2∫
t1

L∗ +
∫
l

Lldl

dt, I =
∫
l

Lldl, (1)

where S—Hamilton–Ostrogradsky action functional, I—energetic functional, L*, Ll—modified
Lagrangian and its linear density.

The extended Lagrangian becomes [8]:

L∗ = T∗ − P∗ + Φ∗ − D∗, Ll = Tl − Pl + Φl − Dl , (2)

where T*—kinetic energy, P*—potential energy, Φ∗—the energy of generalized dissipative
forces, D*—energy of external non-conservative forces. The parameters subscripted as l
define the respective linear densities of energetic functions.

The calculation diagram shown in Figure 1 is additionally used to prepare the model
of electric power system.

Energies 2022, 15, 8255 3 of 19 
 

 

of a three-phase power supply line loaded with an RLC circuit, and to analyze transient 

processes in the electric power system. 

This study is not designed to compare the concepts of modeling from the viewpoint 

of variation and classic approaches. These concepts are well-known and, given the cor-

rect method, produce identical state equations [20,21]. We aimed to demonstrate that 

variation approaches are fully useful to the modeling of complex electric power facilities 

of distributed electromagnetic parameters, which has been substantiated in mathematical 

terms. 

2. Mathematical Model 

The electric power system is analyzed as a real distributed parameters system. 

Therefore, energetic functions, and their corresponding linear densities, are used in the 

modified Lagrangian [8]. Thus, the extended Hamilton–Ostrogradsky action functional S 

will be as follows [8]: 

2

1

*
1 2 ,

t

l l

t l l

S S S L L dl dt I L dl
 

     
 
   , (1)

where S—Hamilton–Ostrogradsky action functional, I—energetic functional, L*, 

Ll—modified Lagrangian and its linear density. 

The extended Lagrangian becomes [8]: 
* * * * * , l l l l lL T P D L T P D          , (2)

where T*—kinetic energy, P*—potential energy, * —the energy of generalized dissipa-

tive forces, D*—energy of external non-conservative forces. The parameters subscripted 

as l define the respective linear densities of energetic functions. 

The calculation diagram shown in Figure 1 is additionally used to prepare the model 

of electric power system. 

 

Figure 1. The calculation diagram of the system. 

The current coordinate x along the transmission line and the length Δx of the line’s 

element are marked in Figure 1. 

The equation for scleronomic constraints in the steady state (Kirchhoff’s first law) for 

the transmission line element is expressed as: 

A АZ AB ACi i i i       , (3)

where ( , ) ( , )A A Ai i x x t i x t     —the current across phase A wire along the Δx; 

ΔiAZ—the component of summary leakage current between the phase A wire and the zero 

(earth) wire; ΔiAB—the component of summary leakage current between the phase A and 

Figure 1. The calculation diagram of the system.

The current coordinate x along the transmission line and the length ∆x of the line’s
element are marked in Figure 1.

The equation for scleronomic constraints in the steady state (Kirchhoff’s first law) for
the transmission line element is expressed as:

∆iA = ∆iAZ + ∆iAB + ∆iAC, (3)

where ∆iA = iA(x + ∆x, t)− iA(x, t)—the current across phase A wire along the ∆x; ∆iAZ—
the component of summary leakage current between the phase A wire and the zero (earth)
wire; ∆iAB—the component of summary leakage current between the phase A and B wires;
∆iAC—the component of summary leakage current between the phase A and C wires.
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Integrating (3) with respect to time also for phases B and C, where i = ∂Q/∂t ≡ Qt
under zero initial conditions, produces:

∆QA = ∆QAZ + ∆QAB + ∆QAC,

∆QB = ∆QBZ + ∆QBA + ∆QBC,

∆QC = ∆QCZ + ∆QCA + ∆QCB,

(4)

where ∆QA , ∆QAZ , ∆QAB, ∆QAC—the respective charges along the line length
∆x for phase A (and phases B and C, respectively), cf. (3).

The charges in transmission line elements are expressed as [22]

∆QAZ = C0AuA(x, t)∆x,

∆QAB = CABuAB(x, t)∆x, uAB = uA − uB,

∆QAC = CACuAC(x, t)∆x, uAC = uA − uC,

(5)

where uij(x, t), i 6= j—line-to-line voltages; Cij, i 6= j—the respective line-to-line dis-
tributed capacitances, i, j = A, B, C, C0—the line-to-ground distributed capacitance.

Equations (3)–(5) can be expressed for ∆x → 0 as a matrix equation in the form of
rectangular arrays:
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x t
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+
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∂ ∂

+
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where

CΣA = C0A + CAB + CAC,

CΣB = C0B + CBA + CBC,

CΣC = C0C + CCA + CCB,

(7)

On the basis of Faraday’s law of electromagnetic induction and Kirchhoff’s voltage
law, the equations for the three-phase circuit shown in Figure 1 were formulated. The
equation for phase A is given as (8), wherein ∆uA = uA(x + ∆x, t)− uA(x, t), ∆x→ 0 so
∆x→ ∂x, while the equations for phases B and C are analogous.

∆uA + R0AiA∆x + L0A
diA
dt

∆x + MAB
diB
dt

∆x + MAC
diC
dt

∆x− RZiZ∆x = 0, (8)

where ∆uj, j = A, B, C—changes in phase voltages along ∆x; L0, R0—the distributed
inductance and resistance (per unit length) of the transmission line; Mi,j; i 6= j—distributed
mutual inductances between the respective line wires; RZ—distributed earth resistance; iZ
= −iA −iB −iC—current flowing in the earthing conductor.

Dividing the left and right sides of (8) by ∆x, where ∆x→ 0, and taking into account
analogous equations and transformations for phases B and C, and then using the matrix
notation in the form of rectangular arrays, we obtain the following equation:
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≡ Qx = C0u, (10)
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−∂u
∂x

= R0i + L0
∂i
∂t
⇒ −ux = R0Qt + L0Qtt, (11)

where Q = Q(x, t)—the column vector of phase charges in the transmission line; i = i(x, t)—
the column vector of phase currents; u = u(x, t)—the column vector of phase voltages; C0,
R0, L0—the matrices of transmission line parameters.

When the three-phase line is symmetrical, the following dependencies can be writ-
ten [23–25]:

Cij = C, Mij = M, i 6= j, (12)

The matrix parameters in (10) and (11) will be simplified as a result:
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In the context of this paper, the symmetrical three-phase power line is loaded with
an unbalanced RLC circuit. This operating variant will be treated as simplified. Figure 2
illustrates a circuit diagram of the electric power system tested here.
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Figure 2. Circuit diagram of the electric power system.

The generalized coordinates for the energetic functions of the extended Lagrangian [8]
will be introduced to the system’s model:

q1(t) = QL(A)(t), q2(t) = QC(A)(t), q3(t) = QL(B)(t), q4(t) = QC(B)(t), q5(t) = QL(C)(t),

q6(t) = QC(C)(t)—charges in the load’s branches and the space functions of the
generalized coordinates:

q1(x, t) = QA(x, t), q2(x, t) = QB(x, t), q3(x, t) = QC(x, t)—charges in the
line phases of the distributed parameter system and generalized velocity functions are
.
q1(t) = iL(A)(t),

.
q2(t) = iC(A)(t),

.
q3(t) = iL(B)(t),

.
q4(t) = iC(B)(t),

.
q5(t) = iL(C)(t),

.
q6(t) = iC(C)(t)—currents across the load branches and ∂q1(x,t)

∂t = iA(x, t), ∂q2(x,t)
∂t = iB(x, t),

∂q3(x,t)
∂t = iC(x, t)—currents across the line wires, respectively.
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The linear energy densities in the non-conservative Lagrangian are obtained using the
known formulas for kinetic and potential energies in a transmission line, as well as the for-
mulas for the linear densities of the external and internal electric energy dissipation [8,22].

The following equations will be written on the basis of (2):

T∗ = 1
2

(
LAi2L(A) + LBi2L(B) + LCi2L(C)

)
,

P∗ = 1
2

(
Q2

C(A)

CA
+

Q2
C(B)
CB

+
Q2

C(C)
CC

)
,

Φ∗ = 1
2

t∫
0

(
RAi2L(A) + RBi2L(B) + RCi2L(C)

)∣∣∣
t=τ

dτ,

D∗ =
t∫

0
(eAi1A + eBi1B + eCi1C)|t=τ dτ,

(14)

Tl =
1
2
(

L0i2A + L0i2B + L0i2C + 2MiAiB + 2MiAiC + 2MiBiC
)

= L0
2
(
Q2

tA + Q2
tB + Q2

tC
)
+ M(QtAQtB + QtAQtC + QtBQtC),

(15)

Pl =
1
2

(
C0u2

A + C0u2
B + C0u2

C + Cu2
AB + Cu2

AC + Cu2
BC

)
, (16)

Φl =
1
2

t∫
0

(
R0i2A + R0i2B + R0i2C + RZ(iA + iB + iC)

2
)∣∣∣

t=τ
dτ

− 1
2

t∫
0

(
g0(u2

A + u2
B + u2

C) + g(u2
AB + u2

AC + u2
BC)
)∣∣

t=τ
dτ,

(17)

Qtj ≡
∂Qj

∂t
= ij, (18)

where

uAB = uA − uB , uBC = uB − uC , uCA = uC − uA, (19)

g0 , g—line-to-ground and line-to-line conductivity, respectively.
Not the sum total, but the difference in the two terms of the function elements is

a crucial moment in determining Φl. This is related to the fact that the first term of (17)
represents energy losses across the line wires and losses due to the current flow across the
ground, whereas the second term represents another loss type, associated with leakage
currents of the power line. When energized, the power line absorbs from the space the
electromagnetic energy being generated by a source of electromagnetic energy, while the
line wires merely indicate the direction of energy flow. Therefore, the minus appears
in (17) [22].

The following equation will be written on the basis of (10) and (13):
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Q
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age currents of the power line. When energized, the power line absorbs from the space 
the electromagnetic energy being generated by a source of electromagnetic energy, while 
the line wires merely indicate the direction of energy flow. Therefore, the minus appears 
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The following equation will be written on the basis of (10) and (13): 

0
1 1

0 0 0

0

A xA

x B xB

C xC

u b b b Q
u b b b Q

x x
u b b b Q

− −∂ ∂= ≡  =
∂ ∂
Qu C C Q , (20) 

where 

0
0

0 0 0 0

, , , , ,
( 3 ) ( 3 )

j
xj

Q C C CQ j A B C b b
x C C C C C C

∂ +
≡ = = =

∂ + +
, (21) 

(20)

where

Qxj ≡
∂Qj

∂x
, j = A, B, C , b0 =

C0 + C
C0(C0 + 3C)

, b =
C

C0(C0 + 3C)
, (21)

We assume again that the current does not flow across the line at the initial time and
leakage currents are absent from the transmission line. In the circumstances, the external
and internal electromagnetic energy dissipations are zero at the initial instant in time, that
is, Φl |t=0 ≡ 0.
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On considering (16), (20), and (21), the equations for potential energy become:

Pl =
1
2

[
β1(Q2

xA + Q2
xB + Q2

xC) + β2(QxAQxB + QxAQxC + QxBQxC)
]
, (22)

where

β1 = (C0 + 2C)(b2
0 + 2b2)− 2C(2b0b + b2) =

C0 + C
C0(C0 + 3C)

= b0, (23)

β2 = (C0 + 2C)(2b0b + b2)− 2C(b2
0 + 2b0b + 3b2) =

2C
C0(C0 + 3C)

= 2b, (24)

The dissipation energy will be calculated as follows:

Φl =
1
2

t∫
0

(
R0i2A + R0i2B + R0i2C + RZ(iA + iB + iC)

2
)∣∣∣

t=τ
dτ−

− 1
2

t∫
0

(
α1(Q2

xA +Q2
xB + Q2

xC)− α2(QxAQxB + QxAQxC + QxBQxC))|t=τdτ,
(25)

where

α1 =
g0(C2

0 + 2C0C + 3C2)− 2gC2
0

C2
0(C0 + 3C)2 , (26)

α2 = 2
g0(2C0C + 3C2)− gC2

0

C2
0(C0 + 3C)2 , (27)

In order to arrive at an equation of action functional’s extremals as per Hamilton–
Ostrogradsky, the functional variation (1) must equal zero. This is equivalent to a simulta-
neous zeroing of the equation components (1):

δS = 0⇒
[

δS1 = 0
δS2 = 0⇒ δI = 0

, (28)

The variation is derived and zeroed:

δS1 =
1
2

t1∫
0

{
3

∑
j=1

Ljδi2j −
3

∑
j=1

1
Cj

δQ2
j + δ

t∫
0

3

∑
j=1

Rji2j

∣∣∣∣∣
t=τ

dτ

 = 0, (29)

δS2 =
∫
l

{
1
2
[
L0δ
(
Q2

tA + Q2
tB + Q2

tC
)
+ 2Mδ(QtAQtB + QtAQtC + QtBQtC)

]
−

− 1
2
[
β1δ(Q2

xA + Q2
xB + Q2

xC) + β2δ(QxAQxB + QxAQxC + QxBQxC)
]
+

+ 1
2 δ

t∫
0

(
R0
(
Q2

tA + Q2
tB + Q2

tC
)
+ R3(QtA + QtB + QtC)

2− α1(Q2
xA+

+Q2
xB + Q2

xC)− α2(QxAQxB + QxAQxC + QxBQxC)
)

dτ
}

dl = 0,

(30)

The Ostrogradsky–Gauss theorem, theorems on changing the sequence of differen-
tiation and integration, and the law of integration by parts [19] are used to compute the
variation of two internal functionals. The assumptions presented in [7] are used as well:

∂L∗

∂qi
= ui , i = 1, 2, . . . , 6, (31)
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Finally, the following equations are obtained (additionally, see Figure 2):

diL(j)
dt = 1

Lj

(
uj − RjiL(j)

)
, uC(j) =

iC(j)
Cj

, uj ≡ uC(j),

ej = u(j) + uC(j), j = A, B, C,
(32)

The equation of non-conservative external energies D* does not serve the minimization
of the functional, since the electromotive force EMF is independent from the RLC load
circuit, cf. (14). To address the input EMFs, boundary conditions need to be introduced to
the transmission line’s equation. See (42).

Equation (30) finally produces:
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1 2 2 1 2 22

2 1 2 2 1 22

2 2 1 2 2 1

2 2
1 12 2
2 2

2 2

A

B

C

Q
Q

x
Q

β β β α α α
β β β α α α
β β β α α α

∂ + ×
∂

 

02 2

02 2
0

0

A At

B B

C C

Q L M M Q
Q d M L M Q

x t
Q M M L Q

τ∂ ∂× − −
∂ ∂  

0

0

0

0
Z Z Z A

Z Z Z B

Z Z Z C

R R R R Q
R R R R Q

t
R R R R Q

+
∂− + =
∂

+
, 

(33) 

or is expressed in the matrix–vector notation: 
2 2 2

0 02 2 2
0

0
t

d
tx x t

τ∂ ∂ ∂ ∂+ − − =
∂∂ ∂ ∂

Q Q Q QB A L R , (34) 

Equation (10) is differentiated with respect to the spatial coordinate and, considering 
(11), the equation for the scleronomic differential constraint for (34) is written: 

2 2

0 0 0 02 2tx t
∂ ∂ ∂− = +

∂∂ ∂
Q Q QC R C L , (35) 

Considering the time dependences among the functions of generalized coordinates 
and velocities will result in: 

2

2
0 0

, , ,
t t

t tt t t ttt t
Q QQ d Q Q d Q Q Q
t tτ ττ τ= =

∂ ∂= = ≡ ≡
∂ ∂  , (36) 

The equation of internal functional’s extremals, that is, the Euler (Euler–Poisson) 
equation, is defined by: 

2 2
1 1 1

0 0 0 0 0 02 2 ( + )
tx t

− − −∂ ∂ ∂= + +
∂∂ ∂

Q Q QB L B AC L R B AC R Q , (37) 

Transforming (37) produces: 
2 2

0 0 0 0 0 0 0 02 2 ( + )
tx t

∂ ∂ ∂= + +
∂∂ ∂

Q Q QC L G L C R G R Q , (38) 

where 

0
1

0 0

0

2
= 2

2

C C C C
C C C C
C C C C

−

+ − −
≡ − + −

− − +
C B , (39) 

(33)

or is expressed in the matrix–vector notation:

B
∂2Q
∂x2 + A

t∫
0

∂2Q
∂x2 dτ − L0

∂2Q
∂t2 −R0

∂Q
∂t

= 0, (34)

Equation (10) is differentiated with respect to the spatial coordinate and, considering (11),
the equation for the scleronomic differential constraint for (34) is written:

− ∂2Q
∂x2 = C0R0

∂Q
∂t

+ C0L0
∂2Q
∂t2 , (35)

Considering the time dependences among the functions of generalized coordinates
and velocities will result in:

t∫
0

Qt |t=τdτ = Q ,
t∫

0

Qtt |t=τdτ = Qt,
∂Q
∂t
≡ Qt ,

∂2Q
∂t2 ≡ Qtt, (36)

The equation of internal functional’s extremals, that is, the Euler (Euler–Poisson)
equation, is defined by:

∂2Q
∂x2 = B−1L0

∂2Q
∂t2 + B−1(AC0L0 + R0)

∂Q
∂t

+ B−1AC0R0Q, (37)

Transforming (37) produces:

∂2Q
∂x2 = C0L0

∂2Q
∂t2 + (G0L0 + C0R0)

∂Q
∂t

+ G0R0Q, (38)

where
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where L—the length of the line. 
Equation (41) for λ ≡ u will be rewritten as a system of equations: 

( )
2

1
0 0 0 0 0 0 0 02 ( + ) ,d

dt t tx
−  ∂ ∂ ∂= + + = ∂ ∂∂ 

v u u uC L G L C R G R u v , (43) 

Equation (43) and the second expression in (42) will then be discretized using the 
straight-line method and considering the central derivative, as defined by: 

( )
( 1) ( 1) 2 ( 1) ( ) ( 1)

2 2

2;
2

n n n n n

x n x nx x x x

+ − − +

= =

∂ − ∂ − += =
∂ Δ ∂ Δ
λ λ λ λ λ λ λ , (44) 

(40)

The equations for the three-phase long transmission line, (38)–(40), are written
in reference to the line charge. The transmission line Equation (38) is transformed
into a current function by differentiating the left and right sides with respect to time.
Equation (38) can also be transformed into a voltage function by differentiating the left
and right sides with respect to the spatial coordinate and multiplying the left and right
sides by the matrix C−1

0 . This means the transmission line equation can be expressed in
a unified matrix–vector notation:

∂2λ

∂x2 = C0L0
∂2λ

∂t2 + (G0L0 + C0R0)
∂λ

∂t
+ G0R0λ , λ = Q, u, i , (41)

An equation of three-phase power line is based on the action principle [8]. It
should be emphasized that the conductivity matrix G0 for leakage currents was obtained
only analytically.

Experience shows that for solving problems of a similar type, it is recommended to
use the transmission line equation, which is written as a function of the line voltage, i.e.,
λ ≡ u [9,26]. Let us present the phase A load for the transmission line (see Figure 3).
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where L—the length of the line. 
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Figure 3. Schematic diagram of the phase A circuit of the simplified power system for the N-th
discretization node at the end of the line.

Given λ ≡ u, boundary conditions will be formulated for the transmission line
Equation (41). The functions of the three-phase voltage system at the line’s beginning
are specified. This means Dirichlet boundary conditions of the first type were used.
The functions of the voltage system at the line’s end are unknown, on the other hand.
Poincare boundary conditions of the third type will be applied in this case. Kirchhoff’s
second law for distributed parameter systems will be written in the matrix–vector notation;
see Figures 1 and 2:

e = u| x=0, − ∂u
∂x

∣∣∣∣
x=L

=

(
R0i + L0

∂i
∂t

)∣∣∣∣
x=L

, (42)

where L—the length of the line.
Equation (41) for λ ≡ u will be rewritten as a system of equations:

dv
dt

= (C0L0)
−1
(

∂2u
∂x2 + (G0L0 + C0R0)

∂u
∂t

+ G0R0u
)

,
∂u
∂t

= v, (43)
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Equation (43) and the second expression in (42) will then be discretized using the
straight-line method and considering the central derivative, as defined by:

∂λ

∂x

∣∣∣∣
x=n

=
λ(n+1) − λ(n−1)

2∆x
;

∂2λ

∂x2

∣∣∣∣
x=n

=
λ(n−1) − 2λ(n) + λ(n+1)

(∆x)2 , (44)

where n—the number of a discretization node in the integration space, that is, the line in
this case. The following results are then:

dv(n)
dt = (C0L0)

−1
(

1
(∆x)2

(
u(n−1) − 2u(n) + u(n+1)

)
− (G0L0 +

+C0R0)v(n) −G0 R0u(n)
)

, du(n)

dt = v(n), n = 2, . . . , N,
(45)

di(N)

dt
= L0

−1
(

1
2∆x

(
u(N−1) − u(N+1)

)
−R0i(N)

)
, (46)

where n is the order of the discretization node, N—the number of equation sampling units
with respect to the spatial coordinate.

By analyzing Equations (45) and (46), it can be seen that when n = N, an unknown
function u(N+1) arises, which is the voltage at the blind (fictitious) sampling node. This
voltage is commonly virtual and of merely mathematical significance. The basic idea for the
continuing solution to the system of equations is now to find the voltage as the necessary
stage of modeling the system in Figures 2 and 3.

On the basis of the schematic diagram in Figure 3, the following equations will be
written in the matrix–vector notation:

i(N) ≡ i2, u(N)
2 ≡ uC, i2 = iL + iC, ∆u(N) = u(N) − uC, (47)

di2

dt
= (L0∆x)−1

(
u(N) − uC −R0∆xi2

)
, (48)

Equating (46) and (48) and considering the first expression in (47) will produce:

u(N+1) = u(N−1) − 2(u(N) − uC), (49)

Considering the second expression in (47), the equation for uC will be written in line
with the definition:

duC
dt

= C−1iC = C−1
(

i(N) − iL

)
, (50)

where, cf. (47):

di(N)

dt
= (∆xL0)

−1
(

∆u− ∆xR0i(N)
)
= (∆xL0)

−1
(

u(N) − uC − ∆xR0i(N)
)

, (51)

diL
dt

= L−1(uC −RiL), (52)

where

R ≡ diag(RA, RB, RC), L ≡ diag(LA, LB, LC), C ≡ diag(CA, CB, CC), (53)

The currents across the three-phase power supply line are sought by spatial sampling
of the second equation in (42) using the straight-line method, but for this purpose only
the right-side derivative of the function with respect to the spatial coordinate is used as
defined below.
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∂λ

∂x

∣∣∣∣
x=n

=
λ(n+1) − λ(n)

∆x
, (54)

According to Kirchhoff’s second law, the equation for a distributed parameter power
line will be written as:

∂i(x, t)
∂t

= −L0
−1
(

∂u(x, t)
∂x

+ R0i(x, t)
)

, (55)

The discrete form for the n-th circuit of the equivalent line, see (54), will be as follows:

di∗(n)

dt
= L0

−1
(

1
∆x

(
u(n) − u(n+1)

)
−R0i∗(n)

)
, n = 1, 2, . . . , N, (56)

where i*(n)—currents in the line discretization units.
Equation (51) serves to compute i(N) in (50). This can give rise to the question of why

these currents cannot be calculated based on (55) for n = N, cf. (56). The point is, (56) is
a result of (55) by discretizing with the right-side derivative (see (54)), while (45) results
from (46) by means of the central derivative, cf. (44). Therefore, integration in a sole system
of discrete equations using different discretization types will be incorrect. The results of (56)
are not employed in calculations and are of a purely informative nature.

Equations (45), (46), (50)–(52), and (56) are integrated jointly, considering (13), (40),
(47), and (53).

3. Results

A computer simulation is undertaken to study transient electromagnetic processes in
the power supply system. A simplified system diagram is shown in Figure 3, where the
power line is connected to an asymmetrical load. Once a steady state is reached, a single-
phase short-circuit occurs at point A at the line’s end. The line is turned on considering the
specific nature of controlled switching; in particular, the line is switched on at such a time
instant that the instantaneous phase voltage is zero. Once the system becomes stabilized at
t = 0.08 s at the line’s end in phase A, a single-phase short-circuit to the earth is simulated
in point A.

The parameters of the calculation diagram in Figure 3 correspond to those of
a real 750 kV, 476 km-long power supply line between the West Ukrainian switch
station (Ukraine) and Albertirsha (Hungary). These are the parameters of the long
power line: R0 = 1.9 × 10−5 Ω/m, L0 = 1.665 × 10−6 H/m, C0 = 1.0131 × 10−11 F/m,
g0 = 3.25 × 10−11 Sm/m, C = 1.0122× 10−12 F/m, g = 3.25× 10−13 Sm/m, RZ = 5× 10−5 Ω/m,
M = 7.41 × 10−7 H/m. Equivalent load parameters are assumed, so that the power fac-
tor when transmitting energy is 0.95: RA = 420 Ω, RB = 350 Ω, RC = 310 Ω, LA = 0.82 H,
LB = 0.75 H, LC = 0.63 H, CA = 0.000002 F, CB = 0.0000018 F, CC = 0.0000015 F. Computer simu-
lation is conducted for the following voltages: eA = 615 sin(ωt) kV, eB = 615 sin(ωt − 120◦) kV,
eC = 615 sin(ωt + 120◦) kV.

The voltage and current waveforms in the Figures are colored as follows: phase
A—yellow, phase B—green, phase C—red.

The phase voltage across the line as a function of distance at t = 0.005 s from the time
of the voltage turn-on is depicted in Figure 4.

We can see that at t = 0.005 s, the phase A voltage at the line’s beginning is 600 kV,
rising gradually along the line until reaching 640 kV. The phase B voltage at the line’s
beginning is zero and rises gradually along the line until reaching −40 kV due to the
presence of mutual inductances. The phase C voltage at the line’s beginning is −300 kV, to
diminish gradually and reach approximately −100 kV at the end of the line.

The phase current across the line as a function of distance at t = 0.005 s from the time
of the voltage turn-on is depicted in Figure 5.
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At t = 0.01 s, the voltage (Figure 6) and current (Figure 7) vs. distance are nearly 
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We can see that at t = 0.005 s, the phase A current at the line’s beginning is 1.7 kA,
diminishing gradually along the line until reaching 1.2 kA at its end. Since phase B is not
yet on at t = 0.005 s, the phase B current is induced from phases A and C and is nearly
linear; it is up to 250 A at the line’s beginning and almost zero at its end. The phase C
current at the line’s beginning is −800 A and −300 A at its end.

The phase voltage across the line as a function of distance at t = 0.01 s from the time of
the voltage turn-on is depicted in Figure 6.
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At t = 0.01 s, the voltage (Figure 6) and current (Figure 7) vs. distance are nearly linear
since, by then, electromagnetic waves were running repeatedly along the line to its end
and back many times at identical parameters.
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The phase current across the line as a function of distance at t = 0.01 s from the time of
the voltage turn-on is depicted in Figure 7.

As in the case of the voltage, the phase current vs. distance at t = 0.01 s is close to
linear since, by then, electromagnetic waves were running repeatedly along the line to its
end and back many times at identical parameters.

Figure 8 shows phase current waveforms when the line is on and then switches at
t = 0.08 s to a state of single-phase short-circuit fault at point A at the end of the line.
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Figure 8. The phase current waveforms in the middle of the line.

Since the load of the power supply line is unbalanced, the phase current amplitudes
in the steady state have different values. For example, in the middle of the line, the current
amplitude for phase A is 1 kA, for phase B it is 1.1 kA, and for phase C it is 1.3 kA. After
a single-phase short circuit occurs at point A at the end of the line, at the time t = 0.08 s
from the moment of switching on the voltage, the surge current of this phase in the middle
part of the line reaches 6.25 kA, and the current amplitude in the steady state is 4 kA.

Figure 9 shows the waveforms of the phase currents at the end of the line when it is
on and then switches at t = 0.08 s to the single-phase short-circuit at the end of the line at
point A.
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Figure 10. The phase current waveforms across the load branches. 

Controlled line switching is simulated in this study; therefore, surge currents are 

virtually absent as the line is turning on (see Figures 8–10). 
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11, show that the amplitudes of these voltages in the steady state of the system are as 

follows: A—620 kV, phase B—610 kV, phase C—600 kV. 

Figure 9. The phase current waveforms at the line’s end.

Analyzing the current waveforms at the end of the line, we see that the steady-state
amplitude of the C phase current during normal operation is 1.7 kA, while following
a phase A short-circuit fault, the C phase current amplitude increases to 1.9 kA, and the
B phase current amplitude practically does not change.

The current waveforms across the load branches are nearly the same as the current
waveforms at the line’s end, cf. Figures 9 and 10.

Energies 2022, 15, 8255 14 of 19 
 

 

0 0.04 0.08 0.12 0.16 0.2

‒ 4

0

4

8

time, t (s)

cu
rr

en
t,

 i
 (

k
A

)

Phase A

Phase B

Phase C

 

Figure 9. The phase current waveforms at the line’s end. 

Analyzing the current waveforms at the end of the line, we see that the steady-state 

amplitude of the C phase current during normal operation is 1.7 kA, while following a 

phase A short-circuit fault, the C phase current amplitude increases to 1.9 kA, and the B 

phase current amplitude practically does not change. 

The current waveforms across the load branches are nearly the same as the current 

waveforms at the line’s end, cf. Figures 9 and 10. 

0 0.04 0.08 0.12 0.16 0.2

‒ 4

0

4

8

time, t (s)

cu
rr

en
t,

 i
 (

k
A

)

Phase A

Phase B

Phase C

 

Figure 10. The phase current waveforms across the load branches. 

Controlled line switching is simulated in this study; therefore, surge currents are 

virtually absent as the line is turning on (see Figures 8–10). 

The phase voltage waveforms in the middle section of the line, presented in Figure 

11, show that the amplitudes of these voltages in the steady state of the system are as 

follows: A—620 kV, phase B—610 kV, phase C—600 kV. 

Figure 10. The phase current waveforms across the load branches.

Controlled line switching is simulated in this study; therefore, surge currents are
virtually absent as the line is turning on (see Figures 8–10).

The phase voltage waveforms in the middle section of the line, presented in Figure 11,
show that the amplitudes of these voltages in the steady state of the system are as follows:
A—620 kV, phase B—610 kV, phase C—600 kV.

The phase voltage amplitudes change following a short-circuit: for phase A, the
voltage amplitude decreased to 330 kV, for phase B, it changed slightly, and for phase C, it
increased to 700 kV.

The values of phase voltages at the end of the line as presented in Figure 12 suggest
that under normal operating conditions, the voltages in all the phases are comparable.
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Figure 11. Phase voltage waveforms in the middle section of the line. 
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However, as a result of the short circuit fault, the voltage amplitude of phase A
decreased to zero, for phase B, it increased to 650 kV, and for phase C, it increased to 780 kV.

Figure 13 contains a temporal–spatial waveform of phase A current in the time range
t ∈ (0; 0.02) s.
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Reasons for the shape of the current waveform can be found by analyzing the elec-
tromagnetic wave’s motion. Transient processes can be analyzed on the basis of the
temporal–spatial current waveform from the perspective of the electromagnetic field.
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Figure 14 includes a temporal–spatial waveform of phase B current in the time range
t ∈ (0; 0.02) s.
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Figure 14 indicates that phase B current, before energizing this phase, is very low, but
above zero. This is related to the phenomenon of mutual induction.

Figure 15 shows the temporal–spatial waveforms of phase A voltage in the time range
t ∈ (0.07; 0.09), which represents the short-circuit processes at t = 0.08 s.

Energies 2022, 15, 8255 16 of 19 
 

 

Reasons for the shape of the current waveform can be found by analyzing the elec-

tromagnetic wave’s motion. Transient processes can be analyzed on the basis of the 

temporal–spatial current waveform from the perspective of the electromagnetic field. 

Figure 14 includes a temporal–spatial waveform of phase B current in the time range 

t  (0; 0.02) s. 

1

0

‒ 1
0

476

238

0

0.01

0.02cu
rr

en
t,

 
i 

(k
А

)
length, 
l (km)

time, t (s)

 

Figure 14. Temporal–spatial waveform of phase B current in the time range t  (0; 0.02) s. 

Figure 14 indicates that phase B current, before energizing this phase, is very low, 

but above zero. This is related to the phenomenon of mutual induction. 

Figure 15 shows the temporal–spatial waveforms of phase A voltage in the time 

range t  (0.07; 0.09), which represents the short-circuit processes at t = 0.08 s. 

500

0

‒ 500
0

476

238

0.07

0.08

0.09

time, t (s)
length, 
l (km)

v
o

lt
a

g
e,

 
u

 (
k

V
)

 

Figure 15. Temporal–spatial waveform of phase A voltage in the time range t  (0.07; 0.09) s. 

Since the end of the power line is short-circuited, the voltage (Figure 15) is near zero, 

rising gradually towards the line’s start and adopting the values of the line supply volt-

age. 

Figure 16 shows the temporal–spatial waveforms of phase A current in the time 

range t  (0.07; 0.09), which represents the short-circuit processes at t = 0.08 s. 

6
4
2

0

476

238

0.07

0.08

0.09

0

time, t (s)length, 
l (km)

cu
rr

en
t,

 
i 

(k
А

)

 

Figure 16. Temporal–spatial waveform of phase A current in the time range t  (0.07; 0.09) s. 

Figure 15. Temporal–spatial waveform of phase A voltage in the time range t ∈ (0.07; 0.09) s.

Since the end of the power line is short-circuited, the voltage (Figure 15) is near zero,
rising gradually towards the line’s start and adopting the values of the line supply voltage.

Figure 16 shows the temporal–spatial waveforms of phase A current in the time range
t ∈ (0.07; 0.09), which represents the short-circuit processes at t = 0.08 s.
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The situation is somewhat different in the case of phase A current (Figure 16). It begins
to rise from the line’s end and gradually changes all along the line. Then, its amplitude
becomes nearly identical all along the line.

Figures 13–16 should be addressed together with Figures 5 and 7–9.
Based on the modified Hamilton–Ostrogradsky principle, a mathematical model is

developed here of a three-phase power supply line with an unbalanced loading of an RLC
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circuit. Importantly, the equations of the three-phase line are fully consistent with the
equations derived from field-based methods or classic approaches [22,27]. We stress that
the concept of using variation approaches to produce a transmission line equation based
on the Hamilton–Ostrogradsky principle has been long-known in the literature [22]. The
concept rests on the assumption, however, that there are no power losses across the line [22].
By modifying the Hamilton–Ostrogradsky principle, we generate a real transmission line
equation, fully consistent with the well-known equation of a three-phase line in its matrix–
vectoral form derived from the classic approaches. What is crucial to the process of arriving
at the line equation, the transverse loss matrix G0, see (40), is determined purely analytically.
This confirms the validity and competitiveness of variation approaches compared to classic
approaches, made possible by modifying the Hamilton–Ostrogradsky principle. Starting
from this, one can conclude that the ideology of expanding the Lagrange function for
lumped parameter systems [7] to the systems of distributed parameters [10] is competitive
in comparison with classic methods. Furthermore, the application of interdisciplinary
variation approaches to some cases of modeling highly complex objects may be the only
feasible solution.

4. Discussion

The application of mathematical modeling, which does not require costly experimental
testing of real electric power systems, is a possible method of analyzing transient elec-
tromagnetic processes. Hundreds-of-kilometers-long lines are analyzed in high-voltage
electric power networks. Contrary to lower voltage lines, wave processes are more distinct
due to the great length and have considerable impacts on physical phenomena in an elec-
tric power system. In the theory of mathematical modeling, an electric power system is
a dynamic object.

There are several approaches to the modeling of dynamic objects. Classic approaches,
based on the law of energy conservation, and variation approaches, based on minimizing
the action functional, are the most common.

Variation approaches have several important advantages over classic methods in the
theory of mathematical modeling.

• When a complicated model is developed as part of the classic approach, good spe-
cialists from a wide range of scientific disciplines such as electrical engineering, me-
chanical engineering, thermodynamics, etc., need to be involved. The organization
and formation of such a team is both costly and complex. In the case of variation
approaches, on the other hand, the analytical expressions of energetic functions of
the extended Lagrangian are sufficient. A mathematical model will be written as
a minimization of action functional, that is, only mathematically.

• When a complex model is prepared according to the classic approach, a single com-
plicated system must be decomposed into several subsystems, which causes some
conservative motions and the equations of non-stationary links to be ignored. Such
risks are absent from variation approaches, on the other hand.

• It is our belief that a highly complicated mathematical apparatus is necessary to
determine the variations of action functional are not correct. Variational calculations
are roughly as difficult as the differential and integral calculus.

We believe that the use of the classic (conservative) Lagrange function, which a priori
excludes the force of dissipation and external conservative forces, is a major drawback
of variation approaches. This applies in particular to distributed parameters systems.
The modified Hamilton–Ostrogradsky principle can be applied as part of the classic and
variation approaches.

The method introduced here is similar to the numerical minimization of the extended
action functional according to the Hamilton–Ostrogradsky principle, e.g., by means of
Walter Ritz’s finite-element method.
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The materials in this paper will serve continuing research on the combined operation
of turbine generators, block transformers, distribution equipment, and long high-voltage
transmission lines.

5. Conclusions

The application of the modified Hamilton–Ostrogradsky principle to the mathematical
modeling of dynamic systems, including power systems, allows for formulation of the
equations of the entire power system, starting only from the energetic approach and
ignoring a variety of decompositions of one integrated dynamical system.

The modification of the Hamilton–Ostrogradsky principle helps to make variation
approaches fully competitive against the classic approaches. This applies not only to
lumped parameter systems, but also distributed parameter systems, that is, those based
on field approaches. The resulting matrix–vectoral equations of the three-phase power
supply line fully uphold the competitiveness of the variation methods in relation to the
classic methods.

Finding initial and boundary conditions is an important step in the solving of a bound-
ary or mixed problem. Second-type Neumann and third-type Poincare boundary conditions
need to be used to seek the boundary conditions in the tasks of applied electrodynamics.

The results of computer simulations at any time interval help analyze the operating
states of dynamic systems, which is of paramount importance to the design, production,
and operation of electric power objects.

Complex waveforms in power lines should be presented in 3D formats to facilitate their
interpretation. Such graphics enable an analysis of electromagnetic wave motion in time
and space and the forecasting of potential emergency conditions in electric power systems.
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