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Abstract: The dynamic of droplet spreading on a free-slip surface was studied experimentally
and numerically, with particularly interest in the impacts under relatively small droplet inertias
(We ≤ 30). Our experimental results and numerical predictions of dimensionless droplet maximum
spreading diameter βmax agree well with those of Wildeman et al.’s widely-used model at We > 30.
The “1/2 rule” (i.e., approximately one half of the initial kinetic energy Ek0 finally transferred into
surface energy) was found to break down at small Weber numbers (We ≤ 30) and droplet height
is non-negligible when the energy conservation approach is employed to estimate βmax. As We
increases, surface energy and kinetic energy alternately dominates the energy budget. When the
initial kinetic energy is comparable to the initial surface energy, competition between surface energy
and kinetic energy finally results in the non-monotonic energy budget. In this case, gas viscous
dissipation contributes the majority of the dissipated energy under relatively large Reynolds numbers.
A practical model for estimating βmax under small Weber numbers (We ≤ 30) was proposed by
accounting for the influence of impact parameters on the energy budget and the droplet height. Good
agreement was found between our model predictions and previous experiments.

Keywords: fuel droplet spreading; small weber numbers; maximum spreading diameter; energy
dissipation; modeling

1. Introduction

Droplet impact on a solid surface is regularly observed in many nature and industrial
process, such as raindrops hitting soil [1,2], petrochemical processes [3,4], ice resisting [2,5],
painting [6], fog harvesting [7] and spray combustion in various engines [8–10]. As for
port-injection gasoline engines, hydrocarbon fuel droplet impacts on the intake port and
intake valves tend to form an oil film and therefore facilitate fuel evaporation; while for
direct-ignition engines, liquid fuel is more likely to impact the combustion chamber due to
the increasingly high fuel injection pressure [11]. It has been recognized that spray/wall
interaction characteristics substantially influence mixture formation and subsequent com-
bustion, and therefore influences engine efficiency and emission. One of the most important
issues of spray/wall interaction is the dynamic of a droplet impacting a solid surface, which
is usually adopted to estimate the wall film performance [12–15].

As a fundamental phenomenon in the investigation of spray/wall interactions, the
dynamic of a droplet impacting a solid surface has been studied for decades. Previous
investigations indicate that the impacting dynamic is controlled by the impact Weber
number We = ρl D0U2

0 /σl , and the Reynolds number Re = ρl D0U0/µl . In some cases, the
Reynolds number can be replaced by the Ohnesorge number Oh = µl/

√
ρlσl D0, since

Oh =
√

We/Re. Where D0 is the droplet initial diameter, U0 is the impact velocity, and ρl ,
µl , and σl , are the droplet density, viscosity and surface tension, respectively.

By employing dimensionless parameters, transitions between different impacting
outcomes such as spreading, bouncing and splashing can be quantified. For droplet

Energies 2022, 15, 8181. https://doi.org/10.3390/en15218181 https://www.mdpi.com/journal/energies

https://doi.org/10.3390/en15218181
https://doi.org/10.3390/en15218181
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/energies
https://www.mdpi.com
https://orcid.org/0000-0001-5825-8571
https://doi.org/10.3390/en15218181
https://www.mdpi.com/journal/energies
https://www.mdpi.com/article/10.3390/en15218181?type=check_update&version=2


Energies 2022, 15, 8181 2 of 21

spreading, one of the most important factors is the dimensionless droplet maximum
spreading diameter βmax, which is defined as the ratio of droplet maximum spreading
diameter Dm over its initial diameter D0, and which yields βmax = Dmax/D0. Quantifying
βmax is useful in many practical applications, such as estimating oil film characteristics [12].

A considerable number of models have been proposed for βmax quantifying, which
have been reviewed in some excellent literature [16–18]. Normally, the existing models
for predicting βmax possess three different categories, namely, scaling law [11,16,19–29]
momentum conservation [30–33] and energy conservation [17,34–41]. For viscous fluid
such as liquid hydrocarbon fuel, the contribution of viscous dissipation on energy conser-
vation is non-negligible therefore an energy conservation approach tends to predict more
accurate βmax. In this case, accurately predicting the viscous dissipation rate, and hence the
dissipated kinetic energy, is essential for predicting droplet dynamic characteristics.

To account for viscous dissipation during spreading, Wildeman et al. proposed the
“1/2 rule” which indicates that around one half of the kinetic energy finally transforms
into surface energy for droplet spreading on an ideal free-slip surface under relatively
large Weber numbers (We > 30) and Reynolds numbers. The “1/2 rule” allows a com-
plete theoretical solution for βmax prediction. The uniform droplet deformation under
relatively large We may be the main reason for uniform kinetic energy dissipation and
the asymptotically accurate “pizza-shaped” deformation for We > 30 indicates droplet
inertia dominates droplet internal flow, almost regardless of Re. In this case, liquid viscosity
slightly influences droplet spreading dynamic. In spite of these advances in understanding
droplet spreading dynamic under large Weber numbers (We > 30), it is surprising to find
that only a few works have been conducted for small Weber numbers (We ≤ 30).

It is recognized that, in the combustion chamber of modern energy conversion devices
such as an internal combustion engine, the increasingly higher ambient pressure together
with the complex air motion, substantially reduces the inertia of the fuel droplets and im-
plies that droplets are more likely to impact the chamber edge at small Weber numbers [42].
To investigate droplet spreading under relatively small We, Qin et al. [43] experimentally
studied the dynamic of a glycerol-water blend droplet impact on a near-smooth stain-
less steel surface. They observed the non-monotonic effect of liquid viscosity on βmax at
We = 13 and 30. Specifically, an increase of liquid viscosity promotes energy dissipation
under relatively small Re cases, however, viscosity plays an opposite role under relatively
large Re conditions. Subsequently, Zhang and Zhang [44] numerically simulated Qin et al.’s
experiments, numerically confirmed the non-monotonic tendency of βmax and attributed it
to the dual role of liquid viscosity under small Weber numbers (We ≤ 30), where droplet
deformation is non-uniform.

It has been recognized that droplet shapes at maximum deformation instant τmax
will change from “puddle-shaped” to “pizza-shaped” when droplet inertia increases from
We = 3 to We = 30. Most of the previous studies have focused on modeling βmax under
large We, where droplet deformation appears as uniform “pizza-shaped” styles and hence
energy dissipation is We-independent. In terms of the complex droplet deformation and
energy dissipation characteristics, modeling βmax under relatively small We has been
investigated insufficiently [45,46].

Based on the discussion stated above, the present study aims to experimentally and
numerically investigate the impacting dynamics and model βmax under relatively small
Weber numbers (We ≤ 30). Following our previous numerical works [44,47,48], a well-
validated front tracking method (referred to as FTM hereinafter) was employed to conduct
the numerical simulations associated with our experiments. In the following text, we shall
first introduce our experimental and numerical approach in Section 2, followed by the
discussion of spreading dynamic, particularly for small Weber numbers. Subsequently, the
correlation between impact parameter and βmax will be discussed. Finally, the conclusion
will be presented in the last section.
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2. Experimental Setup and Numerical Methodology
2.1. Experimental Setup

Figure 1 shows the schematic of our experimental apparatus. A Gyger Smld 300 G
droplet generator (1) was mounted on the top side of the constant volume chamber
(2), which was filled with atmospheric pressure nitrogen. Nitrogen was initially stored
in the cylinder and entered into the chamber through the regulating valve (3). Liquid
fluid was deposited in the liquid tank (4) and driven by high pressure nitrogen to form
the droplet. The droplet impact on the solid surface (5) process was recorded by a
Photron Fastcam Nova S12 high-speed camera (6) with 100,000 fps, and an LED lamp
(7) was used for backlight. Specifically, the angle between camera and the solid surface
was set as 15◦ to better display the result and all measured quantities in the vertical
direction, such as height and speed, were conducted with a cosine correction of 15◦.
For the repeatability of the experiments, the sphericity of the droplet can be quantified
by S = min(DH/DV , DV/DH), where DH and DV are the droplet sizes measured in the
horizontal and vertical directions respectively (DH is the value after a cosine correction
of 15◦). S is 1.0± 0.05, indicating a satisfactory and reproducible droplet sphericity.
Meanwhile, a typical droplet initial diameter is 2.75 × 10−4 m and the typical Oh is
around 0.007. As for uncertainty estimation, the maximum error in the estimated droplet
diameter is approximately 1 pixel (equivalent to 6.16 µm). Therefore, the uncertainty
in D0 and U0 is less than 2.5%. As a result, the relative error of the Weber number
∆We/We = ∆D0/D0 + 2∆U0/U0 is less than 7.5%. The distance between the outlet of the
droplet generator to the solid surface is around 50 mm and this distance can vary to avoid
droplet vibration. The droplet has a non-zero and variable initial velocity at the outlet of
the droplet generator. A self-developed program based on video-image processing has
been used to realize droplet recognition, droplet diameter, velocity extraction and the
impact parameters calculation during the spreading dynamics. Before each experiment, a
smooth stainless-steel surface was cleaned carefully three times with anhydrous ethanol
until the surface was free of any stains and of any scratches on the surface. When
performing the experiment, the surface was placed directly below the outlet of the
droplet generator, high-speed camera trigger mode was set to end and droplet generator
‘peak-hold’ related parameters were set at the same time. The high-speed camera was
triggered manually to start recording images and the droplet generator was triggered to
produce droplets. The recording image was stopped as soon as any droplets impacted
the surface. The surface can be rotated to move the area that has not been impacted by
droplets underneath the outlet for the next experiment. When the surface was full of
water stains, the clean surface was replaced and the experiment was repeated.
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Figure 1. (a) Schematic diagram of the experimental setup for the droplet impact at elevated ambient
pressures and (b) sectional view of the pressure vessel where the experimental equipment or pipeline
corresponded to the serial number. (1) Droplet generator, (2) constant volume chamber, (3) regulating
valve, (4) liquid tank, (5) solid surface, (6) high-speed camera, and (7) LED lamp. In (a), the orange
arrow represents the injection of high-pressure compressed nitrogen into the chamber and the blue
arrow represents the liquid supply into droplet generator respectively. The blue solid line represents
the path for electrical signals and data.

2.2. Numerical Methodology

The present numerical study was conducted by adopting the FTM, which was origi-
nally developed by Unverdi et al. [49] and Tryggvason et al. [50] to simulate droplet impacts
on a free-slip surface for incompressible two-phase flow. A second-order centered differ-
ence scheme for the spatial variables and an explicit first order time integration method
was employed to solve the governing equations of both liquid and gas phases, given by

∇·U = 0 (1)

∂(ρU)

∂t
+∇·(ρUU) = −∇p +∇·µ

[
∇U + (∇U)T

]
− σ

∫
κnδ
(
x− xf

)
dA (2)

where U is the velocity vector, ρ is the density, p is the pressure, µ is the viscosity, σ is the
surface tension coefficient, κ is twice the mean curvature of local field, n is the unit vector
outwardly normal to the local front. The term δ is the constructed three-dimensional δ
function which represents the singular force, surface tension, over the phase interface, x is
the point at which the equation is evaluated, and xf is a point on the front.

The FTM solves a single set of conservation equations with appropriate interface
terms in the whole field with a Eulerian coordinate grid and tracks liquid–gas interfaces
using a Lagrangian approach. Figure 2 shows the computational domain of the current
numerical simulation. In the cylindrical coordinate, z-axis is structured by the droplet
initial velocity normal to the surface, while the r-axis is perpendicular to the droplet initial
velocity. Axisymmetric boundary condition is specified for the z-axis, while free-slip
boundary conditions are specified to all of the other boundaries including the impacting
solid surface.

The computational domain of width 10R0 and height 5R0 is discretized by a uniform
orthogonal mesh with 440 × 880 cells, which means each unit length contains 88 grid
points. Grid-dependence of the present numerical approach has been fully checked in
many previous works in which FTM is not sensitive to the grid size because the liquid–gas
interface is tracked by the Lagrangian particles rather than computational cell. Additionally,
the present cell size has been validated in one of the author’s previous publications, where
simulations with the same cell size have been proved to successfully and accurately solve
the droplet problems. It should be noted that the droplet impact problem is always involved
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in complex gas film problems. In order to simplify the present simulation, we only focus
on the limiting condition of droplet spread with a gas film throughout the whole process.
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Governing equations are nondimensionalized by the droplet radius R0 = D0/2, initial
velocity U0, and droplet density ρl . Time is normalized by using τ = t·U0/D0, where t is
the real time. In addition, several previous studies [44,47,48] have confirmed that gas-liquid
density ratio ρg/ρl and viscosity ratio µg/µl are two or three orders of magnitude smaller
than unity. Therefore, their effects on droplet deformation and viscous dissipation can
be neglected, where ρg and µg are gas density and viscosity, respectively. Meanwhile the
droplet initial kinetic energy is Ek0 = πρV2

0 D3
0/12 and the droplet initial surface energy is

Es0 = σπD2
0 .

3. Results and Discussion
3.1. Comparison between Experimental Results and Numerical Predictions

The FTM adopted in the present study has been sufficiently applied and validated in
many previous studies [44,47,48,51–58] on droplet dynamic problems. For a brief summary,
Pan et al. [54] and Zhang and Zhang [48] numerically simulated the binary droplet collision
dynamics using FTM, numerical predictions show good agreement with experimental
results. Subsequently, one of the authors compared their numerical result of droplet
spreading on a free-slip surface to Pan et al.’s experiment and very good agreement in
terms of instantaneous droplet shape was observed, which again demonstrates that the
present numerical method can be used to accurately predict the evolution of droplet
deformation during impacting. Additionally, the present numerical approach successfully
reproduced, albeit qualitatively, the experimental observation of Qin et al. [43] where βmax
varies non-monotonically with the liquid viscosity (characterized by the Oh).

To further validate the numerical calculation, ultra-pure water droplet impacts on
a smooth surface were achieved by our experimental system and numerical calculation,
respectively. For the mentioned characteristics of the surface used in the current experiment
in Table 1, the droplet corresponds to spreading on a partial slip boundary surface and
with an advancing contact angle between 90◦ and 180◦. For our current experimental
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work, our numerical calculation employs a simplified boundary condition where partial
slip boundary and a fixed contact angle 180◦ are used instead of advancing contact angles
between 90◦ and 180◦ as in the experiments.

Figure 3 shows the time sequences of droplet spreading process for both experimental
and numerical results under four different conditions. For spreading at We = 30 and
Re = 750, as shown in Figure 3a, τ = 0 indicates the time instant when the droplet just
contacts the surface. As time develops to τ = 0.224, a rim-shaped bulge is squeezed out
due to sufficiently large initial kinetic energy, which is 2.5-times the initial surface energy.
Subsequently, spreading begins and the rim moves outwardly then reaches its maximum
spreading at τ = 1.234, when the droplet deforms to a thin liquid film with a thicker annular
rim with a pizza-like shape. A similar phenomenon also can be seen for We = 21 and
Re = 612, where the initial kinetic energy is 1.75-times the initial surface energy, as shown
in Figure 3b. However, the rim thickness seems higher than that of the We = 30 case. With
impact, inertia degenerates to We = 10, where initial kinetic energy is weaker than that
of surface energy. Droplet at the maximum spread time instant of τ = 0.62 hardly keeps
its pizza-like shape, but tends to transfer into a donut-like shape, as shown in Figure 3c.
The donut-like shape droplet becomes more prominent in the case of the relatively smaller
Weber number, as shown in Figure 3d. When compared to the numerical predictions,
regardless of some discrepancies to be discussed later, good agreement can be observed
for the geometric features in which the spherical droplet turns concave and the rim is
squeezed out.
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Figure 3. Time sequences of ultra-pure water droplet impact a stainless-steel smooth surface arrayed
in non-dimensional time τ under (a) We = 30 and Re = 750, (b) We = 21 and Re = 612, (c) We = 10
and Re = 421, (d) We = 5 and Re = 281 under atmospheric pressure for experimental and numerical
results. The red dash line denotes the impact horizontal line.
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More supporting evidence for validation is illustrated in Figure 4 where droplet
non-dimensional diameter D/D0 varied with non-dimensional time τ. Our numerical
predictions agree very well with the experimental results under the condition of We = 30
and Re = 750, as shown in Figure 4a, but some discrepancies in the earlier stage of our
numerical simulation tends to underestimate the non-dimensional diameter. The moderate
difference of the droplet shape in Figure 3b–d can be understood by recognizing that the
simplified boundary conditions for the numerical calculation cause the slight deviations
corresponding to the real physics for droplet spreading. Beyond this, numerical predictions
again coincide with the experimental results. Consequently, it is confirmed that the present
numerical approach can accurately predict the evolution of droplet spreading during
impacting a free-slip surface.
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3.2. Droplet Spreading under Relatively Large Weber Numbers (We > 30)

To further validate our numerical simulation, we first simulated droplet spread on the
free-slip surface under relatively large Weber numbers, the results were compared to the
widely-used model of Wildeman et al. [40] model, given by

βmax =

√
4

1− cos θ

(
We
24

+ 1
)

(3)
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which is estimated based on the energy conservation approach where the initial kinetic
energy Ek0 (Ek0 = πρV2

0 D3
0/12) is equal to the sum of dissipation energy Ed, left-over

kinetic energy Ek and surface energy increment ∆Es at max deformation instant τmax, yields

Ek0 = Ed + Ek + ∆Es (4)

Our numerical simulation considers the limiting condition to be droplet spread with
a gas film, which is progressively close to the contact angle θ = 180

◦
. Therefore, Figure 5

shows the comparison between our present experiments (denoted by the stars), numerical
simulations (denoted by the dots) and the prediction of Wildeman et al.’s model (denoted
by the solid lines) for βmax under relatively large Weber numbers (We ≥ 30). Moreover, the
experimental results of Tran et al. [27] are also plotted in this figure for a comparison. In
addition, the experimental data in current work and cited in predecessors are summarized
in Table 1.
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Figure 5. Comparison between the present experimental results (denoted by the stars), Tran et al.’s
experimental results (denoted by the pentagon symbols) [27] and numerical predictions (denoted
by the solid symbols) and the Wildeman et al.’s model (denoted by the solid line) for dimensionless
droplet maximum spreading diameter βmax under large Weber numbers (We ≥ 30 ).

Table 1. Summary of cited and current experiment data.

Cited from Impact Parameter Experimental Detail Surface Property and
Contact Angle θ

Tran et al. [27] We = 4.95 ∼ 29.2
Milli-Q water (1 atm air)

D0 = 1.7 and 2.2 mm
(typically)

Leidenfrost droplet
(Gentle film boiling)

θ = 180◦

Pan et al. [54] We = 2.25 and 2.27 Tetradecane (1 atm air)
D0 = 107.2 and 170.6 µm

head-on equivalent
binary droplet collision

θ = 180◦

Tang et al. [11] We = 1.04 ∼ 3.37 Tetradecane (1 atm air)
D0 = 120 µm (typically)

head-on equivalent
binary droplet collision

θ = 180◦

Current
experiment

We = 5, Re = 281
We = 10, Re = 421
We = 21, Re = 612
We = 30, Re = 750

Ultra-pure water (1 atm air)
density ρl = 998 kg/m3

viscosity µl = 1.005 mPa·s
surface tension

σ = 71.99 mN/m
D0 = 275 µm (typically)

Stainless-steel
Surface roughness

Ra = 0.1 µm
Static contact angle

θs = 50◦
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Very good agreement again appears between our numerical results and the predictions
of Wildeman et al. Our predictions show that βmax is generally Re-independent for relatively
large Reynolds numbers (Re ≥ 500), once again, consistent with the tendencies of previous
investigations [40,42].

Since Wildeman et al.’s model is estimated according to the energy conservation ap-
proach associated with the “1/2 rule”, we subsequently show the energy budget in Figure 6,
in which all the energies were normalized by the initial kinetic energy Ek0 and therefore the
sum of Ek, Ed and ∆Es is the unity. To further investigate the viscous dissipation charac-
teristics, we counted the energy dissipation in both liquid phase (denoted by Edl) and gas
phase (denoted by Edg), and therefore Ed = Edl + Edg. The “1/2 rule” is also indicated in
each graph.
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Figure 6. Energy budget of droplet spread on the free-slip surface under We ≥ 30. The dash line
indicates the “1/2 rule”. (a) the evolution of four different energies during droplet spreading process
and (b) shows the energy budget at τmax for various droplet inertias and Reynolds numbers.

Figure 6a shows the evolution of four different energies during the droplet spreading
process, while Figure 6b shows the energy budget at τmax for various droplet inertias and
Reynolds numbers. In this case we defined τ = 0 as the time instant when the droplet
just contracts the surface. The initially non-zero Ed at τ = 0, shown in Figure 6a, can be
attributed to the slight deformation together with the droplet moving-induced gas motion,
and results in the viscous dissipation in either liquid or gas phases before droplet-wall
contracting. The pre-dissipated energy is around 3% of the initial kinetic energy Ek0 and
slightly influences the energy budget, so that it can therefore be ignored in the present study.
For energy budget shown in Figure 6b, all the predictions generally follow the “1/2 rule”.
Although viscous dissipation in the liquid phase contributes more to Ed, viscous dissipation
in the gas phase, i.e., Edg still cannot be ignored.

It is recognized that energy dissipation originates from the viscous dissipation during
droplet deformation, therefore droplet spread time scale plays a relatively considerable role
in influencing βmax. Wildeman et al. assumed that τmax is proportional to the βmax and sug-
gested τmax = βmax − 1 for droplet spread on both free- and no-slip surfaces. Consequently,
the correlation between βmax and τm for our predictions under large Weber numbers
is shown in Figure 7. It is obvious that τmax and βmax meet the quantitative relationship
(τmax = βmax− 1) quite well, and hence confirms the accuracy of our numerical simulation.
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Figure 7. Spreading time τmax versus maximum spreading diameter βmax for simulations with
We ≥ 30.

3.3. Droplet Spreading under Relatively Small Weber Numbers (We ≤ 30)

Figure 8 shows the prediction of βmax under small Weber numbers (We ≤ 30). Again,
the solid line indicates Wildeman et al.’s model, while the experimental results of Pan
et al., Tang et al., Tran et al. [27] and the present case are also shown in the figure for
a comparison.
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Figure 8. Comparison between the present experimental results (denoted by the stars), Tang et al.’s
experimental results (denoted by the pentagram symbols) [11], Tran et al.’s experimental results
(denoted by the pentagon symbols) [27], Pan et al.’s experimental results (denoted by the hexagon
symbols) [54], numerical predictions (denoted by the solid symbols) and the Wildeman et al.’s
model [40] (denoted by the solid line) for dimensionless droplet maximum spreading diameter βmax

under small Weber numbers (We ≤ 30).

It is seen for both experimental results and the numerical predictions that βmax slightly
deviates from Wildeman et al.’s model as droplet inertia decreases from We = 30 to
around We = 12, below which the predicted βmax substantially deviates from the model of
Wildeman et al. This deflection can be attributed to the breakdown of the “1/2 rule” and
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the dominant factor of energy budget transfer from kinetic energy to the surface energy,
to be elucidated in the following text. It should be noted that βmax is determined by the
energy conversion during droplet spreading. For Wildeman et al.’s model, there are two
important hypotheses i.e., around one half of the initial kinetic energy transfers into surface
energy and droplet shape at τm can be regarded as a “pizza-shaped” disk, whose thickness
can be ignored when compared to the spreading diameter.

To investigate the reason why droplet spreading under small Weber numbers deviates
from the model of Wildeman et al., we show the energy budget for We ≤ 30 in Figure 9.
It is clearly seen that the “1/2 rule” breaks down and ∆Es increases with Weber number
decreasing, indicating an We-dependent energy budget. Normally, dissipation energy (sum
of Edg and Edl) moderately decreases as We decreases. ∆Es that is generally larger than
1/2 indicates that surface energy may play a dominant role in droplet deformation during
droplet spreading [44].
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An interesting observation for different We cases is that ∆Es decreases monotonically
as Re increases when the We < 12; however, it changes non-monotonically when the
12 ≤We ≤ 30. This observation corresponds to the previous experimental observation of
Qin et al. and the numerical simulation of our previous investigation [44], in which they
attributed the non-monotonic trend as the dual role of liquid viscosity under intermediate
droplet inertias, however, the underlying physics have not been fully explained.

To further explore the dual role of liquid viscosity, we first counted the energy dissipa-
tion in both liquid (denoted by Edl) and gas phase (denoted by Edg). In case of the droplet
spreading under intermediate Weber numbers, such as We = 30, Edl first decreases then
moderately increases as Re increases. However, Edg tends to keep steady under relatively
large Reynolds numbers then increases substantially as Re further increases.

To unravel the underlying physics responsible for the observation state above, we
respectively calculated the local viscous dissipation rate in liquid and gas phases as

Φ = µ f
( .
γ
)
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∂r

)2
+
(u

r

)2
+

(
∂w
∂z

)2
]
+ µ

(
∂u
∂z

+
∂w
∂r

)2
− 2µ

3

[
1
r

∂(ru)
∂r

+
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∂z

]2
(5)

where,
.
γ is the strain rate tensor, u is the velocity component in the r–direction, w the

velocity component in z–direction. Subsequently, the overall viscous dissipation rate (VDR)
was obtained by integrating the local viscous dissipation rate Φ over the computational
domain, while VDR in liquid phase and gas phase were calculated by integrating Φ over
the droplet and the ambient gas.
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Figure 10 shows the time-dependent viscous dissipation rate (VDR) for droplet impacts
under two different Weber numbers. For spreading with relatively small inertia (We = 9),
as shown in Figure 10a–c, the lowest Reynolds number (Re = 125) generally produces
highest overall VDR, most of which is contributed by the liquid viscous dissipation. As the
Reynolds number increases to Re = 750, overall VDR monotonically decreases because the
increase of Re actually decreases liquid viscosity (characterized by the Ohnesorge number
Oh =

√
We/Re). As Reynolds number further increases to Re = 1000, VDR in the earlier

stage decreases, however, it produces a substantial “bulge” as time develops, which results
in the VDR in turn being larger than smaller Re cases (Re = 375− 750) in an appropriate
time period. However, this reversion is insufficiently strong to influence the energy dissipa-
tion tendency. The “bulge” can be attributed to the dual role of liquid viscosity, which has
been primarily discussed in the previous investigations [42,44]. Although the majority of
the VDR is contributed by the liquid phase, the “bulge” can also be seen in the gas phases,
indicating that the dual role of liquid viscosity influences energy dissipation in both liquid
and gas phase.
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Figure 10. Figure 10. Viscous dissipation rate for droplet spread under different Re cases at (a–c)
We = 9 and (e–f) We = 30.

Figure 10d,e accounts for We = 30 that overall VDR decreases as Reynolds number
increases from Re = 125 to 500 because a decrease in liquid viscosity reduces viscous
dissipation. In this case viscous dissipation in the liquid phase contributes the majority of
the overall VDR. However, as Re continually increases to 750 and finally 1000, the dual
role of liquid viscosity is sufficiently strong to influence an energy dissipation tendency
in which overall VDR substantially increases. The contribution of gas viscous dissipation
gradually increases and in turn dominates the energy dissipation at Re = 1000, and
therefore produces a non-monotonic energy budget, as shown in Figure 9.
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To further show the flow motion and viscous dissipation characteristics in both liquid
and gas phases, we integrated the local viscous dissipation rate Φ as

VDR(r) =
h∫

0

Φdz (6)

where h is the computational domain height (as shown in Figure 2). Figure 11 compares
the VDR(r) (on the left Y-axis) and droplet shape (denoted by interface on the right Y-axis)
for We = 9 and 30 cases at the characteristic time instant τ1 (indicated in Figure 10).
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For spreading at We = 9, shown in Figure 11a, all three VDR(r) curves increase
rapidly from droplet center to rim (with r increasing), the peak value, which decreases as
Re increases, appears around the droplet rim where a large stain rate can be found. This
can be attributed to the fact that, in the very earlier stage when the droplet just contacts
the surface, a rim is just squeezed out and therefore induces a relatively high strain rate.
Consequently, we show the local strain rate f

( .
γ
)

distribution in the near-rim area in
each graph for a better understanding. It seems that increasing the Re slightly influences
the f

( .
γ
)

in both liquid and gas phases, because in this case surface energy dominates
the energy budget and therefore produces a similar strain rate. Increasing peak VDR(r)
results from the increase of liquid viscosity, which dominates the viscous dissipation under
relatively small droplet inertia (We = 9). As Weber number increases to We = 30, shown
in Figure 11b, Re again slightly influences the f

( .
γ
)

in the liquid phase, therefore VDR(r)
increases as Re increases. However, relatively large Re produces substantially higher f

( .
γ
)

in the gas phase near the rim, which in turn dominates viscous dissipation and results
in a substantially high gas viscous dissipation. Consequently, the dissipation energy is
mainly powered by the viscous dissipation in the gas phase under high Re condictions.
These can be attributed to the reason that, for droplet spread under intermediate inertia
(12 ≤ We ≤ 30), the unconsumed kinetic energy transfer from liquid phase to the gas
therefore induced substantially high strain rate in the gas phase, hence substantial gas
viscous dissipation and Edg.

To understand the observation stated above, we first recognized that We = 12 indi-
cates that droplet initial kinetic energy (Ek0 = πρV2

0 D3
0/12) is equal to the initial surface

energy (Es0 = σπD2
0), therefore droplet surface energy dominates the energy budget for

We < 12 and produces similar strain rate Φ in both liquid and gas phases, and hence
viscosity dominates the energy dissipation, which decreases as Re increases (a.k.a., liquid
viscosity decreasing).
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For 12 ≤We ≤ 30 the energy transfer could be more complex. When Re is relatively
small, most of the droplet kinetic energy can be consumed in the very earlier stage and
therefore surface energy dominates the energy budget. In this case, surface force suppresses
droplet deformation and viscous dissipation is controlled by the liquid viscosity, so that
dissipated energy decreases as Re increases. However, for relatively large Re, initial
kinetic energy is unable to be consumed in a timely manner, which results in the kinetic
energy still dominating the energy budget and droplet deformation being improved as Re
increases. Therefore, energy dissipation is controlled by the strain rate which is promoted
by increasing Re, hence results in the increasing energy dissipation. Consequently, a
non-monotonic tendency can be observed under intermediate Weber numbers.

3.4. Droplet Deformation Transitions

Another significant factor that should be considered is the non-negligible droplet
height under small Weber numbers (We ≤ 30). In this study we employed three different
heights to characterize droplet shape, namely, droplet center height hc, throat height ht and
rim height hr. Figure 12a illustrates the comparison of two impact morphologies during
droplet spreading for cases under large and small We with puddle- and pizza-shaped
droplet, respectively. Figure 12b shows the evolution of three heights with increasing
impact Weber number and the Reynolds number fixed at Re = 1000. Overall, all three
heights decrease as Weber number increases because increasing impact inertia promotes
droplet spreading outwardly and therefore results in an increasingly thinner liquid film.
However, droplet deformation shows a complex tendency and can be divided into three
distinct regimes as impact Weber number increases, namely, puddle-shaped regime (I),
transition regime (II) and pizza-shaped regime (III).

For relatively smaller Weber number (We < 12) in regime (I), it seems hc shows the
highest value among three heights while ht shows the lowest, indicating that a relatively
small impact inertia results in a droplet that appears like a puddle with a flattened top
and a rounded edge. As droplet inertia increases to regime (II), the initial kinetic energy
gradually dominates the energy transfer so that a rim can be squeezed out from the bottom
part of the droplet and a narrow neck throat is formed to connect the rim and the central
part of the droplet; the droplet shape is close to a pizza but with a thick height. As droplet
impact inertia continually increases and finally reaches beyond We = 30, i.e., regime (III),
we found hc approaches ht and its evolution becomes steady, indicating that the droplet
deformation has become more pronounced so that a thin lamella is bordered by a rim; the
droplet height can then be ignored when estimating the surface energy.

To further show the transition of droplet deformation, we quantitatively compared the
relationship between droplet center height hc and the rim height hr denoted as ∆h = hc − hr,
as shown in Figure 12c. When the droplet spreading is in regime (I), i.e., We < 12, initial
kinetic energy is insufficiently strong to overcome the constraints of surface tension, hence
∆h is generally larger than zero where cases under smaller Re are not taken into consid-
eration. As droplet inertia increases into regime (II), ∆h decreases linearly by We = 30,
beyond which droplet spread in the regime (III) and ∆h tends to become steady, indicating a
uniform droplet deformation. These again suggest why the model of Wildeman et al. works
well under We > 30 in regime (III), where droplet height is negligible when compared
to the spreading diameter and is associated with the “1/2 rule”, βmax can be accurately
estimated according to energy conservation. However, as We decreases to regime (II)
(12 ≤ We ≤ 30) although the “1/2 rule” breaks down, the pizza-shaped droplet is pre-
cariously maintained, therefore βmax only slightly deviates from Wildeman et al.’s model.
As We further decreases to We < 12, droplet deformation transitions into puddle-shape
regime (I), where droplet height is non-negligible when estimating βmax, and therefore
produces substantial deflection.
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Figure 12. Schematic of droplet deformation transition characterized by different heights. (a) Com-
parison of droplet morphology at τmax between droplet impact under small We (We = 2.76) and
large We (We = 47.53), (b) three different heights hc, ht and hr varying with We and (c) the difference
between hc and hr i.e., ∆h varying with We.

3.5. Modeling βmax under Small Weber Numbers

It has been recognized in the previous section that the “1/2 rule” breaks down when
the droplet impact inertia decreases to We ≤ 30, therefore βmax gradually deviates from
the model of Wildeman et al. The deviation could be more prominent when the We < 12,
where surface energy rather than kinetic energy dominates the energy budget, results in the
non-negligible height. Therefore, in this section, we first adopted a revised Weber number
Wer, which is defined as the droplet initial kinetic energy (Ek0 = πρV2

0 D3
0/12) over its

initial surface energy (Es0 = σπD2
0) hence Wer = We/12. The Wer has been employed by

Zhang and Zhang [44] to precisely measure the relative importance between droplet initial
kinetic energy and surface energy.
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To estimate βmax using an energy conservation approach, we first introduced the
droplet deformation ratio Rd as the rate of surface energy increment ∆Es to initial kinetic
energy Ek0, given by Rd = ∆Es/Ek0. Figure 13 is used to show the relationship between Rd
and droplet revised Weber number Wer. Regardless of droplet spreading under relatively
large Re cases for Wer > 1.0, to be discussed later, Rd seems independent of the Re and the
simulation results agree well with the fitted formula, given by

Rd = 0.7We−0.1
r (7)
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Moderate deviation under Wer > 1.0 for relatively large Re cases can be attributed
to the dual role of liquid viscosity in producing additional viscous dissipation which
as discussed in the previous Section 3.2. In this case, surface energy increment can be
express as ∆Es = Rd∆Ek0. Meanwhile, cases under smaller Re are not the emphasis of
the analysis in the current work and these data points are not used in the fitting for
energy ratio Rd in order to obtain a matching and suitable fitting result for the majority
of cases.

Since droplet height is non-negligible when estimating surface energy under small
Weber numbers (We ≤ 30), we safely move on to the investigation of the correlation
between droplet height and the surface area. As discussed in Figure 12, droplet deformation
and its transition can be characterized by three distinct heights, namely, the center height
hc, the throat height ht and the rim height hr. To simplify the quantification on surface
energy, droplet at τmax can be equivalent to a “column-shaped” cylinder with the identical
droplet maximum spreading diameter Dmax and surface energy. Therefore, droplet height
characterization can be simplified by using an equivalent surface energy height he, in this
case surface energy can be expressed as

Es(τm) = σπ

[
Dmhe +

D2
m(1− cos θ)

4

]
(8)

where θ is the contract angle and can be determined as 180
◦

in our simulations, as discussed
in Section 3.1. he can be further normalized by the Dmax as Re = he/Dmax, which measures
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the relative importance of droplet height when compared to the droplet spreading diameter,
and we found that Re is related to droplet impact inertia, as shown in Figure 14 that,

Re = 0.1We−0.4
r (9)

Consequently, βmax can be estimated by accounting for droplet surface energy incre-
ment at τmax, yields

βmax =

√
0.7We0.9

r + 0.1
0.1We−0.4

r + (1− cos θ)/4
(Free− slip, We ≤ 30) (10)

Figure 15 shows the comparison among the present model (i.e., equation 10, denoted
by the red line), the available numerical predictions and various experimental results.
Following Lastakowski et al. [59], the droplet spreading on the free-slip surface with a gas
film that existed throughout the whole spreading process can be regarded as a result of the
impacts of Leidenfrost droplet. We therefore employed Pan et al.’s experimental results [54]
of equal droplet collision, Tang et al.’s [11] experimental results of equal droplet collision
and Tran et al.’s experimental results of Leidenfrost droplet in this comparison to validate
the proposed model. Serval observations can be made in this figure as follows. Firstly, our
numerical predictions agree well with these experimental data, which again confirms the
accuracy of the present simulation. Secondly, the derived model for estimating βmax under
small Weber numbers (We ≤ 30) shows good agreement with both these experimental
results and our numerical predictions. Finally, the present model and Wildeman et al.’s
model shows fine continuity at We = 30. It is worth noting that the model proposed in the
current work is based on a contact angle of 180◦ for droplet spreading and there is also
a good agreement with the results of our experimental results with variable advancing
contact angle around 180◦.
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4. Conclusions

A comprehensive experimental and numerical study on droplet impacts on a free-slip
surface is presented in this study, with particular emphasis on the dynamics under small
Weber numbers (We ≤ 30) and different impacting parameters.

Our experimental and numerical results for large Weber numbers (We > 30) show
good agreement with the prediction of the widely-used model of Wildeman et al. wherein
the simulation successfully predicted the “1/2 rule” for the reliable dimensionless droplet
maximum spreading diameter βmax. Moreover, our numerical prediction of a relationship
between βmax and spreading time τmax agrees well with the previous investigation [40].
In terms of the spreading under relatively small Weber numbers (We ≤ 30), we found
βmax deviates from Wildeman et al.’s [40] model for the following two reasons. Firstly, as
droplet impact inertia decreases to We ≤ 30, where a We-dependent energy budget can be
found, the “1/2 rule” breaks down. Secondly, droplet progressively lost its thin pizza-like
shape and finally degenerated into puddle-like shape whose height is non-negligible when
estimating the surface energy.

Droplet spreading can be divided into three distinct regimes. The first regime (I) is
characterized by the puddle-shaped droplet at τmax, in this case initial kinetic energy is
insufficiently strong to overcome the surface tension force, hence droplet surface energy
dominates energy budget, restricts droplet deformation, and therefore produces a similar
strain rate. Consequently, viscous dissipation in regime (I) is controlled by the liquid
viscosity (denoted by Re) and decreases as Re increases. The second regime (II) is regarded
as the transition regime. In this case, initial kinetic energy is comparable to the surface
energy so that surface energy dominates the energy budget when the initial kinetic energy
can be consumed in a timely manner at the earlier stage, probably under relatively small
Re cases; while kinetic energy in turn dominates the energy budget under the condition of
relatively large Re cases, because the unconsumed kinetic energy is sufficiently strong to
overcome the surface tension force. The competition between surface energy and kinetic
energy finally results in the dual role of liquid viscosity and therefore a non-monotonic
energy budget. The third regime (III) is characterized by the uniform droplet deformation
(thin pizza-shaped), where initial kinetic energy is far stronger than the surface energy so
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that it dominates the energy budget, resulting in the “1/2 rule” being validated and droplet
height being negligible when compared to the spreading diameter.

Based on the understanding of droplet spreading under small Weber numbers (We ≤ 30),
the energy conservation approach was again employed to model the dimensionless droplet
maximum spreading diameter βmax by accounting for the influence of impact parameters
(such as We and Re) on the energy budget and the droplet height at τmax. A revised Weber
number Wer, which correctly reflects the orders of magnitude of various energies, was
adopted to replace the We in our modeling works. The proposed model was found to
correlate well with the numerical results and the experimental results of Pan et al. [54], Tang
et al., Tran et al. and our present experiment, it can therefore be expressed as a practical
model to estimate βmax under smaller Weber numbers (We ≤ 30).
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